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1. Introduction

In [1, Theorem] and [2, Proposition 9.73], N -subgroups, right ideals, ideals
and two-sided invariant subgroups of an abstract affine near-ring N are char-
acterized. All of these substructures of N are quasi-ideals of N which are
subnear-rings of N. Our aim is to extend the above results to a class of
quasi-ideals of N which are subnear-rings of N.

In this note, a near-ring is a right near-ring. For the basic terminology and
notation we refer to [2].

2. Quasi-ideals

If A and B are two non-empty subsets of a near-ring N, then AB denotes
the set of all finite sums of the form
3a:b; (a.=A, bEB),
and A * B denotes the set of all finite sums of the form
3 (a; (@ +b)—aa’) (ai, a/EA, bEB).
By a quasi-ideal of N we mean a subgroup @ of (IV, +) such that N * QN\NQ
NENCQ.

These definitions lead immediately to

PROPOSITION 1. Let A be a non-empty subset of an abstract affine near-ring
N. Then N x A=N,A, where N, is the zero-symmelric part of N.

PROOF. For arbitrary near-ring, N,ACN * A is always true. So we show
that N x ACNA.
Let x be any element of N x A. Then x has the form
x=3 (m(n/ +a)—nmn/) (n, n/EN, a;EA),
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and z; has the form
n=Np+ 0 (M0 EN,, 1n:ENL),

where N, is the constant part of N.

Since N is abelian and every element of N, is distributive in N, we have

n; (0 +a)—nn/
=(#i + ni) (0 + @) — (B + 1) 0
=NioW F Boo@+ Bye— BN — Ny
= Rl

whence x&N,A. Hence N x ACN,A.

PROPOSITION 2. Let N be an abstract affine near-ving. Then a subgroup Q
of (N, +) is a quasi-ideal of N if and only if NNQNQNCQ.

ProoF. By Proposition 1, N *x Q=N,QCNQ. So we have
N x QONQNQN =N, QN@N,

by which this proposition is easily seen.
3. Main result

In general the zero-symmetric part N, and the constant part N, of a
near-ring N are subnear-rings of N, and every subgroup of (V,, +) is a
quasi-ideal of both N, and N.

Now we are ready to state the main result of this note.

THEOREM. Let N be an abstract affine near-ring. Then all of those
quasi-ideals Q of N whith are subnear-rings of N are of the form Q=@+ Q.
where € is a quasi-ideal of N,, Q. is a subgroup of (N, +) and NyQ.MN (N:+
Q) C Q.

PRrROOF. Suppose that @ is a quasi-ideal of N which is a subnear-ring of N.
Let @ =QNN, and Q.= Q\N,. Then, by [3, Theorem 1], @, is a quasi-ideal of
N,, Q. is a subgroup of (N,, +) and @=Q,+&.. This and Q.=Q.N, imply
QN+ Q.= QN,. So, by Proposition 2, we have
Ny Q:N(QNe+ Q)= No QN QNLCN, QNN CQ.
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Hence NyQ:N(QN:+ Q)NNLCQNN,, that is, No@Q:N(QN:+ Q) Q.
Conversely, suppose that €, is a quasi-ideal of N, and Q. is a subgroup of
(Ne, +) such that N,Q:N(QN:+ Q) Q..
Now we show that @,+ €. is a quasi-ideal of N. Let x be any element of
Ny(@+ Q)N (& +Q:)N. Then x has the form
x= élnoi (go:+ (Ici):lé1 (Box+ Der) (00t Mce),
where #o;, M0xENo, Gois P0xE G, Geir PexEQ: and me &N, Since N is abelian
and every element of N, is distributive in N, we have
i (Gos+ Ger) = WoiGoi + Mo:Ges
and
(Bor Tt Der) (Mor+ Mck) = PorMor+ PorMick + .
Hence we have
x0= él MoiGci = él (Dox™Mecr+t Dex)
and
x—x0= élnoi%i_—' kélpok%h-
These imply that x0ENQN(QN+Q)CQ, and x—x0&N,QNQNCC,
whence &+ Q.. So @ + Q. is a quasi-ideal of N by Proposition 2.
Finally, we show that @, + €. is a subnear-ring of N. We have (@, + @:)0=
QC+Q. So, by [3, Theorem 1], @+ Q. is a subnear-ring of N.

COROLLARY. If N is an abstract affine near-ring, then every quasi-ideal of
N, is a quasi-ideal of N.

Proor. Let @, be any quasi-ideal of N,. Take the subgroup Q.= {0} of
(N, +). Then NyQN(@QN;+Q.)=Q.. So, by Theorem, @Q=Q+Q. is a
quasi-ideal of N.

4. Remarks

REMARK]. Not every quasi-ideal of an abstract affine near-ring is a
subnear-ring : take for instance the abstract affine near-ring N = {0, a, b, ¢} [2,
Near-rings of low order (E 20)] defined by the tables
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+]0 a b ¢ |10 a b ¢
00 a b < 010 0 0 O
aia 0 ¢ b ala a a a
bbb ¢ 0 a b|0 a b ¢
clc b a 0 cla 0 ¢ b

Then N,={0, b}. Let @Q={0, c¢}. Since N,Q=@, @ is a quasi-ideal of N.
But Q is not a subnear-ring of N, for Q0= {0, a} £Q.

REMARK 2. Not every quasi-ideal of the zero-symmetric part of a near-ring
is a quasi-ideal of the near-ring : take the near-ring N=1{0, @, b, ¢, %, ¥, z, w}
[2, Near-rings of low order (K 132)] defined by the tables

+10 a b ¢ x ¥y z + |0 a b ¢ x ¥y 2 w
0(0 a b ¢ x Y =z 00 0 0 0 0 0 0 O
ala b ¢ 0 Y 2 w x a|lx 2 x zZ X a x a
blb ¢ 0 a z w x ¥ 10 0 0 0 0 & 0 b
cl¢c 0 a b w x ¥y 2 c|lx 2 x 2z x ¢ x ¢
x|x w 2 ¥y 0 ¢ b a x|lx x x x X x X
y' 'y x w z a 0 ¢ b ylo & 0 5 0 ¥y 0 Y
2|z Yy x w b a (0 ¢ Z2|lx x x x x 2z x z
wlw 2z Y x ¢ b a 0 w|0 b 0 5 0 w 0 w

Then N,={0, b, y, w}. Let @ =10, ¥y}. Since Ny=0}, @ is a quasi-ideal
of N,. But @, is not a quasi-ideal of N, for N * @NNQNQN =N, F .

REMARK 3. The converse of Corollary does not hold : let N= {0, @, b, ¢,
%, ¥, 2, w} be the near-ring [2, Near-rings of low order (K 1)], whose addition is

one in Remark 2 and whose multiplication is defined by the table
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|0 @ b ¢ x ¥ 2z w
0j0 0 0 0 0 0 0 O
a0 a a a 0 a a 0
b 10 b b 0 b b 0
c|l0 ¢ ¢ ¢ 0 ¢ ¢ 0
X{x x x x x X x X

Then N,={0, a, b, ¢} has three quasi-ideals: {0}, {0, 5} and N,. Evidently,
all of them are quasi-ideals of N. But N is not an abstract affine near-ring, for

N is not abelian.
References
. GONSHOR : On abstract affine near-rings, Pacific J. Math. 14 (1964), 1237 —1240.

[1] H
{ 2 ] G.PiLz: Near-rings, North-Holland, Amsterdam, 1983.
[ 3 1 L YAKABE : Quasi-ideals in near-rings, Math. Rep. Kyushu Univ. 14 (1983), 41—46.



