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§ 1. Introduction

We consider the initial-boundary value problem for the Navier-Stokes

equations in three space dimension;

(1.1) w— Autu- Vu=f—Vp, in DX (0, T),
div =0, in DX (0, T),
ulsp=0, in (0, T),

u (x,0)=a (x), in D.

Here, the function u=(u'(x, t), u*(x, t), u>(x, t)) represents the velocity field of
the fluid and p=p (x,t) is the pressure. The function a=(a' (x), a*(x), a3(x))
is a given initial velocity and f=(f' (x, ), f* (x, ¢), f° (x, t)) is a given exter-
nal force. Let D be a bounded domain in R* with smooth boundary o D.
In this paper, let /=0 for simplcity.

E. Hopf [8] proved in 1951 the existence of a global (in time) weak solu-
tion (more generally, for an arbitrary domain D in R"). Various resear-
ches have been made by many mathematicians, but no one has yet succeeded
in proving or disproving the uniqueness of the weak solutions. Recently,
many results have been established with respect to the regularity of weak solu-
tions; see Scheffer [10] [11] [12], Caffarelli, Kohn and Nirenberg [1],
Giga [4] [61], Sohr and Von Wahl [ 14 ] etc.

Let A be Stokes operator. In this paper we discuss the Hausdorff
dimension of the set £ of possible time singularity of weak solutions belonging
to Ly ((0, T); D (A7)) and we shall show that if ¥ =—-— €, then 2 €-

4

dimensional Hausdorff measure of the set E is zero, and moreover if 7 =%
the set E is empty.
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§ 2. weak solution and strong solution

Let HE=closure of CG (D) in H™,

Cos ={P<= C5(D); dive =0},

H o =closure of C%, s in Ly,

H{ s =closure of C% + in H',
and operator P be the orthogonal projection from L, onto H . By Stokes
operator A we denote the Friedrichs extension of the symmetric operator —PA
in Hs with domain D (A ) =H*\H) H,. It is well known that D (A*)
=H}.

We give the definition of weak solutions of (1.1).
DEFINITION 2.1 (see Giga [6 ], Masuda [9] )
Let the initial function a be in Ho,. A measurable function » on DX (0, 7T)

is called a weak solution of the problem (1.1) if
(i) vE Lo ((0,T); Ho) Ly ((0,T); Hp o),
(ii) o is weakly continuous from [0, T') to Ho,
i) [[-@P)+(veve)te: vs?) | d=( #(0)),

for all &<C” (DX [0, T)), div® = 0 such that ¢ vanishes outside
a compact set of DX [0, T),

and moreover the energy inequalities hold for v ;
@) lo@lP+2 [IvolPac<llall?  frieloT),

(iv)’ Il » (#) II2+2 J‘[“ Vol?de < || o(s) |2 for almost all
$20, including s=0 and all ¢ >s.

E. Hopf proved the existence of a weak solution in D X (0, ) [8].

To our purpose, the following three propositions are useful.

PROPOSITION 2.1 (uniqueness of weak solutions; see Serrin [13] ,
Temam [15], Masuda [9] ).
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Let u and v be weak solutions of (1.1) in DX (0, T ) taking the same initial value a &
H o and satisfying the energy inequality (iv) in definition 2.1. Of the two functions u and
v let u belong also to the space L, ((0, T ); L, (D)) for some p and q such that

3
— + =1, p>3.
p T g T !

Then it holds u=v on [0, T).

From the problem (1.1), the following initial value problem is introduced;

d
(2.1) 72‘+ Au= Fu+ Pf(t),in (0,T),

u(0)=a,
where Fu= —P (u* V) u.
Let Pf = 0. This equation is considered in the integral form;
(2.2) w(t) = ot [T Fu(s) ds in (0, T).

ProrosITION 2. 2 (existence and uniqueness of strong solution, see Fujita

and Kato [3], Giga [5] )
Let o <Y<l,andabein D (A7). Then there is a unique strong solution u of
(2. 2) such that

i) u=C([0,T);D(A7)),u(0)=aq

() «C((0,T);D(A%)), and |4%u(t) || =0 (t7 %) as t—=+0 for all

a Y < a<l, where T is a positive number depending on a.
Moreover u & C= (D X (0, T)).

PROP]OSITION 2. 3 (estimate of maximal interval, see Giga [4], [5] )
Let o >T and [0, Tx) be the maximal interval on which u given in proposition 2. 2
exists. Ifaisin D (A°), then the estimate

Cc

o —Y%
. =
@3) Tw "2 e,
holds with a constant C independent of a.

With respect to the proof of proposition 2.3, we note that it holds
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4% = 0 (= +0),

A% el =T AT A <7

1
Sor T <o < a< 1, and it follows (2.3) from these relations.

§3. regularity of weak solutions

To discuss the regularity of weak solutions we shall show the following

lemma, and then we recall the concept of the Hausdorff dimension.

Lemma 3.1 l
Let a be in D (A°) for o >7}—. Then, any weak solution v of the problem
(1.1) agrees with the strong solution u given in proposition 2.2 on the maximal interval

[0, Tx), where the strong solution exists.

ProoF. The strong solution # is a weak solution. By imbedding

3—4a
6

theorem (see Henry [7]); D (A%) C L, (D) for ?> , there exists

psuch that '“Vz, (D)< cllpae) 4>3

In fact, since for 3—4 ¢ >0 it holds _3?64—0' >3, we may choose p such that
6

3 40 >p>3 and for 3—4 0 <0, we choose an arbitrary number p such that

p>3. Consequently, by considering u < C ([0, T]; D (A?)) for any T<
2

Tw,ue< L, ((0, T); L, (D)) for q=p—_p§. By proposition 2.1 we have v

=uon [0, Tx). The proof of lemma 3.1 is complete.

DEFINITION 3.1 (see Federer [21])
Let X be a separable metric space and let p>0. The p-dimensional Haus-

dorff measure of a subset Y of X is

(3.1) #,(Y)=1lim #, ¢ (Y)—su Mp e (Y),

€—+0
where

(32) #,e (¥) =t 3 (diam Uy; U, 0., v U, ),

and O ={U is ball; diameter of U < € }
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The Hausdorff dimension of a subset Y of X is the number;
sup {p >0; #,(Y) =+ |

It is well known that
() Hpe (¥) 2 H,e, (V) for0<e,< ey

G #,(Ur)=< 3 e, m),

n=1

(iii) if #, (¥Y) <400, then #, (Y) =0 for all ¢ >p,

(iv) sup{p >0; #,(Y)=+]
=inf{p >0; #,(Y)=0}
=inf {p >0; #, (Y )<+ oo}

(v) let A, be n-dimensional Lebesgue measure and #, be n-dimensional
Hausdorff’ measure over R", then A, (Y)= #,(Y) for measurable
set Y.

Now, we shall show the theorem with respect to the regularity of weak
solutions.

THEOREM 3. 1.
Let v be a weak solution of the problem (1. 1) on (0, o).  Suppose that v belong also

to the space Ly ((0, T); D (A7) for some ¥ 2% and 0<T< o,  Then, if ¥ =
%—- e (0< ¢ é%) there is a closed set E of Lebesgue measure zero in (0, T ) whose
2 € -dimensional Hausdorff measure # 5 ¢ (E ) is zero and such that v is in C= (D X
((0, T)—FE)). Moreover if ¥ 2%, the above possible singularity set E is empty
and visin C* (D X (0, T)).

PrOOF. From the definition of weak solusions there exists a set E; of

Lebesgue measure zero such that v satisfies the energy inequality;

I v 0 | 2+2 f' lvall2at<]o (s) |2 for any s & (0,90) —F and for all ¢ > 5.
On the other hand let £, = (1€ (0, T); v ({) € D (A7) ] then the set E, has
Lebesgue measure zero by the assumption. We put £, = (E,() (0, T))
U E,. For any t << (0, T) — Ey there exists the strong solution u with the
initial value v (¢) such that « =v on [¢, t+ T« (¢)) by lemma 3. 1.
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Therefore v is smooth in D X (¢, t+ Tx (¢)). Let

=(0,T)— 16«9)_%{(1), t+ T (£) N (0, T)}. Eis a closed set in (0, T')

and v & C* (D X ((0, T) —E)). Since E(Q[_T] (¢, t+Tx (t)) is open set

in R', we may put IE(M)_E (¢, t+Tx ( U (Tas $n)s
where (r,, 5,) are mutually disjoint intervals and Q (7ns 5,) represents the un-
ion of countable intervals at most. Since it ’ix_olds Eo C E and E—E, C
{r; n=1, 2, 3:++}, E— E; has Lebesgue measure zero. Thus E has Lebes-
gue measure zero.For any ¢t €& (r,, 5,) () (0, T) it follows

bt Tx () =5,

and therefore

1 1 C
3.3 = ) TR2Te (0 T 2
( ) (s ) * (8 ||Ayv(t) ”
by proposition 2. 3. Let 7 =%— €. In the case of satisfying s, < T
for all n, we have
¢ 3 ﬁg S a7v o lza<[Na”v 02 d<+e.

Therefore, it follows

M3

(3. 4) (5,—1)% ¢ <Aoo,

1l

n=1

If there exist the numbers n, satisfying s, > 7, then such a number 7, is
only one, since (7, $,,) N©T)= (Tay T') and (1, s,) M (0, T) are mutual-

ly disjoint. Hence analogously in the 'above it holds
&, (55— 1)2° <+ o0, Therefore if s, is finite, Zl (5= 1) 5 <+ 00,
n=1,n¥ng n=

and if 5, =+ 90, by considering the interval (0, 7, ) instead of (0, 7'), the rela-
tion (3. 4) is valid.
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Let 7 =%. If 5,< 7, then it follows from (3. 3)
5 dt B r
" < n % 2 < 3 2
Cfrn (=) *L 1% () 112 a0 < [T 4% ) 17 de <+oo.

On the other hand, the left-hand side is infinite. It means that s,> T for
all n and that since such a number # is only one, we may denote

[oj (rns $) (N (0, T) = (Tapy T).

n=1

By considering that £ has Lebesgue measure zero, we have (r,, T) = (0, T').

Consequently, the time singularity set £ is empty.

Lastly, from (3. 4) we reduce to 2€ -dimensional Hausdorff measure
#,¢ (E) = 0 by Scheffer’s argument. (see [10])
By (3. 4), for any ¢ >0 there exists a number N such that

00

(3.5) i=‘§+1(si_ri) =, 2&1(5"—7") 5o,

i=

We can represent

[0, 71 = U (0 5) = KiUK, U U Ky,

i=

where K; are mutually disjoint closed intervals, and it holds E C K; | Ky U+
UK,,. Since (r;, 5;) (=N+1, N+2, ==+ ) is included in one and only one
K;, we denote I; the set of i’s satisfying K; D (7;, s; ).

It holds
3.6) K= U () U (KNE),
and

(3.7) diam K; = l_gl (si—m).

The equality (3. 7) is showed as follows. For any x € K; (N E, the distance

d (x, g (r;, ;) is zero, and thus the K; N E is included in the cluster set of
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[eJI (r;, s5;), where we used that the set E has Lebesgue measure zero.
=i

Therefore it follows

e

(3. 8)

~
[l

1 (diam K;) 2° = 2 { 12‘1, (5:—m) }28

e

= ig (Si_ri) 2= :2 (S,,_T") f <0,

=l n

<.
I

By (3. 5) and (3. 7) it holds
(3.9 diam K; = 0.

Consequently, by the definition (3. 2), and the inequality (3. 8), #5¢, o (E)
<0, Let 0 —0, then it means that 2 € -dimensional Hausdorff measure of

the set E is zero. This completes the proof of theorem 3. 1.

REMARK. It is well known that the weak solution constructed by E. Hopf
belongs to Ly ((0, ©°); D (A%)% and #y; (E) =0. We note that the sing-
ularity set E is empty for ¥ = More generally, Giga [6] proved reg-
ularity criteria by considering L, ((0, T); L, (D)) instead of Ly ((0, T');
D (A7)). But it seems that our result for ¥ = is not involved in [6].
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