
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

Some Degenerate Nonlinear Parabolic Equations

南部, 徳盛
九州大学教養部数学教室

https://doi.org/10.15017/1449043

出版情報：九州大学教養部数学雑誌. 14 (2), pp.91-110, 1984-12. College of General Education,
Kyushu University
バージョン：
権利関係：



Math. Rep. 

 XIV-2, 1984.

Some Degenerate Nonlinear Parabolic Equations

Tokumori NANBU 

(Received May 23, 1984)

0. Introduction

   In this paper we consider the existence, uniqueness and the behaviour 

of solutions for the following initial-boundary value problem of the degenerate 

nonlinear parabolic equation:

ut=4(A(u)) +E°~B^k(u) +F(u)in Q= S2xR+ (0.1) 
k=1 axk

(I)
u(x, t)=0on P=0S2xR+ 

u(x, 0)=u0(x)in S2,

where is a bounded domain in RN (N>1) with a smooth boundary 02, 4 

denotes the N-dimensional Laplace operator, A (u) is a function of class C1 (R) 

with A(0) =0, a(u) A' (u)>0 (u *0) and a(0) =0, and Bk(u), F(u) and 

uo(x) satisfy some hypotheses which will be described in § 1. 

   The "porous media equation ut=4(um) (m>1)" which has been inves-

tigated by various authors (Cf. Ch. 5 in [6] and [14] for a survey) is the 

special case of (0. 1). Gilding [7] has proved the existence, uniqueness for 

non-negative solutions of Problem (I) in the case N=1 and F(u) =0. Kala-

shnikov [8] and Kershner [9] have proved the existence, uniqueness and 

localization for non-negative solutions of the Cauchy problem for (0. 1) in 

the case N=1, A (u) = um, B1(u) = u" and F(u) = — A&', where m>1, n>1, 

p>0 and 2>0 are constants. Nakao [11, 12] has proved the existence and 

decay estimates for solutions of Problem (I) in the case N>1. In [5], 

Ebihara and Nanbu verified the existence of global classical solutions of 

Problem (I) in the special case. 

   At first, we shall prove the existence and uniqueness for the solution 

of Problem (I) which is more general than the case ut =4(um) +                                                            N8 (u"                                                     k)                                                                         k=1 8xk 
-2uP , where m>1, nk>1, p>1 and 2>0 are constants. For N=1 and



 F(u) =0, Gilding [7] proved the uniqueness under the condition (Bi (u))2 

=0(a(u)) as u--0+. His proof relies on the continuity of solution. For 

N>1, the continuity of solutions of Problem (I) is not known, and so we 

shall give a different proof from Gilding's one, which is suggested by the 

argument in [2]. 

   Secondly, we shall investigate the behaviour of solutions of Problem (II) :

(II)

u,=4(IuIm-lu)+Eaz---ul +F(u)in Q (0. 2) 
k=1

u(x,t)=0on I' 

u (x, 0) =uo (x)in 2,

where m>1 is a constant, Bk (u) E C' (R) with B;(0) =0, F(s) Cl (R) with 

F(0) =0 and F(s) x (sign s) CO, and u0 E L" (S2) . We shall derive a decay 

estimate for solutions of Problem (II) as the following: 

u (x, t) I <C* (ait+a2) -'on Q(0. 3)

where r =1/ (m —1), and C*, a, and a2 are positive constants which 

only depend on the data m, N, uo and D. For the case F(s) =Bk(s) 
=0(k=1, ..., N), Aronson and Peletier [3] and Alikakos [1] have proved 

the decay estimate of type (0. 3), independently. The estimate (0. 3) will be 

derived by Alikakos's technique. Recently, Nakao [11], [121 has proved the 

decay estimate of the norm I I Bk (u (t)) I I z +IIG (i u I m-lu) (t) 112 for solutions of 

Problem (II ). 

   Finally, we shall investigate another behaviour for non-negative solutions 

of Problem (III) :

u1 = 4 (um) + k~bk 8xkk)—'lupin Q(0. 4)
(i)

u (x, t) = 0on I' 

u (x, 0) = uo (x)in 2,

where m>l, nk>1, p%1, , bk and A>0 are constants, and uo(x) is a given 

non-negative function of class L" (2) . 

   In [3J Aronson and Peletier proved the positivity property and the large 

time behaviour for solutions of the initial-boundary value problem for the 

porous media equation zit= 4 (um) . Afterwards, Bertsch, Nanbu and Peletier 

[4] have generalized these results in [3] to the equation u,=4(um) —Au" 

(2>0). We shall generalize these results in ([3], [41) to the equation



 (0. 4) with bk *0. The proof of the positivity property for solutions is based 

on the construction of an appropriate subsolution. We shall prove that if 

nk>m (k=1, ... , N) and p>m, then the positivity property holds, that is, 

for any initial function uo(x) there is a finite time T>0 satisfying P(t) 

{xESQ: u(x, t)>0} =2 for every t>T, and if nk=m (k=1, ... , N), the 

large time behaviour of (6. 5) — (6. 7) in § 6 holds.

1. Rreliminaries

Here are the hypotheses to be made on the data of Problem (I). 

H. 1. A(u) EC'(R), A(0) =0, a(u)-A'(u)>0 (ui0) and a(0) =0 . 

H. 2. Bk (u) E Cl (R) , Bk (0) = bk (0) = 0, where bk (s)- dBk (s) /ds. 

H. 3. Given any M>0 there exists a constant ,uo(M) such that bk (; 

C,uo(M) a(s) holds for s[—M, M] (k=1, ... , N). 

H. 4. F(s) :R—>R is locally Lipshitz continuous and F(0) =0. 

H. 5. uo(x) EL°'(S2). 

H. 6. 2 is a bounded, arcwise connected open set of RN (N>1) 

     with the smooth boundary 02. 

We introduce the notation in this paper.

   Let R=(—oo, —oo), R+=(0, +00), Q=S2xR+, QT=SZx (0, T], 

T'=02xR+, PT=02x[0, T], uxk=au/axk, ~~=(~xl, ~xN>' Ilu(t)II~~

= {f I u (x, t)1 Pdx} 1/" and I l u l 1. = sup l u(x) I. 
                                            ZED

   DEFINITION 1. A solution u of Problem (I) on [0, T] is a function u 

with the properties 

 (i) uEC([0, T]:L'(2)) 11 L°°(QT),

(ii) f 9u(t)c(t)dx— f f e {uck+A(u)40—k±Bk(u)q1xk}dxdr 

      =

Jo()+JJ(u)dxdrugi0 dx (1.1) 
for any t E [0, T] and every OE C2 (QT) such that q = 0 on 02 X [0, T]. 

   A solution u of Problem (I) on [0, oo) means a solution on each [0, T] 

and a subsolution (supersolution) is defined by (i), and (ii) with equality 

replaced by <(>) and adding cP>0 in QT. 

   We state two lemmata. The first one will be used in proof of unique-

ness theorem. The second one will be used in § 6.



   LEMMA 1. Let  A(u) and Bk(u) satisfy hypotheses (H. 1) - (H. 3) . 

Then, given M>0 there exists a positive constant ,uo= fo(M) such that 

{Bk(s1) —Bk(s2)}2C,uo(A(sl) —A(s2)) (s1—s2)(1. 2) 

for all s1f S2 [—M, M] (k=1, ... , N).

PROOF.{Bk(sl) —Bk(SZ)}2= (s1 s2)2{J  b(s1t+ s2(1—r)) dr}2 

0 

                                    1 

               C(S1—s2)2 by (s1r+s2(1—r))dr 

              C(sl—s2)2,ao f 0a (Sir ±s2(1—r))dr (by H. 3)) 
= ,u° (s1 — s2) [A (s1) — A (s2) ].

Let d:2-0,  + CO) be given by 

d(x)=min{Ix—zI :zEa2Z}.

By d(x) we define the set 2s= {xES2: 0<d(x)<s} and ~'3=SZ-23= {xES2: 

d (x) >s} . The following property of d(x) is well known.

  LEMMA 2 (Serrin [15]). Let S2 satisfy (H. 6). 

There exists a constant 6ER+ such that for every xES20 

there is a unique z(x) E asz which satisfies 

d(x)=Ix—z(x)I. 

               Moreover, d(x) EC2(.). 

   A proof of Lemma 2 can be found in [15].

2. Uniqueness for Problem (I)

   In this section we shall verify the uniqueness of solutions of Problem (I). 

We start with the following problem:

(IV)

ut = 424(u)+ kfbk (u)ax+g (x, t) in Q(2.1)
u (x, t) =0on I' 

u (x, 0) =u0(x)in Q

where A (u) , bk (u) = dBk (u) I du and u0 satisfy the above (H. 1) — (H. 6) and



 g(x,  t) EL1(QT) for any T>0.

  DEFINITION 2. A solution u of Problem (N) on [0, T] is a function 

u with the properties

(i) u E CO, T ] : L1(Q)) fl L°° (QT) ,

(ii) f Au(t) c(t)dx— f f Q, {u0,+A(u) 40— :± Bk(u)cbxk}dxdr
=.1.0u00(0) dx+f fQLggdxdr(2. 2)

for any t E [0, T] and every CZ (QT) such that 0=0  on 8SQ x [0, T]. A 

subsolution (supersolution) of Problem (IV) is defined by (i), and (ii) with 

equality replaced by C (>) and adding co_-_0 in QT.

  PROPOSITION 1. Let u be a subsolution of Problem (N) on [0, T] 

with data g, uo and let u be a supersolution of problem (N) on [0, T] with 

data g, no. Then for each r[0, T] and for every ,l>,uo, where ,a0 is 

the constant in Lemma 1 determined by M=max(IIuII,(QT), IIuII-cQT)), we 

have

eA=J(u(r) —U(r)) dx~J (uo—no)+dx
+ ff(g—g+,l(u—u))+•e~sdxds,(2.3) 

     Qf

where r+ = max {r, 01.

PROOF. Set

a (x, t) _

bk (x, t) =

A(u)— A (0 

u—u

0

B (u) - B (u) 

u-u

for u$u

for u=u,

for u u

0for u= u,

and M=max(IIuII,(QT), IIuII~cQT)). 

By virtue of (H. 1) and (H. 2) a (x, t) and bk (x, t) are of class L°° (QT) and 

a (x, t) ?0 in QT. By Lemma 1 there exists a constant ,uo =,uo (M) such that 

{bk (x, t) } 2C,uoa (x, t) in QT.(2.4)



Now by the standard mollification of functions, we can construct sequences 

of smooth functions  {an}  , {bk,n} such that

 (i) an, bk,n E C' (QT) , 

(ii) (1/n)<an~Il all,(QT) + (1/n) in QT 

(iii) (a—)// an --->0  as n->oo in L2 (QT) , 

(iv) Ilbk,nll. (1/n) in QT, 

bk,n — bk—>O as n->ooin L2 (QT) 
and (v) {bk,n} 2` uoanon QT (k =1, ... , N) . 

Fix rE [0, Ti.

  Let xE Co (S2) be such that OCx<1, and On the solution of the following 

problem :

(V)

cbnt+an40n+Ebkn"'ny~~nin Q=    k=18xk(2. 5)

q n (x, t) -0on 8S2 X (0, r) 

0n (x, r) = x (x)in SQ,

where A>#o. 

By the well known results, the Problem (V) has a unique classical solution 

one C2(Qr) which satisfies the following properties:

O<q5n(x, t)> exp(A(t-r)) in Or,(2. 6)

and f Zdxdt
fQIVXI2dXCo (2. 7)

for every t E [0, r] and each A>_110. 

(2. 6) is an immediate consequence of maximum principle. Let's prove 

(2. 7) . Multiplying (2. 5) by 40„ and integrating over S2 X (t, z-) , then we 
find

—f t 8s {f l2) I PYjn(x, s) 12dx}ds+f tan!dOnI2dxds
  srA bk,„.aa+4ftfIPqn12 dxds= -J(tJ(AAgnxkdxds

                                       2  1 f =fantd 0nl 2dxds + 1 JJ k-----'()dxds 
2to2 tAk=1an8xk



  JJJ aI Pqn12dxds.

By  22 we obtain (2. 7). 

Now set t = r and q1=0„  in (2.2) . By (2. 5) — (2. 7) , we have

J(u (r) — U (r)) x(x) dx — JJ {u—u) (a—an)don
         N 

`+"(u—U) (bk—bk,n) (cn).xk}dxdt 
_ k=1

JA(uo—uo)0n(0) dx+ f fA(g—g+A(u—u))cndxdt 

                                                   r

~e ~r JA(uo—uo)+dx+JJArez~t-r' (g—g+2(u—u))+dxdt. 

J

However JJ  I a—a, I 14 Th i dxdt< JJIa and~/an1 415nldxdt 
  QQrn

a—an 

 Coll/------a
n IIL2(QT,-->O as n—*oo,

and ff.,,ki1I bk—bk,n1 I(/n).xk Idxdt<Ilv~nII2Ilbk—bk,nllL2(Q,  r=k=1T

          N 

~Co/(/-ao)±Ilbk—bk,nhIL2(QT)3O as n-->c.

Thus we have

elr J A(u(r)u(r)) x (x) dx

J(uo_uo) + dx+ffe2t(g—g+A(u—u))+dxdt   Qr

which holds for any x E Co (D) with0<x<1. Hence this inequality con-

tinues to hold for x = sign { (u (r) — u (r)) +}, and it completes the proof. 

                                                         Q. E. D.

   THEOREM 1. Let (H. 1) — (H. 6) be satisfied. 

(i) (Uniqueness). Let u and u be solutions of Problem (I) on [0, T] 

with data uo and uo, respectively. Let K be a Lipschitz constant for F(u) 

on [—M, M], where M=max(IIuIIL.(Q
T),IIuIIL°°(Q~).Then for each 

t E [0, T] we have



 

Il  u(t)  —u(t)  IlLlcn~<exp  (Kot)  Iluo—uo  Ilr,l(Q).(2. 8)

Here Ko-max(K, ,uo), where ,u0=,uo(M) is the constant determined in 
Lemma 1. 

(ii) (Comparison principle). Let U be a supersolution of Problem (I) 

on [0, T] with data uo and let u be a subsolution of Problem (I) on [0, T] 

with data uo. If uo<uo, then

u (x, t) <u (x, t) a. e. in QT.(2 . 9)

   PROOF. Set g = F(u) and g = F(u) in Proposition 1. Let A= 

max (K, to) = K0 and h (t) = exp (Kot) f (u — u) +dx. By the relation (F(u) 
— F(u) + Ko (u — u)) +<2Ko (u — u) +, (2.3) gives us h (t) <h (0) + 2Ko fh (s) ds 

                                                                                 0 for t E [0, T]. By Gronwall's Inequality, we have h(t)h(0) exp (2Kot) 

which implies (2. 8). 

(ii) follows from (i).

3. Existence of solution of problem (I)

   We shall verify the existence of solutions of Problem (I). Hereafter , 
instead of (H.4), we set the following hypothesis: 

H. 4. A. F(u) E C1(R) , F(0)=0, and F(u) x (signu) <0. 

   First we assume uo E C o (S2). Set M=sup uo 

Let 0<e<1 and let us consider the following regularized problem (I)e under 

the hypotheses (H. 1) , (H. 2) , (H. 4. A) and (H. 6) :

(I) e
(3.1) 

u (x, t) = 0onP 

u (x, 0) = uo (x)in S2.                           N �2,--,,,"\--

             (u) +F(
u)

   By the well known result (Ch. V of [10]), the problem (I)e has a 

unique classical solution ue with ue (x, t) <M on Q. Set As (s) = es + A(s) 

and A'e(s) =e+a(s). Through this proof we denote us by u. Multiply 

(3. 1) by f wbn (s) ds and integrate over Sd. This gives 

0



dt {L[f o(f obn(r)dr)ds]dx} + J0VAe(u) •p(Jabn(s)ds)dx

  J9°axu) obn (s)  ds)  dx+IF(u) (Jobn(s) ds) dx    k=1

Ck2_;Aaxk[Jobk(s) (Jobo (r)dr)ds]dx+0 (by (H. 4. A))
=0 (n=1, ... , N).

Hence

J~pAe(u) •p(Jobn(s)ds)dx<—dt{[ju(fobk,(r)dr)ds]dx}
(n=1, ... , N). (3.2)

Multiplying (3. 1) by (A(u)) r and integrating over 2, we find that

JA,€ix+ dt (1 J.a I PAe(u(t)) I2dx)
 f J 

   

Q----3axu)A'e(u)utdx+dt(ooF(s)A'e(s)ds]dx).   k=1

Since

kJno''xku)---------A'e (u) utdx<2JnA'e (u) udx2kJnb k (u) u.2~k A'e (u) dx
and

   N 

   

I bk (u)uxkA'e(u)dx

<2 k~--~IL (Jobk(s)ds)•pA8(u)dx

dt { 2 k Jn[J0 (Jobk (r)dr)ds]dx} (by (3.2)),
we have for each t E R+

LA'e(u)udx+{fnlvAe(u(t))I2dx   

 J01J02P'(s)A'€(s)dsldx+ eJa[JofJobn(r)dr)ds]dx}
(3.3)

Using the condition (H. 4. A), from (3. 3) it follows that



 T   A'e (ue) [ (ue)t]2dxdt+supfI pAe (ue (x, t) )12dx 
0A 05t5TD 

G f  ,2117 Ae 0)  I2dx—J 1.:° C2F (s) e (s)  —~~ (f obn(z-)dz)]ds}dx
C, (3. 4)

where Co depends only uo, but not on e or T. 

Set ve=A(ue). Then the estimate (3. 4) implies

iv e (x, t) <Ae (M) M+ A (M) in QT, (3.5) 

IIGve(t)II,2(Q) Coon [0, T], (3.6)

(ve) c I l i2 co,r:L2 cD> = f f eTCA' (ue) Cue) c]2dxdt
  sup A'e (u) if eA'e (ue) [ (u)c]2dxdt 

                      T

 (M+supSMa(s))Co. 
      181

(3. 7)

From (3. 5), (3. 6) and (3. 7), if follows that {ve}o<e<1 is equicontinuous 

from [0, T] into L2(Q) with value in a bounded subset of H'(Q). Hence 

by Arzela-Asocoli's Theorem there exists a function v C([0, T]:  L2 (id)) and 

en 1,0 such that

ve n->v in C([0, T]:L2(S2)).

Then ue n A-1(v) =u and A(uen)---A(u) in C([0, T]:L2CD)). 
   Taking the limit as en—>0 in the variational equation

JUe (T)qo(T)dx—fuoq(0)dx 
=if uencht+Aen(uen)4q — Bk(uen)gxk+F(uen)0}dxdt 

R1k=1

which is valid for all qE C 2 (QT) with 0=0 on a l x [0, T], we have that 

u is a solution of Problem (I) on [0, T] for each T>0. By the standard 

argument, we can easily remove the restriction uo E C o (Q) , but we omit it 

here. 

   Now we can conclude the following:

   THEOREM 2. Let hypotheses (H. 1) , (H. 2) , (H. 4. A) , (H. 5) and (H. 6) 

be satisfied. Then Problem (I) has a solution on [0, oo). In addition



if we assume  (H.3), Problem (I) has a unique solution.

4. Behaviour of solutions of problem (II)

   In § 3 we have considered the regularized problem (I) e. Now we shall 

consider the following regularized problem (II) e :

(1)e

141=4014m-lu)+edu+ E1aaxu)+F(u)in Q
u (x, t) =0on P 

u(x, 0) =uoin 2,

(4. 1)

where 0<e<1 and 140(X) E C o (S2) . 

Let (H. 2) and (H. 4. A) be sasisfied. 

   On the basis of theorem in Ch. V of [10], we know that Problem (10e 

has a unique classical solution ue (x, t) e C x;1(Q) . By Alikakos's argument, 

we can obtain the following:

  PROPOSITION 2. Let ue(x, t) be the solution of Problem (II)e. Then 

we have

   (i) I ue (x, t) CM- sup uoin Q(4.2) 

                                 A 

   (ii) Ilue(t)IIm+15.{(m-1)kmt+IluolI +i}-r te CO, 00) (4.3) 

where km is a constant which depends on m and Sobolev constant So, and 

r=1/(m-1), 
and 

   (iii) there exist Positive constants C*, a1 and a2 which depend only 
on the data uo and 2 such that 

lue(x, t) <C*(ait+a2)-rin Q. (4.4) 

Here a—IluII-`T'-"anda=(m —1) S-2(mesSd)1-m/m+1whereSis Sobolev   z—o~+11—o~o 

constant such that IIvII2CS,II1702 for v (S2)•

   PROOF. For brevity, we denote ue by u. 

(i) is an immediate consequence of the maximum principle.To get the 

estimates (ii) and (iii), we shall use Alikatos's argument in the proof of 

Th. 3.1 of [1]. 

   Multiply (4. 1) by I u12-'u  (A>m) and integrate over 9.



Since fb (s) I s l'-'sds),xkdx=0
holds, we have

d2-----+1J
     G(CA+m)f nIul~-lu)dx—  4m2    ~ QuV2Iv(lu(2+m-2)/2u)I2dx -f

+f F(u)IuI-ludx.

By (H. 4. A) and estimate (i), we know that JF(u)u  I u 12-1dxCO and thus 
we obtain

                         u l d(---1f
pl ul1u2dx)<—~ifC I«+m-2)~2u)12dx. dt2+1(~i+4(24,7„,,A)2,ol v

Set v= I ul (2+m-2)/2u and p,l(t)= f Iv(x, t) I2(2+1)/(A+m)dx. Since v(t)E YY 2(a),
using Sobolev's and Holder's inequality, we get

                 2+m-2 2+1 m-1 p,(0) .So(a+1)/(a+m)(LIv(lul 2 ul2dx)2+7n(mesSQ)2+2n.
Then we have

d dt (~i+1 f<  (—m2So2(mesS2)2+1p1(t)2+1
1-m 

   (,i+m)2So2(mesS2)=f=                 ~iIlu(t)112+m.

Set ,u2+1(t)= f Iu(x,t)12+1dx. 
Thus for each 2>m and t>0, we have

 it 
      ]nm-12+m   2t1 t)~—(2+1)------(,i+m)2S22 (mesQ)-2+101,1+1(0)1+1

which implies

1-m 

Ilu(t)I1m+1{(m2-1)So2(mesSQ)m+1t+Iluollm+i}' 

        {(m2-1)kmt+Il uollm+l}-'•

Set v(x,z-) =it (x,t) (a1t+a2)T°u(x,t)©(t)' and r=logO(t), where a1= (m-1) 

km, a2=lluolIr+i and y=1/(m-1). 

Then v satisfies the following problem :



 alvr =eredv+d  (l  v  I  m-lv)  +F(ve-T  r)emT  r +airy

(VI)

N 

+ E bk(ve-T r) ervxk in S2 (r0, +oo) (4. 5) 
k= 1

v(x,r)=0on 8S2x(r0f+00) 

v (x, r0) = u0 (x)in S2,

where 70= loga2. 

Set A=m+2k-2 (k=1, 2, ...) and Iv1'-'v= lvIm-1v2k-1 

We note that I v (r) I ' -1v (r) E W a (SZ) . 

Multiply (4. 5) by I v I'-1v and integrate over S2. This gives that for A 
=m+2k-2 (k=1, 2, ... )

d (2+1 Jvl2-1v)dx

+ m-1Jnl vl+ldx. (4. 6)

This (4. 6) just corresponds to (3. 20) in Alikakos[1]. By Alikakos's result 

in [1], there exists a constant C3, which depends only on the data, such 

that

sup [sup I v(x, r) I ]C3max{1, supllv(7) II., I1u011m}.(4. 7) 
rZr 0 XE31rZr 0

However by (4. 3), we know 

I I v (r) (t) m/m-111 u (On I +1(mesS2) 1/ (m+1) ~C4, 

where C4 depends only on u0f S0 and S2, and is independent of t and e. 

Set C*=C3max{1, C4, I1u011.}. Then we have (4. 4) 

   Now we may conclud:

  THEOREM 3. Let u be the solution of Problem (II ). 

Then

   (i) I u (x, t) I<I1u011. a. e. in Q 

   (ii) Ilu(t)Ilm+i ((m-1)km,t+llu011:+1)-T on [0, co) 

   (iii) I u(x, t) I <C*(ait+a2)-Ta. e. in Q, 

where km, a1, a2 and C* are constants stated in Proposition 2.

5. Positivity property of non-negative solutions of problem (II)

We consider the positivity property of non-negative solutions of Problem



 (II) for non-negative initial functions uo E L`° (Sd) and F(u) =O. 

  By Theovem 2, we know that problem (II) has a non-negative solution 

   on [0, oo). We suppose that

H. 7. bk (0) =0 and 

   there exist constants bo (E [0, oo)) and so (E (0, oo) 

   such that for se (0, so) 

bk(s) I cbosm ', (k=1, ... , N). (5. 1)

Consider the function

z(x,t; p,r)={[ 4m1(t+r)-1(p2— Ixl2log-1(t+r))]+} (5. 2)

where r>1, 0<p<1, [f]+=max(f,0), IxI2= Exi and r=1/(m-1). 
k=1

If r is large enough such that

m-1 1  ( 
4m r)<so (5. 3)

and

1—N(m-1)log-lZ.—boN(m-1) (logr)-1/2>0,  22m (5. 4)

then in the set D,,,, = { (x, t) : z (x, t; p, r)>0} we have

N 

Lz=4zm+ bk(z)zxk —z1 
k=1

   (t +r)-' {1—N(2-1)log-1(t+r)—bo-2mN(m-1)(log (t+r))-1/2}

>rz(t+r)-1 {1—N(2-1)log-lr—boN(2m---------1)(logr)-1/2}>0,

where we use the relation xkC x l Cp (log (t + r)) 1/2< (log (t +r)) ". Further-

more we note that on the lateral boundary of D,,, pzm=0 holds, and the 

support of z (x, t ; p, r) grows with time t. 

   Now, by the same argument as in Proposition 4 of [3] and using (ii) of 

Theorem 1 in § 2, we can prove the followings: 

  LEMMA 3. Let u be a solution of Problem (II) in the case F(u) =0. 

Suppose that (H. 7) and 

u(x,B)>z(x—y,0:p,r)



                                 (y) for some  yGaS2 and some 0E[0, oo), where p N/logr< d(1) .
Then for any p* E (0, p/2] and x* such that

Ix* —Y1 =PYlogr,

we have 

u(x, t*+b)>z(x—x*, 0:p—p*, r*) (xE13),(5.5) 

where r*=t*+r=rCP/(P-P*" 2.

  THEOREM 4 (Cf. Proposition 4 in [3]) Let u be the solution of 

Problem (II) with F(u) =0. Under (H. 7), there exists a time T>0 such 

that

P(t) _ {xS2:u(x, 0>01=S2 for every t>T.

   COROLLARY. (Cf. Lemma 7 in [4]). If we replace F(u) =0 by 

F(u) = —2up(A>0, p>m) in Theorem 4, then the positivity property con-

tinues to hold. 

   On the other hand, Kalashnikov's example in [8] gives us the following 

remark.

   REMARK. Let bk(u) =u"k-1 (k=1, ... , N). 

If min (n1, n2, ... , nN)<m, then the positivity property fails to hold, i. e. 

for certain initial function u0 the support of u(x, t) remains in a subset of 

S2 for all t>_0.

6. The large time behaviour of solutions of problem (III) in the case

nk=m (k=1, ... , N). 

   We consider the Aronson-Peletier's estimate for solutions of Problem 

(III) in the case nh=m (k=1, ... , N). For simplity, we study the case 

2=0. The case 2>0 will be considered by the same way in [4], and then 

we omit it here. 

   In the following we use the argument in [3]. 

   Now we consider the following initial-value problem (P)o:

(P)a
(gm)"+ N-1+8 (gm)'+ag+ =0 (6. 1)

g(0) = c, g'(0) = 0



where a and  IS are positive numbers, related by the equation

a(m-1)+2,3=1, 

N 

'MI J (>0) and c is an arbitrary positive number. 
k=1 

In [3], Aronson and Peletier discussed in detail the problem (P) 0 in the 

case 8=0. But if we consider the equation (0. 4), we must consider the 

estimate of (8/r2) (gm)' derived from the term E bh (um),k. However we can 
k=1 

also cosider the problem (P) a in the same way as the case 8=0. For con-

venience we shall state it's outline. By the standard argument it can be 

shown that there is a unique solution gEC2 ([0,17o)) for some small no and 

this solution can be continued as long as it is positive, and as long as g is 

positive we have

(gm)'(rl) = — a p(N$)~N-l+ag()dC—pg(yl)yl

 —e vg(v)<0 ,

provided that a>/3(N+8). This implies that

g (72) <(cm-1 _ m-1(3n2) T

and hence a°sup{v>0:g>0 on [0, q)}<+oo. 

Set a =2P (N+8) . Then gm is decreasing in n E [0, a) and

0>~° (gm)'(a)>—pac.

   Let us denote the solution of Problem (P)0 by g(72:c) and the corres-

ponding value of a and k by a(c) and k(c). In [3], Aronson and Peletier 

proved the properties of a(c) and k(c) such that

g'(71;c)=cg(c-cm-'>i27I;1), a(c)=c(m-1>z2a(1) and k(c)=ccm-1>i2k(1).

Now let us consider the two parameters family of function 

v (x, t : c, r) _ (t + r) -"[g (,7; c) ] +(6 .2)

where g (i; c) is the solution of Problem (P) a, ,~= J x J (t +r) -P, and a and a 

are positive numbers related by

a(m-1) +2(3=1 and a=2(3(N+8). 

Let e:2--->R  be defined by



       N —de+1bke ,Xk=1in S2 
 k=1 

e=0 on 82.

By the well known results, eEC2+aO2) for a (0,1) and e>0 in S2 and 

av----<0 on 8.2. 
   Let K be the set K= {0 E L1(9) : q_>_.ke a. e. in for some k E R+}

  PROPOSITION 3. Let u be a solution of Problem (III) in the case 

2=0 and nk=m(k=1, ... , N). 

Then there exists a T * E [0, 00) which depends only on the data such that 

um (x, T *) E K.

   PROOF. Let 6 be Serrin's number of Lemma 2. 

Put 60=min(1, 6) and fix s (0, 60). Let yE8.2' ,,= {xESS:d(x) =s}. 

By Theorem 4, there exists a time T>0 such that 

u(x, t)>0 for all xES2 and t%_-T.

Without loss of generality, we may assume T=0., 

Set ,a=min{u(x, 0) : xE..,/2}. 

Let 0(x,t)=v(x—y,t;c,r)=(t+r)-a[g(lx—yI (t+r)-P;c)]+ (6.3) 

where the parameters c and r are chosen such that 

   support of v (x, 0) = Bs/2 (y) , 

the positive numbers a and (3 are determined by the relation of a (m —1) +2,g 
=1 and a = 2 j9 (N+ 8) , and g (12; c) is the solution of Problem (P) o. 

Now we can find the parameters c and r such that

c= fir' and r= {s/[2a(1),a(m-1)/2]}2.

After some computation, we have

N 

Lv=4(vm) + bk (v'n)x —i3 
k=1

                                    N _(tr) -m =219 { (gm)"+----
N1(gm)' +ib k (xk -yk) 721 (gm)'}

+ (t+r)-a-1{ag+/lvg'}

>(t+r)-a-1{(gm)"+Na (gm)'+ag+isYlg'}



 =0 in Q fl {(x,t) :Ix —y1Ca(c)(t+rY}

as long as a (c) (t + r) fi<s<1, because of I xk —.Y, I C I x —y I <s<1. 

The support of D(x, t) expands as t increases and first touch when (T* 

+r) Ra (c) = s, that is, T * = (2" —1) r. 

By (ii) of Theorem 1 in § 2, we have 

u(x, t)>v(x, t)in H*-S2x [0, T*]. 

By virtue of (gm)' (a (c) ; c)= ,c<0 and the argument in [3], we can obtain 

the conclusion (Cf. Proposition 5 in [3]).

Now, let f(x) be the unique solution of the problem

A(fm) n~-------in~(r.~jjfm)       bp{Yf—/~f'n=0D\\/
k=1Vxk

1=0 on as

where r=1/(m-1) and Ai%:0. 

   We remark that the existence and uniqueness of the positive solution of 

Problem (VII) , (Al?0) can be proved by the same way as the proof of the 

case b2=A=0 (k=1, ... , N) in [3] (Cf. Proposition 1 in [3]). 

   Combining our Proposition 3 and Theorem 3 in [3], we can conclude the 

following result.

   THEOREM 5. Let u be the solution of Problem (III) with nk 
=m (k=1 , ... , N) and A=0. 

   There exists a constant CER+ which depends only on the data such 

that

1(1+ t) r u (x, t) — ft; (x) I'±Cf(x) (1 + t) -' in Q(6.4)

where f',;-(x)  is the solution of Problem (VII)o. 

   Finally, combining our Proposition 3 and Theorems 12-16 in [4], we 

can prove the following asymptotic behaviour of solutions.

  THEOREM 6. Let u be the solution of Problem (III) with nk 
=m(k=1, ... , N), A>0 and p= (p—m)/(m-1).

(i) If (3>0, i, e. p>m, then

I (1+t) ru(x, t)— f o (x) I CCf o (x)wa (t) in Q. (6.5)



   (ii) If  13=0, i. e. p=m, then 

(1+t)'u(x, t) —f z (x) I <Cf; (x)(1+0-'in Q. (6. 6) 

   (iii) If j9<0, i. e. 1<p<m, then at every point xoE2 

(1 + t)'/(2)-1)u (xa, t) — exp (,,) I tends to 0 as—>oo. (6.7) 

Here f-1(x)  is the positive solution of Problem (VII) 2,

04(0==

(1+0-'48>1 

(1+t)-1[1+log(1+t)]13=1 

(1+0-P0«<1,

c = [~ (p -1) ] 1' (2' "1', x p(*) is the characteristic function of the set P(oo) 

 tUOP(t), and the constant C depends only on the data. 
   Acknowlegment. The author wishes to express his sincere thanks to 

professor A. Ono for his valuable advices.
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