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1. Introduction

A sofic system is a certain type of symbolic dynamics introduced by B.
Weiss (8, 9). It can be determined by a labeled graph, but different labeled
graphs may determine the same sofic system. R. Fischer (2, 3} and W.
Krieger (4) gave ideas of canonical labeled graphs, which we call Fischer
graph and Krieger graph respectively. Since Krieger graph (Fische; graph) is
uniquely determined for a (transitive) sofic system, we can discuss sofic systems
in terms of their Krieger graphs (Fischer graphs). In this paper we restrict
ourselves to transitive sofic systems and Fischer graphs though similar results
may be obtained for not necessarily transitive sofic systems: A subshift is said
to be of finite type if it is conjugate to a topological Markov shift. A subshift
is said to be almost of finite type if it is an image of a topological Markov shift
by a continuous factor map which is one to one on a non-vacant open subset. We
characterize subshifts of finite type and almost of finite type in terms of their
Fischer graphs respectively and show that both properties of finite type and
almost of finite type are invariants for flow equivalence, where dynamical
systems are mutually flow equivalent if their suspension flows are conjugate.
Flow equivalence of topological Markov shifts was studied by Parry and
Sullivan (6) and Franks (4).

2. Definitions and Theorems

We consider the two sided infinite direct product set S* of copies of a finite
set S. We denote ,ﬁwxi an element in S? and define a shift ¢ by o/( __f.iwx,- )=
._loimxiﬂ. S? is alEompact space under the infinite direct product t(t)l_Jology of
a_iscrete topolpgy on S and ¢ is a homeomorphism of S* If a closed subset Q

of S? is o-invariant (i. e. 6Q=Q), ¢ restricted on Q is a dynamical system and
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called a subshift, where by a dynamical system we mean a homeomorphism from
a compact space onto itéelf.'

A labeled graph G=(W, V, 4, ¢, S, 1) consists of finite sets W, V and S
and maps 7, ¢t and A from W onto V, V and S respectively. We call W, V and
S an arc set, a vertex set and a label set, and ¢, ¢ and A an initial map, a terminal
map and a label map respectively.

Let G=(W, V, i t S, A) be alabeled graph. A sequence iﬁwwi of arcs
is said to be G-admissible if t(w;)=1(w;.,) for all {&Z. We denote Z(G)
the set of all G-admissible sequences and Q(G) the set of all sequences
iﬁwl (w;) for iﬁmwi E35.(G). 2(G) and Q(G) are c-invariant closed subsets
of W* and S? respectively. Therefore Z(G) and Q(G) are subshifts and
called a topological arc Markov shift and a sofic systems determined by G,
respectively. A map A from 2(G) onto Q(G) defined by A(iﬁwwi) = l.:i.'imx(w,- )
for ,-ﬁwwi €3(G) is called a factor map. We note that a topological arc
Markov shift =(G) is determined by only a graph (W, V, 4, t) and is a sofic
system when we think that a label map is an identity map. A subshift Q is called
a topological arc Markov shift (a sofic system) if it is one determined by some
graph (some labeled graph). We note that a topological arc Markov shift is
a usual topological Markov shift determined by a 0—1 matrix and that the
two-higher block system Q (% ={iﬁm(x,- s Xip )| ,-:fimx" €0} of a usual
topological Markov shift Q is a topological arc Markov shift.

A labeled graph G=(W, V, 4 ¢ S, 1) is called a Fischer graph if the
following (1), (2) and (3) are satisfied:

(1) (right resolving)

i(w)=1i(w) and 2 (w) =21 (w") for w, w & w imply w=w’
(2) (right reduced)

L,(G)=L,(G) for v, ¥&V implies v=10', where

L,(G)= { .Ell (w;) | nEN,_ﬁlwi is a G-admissible sequence

of length » with 7 (w,) =v}, vEYV,
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(3) (irreducible)

for any w and w’ in W there exists a G-admissible finite sequence ifll w;
with wy=w and w,=w"

A dynamical system (X, T) issaid to be transitive if for any non-vacant
open subsets O, and O, there exists an integer » such that 7" O/ 0O,*¢. An
irreducible labeled graph determines a transitive sofic system. R. Fischer (2,
3] showed that for a transitive sofic system Q there uniquely exists a Fischer
graph G with Q(G) =Q. The unique Fischer graph is denoted by FG(Q) in the
sequel.

For finite sequences a=iflla,- and ﬁ:ifllbi we write af= (& @
a, b b, -+ b,). For a finite sequence a« we write a'=a and a"=a"'a for
n=12,3, --. A finite sequence « is said to be indecomposable if there does not

exist an integer k=2 and a finite sequence 8 such that a=g*.

Let G= (W, V, 4 t S, 1) be a Fischer graph. A G-admissible sequence

‘I w; iscalled a G-cycle of length n if w,.,—w; for all i&Z A G-cycle

i=—o0
(o)

‘I w; of length mn is called a G-cycle of type (m, n) if there is an

indecomposable sequence « with ;f[nll (w; )=a” and w;,,*w; forall iEZ
and all j(1<7=xn—1). Gcycles i:I{oow,- and i:I!mw’,- of type (m, n) are
called twin G-cycles of type (m, n) if A(w;)=A(w’) and w;,,*w, for
all /&Z and all j&Z

Dynamical systems (X, T) and (X’, T) are said to be conjugate if
there exists a homeomorphism @ from X onto X’ with @T=T7T'®D. The
following theorem says that the existences of a cycle of type (m, #) and twin
cycles of type (m, n) in Fischer graphs are invariants for conjugacy of sofic

systems.

THEOREM 1. Let Q and Q' be mutually conjugate transitive sofic systems and m
and n be positive integers.

(1) FG(Q) has a cycle of type (m, n) if and only if FG(Q) has a cycle
of type (m, n).

(2) FG(Q) has twin cycles of type (m, n) if and only if FG(Q) has twin
cycles of type (m, n).
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A G-cycle of type # and twin cycles of type # mean ones of type (m, »)

for some m.

THEOREM 2. Let Q be a transitive sofic system. Then the following (1), (2) and
(3) are equivalent:

(1) Q s conjugate to a topological arc Markov shift.

(2) FG(Q) does not have a cycle of type n (n=2) mnor twin cycles of type
1.

(3) the factor map A from Z(FG(Q)) onto Q(FG(Q))=Q is one to one.

A subshift which is conjugate to a topological arc Markov shift is said to be
of finite type. A sofic system is said to be proper if it is not of finite type.
Theorem 2 says that a transitive sofic system Q is proper if and only if the
Fischer graph FG(Q) has a cycle of type #n(n=2) or twin cycles of type 1.

Let (W, V, 4 t S, 1) be a Fischer graph. A G-cycle iﬁmwi of type (m, n)
(n=2) is said to have a handle if there exist G-admissible finite sequences
ifilz,- and ifllz’i such that A(z;)=21(z;) for i=1,2,--- k, t(z,)=t(z",),
i(z)=t(w;) and i(z")=4¢(w;s,;) for some i and some j(l<jSn—1).
G-cycles i_ﬁmw; and Emw',- of type (m, »,) and (m, m,) respectively

for the same m are saidl to be fraternal G-cycles with a handle if iflll (w; )=
IEII A (w’; ) =a for an indecomposable sequence «, w,~+mﬁ:w’,- for al]k 1&Z and
all J&Z and if there exist G-admissible finite sequences il'llzi and t_gl 2’; such
that A(z;)=a(z;) for i=1,2,- k, t(z,)=t(2%), i(z)=¢(w;) and
i(27) =t(w';+,) for some i and some j.

A sofic system Q is said to be almost of finite type if the factor map A from
S(FG(Q)) onto Q(FG(Q))=Q is one to one on a non-vacant open subset of
2(FG (@) ((1)).

THEOREM 3. Let Q be a transitive sofic system. Then the following (1), (2) and (3)
are equivalent.

(1) Q s almost of finite type.
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(2) There are no different FG(Q) -admissible sequences ._ﬁ w; and _fi w';
such that 1 A(w;) =1 A(wi) and N w; =N w; for some n.

(3) FG(Q) does not have a cycle with a handle nor fraternal cycles with a
handle.

The equivalence of (1) and (2) in Theorem 3 has already been shown by M.
Boyle, B. Kitchen and B. Marcus [ 1). The factor map A is said to be left-closing
if (2) of Theorem 3 holds.

Let (X, T) be adynamical system and &(x) a continuous positive function
onx. Let T bea homeomorphism of the direct product space X X R defined by
T(x, u)=(Tx, u—&(x)) for (x u) in X X R. We denote X“,r the quotient
topological space consisting of T-orbitsand by {(T, &)} the suspension flow
on X £ which is derived from a flow {7 ,} on X XR defined by
T,(x, wy=(x u+t) for (x, u) € X XR. Dynamical systems (X, T) and

(X', TH are said to be mutually flow equivalent if there exist continuous
functions &(x) and &'(x) and a homeomorphism @ from X & onto X ’5,
such that ®(T, &), =(T", &), ® forany tER ([(7)).

THEOREM 4. Let Q and Q¥ be mutually flow equivalent transitive subshifts. Then

Q is a sofic system if and only if Q' is a sofic system.

The following theorem says that the existences of a cycle of type n, twin
cycles of type n, a cycle with a handle and fraternal cycles with a handle in

Fischer graphs are invariants for flow equivalence of sofic systems.

THEOREM 5. Let Q and Q' be mutually flow equivalent transitive sofic systems
and n be a positive integer.

(1) FG(Q) has a cycle of type n if and only if FG(Q) has a cycle of type n.
(2) FG(Q) has twin cycles of type n if and only if FG(Q) has twin cycles of
type n.

(3) FG(Q) has a cycle with a handle if and only if FG(Q) has a cycle with a
handle.



22 M. Fujiwara and M. Osikawa

(4) FG(Q) has fraternal cycles with a handle if and only if FG(Q) has fraternal
cycles with a handle.

THEOREM 6. Let Q and Q' be mutually flow equivalent transitive subshifts. Then
Q is of finite type or almost of finite type if and only if Q' is of finite type or
almost of finite type, respectively.

3. Proofs

For a subshift Q of S* and a map @ from S into a finite set S” we define
w:{.:r{oo(xi: ‘P(xi+1)) ‘ ':i.iooxi (o) and

*0={ T (p(xi 1), x) | T _x €0).
Then ©° and ?Q are subshifts conjugate to Q.

For a labeled graph G=(W, V, ¢, ¢, S, A) and a map ¢ from S into a finite
set S’ a labeled graph G® = (W?®, V?, i?, t?, S®, 1?) is defined by the following
way:

We define an equivalence relation in the arc set W by w~w’ if i(w)=i(w)
and ¢ (A (w)) =@ (A (w)), and denote (w) an equivalence class containing an
arc w.

We={(w, (w)) | w wEw, t(w)=i(w)}.

Ve={{w) | wEW}.

i?(w, (w))=(wl, * (w, (W))=[(w),

A% (w, (w))=QA(w), @A (w))) for (w, (w)) EW?°.

Se=12(W?).

Another labeled graph *G=(*W, ?V, ?4 ?¢t ?S, ®A) is defined by the
following way:

In this case we define another equivalence relation in the arc set W by w~w’
if t(w)=t(w) and @A (w))=¢ (A (w)).

*W={({w), w) | w wEW, t(w)=i(w)}.

*V={(w) | weEW}.

?i ((wl, w)=(w), *t((w), w)=(w

PA((w), w)=(eA(w)), 2 (w)) for ((w), w) E*W.

PS=*A(°W).

It is not difficult to see that Q(G?) =(Q(G))?, Q(*G) =?(Q(G)) and that if
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G is a Fischer graph, G® and ®G are Fischer graphs ((6)).

LEMMA 1. Let G be a Fischer graph and n and m positive integers. Then

(1) G has a cycle of type (m, n) if and only if G® has a cycle of type (m,
n).

(2) G has a cycle of type (m, n) if and only if °G has a cycle of type (m,
n).

(3) G has twin cycles of type (m, n) if and only if G® has twin cycles of type

(m, n).
(4) G has twin cycles of type (m, n) if and only if ®G has twin cycles of type

(m, n).

Proor. Note that a G?-cycle (?G-cycle) has a form ﬁ (w;, (w;iy,))

i=—o0

(._i.i (lw;-1), w;)) and that for a G-admissible sequence __i.i w; and a

positive integer k there exists a finite sequence a with _[IIA (w; )=a* if and

) =
only if there exists a finite sequence a with ,111 (A (w;), A (w))=a*

(_fl1 (@A (w;_y)), A(w;))=a*). Then Lemma 1 is a direct conclusion from

the definitions.

ProOF of THEOREM 1.

N. Nasu (6 ) showed that starting from two different subshifts which are
mutually conjugate we obtain the same subshift by finite steps of two kinds of
deformations of subshifts : from Q to Q?® and from Q to ®Q. These deforma-
tions correspond to deformations of labeled graphs : from G to G® and from G

to ?G as seen before. Hence Theorem 1 follows from Lemma 1.

PrOOF of THEOREM 2.

A graph which makes a topological arc Markov shift is a Fischer graph, as
noted before when we think that a label map is an identity map, and does not
have a cycle of type n (= 2) nor twin cycles of type 1. Hence by Theorem
1 (1) implies (2). Assume that (3) does not hold. Then since FG(Q) is right

resolving, there exist FG(Q)-admissible sequences II w; and @I w’; and
i=—co i=—o0
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an integer nsuchthat A(w;)=A(w’;) forall i€Z and w; *w’; for i<n.
Since {(w;, w’;) |iSn} is a subset of WX W and hence is finite, there
exist integers £ and m (k<m<wn) such that (w,, w,)=(w,, w’,,). Then
if:lkwi and iliw’i are cycles. In the case that at least one of them is a cycle
of type n(n=2) (2) does not hold. In the other case they must be twin cycles
of type 1. This means that (2) implies (3). Assume that (3) holds, then Q is
conjugate to a topological arc Markov shift S(FG(Q)), hence (1) holds.

PRrROOF of THEOREM 3.
Assume that (1) does not hold. Then there exist different FG (Q)-admissible

sequences II w; and II w’ with T A(w;)= T A(w;) and we*wy.

i=—o0 i=—o0

From the fact that FG(Q) is right resolving w; *=w’; for any i< 0, and
hence (2) does not hold. Assume that (2) does not hold. Then from the fact that
FG(Q) is right resolving there exist FG (Q)-admissible sequences ‘_ﬁ w; and

I w’; and aninteger nsuchthat I A(w;)= T A(w}),w; *=w; for i<n

and w; =w’; for i>n. By the same argument as one in the proof of Theorem 2

)

m m
we find integers 2 and m (E<m <) such that _[Ikwi and .I_Ikw’,» are FG

n n

(Q)-cycles. Since Wi together with
+

1=m

LI w’; is a handle of the cycles
(3) does not hold. Assume that (3) does not hold, and let {:({Oow,- and i:l'{ ww’i be
FG (Q)-cycles such that A(w,)=A(w’;) and w; *w’,; for i€Z and
if:Ikzi and if:Ikz’,- be FG(Q)-admissible sequences such that A(z;)=21(z;)

for i=k k+1,--,m, t(w,-)=i(z,), t(wy_1)=i(2}), 2,*2", and t(z,,) =
t(z’,,). For any cylinder set ilzlpz,- of Z(FG(Q)) (p<q) there exists an FG
(Q) -admissible sequence il;'[: z; (r<p) with i(z,)=1t(z,)=t(z’,) from the
irreducibility of FG(Q). Let lo'i k2 be a FG(Q)-admissible sequence with

i=q+
k-1 m o0 k=1 m oo
t(z,)=i(z,4,). Then 1 w;, _IIkz,» Iz, and I w'Ilz; Oz; aredifferent
i=—00 1= i=r = i=r

1= ~—00 1

q
elements in the cylinder set .szi with the same A-image, and hence (1) does not

hold. We complete the proof.
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For a subshift Q of S? and a positive integer valued function f defined on
S we define

0, =( I 1) | 1_x€q).
Then Q is a subshift.

For a labeled graph G=(W, V, ¢, £ S, A) and a positive integer valued
function f on the label set S, we define a labeled graph G, =(W,, V,, i;, ¢/,
Sy, ;) by the following way :

Wi={(w, b | h=1,2,f(A(w)), wEW}.
We consider an equivalence relation in W; by (w, h)~(w’, &) if either
i(w)=i(w) and h=~K=1 or w=w"and h=n.
V, is the set of all equivalence classes ((w, 4)) for (w, k) in W,.
i (w, ) =((w, h)),
tlw b= w h+1)) if k=12 FA(w))—1,

((w’, 1)) if h=f(A(w)),

where w’ is an arc with 7 (w) =¢(w).
Ag(w, B)=(A(w), h) &€SXN.
Sp=2,(W,).
It is easy to see that Q(G;) =(Q(G)), and that if G is a Fischer graph so is
G, .

LEMMA 2. Let G be a Fischer graph, [ be a positive integer valued function on
the label set of G and n be a positive integer.

(1) G has a cycle of type n if and only if Gy has a cycle of type n.

(2) G has twin cycles of type n if and only if G, has twin cycles of type n.
(3) G has a cycle with a handle if and only if G has a cycle with a handle,
(4) G has fraternal cycles with a handle if and only if Gy has fraternal cycles
with a handle.

o f(A(wi))
Proor. Note that a Gs-cycle hasa form I I (w;, ) for a G-cycle

i=—00 h=1

_II w; and that for a G-admissible finite sequence .[Ilw,- and a positive

1

integer k there exists a finite sequence « with I A (w;) =qa* if and only if

i=1
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A L. —~ . n f(A(w)) ~
there exists a finite sequence @ with ‘Hl hl'l (A (w;), h)=a*. Then
i= =1

Lemma 2 is a direct conclusion from the definitions.

LEMMA 3. Let Q be a transitive subshift of S?, f be a positive integer valued
SJunction defined on S and @ be a map from S into a finite set. Then

(1) Q is a sofic system if and only if Q; is a sofic system.

(2) Q is a sofic system if and only if Q°® s a sofic system.

(3) Q s a sofic system if and only if *Q is a sofic system.

Proor. (1) If Q is a sofic system there is a labeled graph G with Q=Q(G).
Since Q, =Q(G;), Q, is a sofic system. Conversely, if Q; is a transitive sofic
system there exists a Fischer graph G’ with Q; =Q(G). A terminal G-vertex of
an arc with label (g, £) (h=f(a)) 1is an initial G-vertex of an arc with label

(@, h+1) and is not a terminal G-vertex nor an initial G-vertex of any other
G-arc. We construct a labeled graph G by canceling all these vertexes from the
labeled graph G" and replacing each chain of G-arcs with label :Iila)l (a, k) by an
arc with label a. Then we have Q=Q(G) and hence Q is a sofic system.

(2) and (3) follow from the fact that Q is conjugate to Q¢ and °Q.

ProOF of THEOREM 4, THEOREM 5 and THEOREM 6.
Combining arguments of Parry and Sullivan (7 ) with a result of Nasu
(6] we obtain the same subshift from mutually flow equivalent subshifts by
finite steps of three kinds of deformations of subshifts. Two of them are the
same ones as mentioned in the proof of Theorem 1 and the third one is a
deformation of subshift from Q to Q,, which corresponds to a deformation of
labeled graph from G to G;. Then Theorem 4 follows from Lemma 3, Theorem
5 follows from Lemma 1 and Lemma 2, and Theorem 6 follows from Theorem

2, Theorem 3, Theorem 4 and Theorem 5.
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