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Introduction

In this paper we are concerned with the existence of strong or smooth
periodic solutions of some nonlinear evolution equations. ‘Smooth’ means
that the solutions under consideration are smoother than the so-called strong
solutions and become classical under some reasonable situations.

The first equation we consider is a semilinear parabolic equation of
higher order;

(ED %u+Au+Bu= f(x, ), on @xR,

Drulsp=0 for 0=|y|=m-—1,

where £ is a bounded domain in R¥ with smooth boundary &2 and A4, B
are operators given by

M Au= 3 (~1)'*'D* (@ s(x) D)
=
and
@  Bu=3 Lhw)+gaw.

N
Throughout this paper we set |a| =£§a,~ and D"Z{I?I(aii)“i for a={(a;, as

dy). We assume that the coefficients a.s(x) are smooth functions on
2 and A4 is uniformly elliptic, k;(#), g(x) are smooth functions with appro-
priate growth order and f(x,?) is a smooth function with period @ in £.
When m=1, the existence problem of w-periodic solution for (E,) have
been investigated by many authors (Bange [3], Biroli [5], Fife [8], Kusa-
no [16], Nakao [21], Nakao-Nanbu [25], Prodi [26], Smulev [30], etc.),
while the case m>1 seems not to be considerd sufficiently. If 2, (w)=0
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the existence of strong solution is proved similarly as in [5] (see also [21])
even for m>1, and moreover the existence of classical solution is shown
rather easily if we assume f(#) is small in a certain sense (cf. [25]).

Our purpose is to show the existence of strong and smooth periodic solu-
tion for (£,) without any smallness condition on f(#).

In fact, we could treat more general nonlinear operator than (2), say,

ip~ha,i(pﬂu)+l 3 D).

(3

N
Bu=73

1=1 |a|sm—1{‘)x
However the calculation would become too complicated for such general
form, and we restrict ourselves to the simple one (2) in order to clearify
the essential feature of argument.
The second equation is the modified Navier-Stokes equations

(E) %»H(—A)wsw(u-V)u=f—Vp on @xR, (>0),

div =0 and #u|so=0,

where 2 is a bounded domain in R® with smooth boundary 0.2, u= («}, u? u®)
is the velocity field, p is the pressure and f=(f% f3% f%) is the external
force. The precise definition of the operator (—4)!*?¢ will be given later.

We are interested again in the existence of smooth w-periodic solution
for (E,) when f is smooth and w-periodic in #. If e=0, (E,) is the usual
system of Navier-Stokes equations and has been considered by a number of
authors (see Ladyzhenskaia [17], and the references cited there). But the
existence problem of global strong solution is not still solved. While,
Lions [18] introduced the modified problem (£,) with >0 to prove that if

s;%, the problem (£,) with initial value #(0)=#, has a unique global solu-

tion in a certain function space. Bardos et al [4] also considered related
problems.
Our object concerning (E,) is to prove the existence of strong and

smooth w-periodic solutions when e>%. If we assume f(¢) is small it is

not difficult to show the existence of smooth w-periodic solution even for e=0
(cf. Shinbrot [29]), while here we do not require any smallness condition
on f.

It is true that the problem (%,) is very artificial, but this equation may
be regarded as a model which describe the motion of fluid with strong vis-
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cosity. We adapt this problem mainly for the demonstration of our tech-
nique to get smooth periodic solution.
Finally we treat the following semilinear wave equation

3

D7uls0=0 for |7]<m—1,

where v is a positive constant and A is the operator defined in (1).

If fis small or if g(u) is replaced by eg(#) (e; small) the existence of
smooth w-periodic solution for (F,) is shown rather easily under appropriate
conditions on g. (cf. Ficken & Fleishman [7], K. Masuda [19], Wahl
[32], Nakao [23], Matsumura [20]). Here we want to prove such solu-
tion without smallness condition on f. (For the case N=1, m=1 see [24])

Unfortunately, however, our result excludes the important case; m=1,
g(w)=u® and N=3, and this case remains still open. ~For generalized solu-
tions of the related problems see Amerio-Prouse [1], Kakita [13], Clements
[6], Nakao [22], etc.

We apply a common method to the problem (E,), (E,), and (E,).
That is, starting from energy inequalities which are given directly from the
assumptions we derive the a priori estimates for higher order derivatives of
solutions. The existence of strong or smooth solutions follows from these
estimates. Thus the main purpose of this paper is to show how to get
such estimates.  During the preparation of this work we learned the paper
[15] by Kielhéfer, where the same idea is applied to the initial-boundary
value problem for nonlinear parabolic equations. In [15] the theory of
linear semi-groups is used extensively, while here we employ the Galerkin’s
method. We note also that the treatment of periodicity problems is, in
general, more delicate than the initial-boundary value problems.

Notation

Let X be a Banach space. Then we denote by L?(w;X) (1<p<oc0)
the set of w-periodic X-valued measurable functions f on R such that

e =( [0 122 P <o

with trivial modification for p=oco.  For nonnegative integer 2, and p(1<
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p<c0), Wh?(w;X) denotes the set of functions f which together with the
derivatives up to the order % belongs to L?(w;X). feC»*(w;X) (k; non-
negative integer, 0<<a<1) if and only if f is an X-valued w-periodic func-

(3
tion with the continuous derivatives up to the order %2 and %}' is Holder

continuous with exponent a. Corresponding norms are defined in usual
way for above function spaces. We denote LP-norm on 2 by [|+|ls, ||*]| be-
ing L?-norm on 2. Finally we note that the functions considered are all

real valued.

Chapter 1. Semi-linear parabolic equations
1.1 Assumptions and results
Let
Au= 3 m(—l) ' D (@, 5(x)) DPu.

Then we make the following assumptions.
H,: a., s are sufficiently smooth, A is formally selfadjoint and
coercive on H,,
i.e.

Chllullf, <<Au, w><Clull  for ucH,(2),
where C;(7=0,1) are positive constants and we set
<Au, u>= Zﬂjoaa,ﬂ(x)D"u(x) Dru(x)dx.

H,: g(u) satisfies

lg(@) | <CA+|ul"0),
—(by+blu" ) <g)ulCA+ |ul"0™Y)

for some positive constants b, by, C and v,, 7, with 0<y,<2 and

N+2m .
if N>2m
0<,',0 N-2m
oo if N<2m.
Further assumptions will be made for g(u). Our results of this chap-

ter are as follows.
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THEROEM 1.1 (existence of strong solution)
In addition to the hypotheses H,-H, suppose that fe W (w;L?),
gw)eC (R), hy(u)=eC(R)((1=1,2, -, N) and

—g'@)=CA+|u|™)
[h® () | <CA+|ul")  (k=0,1)

with C>0 and v,, n, such that

N+ 2m .
< if N>2m
0=n =l 0y N-m
<o if N<2m,
4m—2 .
i if N>2m
0<1, N—2m+2 f
<2m—1 if N<2m
and
<NV4’"77 if N>2m
0<r, —2m+2
<2m if N<2m.

Then the problem (E,) has an w-periodic solution u(t) such that
U W (w;L?) N W (w; Hp) N L (@3 Hon N Hoy)
and
ess. sup (I, +1w(®),,) + [l (11 lds
=C(M,) <eo,
where we set M,=|lf\lwi2w,.2 ((=1,2) and generally C(M) denotes positive

constants depending on M.

THEOREM 1.2 (existence of classical solution)

Let N<dm, and in addition to the assumtions in theorem 1.1, suppose
feEW»(w; L) N W' (w; H,NH,y) and g, h,eC*(R) (i=1,2, -, N).
Then the solution u(t) in theovem 1.1 belongs to

W2 (w; L) N W2 (w; Hyn N H ) O W (w3 Hyp)
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and, in particular,
#e Ch2(w;C(2)) NC (w;C™(D)).

The corresponding norms for u are dominated by C(M,)+ Csup)| SfOlim, .

t m

Remark. The assumtion N<4m in theorem 1.2 is made mainly for sim-
plicity. In fact we could consider the case N=4m (cf. Chap. 3).

1.2 Approximate solutions and the proof of theorem 1.1

We denote by A also the Friedrichs extension in L? of the operator A
with the Dirichlet condition. It is known that D(A%)=H,, and D(4A)=H,,
NH,,.Let w;(j=1,2,---) be the basis of L? consisting of the eigen vectors
of A and consider the system of ordinary differential equations:

{(u,.,a) + Aty (8) + Bun ), wp) = (F(), wj), j=1,2, -n,

(LD
u, () =u,({+w)

where, #,(t)= é]l ay, (Dw,.

Using the standard argument due to Leray-Schauder’s theory we see that
the problem (1.1) has a solution a,, ,(!)=C'(w;R) with a, .€L?(0,w) (=
1,2, ---,n) if we can show

1.2 llun(DI=C

for all possible solutions of (1.1) with Bu, replaced by A Bu, 0<i<],
where C is a constant independent of A. But the estimate (1.2) follows
immediately from lemma 1.1 below.

LEMMA 1.1 Let u,(t) be a solution of (1.1). Then,
W) [ lun)l,ds=Cl3

and

Q.49 St‘tPHu,.(t)HéC'Mo

where, M3=(M3+b,+b,77).
Proof. By (1.1) we have easily

WD gl e+ | gwunds
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x 5
+ 3 [ hw) cundr=| fuds,

where we set ||#]l,a=<Au, u>=(Au, u). Note that the last term of the
lefthand side of (1.5) equals to zero, and integrating (1.5) over [0, w] we
have from the assumption on g

[Ia 132" [ (171100l 01+ Bl | *5) dixds

®
0

=C .[:(“f(s)”z‘i'bl‘*'bozj'o )ds,

1f(®
5 ) 3ds,

which implies (1. 3).

From (1.3) we see that there exists #*[0, »] such that

llaea NP Clle, () 113 2=<CM

and integrating (1.5) from ¢* to t+w (¢<[0, ®])

t+e
RO = PRCOTEN I W IPARS AR APRIDE 2
133

t+o

+ j ll, ($)|22ds<CH3  for ¥te[0, w]. g.ed.
%

We shall derive the estimates of the higher derivatives of #,(#).

LEMMA 1.2 Assume that o_gmgzmj\“; N.

Then,

W6 lua®lE,+ [ ln(ldt

<Cy) A+ tenell}, dt)7+T.

0
PROOF. Multiplying (1.1) by &, ,(#), summing up over ¢ and integ-
rating we have

T T N PROWR O

+I:Ing () thpdxdt+ I:I 5 (% h f(un))u,,,dxdt

2t=1
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=J’:Jﬂfumdxdt

and

[lwadiat=[[ (E1hd 1Pwoe] + 1 £1 1ty

=1

SO [t 1) ") 1Pty o+ 5 M2+ [ alodt

and hence, using Nirenberg-Gagliardo inequality (cf. Henry[34])

® ° 1 m—1
el 2@t < C~ A+ Il 1S MteniliZ, Mol ™ dt +M$E)
0 0 0

2 m+1

o _2m mri_am (@ m—1
< CUL[ Q@+l )l 37 el dt 5 4+ 23y
which implies

W8 [l

. am 2
SO Q13 7Tl Tt + ).

By the way
84/ 20, = Cll#, | <CM, if =1

and
a9 Hu,.lizqogcllu,.ll“'"Hu,.llé,,,éc(Mo)llunHém if p>1
oo N1 1

with O_W(—g_??—o— .

From (1.8) and (1.9) we have easily

100 [ e dt <O AL Ul ) ot Tl de 713

<C M A+ [ el at) ™,

where we have used the fact 26%,<<2 and (1.3). To estimate lloen ()15, We

note that by (1.3)
(L1D |, (9))F,<CM3  for some t*&[0, w]

and by an equality similar to (1.7)
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u, (8)
s+ [ [ 7 g dnds
0

t+o

un(b*)
=l @Ol5a+[ [ " gdrdr=| i rat
0 ¢t

+J:“'[D( St + é‘,l(wa—%hi(un))umdxdt

for ¥t=[0, w]. The same argument obtaining (1.10), the inequality (1.11)
and the assumption H, yield

L12)  a(D132=C (M) O+ [ Nl dty ™ a.e.d.

LEMMA 1.3 Under the hypotheses of theorem 1.1 we have

[Clindlf @+ e O+l DI CAL.

PROOF. Differentiating the equation of (1.1),

N
(L13) (Dbt Athye g ) thnet 3,0 (0 (), )
z(f-h wf)) j=1’2y"'any
where we set D’;=—§;T (k=1,2,---). From this it follows immediately that
W10 [ et =[] (—g @) a1+ 3 it
. ° ntllv4 - ol o g n nt = 3 n nt axz nt
+ fitt .} dxdt.

The first two terms of the right hand side of (1.14) are treated as follows.
[],~& W i) 7dzat
0J 2

gcmn A+ (0, ]70) |, | dxdt

@ r o 2
<C [ tuutat + suplin, @I tadl2~ 09 ol e}

(N—2m)r,

im if N>2m

close to 0 if N=2m

1 0 if N<2m
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and by (1.6)

(L.15)  <CUMy) {1+ j ol ) s

1—01
m+1

7y

- i +20+mb,)
T 20m+1)

+ R S Tear e

with

® N , 0
16) [T 1k @)ttt
O[] a7 Lt 1P| vt

C{[ i 17wt 5D 160 O 152 [t |20 o]
0 3 mJo
2N

SN = (N—2m)7, if N>2m
with  4=1 1650 to 1 if N=2m
l 1 if N<2m.

If q<2,
[ Pt 1ot =C [t 20 2

20,

<C [ latnallltall =222l 32 at

w1 =C{[ lwal’at} " [l at}

1 .
Jm(2+<N-2m)m> if N>2m
with 8,=Jclose to 1 if N=2m
2m
1 .
om if N<2m

If q=2, we have N >2m and

(1.18) f:HuMWuMqudt

<C [t Pt e Bt

<[ ot ) 7 et )

with Ezzzim(2—2m+(zv—zm)m).
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From (1.16) —(1.18) we have

W10 [7f S 1 )iy tns) ddt

SCA) A+ il at)

with »,= tmIukme2

From (1.14), (1.15), and (1.19) we have

W20 [l dt=C ) Q[ Nl dtywex v

67

Now it is easy to check that our assumptions on 7, and % implies max(y,,

v,)<1 and we conclude

@2 [l a=con).

By lemma 1.2 the same estimate holds for Hu,,(t)Hf;,m and {lu,. (&)I}2

We need one more lemma for the proof of theorem 1.1.

LEMMA 1.4 Under the hypotheses of theorem 1.1,
1.22) ll#aD g, =CAM) Jor any t.
Proof. By (1.1) and lemma 1.3

W23 a0 (O I+ 18 a1 +1) 35 hi ()~ s0a (D)
+HIFDI
SO+ Clun @ 1B+ 1 0 3720, 1.

But, since ro<7v%, if N>2m,

ro(1-04) 790

leeall o ltealliy  Notalley S COM thyllr,

q.e.d.

with 00=7}n—(N—2m—%) and 6,7,<l. Also, taking 1<p, g<oo, such

that 1ﬁ+ l—=1 and
4 q
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N

- arbitrarily close to NTo—dm if N>dm—2
arbitrarily large if N<dm—2
we have

I tta] "2 1P 200 | 11Nt )l 530 117 200120

kY l«ﬂl 0,
=Clltallz, ) #allz,, ealle,,

1.24)  <COM)|unlla

2m 4

with 0<0,= . (1~g-+ X2 <,

From (1.23), (1.24) and the fact otn (D) ller,,, < Cll Au, ()]
we obain (1.22) Hu,,(t)HHngC(Ml). q.e.d.

Finally we must show a subsequence of {x,(¢)} converges to a desired
solution in theorem 1.1. After the estimates in lemmas 1.3 and 1.4 have
been established the proof of theorem 1.1 is straightforward by a standard
compactness argument (cf. Lions [18], Biroli [5], etc.) and we omit the
details.

Remark. The assumption on #, is used only for the derivation of
(1. 22). Therefore we can assert:

THEOREM 1.1’ Under the hypotheses of theorem 1.1 except for the
one concerning v, the problem (E,) has an w-periodic solution u(t) be-
longing to Wh=(w;L?) N W4 (w;H,).

1.3 Proof of theorem 1.2

We shall carry out further estimation of #,(¢) and give the proof of
theorem 1. 2.

LEMMA 1.5 Under the assumptions of theorem 1.2 we have

[ Dz, +lwalz, ) dE =CO).
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PROOF. By the equations (1.13) we get easily
.25 [IDtwrdt=C [ (1] sty It
+C[[] Ut 101 "0) s Pt vt

+ M3,
Since N<dm, Ilull-gamllgm for ueH,,,

and

[C]_ 11731t |00 ] vt
0Ja

Hym

<Csupllug Ol ([ lad2aty* ([ 1D 1w, d’

(1. 26) gC(M1)+%I:]ID§u,,H3dt. (by lemma 1.3, 1.4).
Also,

I:Ioluﬂ| 1| Une| [P Unse | dxdt

@ 1 @ 1
<C supllun Oz, ([ NtadPaty* ([ 1P sed i’

2 (m-1)

<C ) ([ Mtaadl ™ Nt 7,.02)E
@ m—1 @ 2 1
<C @) ([ 1Dt It % ([ IDtw )7

ey =C ([ IDtulE, =i+ [ 1D, e,
From (1.25)-(1.27) we have
W.28)  [(IDtu,lrdt=C (M) A+ [ 1DT ], dt)"
This inequality corresponds to (1.10). We have also by (1.13)

| Asenol| <1 DF, | + CCM) (bl + 1P tallll2nell + 117 280el| +1)

and, using lemma 1.3,

[1aurar<cn) a+ [ uptuzan
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L29)  =C) A+ [ 1D, dm

To estimate I:IID%uan;mdt we utilize the two time differentiated equa-

tions:
D+ AD u,+g" () u,’+ g (u,) Diu,
N
+ 3l i+ b ) D), )
(1' 30) = (fbta Wj), j= 1’ 2: TR,

From this, we get easily

@sn  [uDtu.i,at
<CO["[ (ltasl?| Dttta| + | Dtsts |+ |4 |7 Dt
+|Diu,\\PDiu,|)dxdt+CM3.

Each term of the right hand side of (1.31) is treated as follows.
7] 1was1?1 D30y dxat
o/ e
o - N
<[ el Rl 7, | D2t
0
» N (e 1
<C M) ([ Nl o dy3=([ |1 D3w 2t
0 0
L4 2 4M+N
=C (M) A+ [ ID3ugl} dty o e,
("] 1uasl?1P D2y | dxat
o o
w N 121 1
<C )| llundlg3, IDFwl ™ 1D w,IE, at
o 2 8M+N
<C M) 1+ [ ID%w, 1, dty 7 4,

[*[ 1Dtwal 17 D2ty | dxat

» _1 3;
<[C1Dtu, " UDEwF, dt
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3

<C) A+ [ ID3 g, dy T
Thus we obtain from (1.31)
[C1D3uiE, dt=c QA+ [ ID3w, 5, a0y "+ CM3,

8m+N 3 3
mm+D)’ Zm+D ) = 2m+1D) <

with ﬂ=max(8
which implies

[C1D2uli de=ca,
and also by (1.29)

[C1adz, dt=camy. ge.d

LEMMA 1.6 Under the assumptions of theorem 1.2,
.32 [ (D +1 D17, ) dt

D0, (8) [l + 11800, () Ml

+teaDlla, 180 (Dl , =CM).

PROOF. Using lemma 1.5, the estimates of the terms of (1.32) ex-
cept for [u,()llz,, and (%4 () |1z, are given similarly as in the one of
lemma 1.4 (in fact, much simpler) and the details are omitted. As for
2, () llze,,, and %60 ($)|lwr,,, ~We have only to apply the regularity result of
elliptic equations and the so called boutstrapping method to the equations
(1,1 and (1.2). q.e.d.

After the lemmas 1.4 and 1.6 have been established the proof of theorem
1.2 is quite standard and we omit it.

Chapter 2 Modified Navier-Stokes equations.

2.1 Formulation of the problem and statement of the results.

Here we treat vector-valued functions = (u!, u? u®), f=(f", f4 f*) etc.
and H=L1*(Q), H,(2) etc. denote the spaces of such vector-valued func-
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tions equipped with usual norms. We shall begin with the introduction of
the function spaces and the operators to consider the problem (E)).
Let 2 be a bounded domain in R® with sufficiently smooth boundary 0.£2.
Setting
C3,. (D ={plpeCs(2) and div ¢=0},
we define H,, H7,, P and A as follows:

H,=the closure of C5.(£2) in L*(2),
H7y ,=the closure of C7.(2) in H,(2),
P=the orthogonal projection from H onto H,,
and
A=the Friedrichs extension of the symmetric operator

—P4 in H, defined for ueC5 , ().

It is known that u€D(A), weH, and Au=w if and only if ucH},,,
weH, and (Fu, Fv)=(w,v) for any veHj,, and it holds that

DA =H}, and |A%ul=|pul for ucHi,.

At(k=1,2, ---) are defined in natural way, while A°(0= integer) are defined
as interpolation operator between A! and AF%3*!. Note that D(A?) is a
Hilbert space with norm (Ilu]|2+|[A”u[|2)’li. Then our problem (£;) is for-
mulated as an ordinary differential equation in the Hilbert space H,:

(ED) %?_+Al+2€u+P<u-V)u=Pf(t)-

Let us state a lemma which will be essential for the estimation of solu-
tions.

Lemma 2.1

2.1 (w-r)ucH if usD(A).

2.2) IPCu-P)vl|=C|lAulll|A*vl|
if0+pg% and p>1.

For a proof of above lemma see Fujita [9], Giga [10] and Henry [34]
etc.
Now our results read as follows.
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THEOREM 2.1 (strong solution) Let s>% and fe Wh2(w;L?. Then
(E}) has an w-periodic solution u(t) belonging to

Wat(w; H,) N WH*(w; D (A%*E)) NL=(w; D(A1*2)).

THEOREM 2.2 (smooth solution) Let e>% and feW(w;L?).

Then the solution u of theorem 2.1 belongs to
W (w; L) N Wz’”(w;D(A’i’+5)) N WH=(w;D(A'*€)).
COROLLARY 2.1 Let > and f& W (w; L) (C¥ (w; Hy). Then the

solution u(t) satisfies

Aucs C (w; H)).

2.2 Approximate solutions

We employ again the Galerkin’s method. Let {wj} (j=1,2, ---) be a basis
in D(A%+e). We may assume that they are included in D(A4") for any »
and orthonormal in H,. Let us consider the system of ordinary differen-
tial equations;

@.3) o)+ (AT Uy, AT C W) + (Pt V) hy )
:(Pf; wf)y j=1,25“'nv

with #,() =, (t+w), Where u,(t)= 3 s, (D

The existence of solution of (2.3) is an immediate consequence of the follow-

ing a priori estimate.
LEMMA 2.1 Let u,(t) be an w-periodic solution of (2.3). Then

2.4 J:IIA%+€un\|2dt+Hun(t)llngMé Jor any teR.

PROOF. Noting (P(#,*F)u,, u,)=0, the estimate (2.4) is derived

quite similarly as in lemma 1.1. q.e. d.
We proceed the further estimations of #,(?). The arguments are pa-
rarell to Chap. 1 and the details are sometimes omitted. We use similar

notation as in Chap. 1.
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LEMMA 2.2 Let e>—é~, feWwh(w;L*) and u,(t) be an w-periodic
solution of (2.3) Then
1 e 1+€ @
(2.5) A% " u, ()] +11 A% um(l‘)HJrLI!umszt
<C(e, M) for YtER.
Proof. From (2.3)
out

@ @ 3
@6 [lurar=miv2f [ | 3 wi3 ol dxat
<

M+ C([Ipualizaty ([ Ipmaitat) *supla, ()11%
where we have used the inequality
llull$<Clrullllull  for ucH,.
With the aid of lemma 2.1 we have from above
@7 J:||uncl|2dt§C(Mo) (1+S?P“Vunz”)
and also by this and (2.4)
1-\‘-
2.8) LAZ ® u, (1) P<C(M,) (1+SL}DHVWMH)-
Next differentiating (2. 3)
lig lie
2.9 (U, w) + (A% "y, A2 " wy)
:(ft—(unt'y)un_(un'V)unb w])r j=1v2,"'n-
From this

@100  [CIAF S uylirdt <M+ C[ 15 sl Hnd P

<CM) (1+sup P, (D119,

where we have used (2.4) and (2.7).

1+ .
To estimate ||A% ®u,./ we shall use the equality

1

@) B+

l+
KAVILEPMOLE

= (ft— (unb'V)un_ (un'V)unc9 unn)-
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The right hand side of (2.11) is bounded by

AL ONHP(thne =PI 8l + | P80V ) el |80l
2.12) =L@+ CllA un |l A% s, + LA || A° U] ) [ ec |

with p=%+e*—6 and o:%—wza (0<20<e).

Therefore

75

(2.13) j:\lumllzdth%+CJZ<I|A0um1|2nA"u,,H2+nA’un112||A"uMn2>dt.

Since 5>—é— we can choose 6(C>0) such that 2€>%+26.
1 .1 . 1 -
Then, 0<7+s, and for 03—(§+e) 6 and pe=(—2-+s) 1o,
I:Humllzdtngf+Csnxp{IIA'l’*EuM(t)ll”ellun,(t)llz‘”e

e 20 -20 “qzte
AR s (7 el () 1777 ] A 2, 2,
and by (2.4) and (2.10),

@19 =CM)A+sup | AF w11

with A= (7+max(pe, 0e))<2.
From (2.10), (2.12) and (2.14) we can obtain
sepllA%+eu,,,(t)||2§C(M) (1+sx§p][A’i'+Eun,(t)J|‘),
which implies
@15 AT u, O)P=CG M.
By (2.8) and (2.14) we have also

[ a1 4% S u, 1P, M) for v,

LEMMA 2.3  Let e>% and fe W (w;L?).  Then,

4% S @)1+ [ I D2, PAt=CM).

™
0

q.e.d.
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PROOF. Differentiating (2.9) once more again,
we have

@2.16)  (Diun, w) + (AT %u,,, AT w))
= (f.tb_ (untt'y)un_z(unt°7)unz_ (un'V)unLh wi)
(7=1,2, ---m).
First we obtain from the above

1 d

1+
.17 5 ‘Bt—”unn”z"*‘”A! sunnnz

éMzHumH+CHVunnH’s‘lluncll}"HVunH
+ ClP e 1t B e RNt 17200
and integrating
[ a4z surdr=cms+ cany ([ ipunran’
which implies
(2.18) J:IIA’I‘+eu,m||2dt§C(Mz).
Next, we have again from (2.16) (see (2.12))

(2.19) J:HD%M,,HZdt

=M; -i-CJ:(HA’Mwll’llx‘l”unil2+Hl‘l’umHzHA"MMH2
1A%, 1P| A sl ) dt
SC(MZ)’

where we have used lemm 2.2 and (2.18). From (2.18) and (2.19) we
obtain as is usual

A2 u (DI<C(M,)  for “tcR. g.e.d.

2.3 Convergence of approximate solutions

We shall prove that a subsequence of {«,(¢)} is convergent to the desired
solution of the problem (E,). First we consider the case fe W' (w;L?).
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Since the estimates in lemmas 2.1 and 2.2 are valid, standard compactness
argument implies that {«,(¢)} coverges (along a subsequence) to a function
#(¢) in such a way that

(2.200  u,(t)>u(t)  weakly* in L"(w;D(A'l"+E))
and strongly in L*(w;H,),

and

(2.21) U () —u,(t) weakly* in L*(w;H,) ﬂL“’(w;D(Alfa)).
Moreover we see that P(«-p)u is well-defined and for Ywe Hj, ,
(2.22) [ (P(tnP)th— P(ueP)u, w) |
| (U —%) Pty ) | + | (ueP (e — ), w) |
ZCllu,—ulllIPu,llllwl + Cllall 7wl 2, — 2l

<C(M)llu,—uli>0  as n—co (uniformly in ).
Thus we have that

(u,, w)+ (A'i“eu, AT ) + (P(u-p)u, w)
— (Pf.w) for a.e. t€R and for YweD(A?'®),

and consequently #(¢)D(A'*?¢) and
(2.23) u,(t) + A%y (t) + P(u-P)u(t) =Pf(t) in H, for a.e. t.

We shall show that (2.23) is valid for any ¢. Since A’lﬂeu;, and A’?su
belong to L*(w;H.,),

1P +P)ut) —P(u(t+h)-P)ult+h)|
=CA* @) —u@+m)IIA 2D
+CllA @+ A’ (u(t+h) —u@®)l

<C(M) | AT € (u(t) —u(t+ b)) ISCL) | k],

that is P(ro)uEC“"(w;H,). Also we have ubeCé(w;H,,) because of u,,
eL*(w;H,). Therefore by (2.33) we may assume that uEC%(w;D(A””))
and (2.23) is valid for ¥Yt€R. Moreover differentiating (2.23) we see
Ay, e Ll (w; H,). The proof of theorem 2.1 is now completed.

The proof of theorem 2.2 follows immediately from lemma 2.3.

Finally we shall prove corollary 2.1. The solution #(¢#) of theorem 2.2
satisfies
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w,+ A fu+ (u-F)u=f-rp, in L? for ¥{, with some function p(¢).
Setting A®u(t)=w() we see w(t)eD(A) and

(2.24) —dw(@®)+rp(t)=g(t), and div w() =0

with g(&)=—u,— (u-r)u+f=C (w;H,) (by theorem 2.2). The system
(2.24) with respect to {w, p} is elliptic in the sense of Agmon-Douglis-Ni-
renberg [1] (see Kaniel-Shinbrot [14] Ladyzhenskaia [17]). Thus, apply-
ing the regularity result of elliptic boundary value problem we have w=
A*ucs C(w;H;), which proves corollary 2.1.

Remark (i) Repeating the argument in the proof of lemma 2.3, we
could prove any higher order differentiabilities of # with respect to the time
t, if f(¢) is sufficiently smooth in %. As for the regularity in x there oc-
curs a delicate problem; Is it true that if A*u=fC™ a>1 then usH™ '
for some a’'=0? If this is valid, we can use the boutstrapping method to
get the smoothess of # in x if f is smooth in x. Thus we would have #
eC*(Rx ) if feC*(Rx2). But, we do not know whether such assertion
on A“u=f is valid or not.

(i) For 2-dimensional case we could prove a smooth periodic solution
for any ¢>0. However, it is already proved by A. Takeshita [31] that
the problem (F,) with e=0 admits a periodic (more generally, reproducing)
strong solution.  Taking the regularizing effect of the Navier-Stokes equa-
tions into account his strong solution becomes a smooth solution if f(£) is
S0. We note that his method depends on the semi-group theory and is
completely different from ours. :

(ili) If M, is sufficiently small, the solution of theorem 2.1 is unique.
The proof is easy and omitted.

Chapter 3. Semilinear wave equation

3.1. Assumptions and result

In this chapter we consider the periodicity problem for the semilinear

wave equation

uy+ Aut+rvu,+gw)=f(x,t) in 2xXR

(E3)
? D'ul,0=0 for |7|<m—1,
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where v is a positive constant and A is the same elliptic operator as in
Chapt. 1. Without loss of generality we may assume vy=1. We make
similar assumptions on g(#) as in Chapt. 1, that is, H,, g(#)=C*(R) and
the following inequalities are satisfied;

— (b, +blu|")<g@w)uc(A+ |u|'*70)
and

lg® )| <cA+|ul")
for some constants 7,>0 (¢=0,1, ---, k).

Our results read as follows.

THEOREM 3.1. (Existence of strong solution) Let feWhi(w;L?
and let H, be fulfilled with k=1 and with r, r, such that

r°<N—L2m if N>2m, r,=arbitrary if N<2m

and
7, <N2——mZm if N>2m, r,=arbitrary if N<2m.

Then, (E;) admits an w-periodic solution u(t) belonging to
Wo=(w; L) N W= (w; Hp) N L= (w; Hyp)
with the estimate
[Jotee ()| + N2t () | arr2+ e () || < (M),
THEOREM 3. 2. Let N<8m. In addition to the hypotheses of The-

orem 3.1 suppose that feW**(w;L? and H, is valid with k=2 and with
r, such that

7, <%'_”%’X if N>4m, r,=arbitrary if N<dm.

Then the solution u(t) in Th. 3.1 belonging to
W (w; L) N Wo(w; Hp) N W (w; Hom)
with the further estimate

D3 ()| + Nt (B || arr2+ |loe, (D || a<c (M)
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Corollary 3. 1. In addition, if we assume feL*(w;H,) and

lg @z, <clulla, uli, ~— for usHs,

with some 0<<6<l. Then the solution u(t) in Th. 3.2 belonging to
L= (w; Hyp).

THEOREM 3.3.  Let N<6m, feW>*(w;L?) and the assumption H, be
satisfied with k=3 and r,r, such that

r, <M =N g ragﬁZ%?ZJ)

(no restriction is made on v,v; if N<4dm). Then the solution u(t) of

Theorem 3.2 belongs to the space
Wo=(w; LY N W (w; Hp) N W (0; Hyp)
with the corrvesponding estimate.
COROLLARY 3. 2. In addition to the assumptions of Ths. 3.2, 3.3
and Corollary 3.1 suppose that

FEWH(w; Hp) N L™ (; Haw),
g’ ) vl <clullu, llVllx, ) for uH,, and veH,,NH,

and
g @), <ctllu, ) ell5,, for ucHey,
with some 0<<0<1. Then we have
u(t) € WH(w; Hyp) N L™ (w5 H, ).
16

THEOREM 3. 4 Let Nggm and fe W*2(w;L?. Suppose that the
hyposesis H, is valid with k=4 and r,<(16m—3N)/(N —4m) (Gf N>4m)
together with the conditions on v, r, of Theorem 3.3. Then, we have

Jor the solution u(t),
uE W (w; L) N W (w; Hp) N W (w; Hyr)

with the corresponding estimate.

We could assert a corrolary of Theorem 3.4 which corresponds to Corol-
lary 3.2. We coluld also give explicite conditions on g and g’ which
should imply the fulfillment of the assumptions of Corollaries 3.1 and 3. 2.
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Since they are rather standard we omit the details (cf. the final remarks).
For convenience, however, we mention the following

COROLLARY 3.3. Let Ndm and fe W' (w;L) NClw;CHR)) with
8>0. Then the solution u of Theorem 3.4 is a classical periodic solu-
tion of (E5).

As was seen in Chapters 1 and 11 it suffices for the proofs of Theorems
to derive corresponding a priori estimates for (assumed) smooth w-periodic
solutions.

3.2. A priori estimate (1)

Here we shall derive the a priori estimates needed for the proof of The-
orem 3. 1.
Multiplying the equation by #,,

G tglw@Slu@iaes | [ gt

+loesl1*= (f, ue)

and integrating the above
@) [lmrds=Ms.

Next, multiplying the equation by # and using the assumption on g(x)
and (3.2) we have easily

@3 [l aads<ean).

From (3.2) and (3.3) we see that
|og; (B 112+ [Joe (%) || 12 c (M,) for some t*[0, w]

and for any ¢{<[0, w], by (3.1),
I+ Nz +2 [ g
<l I+ () 3ve+ [ [*° g dyds-+ (M)

which implies

3.9 llu. DN +Hu(@®Nlir2<e (M) for te[0, ],
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where we have used the assumption rogN—%’\;—m if N>2m.
Next, we utilize the differentiated equation
3.5) Diu+Au,+u,+ g (Wu,= f,..

From this we obtain as is usual

3.6) f’nmu(s)uzangHc” L+ | 2] 72) || *dds.
0 0Ja
Here we see

[7[ et i) axds<[ sl 30 snods

0
<c (M) [ 50/ a-srpds

<c (M.Qj'luu;n“‘-”Hucl\éids

3.7 <e (Mo ([ lwilhds)°

where we set
2N/(N—2m) if N>2m
g=1arbitrarily large if N=2m
) if N<2m
and
7, (N—2m)/2m if N>2m
=1 arbitrarily close to 0 if N=2m
0 if N<2m.

Thus we obtain
3.8 [[IDtuI ds=e@h) A+ [ )15, ds)".
Multiplying (3.5) by #, and integrating,

[(l () 13r2ds=[Diuco) s~ [ (g yut+ fu dxds

@9 <e(M) A+ [ lu (9)lk,ds)’ (by (3.8).
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Since <1 by the assumption, we have from (3.9) and (3.8)
3.10) J:(Huc(S)Hil/HIIDEu(S)HZ)ds_éC(MI)-

Applying the usual technique getting (3.4) to the inequality (3.10) we can
obtain

@3.1D oo (D11 + Noe, () || arr2<c (M),
and hence by the equation (£;)
(3.12) [l (@Ol e (M,).
The estimates (3.11) and (3.12) give the proof of Theorem 3. 1.

3.3. A priori estimate (11)

We proceed to further estimation of solutions, Let us start here from
the equation

(3.13) Diu+AD u+D3u+g"”" (w)ut+ g (w)Diu=f,.
Multiplying the above by Dix,
(3.14) j'"nmu112dng;+cj"j (A4 2] 7))
0 [ PN
+ A+ [l "), | 2 dxds.

We shall consider the case N>4m, the other case being treated in a similar
and simpler way, Setting ¢=2N/(N-4m), we have

[ 1ulerslw azas< lu@lE 2lwile zrpds
@ 401-0y) 4o,
<e [l " lwlla, s

a 4o,
(3.15) <o (M) limlln,nds

. N1 m  (N-dm)r, . .
with 6,= om AT N +—4 N }, where we have used the estimates in
the previous section and the assumption N<8m. Note that 46,<<2 by the
assumption on 7,.

Similarly we can prove
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@ @ 28
@.16)  [7[ a2l dads<e ) [P 0lmla, ds
@ 26
<o (M) lwlh, ds

. _(N—4dm)r '
with 01——-——2m JCEHR
From (3.14)-(3.16) it follows that

@1 [ IDtupds=e ) {+ (s, de) o+ (il ds) 7.

Here we see from the equation (3.5)

@.18) [ lwlih, ds<[ IDtlrds + e,
and hence, since 26,<1, we obtain from (3.17)

@.19) [ Dt ds<COM) L+ lmalh .
On the other hand, multiplying (3.13) by #,, and using (3.15) and (3. 16)

[Cwala, ds<[ nDtutirds +cf [ {1+ 10175 [, 1%l ds
0 0 o/ a
+ (1+|u‘ r’-) |un12}dxds

@20 <[ IDtulds+ M) 1+ [ s, ds

o[l dsymexene, .
0
From (3,19) and (3.20) we can conclude
I:(HD‘Zu(t)H+|1Dfu(t)|lém+Huc(t)llym)dtgc(Mz)
and hence, as is usual,
.21 IDu O+ Diu(®)la,, + 14, (Dlla,,<c(M,) for ¥¢,

which is the desired estimate for the proof of Theorem 3.2.
Under the assumption of Corollary 3.1 we see

1A% 2w ()| + [l <cll — (e + 2, + g @) + flla, +lu@)l

<c(Mp) +c(Mpllu(Dlit,, +IIf )]z, 0<6<],



periodic solutions of some nonlinear evolution equations 85

<c([|A%?*u(8) ||+ lu()]]) we obtain

3am—

lle (@, < (M) +supllf($) 4,

and since {ju(®)|la

3.4. A priori estimates (111)

Finally we shall derive estimates needed for the proofs of Theorem 3.3
ans 3.4.
Using the equality

3.22) Diu+AD3u+Diu+g® (u)ul +3g" (W) uu,,
+g'(w)Diu=D}f.

Corresponding to (3.14) we have

[CiDtuipds=mz+e[ [ 1a+iuzmo fu)e
(L (] 775) [ty |+ L+ || 272) | D3] v,

We consider again the case N >4m. The following estimates are given in
a pararell way to (3.15) and (3.16).

[] 1wremst ) cdds< [l a1, ds<c M),
0Ja 0
where we used the assumptions that N<<6m and »;<<2(6m—N)/(N—4m).

[C] 1wt 2wl 2dxds<e[aliaglludih, il ds
<c(My),

where we used 7,<<(6m—N)/(N—4m).
And

[2]1u1711 Dy dds< [y 21 D3wll - PUD3ul: ds

with a certain 6(<1).
Thus we obtain

@20 [IDtulds=c(M) {1+ DI}, ds}
and hence

@.25) [ I1Dtlly, ds+ [ IDtulrds<c (M),
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From (3.25) and the regularity result of elliptic equation we conclude
3. 26) 1Dt O+ Du®lla, +IDiu()la,,<c(My),
which implies Theorem 3. 3.
For the proof of Theorem 3.4 we utilize
3.27) Diu+ADu+Diu+g® (w)ut+g' (w)Diu+G(x, t)=D4f
where
G(x, ) =62 (W) ulu,+3g" (w)u,?+4g" (w)u.Diu.

It is easy to see [|G(®)||<e(M,) and also, by the assumption on 7,

[, 1l sl dzds<ean) [ s, ds<ca, My
oJo 0 2m
and
[[ 1u1* i Dtulraxds<cty | UDtul}_ds)*
09 0
for some 6<1. From these we can obtain, as is usual,

(3.28) D@ +|Dtu® lla, +1Diu@®)|la,,<c(M,)

2m—

which proves Theorem 3. 4.

The proof of Cor. 3.2 is similar to that of Cor. 3.1 and omitted. If
N<dm, H,,cC*'(2) with v=Um—N)/2>0, and the solution # in Th. 3.4
belongs to C%*(w;C*(2)) and under the assumption of Cor. 3.3 we see
Au(t) eC(w;C7(2)) for y=min(B, v)>0. Therefore by Shauder’s type estimate
(Agmon-Douglis-Nirenberg [1]) we see #cC(w;C™ 7(B)). That is, # is
a classical solution.

Finally we note that the condition N<4m in Cor. 3.3 is made mainly
for simplicity, and we could show the existence of classical periodic solution
even for the case N>4m under some additional condition on g(«). For
illustration we shall consider the case N=4 or 5 and m=1. Let g(0)=0
and feW»*(w;H,NH,). In addition to the assumpions of Th. 3.4 suppose
that geC*(R). Then, by Th. 3.4,

Au(t)y =—u,—u,— g () + f€ Wh*(w; H,N H,) = W (w;D(A))

and u($) e Wh*(w;D(A%))cClw;C7(R)), r>0.
Similarly we see Au,=W“*(w;D(A)) and u,=C(w;C (D).



periodic solutions of some nonlinear evolution equations 87

Setting U=D3u we see

U,+AU+U,eL*(w;L?

and hence U Wh*(w;L?) NL*(w; H,). In particular, DiucsC(w;H,) and
we have

AuyeClw; H) =C(w; D(A?))

which implies #,,€C(w;H;)cC(2XR). Thus we conclude that = is a
classical solution.

(1]

2]
[3]
(4]

[5]
L]
7]
(8]
[9]
(10]
(1]
(12]
[13]
(4]
(15]

[16]

References

S. AGMON, A. DoucLis & L.NIRENBERG, Estimates near the boundary for solu-
tions of elliptic partial differential equations satisfying general boundary conditions
1, Comm. Pure appl. Math. 12(1959), 623-727, 11, ibid 17(1964), 35-92.

L. AMERIO & G. PROUSE, Almost Periodic Functions and Functional Equations,
Van Nostrand, Princeton, 1971.

D. BANGE, Periodic solutions of a quasilinear parabolic differential equation, J.
Differential equations 17(1975), p. 61-72.

C. Barpos, P. PENEL, U. FriscH & P.L. SULEM, Modifyied dissipativity for a
nonlinear evolution equation arising in turbulence, Arch. Rational Mech. Anal.,
71(1979), 237-256.

M. BIROL1, Bounded or almost periodic solution of the nomlinear vibrating mum-
brance equation, Ricerche Mat. 22, Fas. 2(1973), 190-202.

J.C. CLEMENTS, Existence theorem for some nonlinear equation of evolution, Ca-
nad. J. Math., 22-4(1970), 726-745,

F.A. FIcKEN & B. A. FLEISHMAN, [nitial value and time-periodic solutions for a
nonlinear wave equation, Comm. Pure Appl. Math. 10(1957), 331-356.

F.C. FIFE, Solutions of parabolic boundary problems existing for all time, Arch.
Rational Mech. Anal. 16(1964), 155-186.

H. Fujita & T. Kat0o, On the Navier-Stokes initial value problem 1, Arch. Ra-
tional Mech. Anal., 16(1964), 269-315.

Y. GiGA, The Stokes operator in L, spaces, Proc. Japan Acad., 57 Ser. A(1981),
85-89.

A. HARAUX, Nonlinear Evolution Equations-Global Behavior of Solutions, Lecture
Notes in Math. 841, Springer, Berlin-Heidelberg-New York. (1981).

E. Hopr, Uber die Anfangswertaufgabe fur die hydro-dynamishen Grundgleihun-
gen, Math. Nachrichten, 4(1951), 213-231.

T. KAKITA, On the existence of time-periodic solutions of some nonlinear evolution
equations, Applicable Analysis, 4(1974), 63-76.

S. KANIEL & M. SHINBROT, A reproductive property of the Navier-Stokes equa-
tions, Arch. Rational Mech. Anal. 24(1967), 302-369.

H. KIELHOFER, Global solutions of semilinear evolution equations satisfying an
energy inequality, J. Differential Equations 36(1980), 188-222.

T. KusaNo, Periodic solutions of the first boundary problem for quasilinear para-
bolic equations of second order, Funk. Ekv. 9(1966), 129-137.



88

(173
(18]
[19]
[20]

[21]
[22]
[23]

[24]

[25]
[26]
[27}

[28]
[29]
[30]
[31]
[32]
[33]

[34]

H. Kato & M. Nakao

O.A. LapyzHENSKAIA, The mathematical theory of viscos incompressible flow,
Gordon-Breach, New York 1963.

J.L. LioNs, Quelque Methodes de Resolution des problem aux limites nonlineares,
Paris, Dunod-Gauthier-Villars, 1969.

K. MASUDA, On the existence of periodic solutions of non-linear differential equat-
ions, J. Fac. Sci. Univ. Tokyo Sect. I A Math. 12(1966), 247-257 (p. 320).

A. MATSUMURA, Global existence and asymptotics of the solutions of the second
order quasilinear hyperbolic equations with the first ovder dissipation, Publ. res.
Inst. Math. Sci. A, 13(1977), 349-379.

M. NAKAO, On boundedness, periodicity and almost periodicity of solutions of
some nonlinear parabolic equations, J. Differential Equations 19(1975), 371-385.
M. NAKAO, Bounded, periodic and almost periodic solutions of nonlinear hyper-
bolic partial diffferential equations, J. Differential Equations, 23(1977), 368-386.
M. NAxkAo, Bounded, periodic and almost periodic classical solutions of some non-
linear wave equations with a dissipative term, J. Math. Soc. Japan, 30(1978),
375-394.

M. Naxkao, Existence of classical periodic solutions of some nonlinear wave equa-
tions in one space dimension, Math. Rep. College General Edc., Kyushu Univ.
12(1980), 77-91.

M. Nakao & T. NANBU, Bounded or almost periodic classical solutions for some
nonlinear parabolic equations, Mem. Fac. Sci. Kyushu Univ. 30(1976), 191-211.
G. Prop1, Soluzioni periodiche dell’equazione delle onde con termine dissipativo
nonlineare, Rend. Sem. Padova, (1965), 37-49.

P.H. RABINOWITZ, periodic solutions of nonlinear hyperbolic partial differential
equations 1, Comm. Pure appl. Math. 20(1967), 145-205, 11, ibid. 22(1969),
15-39.

J. SERRIN, A note on the existence of periodic solutions of the Navier-Stokes equa-
tions, Arch. Rational Mech. Anal. 3(1959), 120-122.

M. SHINBROT, Lectures on Fluid Mechanics, Gordon-Breach, New York, 1973.
I.1. SMULEV, Periodic solutions of the first boundary problems for parabolic equa-
tions, Mat, Sb. 66(1965), 398-410. (Amer. Math. Soc. Trans. (2) 79(1969), 215-
229)

A. TAKESHITA, On the reproductive property of the 2-dimensional Navier-Stokes
equations, J. Fac. Sci. Univ. Tokyo, 16(1970), 297-311.

W.V. WAHL, Periodic solutions of nonlinear wave equations witn a dissipative
term, Math. Ann., 190(1971), 313-322.

M. YAMAGUCHI, On the existence of quasiperiodic solutions of nonlinear partial
differential equations, Proc. Fac. Scie. Tokai Univ. 10(1974), 1-12.

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes,
840, Springer-Verlag Berlin Heidelberg New York.



