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Kitchen and Tuncel [ 2] showed the existence and uniqueness of an equili-
brium state of a sofic system using their semi-group measure. We give another
proof of the existence and uniqueness using a sofic measure which was
introduced by Fujiwara. Hamachi and Osikawa [ 1]. The author wish to thank

Professors M. Osikawa and T. Hamachi for stimulating discussions.

Let S be a finite set and P(a) for each a&S a kxk matrix whose
entries are non-negative numbers. Put P=3,3P(a) and assume P is a
stochastic matrix. Let p be a stochastic vector such that pP =p. For a cylinder
set [a,,a,,,a,] of S* put u([a,,a,,,a,))=pP(a,)P(a,) -Pla.)l,
where 1 is a column vector whose entries are all 1. Then x4 can be extended to
a shift invariant Borel probability measure on S?, which we call a sofic measure
defined by p and P(a), a&S. It is not difficult to see that a shift invariant
Borel probability measure is a sofic measure if and only if it is an image of a
shift invariant Markov measure by a one block map. We note that if we define
P (a);= %j XP(a); and P"=3,4P"(a) then P" is a stochastic matrix
and u(la,,ay,,a,])=pP"(a,)P"(a,_,)p"(a,)1 for any cylinder set

la,,a,,,a,].

Let « =(W, V, 4t S, 1) be alabeled graph, thatis, W, V, S are finite
sets, 7 and ¢ are mappings from W onto V and A is a mapping from W onto
S. We call W an arc set, V a vertex set, 7 an initial map, ¢ a terminal map, S
a label set and A a label map. Let S(«) be the set of all elements (w;) of
W? suchthat ¢(w;)=i(w;,,) forall i€Z, A a mapping from Z(¢) into
S* definedby A(w;)=(A(w;)) for (w;) in S(¢). Animage A(S(%))
of 2(«) Iis called a sofic system defined by « .

Let f be a function defined on a sofic system X=A(S(<)) such that
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f(x) depends on the zero-th coordinate of a point x in X. For each
a=S M (a) is a matrix defined by M (a); =exp(f(a)) if there exists an arc
w&EW  such that A(w)=a, i(w)=i and t(w)=j, and M(a);=0
otherwise. Put M=% ,5M (a) and assume M is irreducible. Define P(a) ;=
73% XM(a); and p; =&; n;, where B is the maximum eigenvalue of M and &
and 7 are strictly positive vectors such that M&=8&, nM =8 and ;S.‘..f =
1. Then P=3%,sP(a) is a stochastic matrix and p=(p,;) 1is a stochastic
vector with pP=p. A sofic measure defined by the above p and P(a), a&S

is called a sofic measure defined by < and f.

THEOREM. Let <« =(W, V, i, t, S, 1) be a right resolving and irreducible
labeled graph, X a sofic system defined by ¢, and f a function defined on X
whose values depend only on one coordinate. Then a sofic measure u defined by

< and f is the unique equilibvium state of the sofic system, that is,
[ 4nde> [, +pav

Sfor any shift invariant Bovel probability measure v on X, where

V([xo, X1y, "7y xn])
v(

I, (x)=—limlog o 2 o]

n—oco

is a cocycle function ([31]),

and a measure u satisfying the above inequality is unique.

PrOOF. Put M (w) ; =exp(f (A (w))) if 1(w)=¢ and t(w)=j. and M (w); =0

B‘%M(w),}.
Then we have S,cwM (w)=M and S,cwP (w)=P. Let u be a sofic

otherwise. For each wE W P (w)is a matrix defined by P (w) 5=

measure on (%) defined by p and P (w), wEW. Then we have

u=g A",

,uw([wl,wz,'“,wn]):ﬁ%E(t(wn))ﬂ(i(wx))exp(f(l(wl))+f(/1(wz))+"'+f(/1(wn)))
and

g we, wyy = w,]) _ (i (wp))

T (s 1wy o w, ) PV )X G0
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Following the same method as one of Parry and Tuncel [ 3] we have

f a ; )d~>f( | ;([WO,WI])-H 7([w0»wlr‘”vwn]) )d,\,
~—I15)dv > | (—log— 0g— v
S 2 ([w,]) v ([wy,w,])

;([woyw1])7([wx,“',wn]),V
>— log— — v ([we, -, w,])
[W(),"',wn] M ([wl])V ([Wvalr“.-wn])
g ([we,w DV ([wy, -, w,1)
> s (2B nr ) ¥ ([we,wy, w120,
[y, w,] p (Lw Dy (Qwe,wy, - w,])

Hence, we have
[ Uprromydi = [ (ogs+logn(t(wy)) ~logn (i(wy)) di

=logh
= [ Ugtronav
> [ Upfondv,

Since A is finite-to-one from the right resolvingness of ¢ we have

[, +nau=[ ug+rond

> [ Uptforray
=[a, +na,

where 7 is a measure such that v=p A™!
The uniqueness follows from considering the case of equalities in the above

inequalities.
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