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1. Introduction

   In ring theory the notion of quasi-ideal, introduced by 0. Steinfeld in 

[2], has proved very useful. It is only natural to ask whether this notion 

may be extended to near-rings. The purpose of this note is to show that 

this is indeed the case. 

   We shall introduce the notion of quasi-ideal in near-rings and consider 

its elementary properties. Applying these properties, we shall characterize 

those near-rings which are near-fields, in terms of quasi-ideal.

2. Preliminaries on near-rings

   By a near-ring we mean a non-empty set N in which an addition + and 

a multiplication • are defined such that 

   (1) (N, +) is a group, 

   (2) (N, .) is a semigroup, 

   (3) (n+n')n"=nn"+n'n"(n, n', n"EN). 
In dealing with general near-rings the neutral element of (N, +) will be 

denoted by 0. 

   In this section, N will denote a near-ring. The set No= {n E N I n0=0} 

is called the zero-symmetric part of N; Nc = {n E N I n0 = n} is called the 

constant part of N. N is called zero-symmetric if N=N0; N is called 

constant if N=Nc. 

   Let A and B be two non-empty subsets of N. We shall define two 

types of products: 

AB= {Eaibi I ai E A, bi E B}, 

and 

          A*B= {E(ai(ai'+bi) —aiai') I ai, ai'EA, biEB}, 

where E denotes all possible additions of finite terms. In case that B= {b},



we denote AB by Ab, and so on. 

   A subgroup S of  (N,  +) is called an N-subgroup of N if NSCS. A 

subgroup M of (N, +) with MMCM is called a subnear-ring. A subnear-

ring M of N is called invariant if MNcM and NMcM. No and NN are 

subnear-rings of N. 

   A normal subgroup I of (N, +) is called an ideal of N if 

  (a) INC I, 

  (b) N*IEI 

A normal subgroup I of (N, +) with (a) is called a right ideal of N, while 

a normal subgroup I of (N, +) with (b) is said to be a left ideal of N. 

   An element d of N is called distributive if d(n+n')=dn+dn' for all 

elements n, n' of N. The set of all distributive elements of N will be 

denoted by Nd•

3. Quasi-ideals and elementary properties

   Let N be a near-ring. A subgroup Q of (N, +) is called a quasi-

ideal of N if QNn NQ (1 N*QCQ. 

   It is clear that right ideals, left ideals, N-subgroups and invariant sub-

near-rings of N are quasi-ideals of N. In particular, the zero-symmetric 

part No and the constant part N, of N are quasi-ideals of N. 
   We have the following elementary properties of quasi-ideals. 

   PROPOSITION 1. The set of all quasi-ideals of a near-ring N forms 

a Moore-system on N.

   PROOF. Let Q2 (A E A) be any set of quasi-ideals of N . Then (1 Q,Z is 
2E4 

clearly a subgroup of (N, +). Moreover, for every Q,,( ,iE11), we have 

D=( (1 Q2) Nfl N( fl (22) (1 N*( (1 Q2) 
2E4 2642€4 

CQFNn NQ,, (1 N*QNCQ4.

Hence DC 
z(1 QA, that is,zf1AQ2 is a quasi-ideal of N.              e4

   PROPOSITION 2.The intersection of a quasi-ideal Q and a subnear-

ring M of a near-ring N is a quasi-ideal of M. 

   PROOF. (211M is clearly a subgroup of (M, +). Moreover, we have



 (Q(1M)M(1M(Q(1M)flM*(Q(1M) 

C (QfM)MfM(Qf M)CMMCM 

and 

(Q(1 M)M(1 M(Q(1 M) (1 M*(Q(1 M) 

C QN (1 NQ f N *QC Q.

These imply that Q (1 M is a quasi-ideal of M. 

   PROPOSITION 3. Let N be a zero-symmetric near-ring. Then a 

subgroup Q of (N, +) is a quasi-ideal of N if and only if QNn NQCQ. 

   PROOF. We first remark that NQcN*Q. In fact, for any elements 

n of N and q of Q, we have 

nq=n(0+q) —n0, 

since N is zero-symmetric. Hence NQcN*Q. 

   From this property, we have 

QNl NQnN*Q=QNflNQ,

by which this proposition is easily seen. 

   Proposition 3 implies that, in the case of rings, quasi-ideals in our sense 

coincide with those in [2].

4. Quasi-ideals which are subnear-rings

   It is known that each quasi-ideal of a ring R is a subring of R (see [3, 
Proposition 2.1]). This proposition has no analogue for near-rings, as we 
will give an example later. In this section, we are going to characterize 
those quasi-ideals which are subnear-rings. 

   Let N be a near-ring and Q a quasi-ideal of N. By Proposition 2, 
(20=Q 11N0 is a quasi-ideal of No and Q0 = Q (1 N0 is a quasi-ideal of N0. If 
Q=Q0+Qc={q+q'IgEQ0,q'EQ0}, we say that Q is of the first kind. 

   We now characterize those quasi-ideals which are subnear-rings: 

   THEOREM 1. Let N be a near-ring and Q a quasi-ideal of N. Then 
the following conditions are equivalent: 

   (1) Q is a subnear-ring of N;



(2)  QOCQ; 

(3) Q is of the first kind.

   PROOF. (1) = (2) : In fact, QOCQQCQ. 

   (2) (3) : For any element q of Q, we have 

q= (q—q0) +q0, 

where q — q0 E No and q0 E ^c. By assumption q0 E Q, so q — q0 E Q. Hence 

q—gOEQo and gOEQc, which imply that QCQo+QccQ. 

(3) = (1) : For any element q of Q, we can write q=q0+qc with qoE Qo 

and qc E Qc. 

   Then, for any elements q, q' of Q, we have 

qq'= (go +qe)q'=qoq'+qcq'=qoq''+qc• 

Moreover, we have 

qoq'=qo(0+q') —goOEN*Q, 

whence qoq' E QN (1 NQ fl N*QC Q. 

   These imply that gq'EQ, so QQCQ. 

   COROLLARY If N is zero-symmetric or constant, then each quasi-

ideal of N is a subnear-ring of N.

   PROOF. For each quasi-ideal Q of N, if N is zero-symmetric then 

QO = {O} C Q. If N is constant then QO = Q.

   The following example due to [1, 2.19 Remarks] shows that there exists 

a quasi-ideal which is not a subnear-ring: Let Z be the ring of integers 

and Z[x] the ring of polynomials in x over Z. Then N= (Z[x], +, o) is 

a near-ring, where + means usual addition and o usual substitution. Con-

sider

L= {Eaixi Ea, E2Z}. 

It is easy to see that L is a quasi-ideal of N, but it is not of the first kind.



5. Characterizations of near-rings which are near-fields

   A near-ring N is called a near-field, if the set of all non-zero elements 

of N forms a group under multiplication. 

   Let  Z2 be the integers modulo 2. We recall that (Z2, +) with 0.0=0.1 
=0, 1.0=1.1=1 is a near-field (see [1, 1.15 Examples]) . As usual, in 

this section, we will exclude those near-fields which are isomorphic to this 

near-field. 

   There are some characterizations of those `zero-symmetric' near-rings 

which are near-fields (see [1, 8.3 Theorem]). In this section we are going 

to characterize those `general' near-rings which are near-fields. 

   Let N be a near-ring. Clearly {0} and N are quasi-ideals of N. If N 

has no quasi-ideals except {0} and N, we say that N is Q-simple. 

   PROPOSITION 4. A near-ring N is Q-simple, then either N is zero-

symmetric or N is constant.

   PROOF. Since the zero-symmetric part No of N is a quasi-ideal of N, 

either No = N or No= {0}, that is, either N is zero-symmetric or N is con-

stant.

We now characterize those near-rings which are near-fields:

   THEOREM 2. Let N be a near-ring with more than one element. 

Then the following conditions are equivalent: 

   (1) N is a near-field; 

   (2) N is Q-simple and N has a left identity; 

   (3) N is Q-simple, Nd * {0} and for each non-zero element n of N 

there exists an element n' of N such that n'n * 0.

   PROOF. (1) (2) : Clearly N has a left identity and N is zero-sym-

metric. Let Q be a quasi-ideal of N and q a non-zero element of Q, then 

N= qN= Nq. Hence we have by Proposition 3 

N=gNf1 NgcQNfI NQCQ, 

whence Q = N. 

   (2) = (3) : If N has a left identity e, then e is non-zero and distributive. 
Hence N(14-, {0} and en = n * 0 for every non-zero element n of N.



   (3)  (1)  : N,* {0} implies that N is not constant. Hence N is zero-

symmeric by Proposition 4. Moreover, let n be a non-zero element of N, 

then Nn is a quasi-ideal of N and n'n E Nn, where n' is an element of N 

such that n'n * 0. Hence Nn = N. 

   Therefore, it follows from [1, 8.3 Theorem] that N is a near-field.
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