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Introduction

   In this paper we are concerned with the existence of strong or smooth 

periodic solutions of some nonlinear evolution equations. `Smooth' means 

that the solutions under consideration are smoother than the so-called strong 

solutions and become classical under some reasonable situations. 

   The first equation we consider is a semilinear parabolic equation of 

higher order;

(E1)at---u+Au+Bu=f(x, t), on..xR,
DruI an =0 for 0<Irl<m-1,

where Sa is a bounded domain in RN with smooth boundary aS2 and A, B 

are operators given by

(1) Au= E (-1)' a'Da(aa, a(x)Dfiu) 
051a15m 
OSIPISin

and

(2)Bu=E°~ih•(u)+g(u).                 0=1 8x

Throughout this paper we set1at = Eai and Da =II(a-----.)a0 for a= (a1, 6r2,                   E=10=1 ax 

• • .a N) . We assume that the coefficients aa0 (x) are smooth functions on 

Sa and A is uniformly elliptic, hi(u), g(u) are smooth functions with appro-

priate growth order and f(x, t) is a smooth function with period w in t. 
   When m=1, the existence problem of w-periodic solution for (E1) have 

been investigated by many authors (Bange [3], Biroli [5], Fife [8], Kusa-

no [16], Nakao [21], Nakao-Nanbu [25], Prodi [26], Smulev [30], etc. ), 

while the case m>1 seems not to be considerd sufficiently. If hi (u) = 0



the existence of strong solution is proved similarly as in [5] (see also [211) 

even for m>1, and moreover the existence of classical solution is shown 

rather easily if we assume f(t) is small in a certain sense (cf. [25]). 

   Our purpose is to show the existence of strong and smooth periodic solu-

tion for  (E1) without any smallness condition on f(t). 

   In fact, we could treat more general nonlinear operator than (2), say,

  ~Nl~'1 -----Da}~yn Bu =LJLiha, Z(Dau) + ~, Dag(Dau). 
    i=1 la 15nz-1UxtiI I5+n-1

However the calculation would become toocomplicated for such general 

form, and we restrict ourselves to the simple one (2) in order to clearify 

the essential feature of argument. 

   The second equation is the modified Navier-Stokes equations

(E2)dtu+(-4)1+2su+(u.P)u=f—VPon 12x R, (e>O),
div u=0 and uIao=O,

where S2 is a bounded domain in R3 with smooth boundary 82, u= (ul, u2, u3) 

is the velocity field, p is the pressure and f = (f1, f2, f3) is the external 

force. The precise definition of the operator (-21)1+2e will be given later. 

   We are interested again in the existence of smooth co-periodic solution 

for (E2) when f is smooth and co-periodic in t. If s=0, (E2) is the usual 

system of Navier-Stokes equations and has been considered by a number of 

authors (see Ladyzhenskaia [17], and the references cited there). But the 

existence problem of global strong solution is not still solved. While, 

Lions [18] introduced the modified problem (E2) with E>O to prove that if 

e-2-__>-1,the problem (E2) with initial value u(0)=u0  has a unique global solu- 

tion in a certain function space. Bardos et al [4] also considered related 

problems. 

   Our object concerning (E2) is to prove the existence of strong and 

smoothco-periodic solutions whene>8If we assume f(t) is small it is 
not difficult to show the existence of smooth co-periodic solution even for e=0 

(cf. Shinbrot [29]), while here we do not require any smallness condition 

on f. 

   It is true that the problem (E2) is very artificial, but this equation may 

be regarded as a model which describe the motion of fluid with strong vis-



cosity. We adapt this problem mainly for the demonstration of our tech-

nique to get smooth periodic solution. 

   Finally we treat the following semilinear wave equation

     a2 

          

2----- u  +Au+v----at u+g(u) = f (x, t), 
(E3) 

        D'uIan=0 for IrIcm-1,

where v is a positive constant and A is the operator defined in (1). 

   If f is small or if g(u) is replaced by eg(u) (e; small) the existence of 

smooth w-periodic solution for (E3) is shown rather easily under appropriate 

conditions on g. (cf. Ficken & Fleishman [7], K. Masuda [19], Wahl 

[32], Nakao [23], Matsumura [20]). Here we want to prove such solu-
tion without smallness condition on f. (For the case N=1, m=1 see [24]) 

Unfortunately, however, our result excludes the important case; m=1, 

g(u) =u3 and N=3, and this case remains still open. For generalized solu-
tions of the related problems see Amerio-Prouse [1], Kakita [13], Clements 

[6], Nakao [22], etc. 
   We apply a common method to the problem (E1), (E2), and (E3). 

That is, starting from energy inequalities which are given directly from the 

assumptions we derive the a priori estimates for higher order derivatives of 

solutions. The existence of strong or smooth solutions follows from these 

estimates. Thus the main purpose of this paper is to show how to get 

such estimates. During the preparation of this work we learned the paper 

[15] by Kielhofer, where the same idea is applied to the initial-boundary 
value problem for nonlinear parabolic equations. In [15] the theory of 

linear semi-groups is used extensively, while here we employ the Galerkin's 

method. We note also that the treatment of periodicity problems is, in 

general, more delicate than the initial-boundary value problems.

Notation

  Let X be a Banach space. Then we denote by L' (w ; X) (1cp<oo) 

the set of w-periodic X-valued measurable functions f on R such that

II f II LP(.;z)— (J: II f(t)U'dt)'<oa
with trivial modification for p=oo. For nonnegative integer k, and p(1<



 p<oo), Wk,p(w;X) denotes the set of functions f which together with the 

derivatives up to the order k belongs to Lp(w;X). fE Ck,a(w;X) (k; non-

negative integer, 0<a<1) if and only if f is an X-valued w-periodic func- 

                                                                          k tion with the continuous derivatives up to the order k and ------dtk f is Holder 

continuous with exponent a. Corresponding norms are defined in usual 

way for above function spaces. We denote LP-norm on SL by 1I • I1 P, 11•11 be-

ing LZ-norm on 2. Finally we note that the functions considered are all 

real valued.

   Chapter 1. Semi-linear parabolic equations 

1.1 Assumptions and results 

   Let

Au= E (-1) ' a ' D' (aa, a (x)) Dau. 
OSIa15m 
OSIpIsm

Then we make the following assumptions. 

H1 : aa, a's are sufficiently smooth, A is formally selfadjoint and 

            coercive on Hm,

i. e. 

     C'ollullK,,C<Au, u><C~IlullK for u Hm(SZ),

where Ci (i = 0,1) are positive constants and we set 

         <Au, u>_ E J aa,a(x)Dau(x)Dau(x)dx.

H2 : g(u) satisfies 

Ig(u)I__C(1+lul'0), 
— (b1+b o l ul'0)<g(u)u<C(1+ I ul TO+1)

for some positive constants b0, b1, C and vo, ro with 0<vo<2 and

<N+2 m if N>2m 
0<roN-2m 

<ooif N<2m.

   Further assumptions will be made for g(u). Our results of this chap-

ter are as follows.



   THEROEM  1.1 (existence of strong solution) 

In addition to the hypotheses H1-H2 suppose that fE W',2(w;L2), 

g(u) EC'(R), hi(u) EC'(R) (i=1, 2, •••,N) andl

—g'(u)<C(1+I ul ni) 

h' (u) I C(1+ l u l °k) (k=0,1)

with C>0 and rk, nk such that

0_vo<2m+N    <N+ 2m ifN>2m 
OCroN— 2m 

<C)°if N<2m,

<  4m-2    N -2m+2ifN>2m O<
~1 

<2m-1if N<2m

and

0<r,    <N 2m+2if N>2m 

  <2mif N2m.

Then the problem (E1) has an to-Periodic solution u(t) such that

u E WI"°° (w ; L2) fl W1"2 ((0 ; Hm) fl h- (w ; H2m f Hm)

and

essisup (Il ut(t)II +IIu(t)II H2m) + jollut (s)IIKmllds
-_<—C(M1) <oo,

where we set Mi = I1 f I I wi,2  L2, (i=1, 2) and generally C(M) denotes positive 

constants depending on M.

   THEOREM 1.2 (existence of classical solution) 

   Let N<4m, and in addition to the assumtions in theorem 1.1, suppose 

f E W2,2 (w ; L2) fl W1,°° (w ; Hm l H2m) and g, hie C2 (R) (i=1, 2, N) . 

Then the solution u(t) in theorem 1.1 belongs to

W3'2(w;L2) fl W2'2(w;H2ml Hm) fl w1, -(c0;114.)



and, in particular,

 uEC1,3(c);C(2)) I I C°'1(W; cm (?))

The corresponding norms for u are dominated by C(M2) +Csupll f(t) Ii ,2.. 
   Remark. The assumtion N<4m in theorem 1.2 is made mainly for sim-

plicity. In fact we could consider the case N>4m (cf. Chap. 3).

1.2 Approximate solutions and the proof of theorem 1.1 

   We denote by A also the Friedrichs extension inL2 of the operator A 

with the Dirichlet condition. It is known that D(AT) =H,n and D(A) =Hm 

11 H2m• Let w,i (j =1, 2, • • •) be the basis of L2 consisting of the eigen vectors 
of A and consider the system of ordinary differential equations:

(unt(t) +Aun(t) +Bun(t), w,) = (f(t), wj), j=1, 2, •••n, 
(1.1) 

un(t) =un(t+cv)

n 

where, un (t) = E ai, n (t) wi. 
i=1

   Using the standard argument due to Leray-Schauder's theory we see that 

the problem (1.1) has a solution ai, n (t) E C1(cv ; R) with ai, n E L2 (0, (v) (i= 

1, 2, • • •, n) if we can show 

(1.2) Ilun(t)II�„C

for all possible solutions of (1. 1) with Bun replaced by A Bun, 0<,1<1, 

where C is a constant independent of A. But the estimate (1. 2) follows 

immediately from lemma 1.1 below.

LEMMA 1.1 Let un(t) be a solution of (1. 1). Then,

(1.3) J0(5md5CMa
and

(1. 4) supll un (t) I I CM0

                        z  

where,Mo= (MO +bl+bo22'0).

Proof. By (1. 1) we have easily

(1.5) 2 dt-------IIun112+Ilunll;a+JDg(un)undx



+iJnhi (un) axi----undx=Jnfundx,
where we set I I ul I,~A= <Au,  u>  _ (Au, u) . Note that the last term of the 

lefthand side of (1. 5) equals to zero, and integrating (1. 5) over [0, co] we 

have from the assumption on g

JI unI +b1+boI unl vo)dxds
<C J0(lf(s)1l2io2o)dS, 

+—Jollun(s) I l&dds,
which implies (1. 3).

From (1. 3) we see that there exists t*e [0, co] such that 

We shall derive the estimates of the higher derivatives 

LEMMA 1. 2 Assume that N---------. 

. 6)Ilun(011L+Ellunt(0112dt

and

q. e. d.

We shall derive the estimates of the higher derivatives of un(t).

The

(1. 6) Ilun(011L+Ellunt(0112dt

<C(Mo) (1+~IIun~IIH,~dt)+1. 

o

   PROOF. Multiplying (1. 1) by &i, n(t), summing up over i and integ-

rating we have

(1. 7) Jolluntirdt+ a j":----d (Aun(t), un(t))dt
+ JoJng(un)untdxdt+JoJni\axi-------hi(un))un,dxdt



    funtdxdt 

   

0  n

and

 L +1fJIuntl)dxdt
                                                               m <CWJ9(1+ Iunl'0) I puntl dxdt+ZMo+2Jolluntll2dt

and hence, using Nirenberg-Gagliardo inequality (cf. Henry[34])

          (1+IIu,I2)IluntlJHmlluntlimmidt+M)J
2 '+1 

C{[Jo(1+Ilunll2(0)+1lluntII1;,]2m [irnlIl untli2dt]2m+MO}
which implies

(1. 8) JIIunII2dto
2m                                2  

C( o (1+Ilunll200)m+111untllidt+Mo).

By the way 

Ilunllzno<Cllunll<CM0 if ?o<1

and 

 (1. 9) 11unFI2n0 Cilunll `1-">11unII KmCC (M0) II unll&m if Z'o>1

with 0=N(Z—270)'
From (1.8) and (1. 9) we have easily

(1. 10) J0 {[ Jo(l+Ilunllirm)2"00dt]m----+1[JolluntIJHmdt]m}i+1}
<C (M0) (1+ J01IuntIIgmdt)m+1,

where we have used the fact 28v0<2 and (1.3). To estimate Il un(t) II Km we 

note that by (1. 3) 

(1. 11) Hun un (t*) I I HmGCM o for some t* E [0, w]

and by an equality similar to (1. 7)



 un(t) 

Ilun(t)II; A+  Jp  J g(v)dvdx 

 0

=llu(t*)lI&+ J jun(t*)  g(v)ddx—JIull2dt 
    ao t*

+Jt+m (N    J~(funt+i~(ax• hi(un))untdxdt 
   t*

for vtE [0, co]. The same argument obtaining (1. 10), the inequality (1. 11) 

and the assumption H2 yield

(1. 12) Il un (t) I I; C (M0) (1 + J o Il untll Hmdt) m+-----1 •q. e. d.

LEMMA 1.3 Under the hypotheses of theorem 1.1 we have

J!IuIILdt + Il un(t) IIHm+ II unt(t) II2<C(M1).
PROOF. Differentiating the equation of (1. 1),

                                   N 

(1.13) (D L un+ Aunt +  (un) unt + iEaxi-------(ht(14.) unt), w1)

_(ft,wi),j=1,2,.. n,

k 

where we set D=------atk(k=1, 2, •••). From this it follows immediately that

(1. 14) JIIUnIldtJJo 0n{ g'(un) I unt12+iiv.l(hi (un)unt--------~1i unt)
+ ftunj dxdt.

The first two terms of the right hand side of (1. 14) are treated as follows.

—g' (u s) I unt 12dxdt Jo n
<C Jo A (1 +I un 17i) I unt l 2dxdt
<C {roll unt112dt + supll un (t)11moJ:Il unt112 (1- 81) Il untll kmldt}  ot

with Oi

(N-2m)r1 if N>2m 
4m 

close to 0 if N = 2m 

 0if N<2m



and by  (1.6)

(1. 15) <C(M0) {1+ j":11untIllimIIdtl'i

with v1= yl + 1-01 +O1— r1+2(1+m01)        2(
m+1) m+1—2(m+1)

(1. 16)J oJDi1I h3 (un) unt xiuntl dxdt
<C EL (1+ I un l 71) l unt l I vunt l dxdt

<C { 0J:Iluntli ll vun1Il dt+sup Il un (t) IIx'Jmll unt I FundlIlgdt1         tm0

   2N if N>2m 
2N — (N— 2m) v1

with q= closo to 1if N=2m 

1if N<2m.

If q<2,

 J~   unvunt I ll gdt<C  Il: IIl untll ll vuntl I  20 dt 
2-4

 JHUI o II untll 1 -2 0211untII H2 dt
(1.17) <C {J:IuflllI2dt} 1-02 If:  IlunthIHmdt}B2

with 02=

4m (2+ (N-2m)vl) if N>2m
close to2mif N =2m

1if N<2
m 2m

If q>2, we have N>2m and

(1. 18) JuntlVunthhIqdt

<cfOntN?Zmllvuntll 2NN- dt

  (J o Iluntll iimdt)!(J O II untll2dt ! 1 202---------(J 011tintiamdt) B2 ,
with 02=----2m (2-2m+ (N-2m)721).



From  (1.  16) — (1. 18) we have

(1. 19) Jo J Q i~I h(un) untz~ unc I dxdt

  (M1) (1+ J~IluntllHin,dt)v2 

                o

with v2_  v1+m02+m+2           2(
m+1)

From (1. 14), (1. 15), and (1. 19) we have

(1.20) J pIl untllHdt~C (M1) (1+ EllUntlamdtriax (YI,M2)
Now it is easy to check that our assumptions on r1 and v1 implies max (v1i 

v2) <1 and we conclude

(1. 21) olluntllH,adtC(Ml).

By lemma I. 2 the same estimate holds for Il un (t) HI. and Il unt (t)112. q. e. d. 

   We need one more lemma for the proof of theorem I. 1. 

   LEMMA 1.4 Under the hypotheses of theorem 1.1, 

(1. 22) llun(t)1I H2.m-C(Mi) for any t. 

   Proof. By (1. 1) and lemma 1.3

(1. 23) IIAun(t)II<Ilunt(t)II+IIg(un(t))II +IIE h; (un(t))-------exz un(t)II
+111-(OH

<C(M1)+C(Ilun(t)II2r0+HI unI'1I Fun III).

But, since ro< N —2m               N—2m'if N]2m,

r0(1-90) rap()r080 

IIunII2r0-I1unllkm IIunjIX2m~C(M1)IIunlIH2m

with 0o= 2m (N-2m—  N ) and 00r0<1. Also, taking 1<p, q_<0.0, such

that p+—1=1 1 and



 q={arbitrarily close to N+2 -4mif N>4m-2

arbitrarily largeif N<4m-2

we have

II l un l'11 run l II<Ilunll2p,111Vun1122

V 1 1- 81 B 

cCllunllH,~IIunIIHm IIufI1H2n

(1. 24) <C(Mi) IIu7,6% R

with 0<81= m(1— 2q + N22m) <1.
From (1. 23), (1. 24) and the fact II un (t)1IH2,n<CI IAun (t) II 

we obain (1. 22) Il un (t)1I H 2,n<C(M1) •q. e. d. 

   Finally we must show a subsequence of {un(t)} converges to a desired 

solution in theorem 1.1. After the estimates in lemmas 1.3 and 1.4 have 

been established the proof of theorem 1.1 is straightforward by a standard 

compactness argument (cf. Lions [18], Biroli [5], etc.) and we omit the 

details. 

   Remark. The assumption on ro is used only for the derivation of 

(1. 22). Therefore we can assert:

   THEOREM 1. 1' Under the hypotheses of theorem 1.1 except for the 

one concerning ro, the problem (E1) has an cu-periodic solution u(t) be-

longing to W 1,- (w ; L2) (1 W 1,2 (w ; Hm) .

1.3 Proof of theorem 1.2

  We shall carry out further estimation of un(t) and give the proof of 

theorem 1.2. 

   LEMMA 1.5 Under the assumptions of theorem 1.2 we have

m 

o (HD unll Hm+11 unt11H2.m)dt <C(M2).



PROOF. By the equations  (1.  13) we get easily

(1. 25) JIIDuII2dtCJJ o oa (1 + 1 un l r1)1 unt l untt I dxdt
+C o pJ(1+ l unl ' ')1unt l I Puntt l dxdt
+12 

                .

Since N<4m, Ilull»<CIIuIIg2 ,n for uH2m, 

and

JJop kin,  r1 I unt I I untt I dxdt
 CsupIIun(t)11H2, J:oIIuntl12dt)~(JmIlDiunll2dt)~ 

                                     0

               FjIDun(1. 26)C(M1)+41I2dt. (by lemma 1. 3, 1. 4).
Also,

o D l un 10 l kind I I Guntt I dxdt

CCsupllun(t)IIHZ ,(Jolluntll2dt)i(I jVunttll2dt)4
2                2 (

m_1)m CC(M1) (JollunttllmIlunttllmdt)i
                  in w <<C(M1)(JoIID~un112dt) 2771 (JIID~unIIHmdt) 

                              0 

                           2m

(1.27) (M1)(JoIID unIIHmdt)m---+1+4 JoIID~unIl2dt.
From (1. 25)-(1. 27) we have

(1.28) . JoIID unllHmdt)m+1
This inequality corresponds to (1. 10). We have also by (1. 13) 

IlAuntll <IID~unll +C(M1) (Iluntll + Il Punlllluntll+Ilvuntll+1)

and, using lemma 1.3,

J oI l AuntII2dt<C(M1)(1+JoI IDun1I2 dt)



 (1.  29) <C (M1) (1 + J  I 1 D f un I I Hmdt) m+-----1.

  To estimate JIIDUIimdt we utilize the two time differentiated equa-
                     0 tions:

(Mun+AD f un+g"(un) unt2+g'(un)Dfun

N 

+8xi------(ht(un)unt2+h; (un)Diun), wi)

(1. 30)= (ftt, wf), j=1, 2, ...n.

From this, we get easily

(1.31) J0mmdt

_C(M1)JOA(Iuntl2IDfunl +I Dfunl2+luntI2lPDfunl
+ I DfunIlPDfunl )dxdt+CM1.

Each term of the right hand side of (1. 31) is treated as follows.

Jo f A I unt 1 2 1 D f un l dxdt

 0•llunt1124 Iluntll2fl'lDfunlldt

<C (M1) (f:8HDfunll2dt)i 

^(M1)(1+J~IIDiunllH,~dt)84.1 1), 

                 0

JWJOA l unt 1 2 1f un I dxdt
<_C (M') JolluntllHZmI1Df unll1 IIDf unll~mdt

  (M1)(1+JoI!DfunljH,,,dt)"(m-------1)

J0LlDunl 0   IVDunldxdt

 I^ lID6unIl2 m IlDfunllHdt 

   0



  (M1) (1-11J~ IDun IIHdt)2+----1, 

 0

Thus we obtain from  (1.  31)

J0i unIl Hmdt;C (M1) (1+JoIIDi unll H,mdt)'4+

  ,u=max(---------8m(m~) ' 2(m+1)) =  2( +1) <1, 33 
which implies

J0lD uIldt. C(M2),
and also by (1. 29)

J•q. e. d.
LEMMA 1.6 Under the assumptions of theorem 1.2,

                 m 

(1.32)

+1IDiun(t)I' m+11unt(t)11H2m 

+ 11 un (t) I I H4.m+ I I unt (t)11 H4 mC(M2) .

   PROOF. Using lemma 1. 5, the estimates of the terms of (1. 32) ex-

cept for Il un (t) II H4,m and I l unt (t) I H4 m are given similarly as in the one of 

lemma 1.4 (in fact, much simpler) and the details are omitted. As for 

Ilun(011H4. and I l unt (t) I I H4 m we have only to apply the regularity result of 

elliptic equations and the so called boutstrapping method to the equations 

(1,1) and (1.2). q. e. d. 

   After the lemmas 1.4 and 1.6 have been established the proof of theorem 

1.2 is quite standard and we omit it.

Chapter 2 Modified Navier-Stokes equations.

2.1 Formulation of the problem and statement of the results.

   Here we treat vector-valued functions u= (u1, u2, u3), f= (f1, f2, f3) etc. 

and H= L2 (.2), H„, (S2) etc. denote the spaces of such vector-valued func-



tions equipped with usual norms. We shall begin with the introduction of 

the function spaces and the operators to consider the problem (E2). 

   Let  Sa be a bounded domain in R3 with sufficiently smooth boundary 02. 

Setting 

C ,,o (2) = {co I co Co (SQ) and div cp=0}, 

we define H„ Hoo, P and A as follows: 

H. = the closure of C7,0(2) in L2 (S2), 

H7,.= the closure of C7,0(2) in H„,(S2), 

P= the orthogonal projection from H onto H 

and 

   A=the Friedrichs extension of the symmetric operator 

          —P4 in H . defined for ueCo,o(2). 

   It is known that uED(A), wEH, and Au=w if and only if uEHo,o, 

wEH, and (Pu, pv) = (w, v) for any vEHo,,, and it holds that 

         D(A4)=H1,0  and IIAiuII = ilpull for uEHo,,. 

Ak (k =1, 2, ••.)  are defined in natural way, while A° (0 $ integer) are defined 

as interpolation operator between AL" and ACe7+'. Note that D(A°) is a 

Hilbert space with norm (IIuI12+IIA°u112)k. Then our problem (E2) is for-

mulated as an ordinary differential equation in the Hilbert space H.:

(EDdt +A1+2eu+P(u•P)u=Pf(t).
   Let us state a lemma which will be essential for the estimation of solu-

tions. 

   Lemma 2.1 

(2.1) (u•p)uEH if uED(A). 

 (2.2) IIP(u•p)vIICIIA°uIIIIA0vll

if 0+p_-7-51 and p>i.

  For a proof of above lemma see Fujita [9], Giga [10] and Henry [34] 

etc. 

   Now our results read as follows.



THEOREM  2.1 (strong solution) Let E>- and fE W1'2(w;L2). Then

(ED has an co-Periodic solution u(t) belonging to 

W2'2(w;H0) fl W1''(w;D (Ai+e)) (l L°°(w;D(A1+Ze))

   THEOREM 2. 2 (smooth solution) Let e>-1 and fE W2,2(w;L2). 

Then the solution u of theorem 2.1 belongs to 

W3'2(w;L2) fl W2,°°(w;D(A1+e)) fl W""°°(w;D(A1+2e))• 

   COROLLARY 2.1 Let e>8 and fEW2,2(w;L2) f C°'1(w;H1). Then the 

solution u(t) satisfies 

A~euEC°'1 (co ;H3)•

2.2 Approximate solutions 

   We employ again the Galerkin's method. Let {w1} (j=1, 2, •••) be a basis 

in D(.,4+€).  We may assume that they are included in D (An) for any n 

and orthonormal in Ha. Let us consider the system of ordinary differen-

tial equations;

(2. 3)(unc,wl) + (A+e un, A4. +E w + (P(un • P) un, w1) 
        = (P .f, w>), j=1, 2, •••n,

with un (t) = un (t + co), where un (t) = E ati,n (t) wz. 
                                                            i=1

The existence of solution of (2. 3) is an immediate consequence of the follow-

ing a priori estimate. 

   LEMMA 2.1 Let un(t) be an w-periodic solution of (2. 3). Then

(2.4) J°IIA7+eun112dt+Ilun(t)II2<_CM1 for any tER.
   PROOF. Noting (P(un • P) un, un) = 0, the estimate (2. 4) is derived 

quite similarly as in lemma 1.1. q. e. d. 

   We proceed the further estimations of un(t). The arguments are pa-

rarell to Chap. 1 and the details are sometimes omitted. We use similar 

notation as in Chap. 1.



LEMMA  2.2 Let e>8, fEW1"2(w;L2) and un(t) be an or-periodic
solution of (2. 3) Then

(2.5) I I A+e un (t) I I + 11 A+e unt (t) I I + J o I I un tt 112 dt

CC(e, Ml) for tER.

Proof. From (2. 3)

(2.6) JIIuntIIdtMo+2Jof9Itlu,+-------ax~unt I dxdt
CMo +C(JII vunll2dt);(JaiII Punt114dt)TsupII un(t)II 

  00t

where we have used the inequality 

Ilull4IIPull311u11 for uEHI. 

With the aid of lemma 2.1 we have from above

(2. 7) LlUntIIdtCM0) (l+supllvuntll)
and also by this and (2. 4) 

(2. 8) IIAi+eun(t)112=<C(M0) (1+supllvuntll)• 

                                                    t Next differentiating (2. 3) 

 (2. 9) (untt, w1) + (Ai.+e unt, A~+e wf) 

            = (ft— (unt•v)un— (un•v)unt, w5),j=1, 2, •.•n. 

From this

(2. 10) J +C Jo Il Puntll zll untll 'Il PunlI dt
7 

cC(M1) (1+ sup Il vunt (t) I I;),

where we have used (2. 4) and (2. 7). 

To estimate I I Ai+e untll we shall use the equality

(2.11) Iluntt(t)112+2dt-----II`+eunt(t)II2
= (ft— Cunt. v)un— (un•P)unt, untt) •



The right hand side of  (2.  11) is bounded by

(IIf (t)11 +II P(unt•p)unll +II P(un•P)untll )Il unttll 

(2.12) (Ilft(t)11+CIIAeunt1111APun11+IIAeunI1IlAPunt11)Ilunttll

with p----+e-8 and 0=-3—e+2a (0<28<e).

Therefore

(2.13) JIunttIdtM1+CJ

Since e>8we can choose 8(>0) such that 2e>4+2a.

Then, 0<2+e, and for 6e= (2+e)-10 and pe= (2+e)-lp,

JuI'2dtMo2 +C sup{II A'+eunt (t)II20ellunt(t)112-20E
+II A4+eunt(t) II"eIIunt(t) IIZ -ZPe} JIIA+eunll2dt, 

                                      0

and by (2. 4) and (2. 10), 

(2.14) <C(M1) (1 + suptI I A4+e unt (t)11 2 )

with 2=-4 (7+max(Pe, 0e))<2.

From (2. 10), (2. 12) and (2. 14) we can obtain

su
tpl IA4+e unt(t)1I2C(M1)(1+supI I A4+e unt (t)11 2 ), 

                                           t

which implies

(2.15) II A4+e tent (t)1 12C C(e, M1).

By (2. 8) and (2. 14) we have also

Jfor vt. q. e. d.

LEMMA 2. 3 Let e>-1 and W2,2 (w; L2). Then,

II Ai+euntt(t) II +Jo 11 D lun112dt<C(M2).



   PROOF.Differentiating  (2.  9) once more again, 

we have

(2. 16) (Du, w5) + (A~+e untt, A~ wf) 

= (At— (u ntt•P)un-2(unt•P)unt— (un•V)untt, w.f) 

(j=1, 2, • ••n). 

First we obtain from the above 

(2. 17)
       1dIlunttll2+IIA'+eunttll2

          3 1 

~M211unttll +CHPunttll711unt1l711Pun1I

+CIIPunt11411untll;l 1Punttll4Ilunttll;IlPuntlI

and integrating

J'IIA7+eunttll2dt<CMz +C(M1)(JII Punccll2dt); 00

which implies

(2. 18) J
Next, we have again from (2. 16) (see (2. 12))

(2. 19) J 

      <Mz +C J~(IIA0u211 APunll2+IIABunt11211 APunt112 

o

+II ABunI1211 APuntt112)dt 

<C(M2),

where we have used lemm 2.2 and (2. 18). From (2. 18) and (2. 19) we 

obtain as is usual

II A+euntt(t)II C(M2) for YtER.q. e. d.

2.3 Convergence of approximate solutions

   We shall prove that a subsequence of fun (01 } is convergent to the desired 

solution of the problem (E2'). First we consider the case fE W1,2(w;L2).



Since the estimates in lemmas  2.1 and 2.2 are valid, standard compactness 

argument implies that {u(t)} coverges (along a subsequence) to a function 

u(t) in such a way that

(2.20) un(t)—>u(t) weakly* in L°°(co;D(A+E)) 

                    and strongly in 1.-(0);H„),

and 

 (2. 21) unt(t)-->ut(t) weakly* in L°°(w;H(,) f L°°(w;D(Ai+6)). 

Moreover we see that P(u•P)u is well-defined and for YweHo,, 

(2. 22) I (P(un•P)un—P(u•P)u, w)           

I ((us-u) •Pun, w) I + I (u•P(un-u), w) 

        ~CIIun—UII4IIPufII IIwII4+CIluII4IIPwIIIIun—ull4 

                                   1 

         cC (M1) II un-ull;-->0 as n—>oo (uniformly in t). 

Thus we have that

(zit, w) + (Ai+Eu, Ai+Ew) + (P(u•P)u, w) 

= (Pf, w) for a. e. tR and for wD(Ai+E),

and consequently u(t) E D (A1+2E) and 

(2. 23) ut(t) +Ai+2Eu(t) +P(u•P)u(t) =Pf(t) in HQ for a. e. t. 

We shall show that (2. 23) is valid for any t. Since Ai+Eut, and A+Eu 

belong to L°°(w;H,),

II P(u(t) •P)u(t) —P(u(t+h) •P)u(t+h) II 
<CIIAP (u(t) —u(t+h)) IIIIA°u(t) II 

+CII APu(t+h) II II A° (u(t+h) —u(t)) II 

_C(M1) II Ai+E(u(t) —u(t+h)) II<_C(M1) I h l ,

that is P(u • P) u e C°,1(w ; H,) . Also we have ut E CT (w ; H,) because of utt 

EL2(w;H0). Therefore by (2.33) we may assume that uEC4(w;D(A1+2E)) 

and (2. 23) is valid for v t e R. Moreover differentiating (2. 23) we see 

AI+26utEL2(w,H,). The proof of theorem 2.1 is now completed. 

   The proof of theorem 2.2 follows immediately from lemma 2. 3. 

   Finally we shall prove corollary 2.1. The solution u(t) of theorem 2.2 

satisfies



 ut+A1+2eu+(u•p)u=f—pp, in L2, for vt, with some function p(t). 

Setting A2eu (t) = w (t) we see w(t)ED(A)  and 

 (2. 24) —Aw(t) +pp(t) =g(t), and div w(t) =0 

with g (t) = — ut — (u • p) u + f E C°"1(w ; H1) (by theorem 2. 2) . The system 

(2. 24) with respect to -Cu', p} is elliptic in the sense of Agmon-Douglis-Ni-

renberg [1] (see Kaniel-Shinbrot [14] Ladyzhenskaia [17]). Thus, apply-

ing the regularity result of elliptic boundary value problem we have w= 

A2eu E C°"1(w ; H3), which proves corollary 2.1.

   Remark (i) Repeating the argument in the proof of lemma 2. 3, we 

could prove any higher order differentiabilities of u with respect to the time 

t, if f(t) is sufficiently smooth in t. As for the regularity in x there oc-

curs a delicate problem; Is it true that if A"u=fECm, a>1 then uEHm+"' 

for some a'>0 ? If this is valid, we can use the boutstrapping method to 

get the smoothess of u in x if f is smooth in x. Thus we would have u 

E C°° (R x Sl) if f E C°° (R x T2). But, we do not know whether such assertion 

on A"u=f is valid or not. 

   (ii) For 2-dimensional case we could prove a smooth periodic solution 

for any e>0. However, it is already proved by A. Takeshita [31] that 

the problem (E2) with e=0 admits a periodic (more generally, reproducing) 

strong solution. Taking the regularizing effect of the Navier-Stokes equa-

tions into account his strong solution becomes a smooth solution if f(t) is 

so. We note that his method depends on the semi-group theory and is 

completely different from ours. 

   (iii) If M1 is sufficiently small, the solution of theorem 2.1 is unique. 

The proof is easy and omitted.

Chapter 3. Semilinear wave equation

3.1. Assumptions and result

   In this chapter we consider the periodicity problem for the semilinear 

wave equation

(E3)
utt+Au+vut+g(u)=f(x, t) in S2xR 

Drul an=0 for IrI<m-1,



where  v is a positive constant and A is the same elliptic operator as in 

Chapt. 1. Without loss of generality we may assume v=1. We make 

similar assumptions on g(u) as in Chapt. 1, that is, H1f g(u) E Ck(R) and 

the following inequalities are satisfied;

-(b1+bol ul "o)<g(u)u<c(1+ lull+ro)

and

g" (u) I �_c(1+ l u i ri) 

for some constants ri>0 (i= 0, 1, • • •, k) . 

   Our results read as follows.

   THEOREM 3.1. (Existence of strong solution) Let f E W1'2 (w ; L2) 

and let H1 be fulfilled with k=1 and with ro, r1 such that

r0<N 2m if N>2m, ro=arbitrary if N<2m

and

rl<N2 2m if N>2m, r1=arbitrary if N<2m.
Then, (E3) admits an co-periodic solution u(t) belonging to 

W2" (w;L2) fl W1'°°(w;i1) flL°°(w;H2m)

with the estimate

Ilutt(t) Il +llut(t)1141/2+11 u(t) IIdc(M1).

   THEOREM 3.2. Let N<8m. In addition to the hypotheses of The-

orem 3.1 suppose that fEW2'2(w;L2) and H1 is valid with k=2 and with 

r2 such that

8m— N . r
2<N-4m of N>4m, r2=arbitrary if N<4m.

   Then the solution u(t) in Th. 3.1 belonging to 

W3'°°(w;L2) fl w2, -(w;11.) fl W" (w;H2m) 

with the further estimate 

IIDlu(t)II+Ilu,,(t)II41,2+Ilu,(t)ll4<c(M2).



Corollary  3.  1. In addition, if we assume fEL''(w;Hm) and

Iig(u)IIHm<_c(IIuIIHZm)IIuIIH3m for uEH3m

with some 0<0<1. Then the solution u(t) in Th. 3.2 belonging to 

L- (w; H3m) •

   THEOREM 3. 3. Let N<6m, fE W 3'z(w;L2) and the assumption Hl be 

satisfied with k=3 and r2,r3 such that

r2<N      —N   4m andr3< 2N -4m)if N>4m

(no restriction is made on r2,r3 if N<4m). Then the solution u(t) of 

Theorem 3.2 belongs to the space 

W 4,00 (w ; L2) fl W 3'°° (w ; IL) fl W 2,°° (w ;Hzm) 

with the corresponding estimate.

   COROLLARY 3.2. In addition to the assumptions of Ths. 3. 2, 3.3 

and Corollary 3.1 suppose that

fE W"'(w;Hm) fl L°°(w;Hzm), 

Ilg'(u)vIIHm<c(IIuIIH3mHIvHIH2m) for uEH3m and vEH2mf1 Hm

and

IIg(u)IIH2mc(IIuJIH3m)IIuiIH4m for UEH4m

with some 0<0<1. Then we have 

u(t) E Wl'°°(w;H3m) fl L(0);H4m)•

   THEOREM 3. 4 Let N<-16mm and fEW4'2 (w; L2) . Suppose that the 

hyposesis H1 is valid with k=4 and r4<(16m-3N)/(N-4m) (if N>4m) 

together with the conditions on r2, r, of Theorem 3. 3. Then , we have 

for the solution u(t),

uEW5'°°(w;L2) fl W"(0); Tim) fl W3" (w;Hzm)

with the corresponding estimate. 

   We could assert a corrolary of Theorem 3.4 which corresponds to Corol-

lary 3.2. We coluld also give explicite conditions on g and g' which 

should imply the fulfillment of the assumptions of Corollaries 3 .1 and 3.2.



Since they are rather standard we omit the details (cf. the final remarks). 

For convenience, however, we mention the following

  COROLLARY  3.  3. Let N<4m and f E W4,2 (w ; L2) fl C((o ; 0 (SZ)) with 

fi>0. Then the solution u of Theorem 3.4 is a classical periodic solu-

tion of (E3). 

   As was seen in Chapters 1 and 11 it suffices for the proofs of Theorems 

to derive corresponding a priori estimates for (assumed) smooth w-periodic 

solutions.

3.2. A priori estimate (1) 

   Here we shall derive the a priori estimates needed for the proof of The-

orem 3.1. 

   Multiplying the equation by ut,

(3.1)dt{Ilut(0112+211u(t)II11/2+fof ou(y)g(71)d72dx
+llut112= (f u

and integrating the above

(3.2) f
  Next, multiplying the equation by u and using the assumption on g(u) 

and (3. 2) we have easily

(3.3) J:1Ius1/2ds_<cMo. 
From (3. 2) and (3. 3) we see that

I l ut (t*)II2 + I I u (t*) I I a1/2<c (Mo) for some t* E [0, co]

and for any to [0, co], by (3. 1),

I l ut (t) I I2 + I I u (t) I I A1/2 + 2.1J40(t)   g (v) dvdx

<_Ilut(t*)II2+Ilu(t*) IIA1/2+.fuct*>g(~1)dvdx+c(Mo) 

                                9

which implies 

(3.4) Ilut(t)II2+I1u(t)II11/2<c(Mo) for te[0, w],
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where we have used the assumption ro<NZ2mif N>2m.
Next, we utilize the differentiated equation

 (3.5) D9u+Aut+utt+g'(u)ut=ft•

From this we obtain as is usual

(3. 6)II~u(s) II2ds<M; +c J~       JD J(1+IuI2ri) IutI2dxds. 
  00D

Here we see

1oJD I u 2r1 1 ut l 2dxds<_ JoHun T illutll2q/(q-2r1}ds
<c (M0) 

OIlutll lq/(q-2r,)ds

<c (MO)JIIut112`i-°'IIutIIHmds 

          0

(3. 7)   (M0) (J~Ilutll^ds) 

            0

where we set

q=

2N/ (N— 2m) if N>2m 

arbitrarily large if N=2m 

00 if N<2m

and

0=

r1(N— 2m) / 2m if N>2m 

arbitrarily close to 0 if N=2m 

0 if N<2m.

Thus we obtain

(3.8) J0IIDiu(s)II2 ds<c(M)(1+ JoIlut(s)II&,ds)°.
Multiplying (3. 5) by ut and integrating,

0ilut(s)^IAi,2ds=JIIDiu(s)IIZds— J0(g'(u)u+ftut)dxds

(3.9) <c(M1) (1+ J011ut(s)IIL.mds)8(by (3.8)).



Since 0<1 by the assumption, we have from  (3.  9) 

 (3.10) J 
Applying the usual technique getting (3. 4) to the 

obtain 

(3. 11) I I utt (t) I I+ Hut ut (t) I I.41/2<c (Mj), 

and hence by the equation (E3) 

(3.12) Ilu(t)II <c(M1). 

The estimates (3. 11) and (3. 12) give the proof of

and (3. 8) 

inequality

Theorem

(3. 10) we

3.1.

can

3.3. A priori estimate (11) 

   We proceed to further estimation of solutions. Let us start here from 

the equation 

(3.13) Diu+ADiu+Diu+g"(u)ui +g'(u)Diu=ftt. 

  Multiplying the above by Diu, 

                       (3. 14) J0IlDuI2ds<M22+  cJoJn{(1+IuI r2) 2 I ut l 4 
                    + (1+ u[ rl) 2I utt l 2}dxds. 

We shall consider the case N>4m, the other case being treated in a similar 

and simpler way, Setting q=2N/ (N-4m), we have 

       JL2'2I utI4dxds<Jollu(t)II:zmllutIla`q/cq-2r2)ds 
                    <c (Mi)JoIIutIIi/°)IIutIIH2mds 

                                               ° (3. 15)<c (M1) JOIIutIIx2:ds 

with 00= N  { 1 _  m  +(N — 4m) r2}, where we have used the estimates in 2m 4 N 4N 

the previous section and the assumption N<8m. Note that 400<2 by the 

assumption on r2. 

   Similarly we can prove



 (3.16) J.1.IuI2T11uttI2dxds<c(M,)J:0IIuttll2(1-01'IIuttllHm1ds 
 a <c (M1)JalluttllHm1ds 

                                            0 with 01=(N-4m)y1(<1). 2m 

From (3.14)-(3.16) it follows that 

(3. 17) J0Du2ds_<cM2 {1+ (JailutilH2mds)200+(JoliuetllHmds)a1}. 
Here we see from the equation (3.5) 

(3.18) f:Httellii,mds�f:11D?uirds+c(M,), 
                                  and hence, since 200<1, we obtain from (3.17) 

(3.19) f1. 
   On the other hand, multiplying (3.13) by zit, and using (3.15) and (3.16) 

f ollUttlikndS<KIIMU112dS+Cf oJa{1+l ul'2)I ut12luttl ds 
+ (1+ I u l'1) I utt 12}dxds 

 (3.20) <JolID1u112ds+c(M2){1+ JIlutlli2mds 

             +11 uttilFlmds}max (200, 0i). 

                               0 From (3,19) and (3.20) we can conclude 

F0(11Du(011+11Diu(0116„,+11ut(t)11H2m)dtc(M2) 
and hence, as is usual, 

(3. 21)11Dlu(t)11+IIDiu(t)li!.m+Ilut(t)IIH2..Gc(M2) for vt, 

which is the desired estimate for the proof of Theorem 3.2. 

   Under the assumption of Corollary 3.1 we see 

II A3/2u(t) II +Ilu(t)11<_cII — (utt+ut+g(u)) +f Il fi,m+Il u(t) II 

<c (M2) +c(M2) 11u(t) IIH3m+Ilf(t) IIFim, 0<0<1,



and since  Ilu  (t)  II  H  3  m<c  (11  A3/2u  (t)  I  I  +  11  u  (t)  II) we obtain 

IIu(t) IIH3m<c(M2) +suplI.f(s)IIHm. 

                                                      8 3.4. A priori estimates (111) 

   Finally we shall derive estimates needed for the proofs of Theorem 3.3 

ans 3.4. 

   Using the equality 

(3. 22) Diu+AD1u+Dlu+g(3)(u)ui+3g"(u)ucucc 

                      +g'(u)D1u—Dif. 

   Corresponding to (3. 14) we have 

         11Dtu112ds<Ms+cJoJQ{(1+lul2r3) 1u,16 Jo 
+(1+ 1ul 2r2) 1 ucl2Iutc12+(1+ 1 u12r1)1Diu12}dxds. 

We consider again the case N>4m. The following estimates are given in 

a pararell way to (3. 15) and (3. 16). 

J0L ul2 r 3 l ucl 6dxds< J0ht)I I H Z:I I uc llH2 mds<c(M2), 
where we used the assumptions that N<6m and r3<2(6m—N)/(N-4m). 

        fJ0 u 2 r2 2 uj 2dxds<cJ oIfuIIH2llucilH2mlluccllHmds 
<c(M2), 

where we used r2<(6m—N)/(N-4m). 

And 

       f:JQlul2D~ul2dxds<JoIlu11HZ1IlDiu112`1-B'IIDLuIIHmds 
with a certain O(<1). 

                Thus we obtain 

(3. 24) JB 
and hence 

(3. 25) J:lmd5+J:h2d5M3).



From  (3.  25) and the regularity result of elliptic equation we conclude 

 (3. 26) IIDLu(t)11 +IIDu(t)IIHm+IID~u(t)IIx2m<c(M3), 

which implies Theorem 3.3. 

   For the proof of Theorem 3.4 we utilize 

 (3. 27) Dsu+AD1u+Inu+g(4' (u)ul+g'(u)Diu+G(x, t) =Dif 

where 

         G(x, t) =6g(3) (u)uautt+3g"(u)uta +4g"(u)utMu. 

It is easy to see II G (t) J I <c (M3) and also by the assumption on r4 

        J:JQI u 12r4Iu18dxds<c(M)JlluII$ds<c(Ml, M3) 
 o and 

     Je 
for some 0<1. From these we can obtain, as is usual, 

 (3. 28) IIDtu(t)II +IIDlu(t)IIHm+IID?u(t)I"2m<c(M4) 

which proves Theorem 3.4. 
   The proof of Cor. 3.2 is similar to that of Cor. 3.1 and omitted. If 

N<4m, H2mcC'(12) with v= (4m —N)/2>0, and the solution u in Th. 3.4 
belongs to C2(0); C ' (S2)) and under the assumption of Cor. 3. 3 we see 
Au (t) C(0); Cr (b)) for r= min (6, v)>O. Therefore by Shauder's type estimate 

(Agmon-Douglis-Nirenberg [1]) we see uE C(w; C2m+r (12)). That is, u is 
a classical solution. 

   Finally we note that the condition N<4m in Cor. 3.3 is made mainly 
for simplicity, and we could show the existence of classical periodic solution 
even for the case N>4m under some additional condition on g(u). For 
illustration we shall consider the case N=4 or 5 and m=1. Let g(0) =0 
and f E W2'2 (w ;14 f11-12).  In addition to the assumpions of Th. 3. 4 suppose 
that g E C5 (R) .Then, by Th. 3.4, 

Au(t) = —utt—ut—g(u) +fE W1,2(w;H2(lHl) = Wl°2(w; D(A)) 

and u(t)EW1,2(w;D(A2))cC(w;Cr(2 )), r>0. 
   Similarly we see Aut E W 1'2 (CO ; D (A)) and ut E C(0); Cr CD)).



Setting  U=  D  u we see 

U„+AU+ULEL2(w;L2) 

and hence UE W" (w;L)) fl L°°(w;IIl). In particular, DiuEC(w;II,) and 

we have 

Au„ C(w;Hl) =C(w;D(A")) 

which implies u„ E C(w ; H3) c C(SI x R) . Thus we conclude that u is a 

classical solution. 
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