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0. Introduction

In this paper we consider the existence, uniqueness and the behaviour
of solutions for the following initial-boundary value problem of the degenerate
nonlinear parabolic equation:

/

=AW+ 322 1 Py in Q=0xR* ©.1)
I {
(D l u(x,t)=0 on I'=02X%XR*
u(x,0)=u,(x) in 2,

where £ is a bounded domain in R¥ (N>1) with a smooth boundary 8%, 4
denotes the N-dimensional Laplace operator, A(«) is a function of class C*(R)
with 40)=0, a(@)=A"(u)>0 («+0) and a(0)=0, and B,(u), F(u) and
u,(x) satisfy some hypotheses which will be described in §1.

The “porous media equation #,=4@™) (m>1)" which has been inves-
tigated by various authors (Cf. Ch. 5 in [6] and [14] for a survey) is the
special case of (0.1). Gilding [7] has proved the existence, uniqueness for
non-negative solutions of Problem (I) in the case N=1 and F(x)=0. Kala-
shnikov [8] and Kershner [9] have proved the existence, uniqueness and
localization for non-negative solutions of the Cauchy problem for (0.1) in
the case N=1, Aw)=u", B,(u)y=u" and F(u)=—iu®, where m>1, n>1,
p>0 and 2>0 are constants, Nakao [11, 12] has proved the existence and
decay estimates for solutions of Problem (I) in the case N>1. In [5],
Ebihara and Nanbu verified the existence of global classical solutions of
Problem (I) in the special case.

At first, we shall prove the existence and uniqueness for the solution

of Problem (I) which is more general than the case u,zA(u"’)-l—hNl 6%1; 8
= k

—Au®?, where m>1, n,=1, p>1 and 1>0 are constants. For N=1 and
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F(u)=0, Gilding [7] proved the uniqueness under the condition (Bji(%))?
=0(a(#)) as u—0+. His proof relies on the continuity of solution. For
N>1, the continuity of solutions of Problem (I) is not known, and so we
shall give a different proof from Gilding’s one, which is suggested by the
argument in [2].

Secondly, we shall investigate the behaviour of solutions of Problem (II):

w=4(u] ") + 3 aBk(u)+F(u) in Q .2
() 1

u(x,t)=0 on I”

u(x, 0)=u,(x) in £,

where m>1 is a constant, B,(u)eC'(R) with B;(0)=0, F(s)eC'(R) with
F(0)=0 and F(s) x (sign $)<0, and u,L~(2). We shall derive a decay
estimate for solutions of Problem (II) as the following:

lu(x, t) | <C*(at+a)™" on @ 0.3)

where y=1/(m—1), and C* @4, and «, are positive constants which
only depend on the data m, N, %, and 2. For the case F(s)=DB(s)
=0(k=1, ..., N), Aronson and Peletier [3] and Alikakos [1] have proved
the decay estimate of type (0.3), independently. The estimate (0.3) will be
derived by Alikakos’s technique. Recently, Nakao [11], [12] has proved the
decay estimate of the norm ||B,(u(®))II2+|IF (lu|™ *u) (£)]|2 for solutions of
Problem (II).

Finally, we shall investigate another behaviour for non-negative solutions
of Problem (II):

= A(u™) + ”gl KAC ") — P in @ 0. 4)
(1
u(x,t)=0 onI"
L (x, 0) =u,(x) in 9,

where m>1, n,=>1, p==1,.b% and A=0 are constants, and #,(x) is a given
non-negative function of class L=(2).

In [3] Aronson and Peletier proved the positivity property and the large
time behaviour for solutions of the initial-boundary value problem for the
porous media equation #,=4(u™). Afterwards, Bertsch, Nanbu and Peletier
[4] have generalized these results in [3] to the equation u,=d4@™)—iu®
(A>0). We shall generalize these results in ([3], [4]) to the eguation
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(0.4) with b3+0. The proof of the positivity property for solutions is based
on the construction of an appropriate subsolution. =~ We shall prove that if
m=m (k=1, ..., N)and p=wm, then the positivity property holds, that is,
for any initial function #,(x) there is a finite time 70 satisfying P(¢)=
{xe2: u(x, )>0t=92 for every t=7, and if n,=m (k=1, ..., N), the
large time behaviour of (6.5)—(6.7) in §6 holds.

1. Rreliminaries

Here are the hypotheses to be made on the data of Problem (I).

H1l A@elC(R), A0)=0, au)=A"u)>0 (u+0) and a(0)=0.

H.2. B,uw)eC'(R), B,(0)=5b,(0)=0, where b,(s)=dB,(s)/ds.

H.3. Given any M >0 there exists a constant u,(M) such that b2(s)
=u(M) a(s) holds for se[—M,M] (k=1, ..., N).

H.4. F(s):R—R is locally Lipshitz continuous and F(0)=0.

H.5. u,(x)eL(2).

H.6. £ is a bounded, arcwise connected open set of RY (N>1)
with the smooth boundary 9.2.

We introduce the notation in this paper.

Let R=(-0c0, —00), R'=(0, +c0), Q=8xR*, Q=8x(0, T],

P=00xR*, Tp=02x[0,T], u,,=0u/0%, Fé=(bs,, ..., ) 4Dl

={[,luCe. ) |7dxy 7 and llull=suplu(o)|.
DEFINITION 1. A solution u of Problem (I) on [0, T] is a function u
with the properties
@ wsC0, THL(@) NL @),
@ [ u®e®di—|[ s+ A@ dp— 3B} drde
2 e, k=1

- j (0 dx+ j j , Fa)gdzds L. 1)

for any ¢€[0, T] and every ¢<=C*(@Q;) such that ¢=0 on 82x[0, T].

A solution u of Problem (I) on [0,00) means a solution on each [0, 7]
and a subsolution (supersolution) is defined by (i), and (ii) with equality
replaced by < (=) and adding ¢=>>0 in Q.

We state two lemmata.  The first one will be used in proof of unique-
ness theorem. The second one will be used in §86.
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LEMMA 1. Let A(w) and B,(u) satisfy hypotheses (H.1)-(H. 3).
Then, given M >0 there exists a positive constant u,=u,(M) such that
{B(81) =By (5)} ' =<1to (A (51) —A(S2)) (5:—52) 1.2)
for all s\, s,c[—-M,M] (k=1, ..., N).

PROOF.  {By(s) —Bi(s)}*= (sl—sz>2{j:bk (s0+5,(1—7)) dr}?
< (s~ B3 (sies,(1—0)de

(=50 a(sr+s,(1-0)dr by H.3))
= Uy (31—32) [A (31) —A(sz)]-

Let d:2—[0, +c0) be given by
d(x)=min{|x—2z|:2€02}.
By d(x) we define the set £2,={rx=@: 0<ld(x)<s} and 3,=0-0,= {xcQ:
d(x)=s}. The following property of d(x) is well known.

LEMMA 2 (Serrin [15]). Let £ satisfy (H.6).
There exists a constant s=R* such that for every x= 8.
there is a unique z(x) =02 which satisfies

dx)=]x—2z(x)|.

Moreover, d(x)<=C*(2,).
A proof of Lemma 2 can be found in [15].

2. Uniqueness for Problem (I)

In this section we shall verify the uniqueness of solutions of Problem (I).
We start with the following problem:

= AA(u)+§]lb,, () g%wtg(x, £ in Q @.1)
av)

u(x,t)=0 on I’

u(x,0) =u,(x) in 2

where A(u), b,(w)=dB,(u)/du and u, satisfy the above (H.1)—(H.6) and
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g(x, ) el (Qy) for any T>0.

DEFINITION 2. A solution u of Problem (IV) oz [0, 7] is a function
u# with the properties

@ wsCQO, THL@)NL@y),
@ [ u®ewdi—[ W+ A@ 49— 3 B ) dxde
=[ wp (@ dx+ [ godzar @.2)

for any t€[0, T] and every ¢=C?*(@,) such that ¢=0 on 82x[0, T1. A
subsolution (supersolution) of Problem (IV) is defined by (i), and (ii) with
equality replaced by < (=) and adding ¢=0 in @r.

PROPOSITION 1. Let u be a subsolution of Problem (V) on [0,T]
with data g, u, and let @ be a supersolution of problem (IV) on [0, T'] with
data g, #,. Then for each r<[0, T] and for every 3=u, where p, is
the constant in Lemma 1 determined by M=max(|[#lleqy, &), we
have

e[ W@ @) dr< @o—n) dx
+UQ (§—&+A(u—))*-e**duds, 2.3)
where r*=max{r, 0}.

PROOF. Set

A(u) — A()

—_— - for u+u
a(x, )= u—u -

0 for u=u,

Bk(’f_‘)“‘Bk(ﬁ)
_ _— for u+u
bk(x9 t): y_u B

0 for u=1u,

and M=max(||#llecqy, %)

By virtue of (H.1) and (H.2) & (x,%) and b,(x,t) are of class L~(Q;) and
a(x,t)=0 in Q,. By Lemma 1 there exists a constant u,=x,(M) such that

By (x, )} <pea(x, 1) in Q. 2.4
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Now by the standard mollification of functions, we can construct sequences
of smooth functions {a.}, {b;.} such that

(1) any bk,nEC“(QT),

(i) A/m=<a,<allue, +1/n) in Q7
(iii) (@,—a) /s a, —0 as n—>oo in LYQy),
V) 118y, nlle <14l 4 (1/m) in @y,
by, —b,—0 as n—oo in L*(Qr)
and (v) {by.} 2 =ua, on @(k=1, ..., N).
Fix -<[0, T1.

Let x=C5(2) be such that 0<x<1, and ¢, the solution of the following
problem:

¢M +and¢n+ E bk,n 6x ———AQS,L in Qr (2. 5)
(V)

¢n(x! t):o on a.Qx(O,T)

Ba (%, 7) =x(x) in 2,
where A=>y,.

By the well known results, the Problem (V) has a unique classical solution
#,€C*(Q@r) which satisfies the following properties:

0 (x, £) Zexp(A(t—1)) in Q., (2.6)
and j P85, 1) [2dx + j ja | 4, |2dxdt + 2 J j 7l *dxdt
<[ Irarax=c, @7

for every {<[0,7z] and each A=y,

(2.6) is an immediate consequence of maximum principle. Let’s prove
(2.7).  Multiplying (2.5) by 4¢, and integrating over 2Xx (f,7), then we
find

._J :gs_{Jg (%) [Ppa(x, )] zdx}ds—l-j:Lan | 4¢,|°dxds

af! [ 1rou1? dxds=—"[ 45, 50, 2sdxds

;\;;{:J',,a" | 4, | *dxds + ;J rj % p ’"(gﬁ:) *dxds

k=1 a,
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g—;—j:an|4¢n|2dxds+§—ﬂoj:[a |7, |2dxds.

By 21—u,=4, we obtain (2.7).
Now set t=7 and ¢=¢, in (2.2). By (2.5)—(2.7), we have

@@ -a@)2@ds-[, w-m@-a),
=) 3 Bi—bi) (B0).,}dxdt
<[, w6, @ dx+ || (g-g+iw-m)p.drd
ge“fjn(z_to—ﬁo)*dx+”n'e““”(g—g—wl(y—ﬁ))*dxdt.

However [[ |a—a,||4,|dxat<|[ 'I%/——Z'i\/Tn]Aan |dxdt

-~ a—ay,
<Gl va, 1]L2(QT)—>0 as n—oo,

and [[| 33 1Bi—bunl [60):, | dxdt <Pl 35 1Byl e,

=Co/ (o) 23 ”Bk_blz,n”LZ(Q )_>0 as n—>oo,
¥=1 T

Thus we have

e[ @@ —u@) @ dx

gjp(y.)«uo)* dx+”q e (g—g+1(u—n))*dxdt

which holds for any x=C5(2) with 0<x<1. Hence this inequality con-
tinues to hold for y=sign{(u(z) —i(z))*}, and it completes the proof.
Q.E.D.

THEOREM 1. Let (H.1)— (H.6) be satisfied.
(i) (Uniqueness). Let w and @ be solutions of Problem (I) on [0, T]
with data u, and u,, respectively. Let K be a Lipschitz constant for F(u)

on [-M,M], where M=max(||ull Then for each

te(0, T] we have

L7@Qp)’ ”ﬁ”L“’(QT))'
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() —u(®Il,1,,=exp (Kot llug—it |l 2.8)

AN

Here K,=max(K, u,), where up,=u,(M) is the constant determined in
Lemma 1.

(i) (Comparison principle). Let # be a supersolution of Problem (1)
on [0, T] with data @, and let u be a subsolution of Problem (1) on [0, T]
with data u,. If uy =iy, then

w(x, 1) <<u(x,t) a.e. in Q,. 2.9

PROOF. Set g=F(u) and g=F(u) in Proposition 1. Let A=
max (K, u,) =K, and h(t) =exp(K,t) L (u—un)*dx. By the relation (F(u)

—F(@) + K, (u—w))*<2K,(u—1)*, (2.3) gives us h(t):gh(O)JrZKoJ’: h(s)ds
for t<[0, T]. By Gronwall's Inequality, we have A(f)<h(0) exp(2K,t)
which implies (2.8).

(i) follows from (i).

3. Existence of solution of problem (I)

We shall verify the existence of solutions of Problem (I). Hereafter,
instead of (H.4), we set the following hypothesis:

H.4. A. FuyeC'(R), F(0)=0, and F(u) X (signu) <0,
First we assume #,€C5(92). Set M=sup|u,|.

Let 0<(e<(1 and let us consider the following regularized problem (I)¢ under
the hypotheses (H.1), (H.2), (H.4.A) and (H.6):

w=dGeut A+ 5 6Bk(“)+r<u> in Q (.1
MDe {
| u(x,£)=0 on I
L u(x,0) =u,(x) in 2.

By the well known result (Ch. V of [10]), the problem (I)¢ has a
unique classical solution #e with |#e(x,2)|<M on Q. Set Ae(s)=es+ A(s)
and A’e(s)=e+a(s). Through this proof we denote #ue by #. Multiply
3.1) by J bi(s)ds and integrate over 2. This gives
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d

1 er@drrdsian + [ paear ([ b1(ds)ax

=

Il

> L?-M(f bi(s)ds)dx -+ LF(u) ( f bi(s)ds)

k=1 ax;,

N

= IJaaxk[J bi(s) <J b3()dr)dsldx+0  (by (H.4.A))

k=

=0 (»n=1, ..., N).

LVAe(u) -V(j:b,a(sms) dx<—- dt—{J [j:(j:bs(a do)ds]dx}
(n=1, ..., N). (3.2)

Multiplying (3.1) by (Ae(#)), and integrating over 2, we find that
[ Aetutan+-Gr (5[ 17 Acu)idn
e Ay &

= éjn 6Bk(_u)A’e(u)u4dx+ dt (L[J:F(S)A'e(.?)ds]dx),

we have for each teR*

[ Ac@utaxs G4[ 17 ac@w) s

- j Q[JZZF(S)A’s(s) dsTdx + é jatjz (J:bf, (c)dr)dsTdx}
<0. &3

Using the condition (H.4.A), from (3.3) it follows that



100 T. Nanbu

[[] ae@otwe T dsdt-sup [ 17Actuets, )| %dx

<[ P detu 1"dx—[ 1] *2F ) o) - £ ([ b2 de) 1dsp e

<Co(u) =G, 3.4

where C, depends only #,, but not on ¢ or 7.
Set ve=A(ug). Then the estimate (3.4) implies

[ve(x, t) | <Ae(M)<M+AM) in @y, ' (3.5)
IPve®ll 20, =Co on [0, T], 3.6)

1@ it = [ LA/ ue) (we),Jdxat
< sup_A'e(0)[[ Aee)[ @), Tdxat
lulioSM Qr

S(M+l§}lsg‘ a(s))C,. 3.7

From (3.5), (3.6) and (3.7), if follows that {ve}o<e«: is equicontinuous
from [0, 7] into L?(£) with value in a bounded subset of H'(£2). Hence
by Arzela-Asocoli’s Theorem there exists a function v C([0, T]:L2(2)) and
e, 4 0 such that

Ve, >V in C([0, T]:L*(2)).

Then ue, ~>A-'(v)=u and A(ue,)—>A(w) in C([0, T]:L*(2)).
Taking the limit as ¢,—0 in the variational equation

[ #en(D6(Trdx— uip(0)dx

=|[, we,bi+ 4e, (ue,) 46~ 5 Bulte,) b0, + Flute,) g} dalt

which is valid for all ¢=C?(@;) with ¢=0 on 82x[0,T], we have that
# is a solution of Problem (I) on [0, 7] for each 7T>>0. By the standard
argument, we can easily remove the restriction #,&C5(®2), but we omit it
here.

Now we can conclude the following:

THEOREM 2. Let hypotheses (H.1), (H.2), (H.4.A), (H.5) and (H.6)
be satisfied. Then Problem (1) has a solution on [0,0). In addition
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if we assume (H.3), Problem (1) has a unique solution.

4., Behaviour of solutions of problem (II)

In §3 we have considered the regularized problem (I)e. Now we shall
consider the following regularized problem (II)e:

s,= A 0| ™ %) + edu+ ,%{Qg}@*””) in Q “.1)
= *
(IDe
u(x,t)=0 on I
u(x,0)=u, in £,

where 0<<e<<1 and #,(x) €C5(2).
Let (H.2) and (H.4.A) be sasisfied.

On the basis of theorem in Ch. V of [10], we know that Problem (II)e
has a unique classical solution #¢(x,#)C%1(®@). By Alikakos’s argument,
we can obtain the following:

PROPOSITION 2. Let ue(x,t) be the solution of Problem (I)e. Then
we have

1) |ue(x, t)léMESt})pWol in @ 4.2)
() Nue(®)llna={(m—Dkyt+|lullmzi} " te[0, ) “.3
where k,, is a constant which depends on m and Sobolev constant S,, and
r=1/(m-1),
and

(iii) there exist positive constants C*, a, and a, which depend only
on the data u, and 2 such that

lue(x,t) | <C*(at+a,)™" in Q. “. 49

Here a,=|luol|7Y and a,=(m—1)S5%(mes2)"""™*, where S, is Sobolev
constant such that ||v|,<S,||pv|l, for ve W%(Q).

PROOF. For brevity, we denote #e by u.
(i) is an immediate consequence of the maximum principle. To get the
estimates (ii) and (iii), we shall use Alikatos’s argument in the proof of
Th. 3.1 of [1].

Multiply (4.1) by |#]|*'uw (A=m) and integrate over £.
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Since ngk(u)uxkIull“udxzjn([:bk(s)|s|“‘sds),kdx=0
holds, we have

a 1,2

df (;jerLlul‘ 'u’dx)

dma

é—ngVuV(luV‘lu)dx——(m

Ia |V(lu| (1+m"2)/2u> |2dx
+j F() || udx.
Q

By (H.4. A) and estimate (i), we know that J-DF(u)uluV"dng and thus

we obtain A
4t - _Ama 1+ m=2) /2 | 2
ar oy ), e wedn = (Hm)zjan(lul“ u) |*dx.
Set v=|u|**™ > 2y and ‘o‘(t):L,'v(x’ £)|zarnsarm gy Since v(t)EVOV;(,Q),

using Sobolev’s and Hélder’s inequality, we get

Atm—2 a+1

pa® =Sz s ([ 1 (ul ™l dny i mes @) o
Q

Then we have

1 X —4 _ 1-m a4m
A wian < 55 mes 9)1 e, (03

1-m
ST (mes )3T (B 147,
Set ()= |utx £)|*"dx.
2
Thus for each A=m and ¢>0, we have

dmi

m=1 1+m
Gtta20 D Q1) s S3 (mes @) 47 (e () 347

which implies

1-m
fee (D) i == {(m?—1) S5 2 (mes@) ™+ 1t + |luo|mzi} 7
={(m*— Dkt +llullmsi} 7.

Set v(x,v)=u(x,t) (a;t+a,) =u(x,t)0()" and v=logl(t), where a,=(m—1)
km, a,=|wllnz} and y=1/(m—1).
Then v satisfies the following problem:



Some Degenerate Nonlinear Parabolic Equations 103

av.=e‘edv+d4(|v|™ W)+ F(ve "*)e™ " +a,rv
N
-7 T M
D) + B heT Ve, i @X (5 +o0) (4.5)
{ v(x,7)=0 on 82X (zy, +00)
L v(x, To) =%y (%) in 2,

where 7,=loga.,.

Set A=m+2+—2 (k=1, 2, ...) and|v|* lv=|p|™ 2",

We note that |o(z)|* 'v(r) e W}(Q).

Multiply (4.5) by |v|* *v and integrate over 2. This gives that for 2
=m+2¢-2 (k=1, 2, ...)

[ ol == @) pvimrlol - ds

| IR (4.6)

m—1)a

This (4.6) just corresponds to (3.20) in Alikakos[1]. By Alikakos’s result
in [1], there exists a constant C,; which depends only on the data, such
that

sup [sugl v(x,7)|]=Cymax{l, Szupllv(r) [ Hl2to]l} 4.7
T ro re T ro
However by (4.3), we know

lo (@m0 @)™ ™ u(t)|Im, i (mes) ™D <C,,

where C, depends only on #%, S, and £2, and is independent of ¢ and e.
Set C*=C,max{l,C,, ll#,|lo}. Then we have (4.4)
Now we may conclud:

THEOREM 3. Let u be the solution of Problem (1I).
Then

@ ulx, )| =lluoll a.e inQ
(D) Na@ g =((m =D Ryt +lullnzi) 7 on [0, c0)
(i) u(x, t) | Z<C*(at+a,)" a.e. in Q,

where k,,, a,, a, and C* are constants stated in Proposition 2.

5. Positivity property of non-negative solutions of problem (II)

We consider the positivity property of non-negative solutions of Problem
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(1) for non-negative initial functions #,€L>(2) and F(u)=0.
By Theovem 2, we know that problem (II) has a non-negative solution
on [0,00). We suppose that

H.7. 5,(0)=0 and

there exist constants d,(€[0, 00)) and s,(€ (0, o))
such that for s (0, s,)

164(8) [ Sbos™, (k=1, ..., N). 6.1
Consider the function
2(r,t: 0, ) =12t 40) (o= |2 tlog (4 0) .} 5.2

where v>1, 0<<p<1, [fl.=max(f,0), le2=k§‘.lx% and y=1/(m-1).

If = is large enough such that

and
1_N4___(7;—1) Iog'lr—boﬁ(g;n;l)(logr) 23>0, 6.4

then in the set D, .={(x,1):2(x,t;p,7r)>0} we have
Lz=42"+ é}bﬁ(z)zx‘—zt

2+ 1= NP Diog1t40) 0P (log (14007

Zra(t+0) (1B Diogie—p, NG logey 4 20,
where we use the relation x,<|x|<p(log(t+7))2<(log(t+7))*% Further-
more we note that on the lateral boundary of D, . Fz"=0 holds, and the
support of z(x,¢;0,7) grows with time .
Now, by the same argument as in Proposition 4 of [3] and using (ii) of
Theorem 1 in §2, we can prove the followings:

LEMMA 3. Let u be a solution of Problem (1) in the case F(u)=0.
Suppose that (H.7) and

u(x,0)=z2(x—y,0:p,7)
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Jor some y=02 and some 60, 0), where p ‘/ng—;<g(2y),.

Then for any p*<=(0,p/2] and x* such that
|#*~y|=p*Vlogr,
we have
u(x, t*+0)=z2(x—x*, 0:p—p**) (x€9), (.5

where T*zt*.'_z-:z.fﬂ/(,ﬂ—p*)] 2,

THEOREM 4 (Cf. Proposition 4 in [3]) Let u be the solution of
Problem (1) with F(u)=0. Under (H.7), there exists a time T >0 such
that

Py =xeQ:ulx, t)>0=9 for every t=T.

COrROLLARY. (Cf. Lemma 7 in [4]). If we replace F(u)=0 by
Fu)=—2u?(A>0, p=m) in Theorem 4, then the positivity property con-
tinues to hold.

On the other hand, Kalashnikov's example in [8] gives us the following
remark.

REMARK. Let by(uw)=u"+"* (k=1, ..., N).
If min (s, %, ..., #y)<m, then the positivity property fails to hold, i.e.
for certain initial function %, the support of #(x,¢) remains in a subset of
£ for all ¢=0.

6. The large time behaviour of solutions of problem (III) in the case
m=m (k=1, ..., N).

We consider the Aronson-Peletier’s estimate for solutions of Problem
() in the case n#,=m (k=1, ..., N). For simplity, we study the case
A=0. The case Ai>0 will be considered by the same way in [4], and then
we omit it here.

In the following we use the argument in [3].

Now we consider the following initial-value problem (P),:

N—-1+é

P, @'+ = 7 (&™) +ag+pug'=0 6.1

|

| g0 =c, g'0)=0
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where « and B are positive numbers, related by the equation

a(m—1)+28=1,

N
65”2 1631 (C>0) and ¢ is an arbitrary positive number.
=1

In [3], Aronson and Peletier discussed in detail the problem (P), in the
case 6=0. But if we consider the equation (0.4), we must consider the

N
estimate of (6/%)(g™)’ derived from the term :.Z b,’i(u"‘),h. However we can
=1

also cosider the problem (P), in the same way as the case §=0. For con-
venience we shall state it’s outline. By the standard argument it can be
shown that there is a unique solution g&C? ([0,7,)) for some small %, and
this solution can be continued as long as it is positive, and as long as g is
positive we have

@ == ""END [[evrogdc— ey

<~ frg(n) <0,
provided that a==B(IN+¢). This implies that
me —1, o,
g =(c™1—~ gm, 870

and hence a=sup{p>0:2>0 on [0, )} <+co,
Set a=28(N+6). Then g™ is decreasing in »=[0,a) and

0>r=(g™) (a)>—pac.

Let us denote the solution of Problem (P), by g(3:¢) and the corres-
ponding value of @ and £ by a(c) and k(c). In [3], Aronson and Peletier
proved the properties of a(¢) and k(c¢) such that

g(ne)=cg(c™ ™ V1), a(c)=c™ V%a(l) and k(c)=c™ P %(1).
Now let us consider the two parameters family of function
v(x, tic, ) =C+7) " [gn;0) ], (6.2)

where g(»;¢) is the solution of Problem (P),,7=|x|(+7)"% and « and B
are positive numbers related by

a(m—1)+28=1 and a=28(N+0).

Let e:2—R be defined by
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—de + %b%e,kzl in @
k=1
e=0 on 0%2.
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By the well known results, e=C?**(2) for a=(0,1) and ¢>0 in £ and

Oe
E—<O on 0.4.
Let K be the set K={¢=L'(R):¢==ke a.e. in 2 for some kER*}.

PROPOSITION 3. Let u be a solution of Problem (III) in the case

A=0 and n,=m(k=1, ..., N).

Then there exists a T*<[0,00) which depends only on the data such that

u™(x, T*) eK.

PROOF. Let 6 be Serrin’s number of Lemma 2.
Put ¢,=min(l,s) and fix s€(0,5,). Let y=83,={xe2:d(x)=s}.
By Theorem 4, there exists a time 7 >0 such that

u(x,t)>0 for all x€2 and t=T.

Without loss of generality, we may assume 7=0.
Set p=min{u(x,0): x€3,,.}.

Let #(x,)=v(x—y,t;¢,v) =@ +r) " “[g(|x—y]| (E+) T 0) ],
where the parameters ¢ and = are chosen such that

Support Of ﬁ(x’ 0) :Bs/z(y)r

(6.3)

the positive numbers a and S are determined by the relation of a(m—1)+28

=1 and «a=28(N-¢), and g(»;c) is the solution of Problem (P),.
Now we can find the parameters ¢ and = such that

c=pur® and r={s/[2a(l) ™ P ?]}2
After some computation, we have
Lo=4(™) + 25307, —,

=@+ g+ Tl gy S0 G-t @)

+(E+0) 7 Hag + g’}

= (t+0) e (g D

, &™) +ag+pyg'}
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=0 in @N{x, O |x—y|<alc)t+7)%

as long as a(c) (t+7)P<<s<l, because of |x,—y,|<|x—y|<s<l.

The support of 9(x,#) expands as ¢ increases and first touch when (7*
+7)fa(c)=s, that is, T*=Q2V¢ —1Dr.

By (ii) of Theorem 1 in §2, we have

u(x, ) =0(x,t) in H*=0x[0, T*].

By virtue of (g™)'(a(c);c)=k<0 and the argument in [3], we can obtain
the conclusion (Cf. Proposition 5 in [3]).

Now, let f%(x) be the unique solution of the problem

( N m

f=0 on 0
where y=1/(m—1) and A=0.

We remark that the existence and uniqueness of the positive solution of
Problem (VI), (A==0) can be proved by the same way as the proof of the
case by=4=0 (k=1, ..., N) in [3] (Cf. Proposition 1 in [3]).

Combining our Proposition 3 and Theorem 3 in [3], we can conclude the
following result.

THEOREM 5. Let u be the solution of Problem (W) with n,
=m (k=1, ..., N) and 1=0.

There exists a constant C<R* which depends only on the data such
that

[ A+ Tulx, t) —f5x) | =Cf§(x) A+ in Q 6.4)

where fi(x) is the solution of Problem (VI),.
Finally, combining our Proposition 3 and Theorems 12-16 in [4], we
can prove the following asymptotic behaviour of solutions.

THEOREM 6. Let u be the solution of Problem (0I) with n,
=m(k=1, ..., N), i>0 and p=((p—m)/(m—1).
G) If >0, i.e. p>m, then
[ A4+ ulx, ) — () | <CFE(X) w4 (1) in Q. 6.5)
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(i) If =0, i.e. p=m, then

[+ u(x, 1) | ZCFA@ A+ in Q. (6.6)
(iii) If <0, i.e. 1<p<<m, then at every point x,=2

[A+DY P Dy (%0, 1) —~Cxpeny | tends to 0 as—oo, 6.7

Here f%(x) is the positive solution of Problem (VI),,

a+n- 8>1
wp(t)= ( A+ [1+log(1+8)] f=1
A+8)7¢ 08,

c=[A(p—1)]1 PV y.w is the characteristic function of the set P(oé)
= LZJOP(t), and the constant C depends only on the data.
t
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