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0. Introduction 

   Let D be a domain in the product space Zx S of an m-dimensional com-

plex manifold Z of variable z and an n-dimensional complex space S of 

parameter s. Let r be the sheaf over D of germs of holomorphic func-

tions and, for p=1, 2, •••, m, ~' E, be the sheaf of p-forms 

g=gil...ip(z, s)dzi1Adzi2A•••Adzip 
lsil<i2 • • • <aps~+~ 

where gii...ip (z, s)'s are germs of holomorphic functions of the variables of 

z E Z and s E S. Then, each 0 ,, is a locally free 0 -sheaf and hence 

is an analytic coherent sheaf over D. We introduce differentials with res-

pect to the variable z by putting 

cif; g=dagi~...i(z, s)dzi1Adzi2A.••Adzii, 
lsil<i2<• • • <i pS~ 

where dz is the complex differential with respect to the variable z defined 

by

                           agiv:2•••• 
dagili2...iP(z, s) _dz./ 

.1=1 (1zf

for p=i, 2, • • •, m, and z1, z2f • • , z,, are local holomorphic coordinates in Z. 

Especially we put

T=d 2.

The short exact sequence of sheaves 
i T 

0->Ker T Im T-0 

gives the long exact sequence of cohomology groups 

                                  T 

          •••-->H°(D, 0)->H°(D,ImT)—H1(D, KerT)-4Hl(D, 0 )--> ••. 

If D is a Stein domain, we have Hl (D, 0)=0 by the theorem of Cartan-



Oka-Serre. Hence we have 

 Hl  (D,  Ker  T)  =  H°  (D,  Im  T)  /  TH°  (D, r )

and H' (D, Ker T) accounts for obstacles in seeking a solution f f H° (D, U ) 

of overdetermined system 

Tf=g

globally for any given gEH°(D, Im T), that is, for any given 

g= lg,,(z, s)dzjEH°(D,(g'i,8) satisfying dzg=0,i.e. ,

ag>  —-----°gk (jk =1,2,...,m) o
zk8zf'

for any local holomorphic coordinates zl, z2, • • •, zm. 

   Moreover, we have the exact sequence

T-d? dlda 
O—Ker T-->0 2,3 0 1,8 -›.---›0i s-0

of sheaves over D. If D is a Stein domain, we have Hq (D, l',8) =0 

for q=1, 2, • • • by the theorem B of Cartan-Serre. So the above exact se-

quence is a resolution of the sheaf Ker T, locally constant with respect to 

the variable z, over the Stein space D. By a generalized Dolbeault's isomor-

phism, we have a Serre's isomorphism with parameter sES

W(D, KerT)= {feH°(D, 0 8,8); dfg=0}/d=-1H°(D, 0 -1).

   Let cy : D—S be the canonical projection, D(z, s) be the connected com-

ponent of J-' (s) in the manifold Zx S containing (z, s) ED, b be the set of 

all D(z, s), (z, s) running over D, 72: D-->b be the canonical mapping defined 

by

v (z, s) = D (z, s) E D

for (z, s) E D. We introduce in D an equivalence relation such that (z, s) 

and (z', s') are equivalent if s= s' and D (z, s) = D (z', s'). Then b is regarded 

as the quotient set of D by this relation. As we stated in the previous 

paper [10], b equipped with the quotient topology is a T1-space. If two 

distinct connected components join in one connected component as s varies 

in S, then the T1-space D bifurcates and is not a T2-space. But the ca-

nonical mapping q: b—S is a local homeomorphism and the paire (b, c) is 

called a T1-space over the complex space S. Moreover, we can speak of



holomorphic objects as in the previous paper [10]. We denote by the 
sheaf over  b of germs of holomorphic funcions by using the type in order 
to distingish it from the sheaf of germs of holomorphic function of va-

riables z and s. If  D is a Hausdorff space, then D is equipped with a 
structure of a complex space and 0 is a locally biholomorphic mapping. 
Then (AO is called a domain over the complex space S. 

   In the present paper, we prove that the countability at most of the 

cohomology of H° (D, Ker T)-modules Hp (D, Ker T) for p E {1, 2, • • •, n} im-

plies the Steinness of the space D of cuts of D, in case that D is a Stein 
domain and that S is an n-dimensional Stein manifold. We also give the 

following characterization of the exsistence of global solutions to the above 

equations:

   THEOREM. Let D be a Stein domain in the product manifold of an 

m-dimensional complex manifold Z and an n-dimensional Stein manifold 

S. Assume that D has a regular boundary and finitely generated C-

cohomology. Then the following properties (1) and (2) are equivalent: 

   (1) For any p=1, 2, •••, m and any gEH°(D, 0 v,,) satisfying dag=0, 
there exists a fEH°(D, 0 $i) satisfying cif'f=g. 

   (2) For any (z, s) E D, we have W (D (z, s), C) =0 for p=i, 2, • • •, m, D 

is a Hausdorff space and, for the natural complex structure, b is a Stein 

manifold. 

   Since the property (2) is local in the parameter space S, we have a 

local caracterization of the property (1) in the parameter space S. Roughly 

talking, we have a local characterization of the global existence of solutions 

of the overdetermined system dl-'f=g, dfg=0. This would be an im-

portant principle in the theory of partial differential equations in complex 
domains.

1. Steinness of schlicht domains
                          ti 

Hereafter, if we use the notations D, D, 9',  (7 and so on, then D is a 

domain in the product space Zx S of an m-dimensional complex manifold Z 

and an n-dimensional complex space S, and D, 0 , 0 ,o, co, )2, T etc are the 

ones introduced in the introduction where D, Z and S are not necessarily 

Stein. The cohomology used is the tech cohomology.



   LEMMA 1. If N=dim  H1(D, Ker T) +1<-i-- then we have dim 

Hl (D, Y) <N.

  PROOF. Let U= { Ui ; i E I} be an open covering of D and {g saj ; i, j E I} 
                    ti 

(a= 1, 2, • • •, N) be N cocycles of Z1(U, 0) . Each cocycle {g z°,1  I} is 

an element of Zl (72-1(U), Ker T) where w-1(U) = {v-1(Ui) ; II. Since the 

mapping H1(r/1(U), Ker T)—>H1(D, Ker T) is injective, we have dim 1-11 (72-1 

(U), Ker T) <N. There exist a non zero vector (ca) E CN and a cochain 

{ fi; i E I} of C° (U, Ker T) whose coboundary is {Ecag Y] ; i, j E I} . Since 

each fi is a holomorphic function of the variables z E Z and s E S, locally 

independent of the first variable z, for any i E I, there exists an element gi 

                                                                   N of H°(Ui,0) such that fi=giov in 72-1(U1) for any iEI.Since {jcaed ; 
=1 

i, j E 1} is the coboundary of the cochain {gi ; i E /1, we have dim H1(U, 0 ) 

<N. Taking into account of the direct limit, we have dim H1 (D, 0) <N. 

   THEOREM 1. If S is a two dimensional Stein space, if 0 is injec-

tive and if the dimension of H1(D, Ker T) is finite or countably infinite, 

then D is a Stein space.

   PROOF. By Theorem 4 of Y. T. Siu [21], dim Hl (D, Ker T) <+ co. 

Let f be a holomorphic function in S which is not constant on any ir-

reducible component of S. By R. Narasimhan [15], the analytic set loc 

f= {sES; f (s) =0} with the reduced structure is a Stein space. By Theorem 
2 of E. Ballico [1], D is a Stein space. 

   COROLLARY. If D is a Stein domain, if 0 is injective and if for 

any gEH°(D, 0 1,3) with dzg=0, there exists fEH°(D, 2,$) with d°f=g, 

then D is a Stein space. 

   PROOF. Since D is a Stein domain, we have H1 (D, Ker T) = H° (D, Im 

T)/TH°(D, 2))•

2. Descent of dimension

  LEMMA 2. Let f be a holomorphic function on S which is not con-

stant on any irreducible component of S. If p is an integer with p>1, 

and if Np=dim H2(D, Ker T)+1<+00, Np+i=dim Hp+1(D, Ker T)+1<+oo, 

then we have 

   dim H2(D, Ker T/(foly)Ker T)<NpNp+1.



   PROOF. The multiplication by  f  ocy induces canonically the sheaf 

homomorphism ,u :Ker T—Ker T. The short exact sequence of sheaves 

over D 

0—Ker T= *Ker T—Ker T/ (fosb) Ker T-*0

gives the long exact sequence of cohomology H° (D, Ker T) -modules 
•••—H'(D , Ker T)>H1(D, Ker T)---H2(D, Ker T/(fosb)Ker T)-* 

Hp+1(D, Ker T)—•••. 

Hence we have the lemma. 

   The situation is slite different in case that p=0 which will be discussed 

in Lemma 10. In case that m=0, we have the following Lemma.

   LEMMA 3. Let 0 be a local homeomorphism of a T1-space 12 into 

a complex space S, f be a holomorphic function on S which is not con-

stant on any irreducible component of S and be the sheaf over Sa of 

germs of holomorphic funcions. If p>1 and if Np=dim Hp(S2, (2))+1 
                                        ti 

<+ 00, and Np+1=dim HP" (S2, (2))+1<+00, then we have dim H2 (S2, C' / 

(foc) 0) <NpNp+1•

3. Separation of topology

   LEMMA 4. If S is an n-dimensional Stein space and if the dimension 

of Hp(D, Ker T) is finite or countably infinte for any p=i, 2, , then b 

is a T2-space. 

   PROOF. By Theorem 4 of Y. T. Siu [21], Np=dim Hp(D, Ker T) +1 

<+ 00 for any p=1, 2, • • •. Assume that b were not a T2-space. There 

would exist two distinct points x' and x" of D such that the union of the 

filters 7(x') and v^ (x") of the systems of neighborhoods of, respectively, 

x' and x" generates a filter X" on D. Since 0: -D->S is continuous at x' 

and x" and the filter `li^ converges to x' and x", the filter basis 0( %i`.) 

converges to 0(x') and 0(x") in S. Since S is a Hausdorff space, we have 

0(x')= cb(x") =so. Since 0 is a local homeomorphism, there exist open 

neighborhoods V1, V2 and V of, respectively, x', x" Land s° such that the 

restriction 01 V1 and c I V2 are homeomorphisms of V1 and V2 onto a connec-

ted Stein subdomain V of S. By the assumption Vi f V2 is not empty. 

Let x"' be its point. We put s1= q (x"') E V.



   Since S is an n-dimensional Stein space, there exist  n-1 holomorphic 

functions f1, f2, • • fn _ 1 such that, for any k E {l, 2, • • •, n —1 }, the analytic set 

lod(f1, f2, , fk) = {sES;fi(s) =0,1<i<k}

in S is of pure dimension n — k and that A= loc (f1i f 2, • • •, 1.71-1) contains s° 

and s1. By R. Narasimhan [15], the one dimensional complex space A 

without compact irreducible components is a Stein space with respect to the 
n-1~. 

reduced structure. Since 0' /A ('is an analytic coherent sheaf on 
i=1 

n-1 titi n-1 ti 

the Stein space A, we have H1(S, / E fi (7) = HI (A, 0 / E A (' ) = 0 by 
i=1 i=1 

n_1 

the the theorem B of Cartan-Serre. Hence the complex space (A, 0 / E 
2=1 

ti 

fi (') is a Cousin-I space. There exists a meromorphic function t in the 
n-1 ~. 

above complex space A such that tEH°(A— {s°}, / E fi ), and t-1 is 
                                                                                   t=1 

holomorphic and has the value zero at s°.By induction and Lemmata 1 
                         ~..n-1 ~. 

and 2, we have N= dim H1(0-1(A), ? / (fio0) r ) + 1Cdim H1(0-1(A), 
=1 

n-1 

Ker T/ E
1(ffo,p)Ker T) +1<+00. We put U1=0-1(A)flV1 and U2=0-1 

(A) — {x'} and consider the open covering LI= {U1, U2} of 0-1(A). For any 

a E {1, 2, • • , N}, the holomorphic function tQ in U1 n U2= 0-1(A) (1 V1— {x'} de- 
                                     n-1n-1 

fines an element of Z1(11, (9/ E (fioq) 0). Since dim H1OS-1(A), 0 / 1 
=1i=1 

   ti 

(fio0) CJ )<N, there exist functions g and h holomorphic, respectively, in 

U1 and U2, and a non zero vector (ca) E CN such that

E cj =g—h 
a=1

in U1 n U2 = q-1 (A) n v,— {x'}. 

   Since 0 is a local homeomorphism, the set 

E= {sEAn V; col V1)-1(s) = V2)_1(s)}

is an open subset of A n V and s° is its boundary point. We consider two 

holomorphic functions ho (q I V1)-' and ho (q I V2) -1 in A n V — {.901. Since they 

coincide with each other on the non empty open subset E of the connected 

open subset V n o-1(A) — {s°}, they coincide with each other on V n 0-1(A) 
— {s°} by the theorem of identity . Since h E H°( V2, (9 ), ho (/ I V2) -1 is 

holomorphic at s°.Hence ho (c I V1) -1 is also holomorphic at s° too. 

   Now we consider the relation
N 

cj =go(OI V1)-1—ho(0I V1)-1



in  V(1 o-1(A) — {s0}. As we have seen above, the right-hand side is holo-

morphic at so because g is holomorphic in V1. But the left hand side has 

a pole at so. This is a contradiction. Thus we have proved that D is 

a Hausdorff space. 

   In case that m=0,  we have the following lemma:

   LEMMA 5. Let 0 be a local homeomorphism of a T1-space SZ in an 
                   ti 

n-dimensional Stein space S and ) be the sheaf over Si of germs of ho-

lomorphic functions. If the dimension of Hp(SQ, 0) is finite or coun-

tably infinite for any p=1, 2, •••, then 2 is a T2-space.

4. Domains over Stein manifolds

   LEMMA 6. Let fl, f. •••,fi_1 be holomorphic functions on an n-dimen-

sional complex space S such that, for any kE {1, 2, •••, n-1}, the analytic 

set loc (f1, f2, •••, fk)_{sEs; fi(s) =0,1<i<k} in S is of pure dimension n 
—k. If the dimension of Hp(D, Ker T) is finite or countably infinite 

for any PE {1, 2, • • •, n}, then we have

  tik~. 

H1(D, O / (fio0)') = 0 
               i=1

for any kE {0, 1, •••, n-1} where ± (fioqS) 0 =0. 
i=1

   PROOF. By Theorem 4 of Y. T. Siu [21], we have dim Hp (D, Ker T) 

<+00 for any p{1,2, • • •, n} . By Lemma 4, ID is a T2-space. So D is 

equipped with complex structure such that 0 is a locally biholomorphic map-

ping of the complex space D into the n-dimensional complex space S. By 
Lemma 2 we have dim Hp (D, Ker T/(f00)Ker T) <NpNp+1. By induction 

and Lemma 1, we have

dim H1(D, / iE1(AO)) <dim H1 (D, KerT/(f,00) Ker T)   =i=1 

<+00

for any k E {1, 2, • • •, n-11.  We prove the lemma by backward induction 

with respect to k. In case that k=n-1, if -1(loc(f1, f2i •••, fn_1)) had a 

compact irreducible componnent K, the image 0(K) of the proper mapping 

¢ I K: K->S, restriction of 0 to K, would be a one dimensional compact an-

alytic set of the Stein space S by R. Remmert [19]. This is a contradic-



tion. The one dimensional complex space  A  =  q-1(loc  (fi,  f2, • • •, f. .-1)) with 
reduced structure and without compact irreducible component is a Stein space 

-1 ti 

by R. Narasimhan [15]. Since d' / E (A00) (2' is an analytic coherent 
i=1 

sheaf, we have

                                                                    i H1(D, /E(fi0c)O)=H1 (0-1 (loc (fi,f2,...,fn-1)),~i/ iE(fioq)

by Theorem B of Cartan-Serre. 

   We suppose H1(D, 6' / E (fio) i) Ba for kE {2, 3, •••, n-1}. Let 
i=1 

QV be the set of entire functions on the complex plane C not identically zero 

on any irreducible component of A. For any aE,S, we consider multipli-

cation ,a(a) by aofk+loq. The short exact sequence of sheaves over b

   k ^. a) k
~~. 0-> 0 /E(fiocb)—*(7/E (fi00) [%-, 

  i=1i=1

         k

c   /((aofk+100) 6') +E(fioo) O)-0 
=1

gives the long exact sequence of cohomology modules

 —>H1(D,/ E (fi00)C7))'"-->) H1(D, er-) l E (fi00) 
   °=1i=1

,H1(b, d / ((aofk+100) + (fi0~) )-~ . 
                                            {=1

By the assumption of our induction, we have

H1(D, d' / ((aofk+i0c) Y + A(fio~)~') =0. 

      A

By the above exact sequence, the C-linear mapping

ii (a) ; H1 (D, 0 /(fioqS) 0) —Hl (D, C/ / iE(fioq$) r)
is surjective. Since ,a(a) is a C-linear mapping of the finite dimensional 

k C-vector space H1(D, / E (fioq) 0) onto its self, ,a (a) is bijective. 
                                        i=1 

Since the mapping SiB a->,a (a) (a) E H1(D, 0 / 
i± (fio0) 0) is injective, 

we have

+oo>dim H1 (D, / E (fogs) 0)>dim = +00. 
i=1

This is a contradiction. Thus we have proved



 111(b,--) / ± (f,.o0) ') = 0 
i=1

for any kE {0, 1, •••, n-1}.

   LEMMA 7. Let A, f2, •••, f,,, be holomorphic functions on an n-dimen-

sional complex space S such that, for any kE {1, 2, •••, n}, the analytic set 

loc (f1, f2, •••, fk) in S is of pure dimension n—k. If W (q-1(fi, f2, •••, f.), 

C) =0 for any p>1 and if the dimension of HP(D, Ker T) is finite or 

countably infinite for any p>1, we have

HP (D, KerT/A(fiooKer T) =0 
0 

for any p>1 and kE {0, 1, • • •, n} where E (fzoq,) Ker T=0. 
                                                                     i=1

   PROOF. By Theorem 4 of Y. T. Siu [21], we have dim HP(D, Ker T) 

<+oo for any p>1. We prove the lemma by backward induction with 

repect to k. In case that k = n, we have the lemma by the assumpion that 

HP (D, KerT/ E (fioqs)Ker T) =HP (0-1(fi,f2, • , fn), C) =0 for any p>1. Since 
i=1 

the short exact sequence

0—KerT/E (f fo(fi) Ker T``—`>' Ker T/ j (ffo(p) Ker T— 
  i=1i=1 

Ker T/((aofk+loq)Ker T+ J (fzoq)Ker T-0 

i

and the assumption of our induction give the injective mapping of the set of 

entire functions JY on C into HP(D, Ker T/ E (fso(p)Ker T) for any p?1, 
i=1 

we have the lemma.

   LEMMA 8. Let D be a Stein domain such that H1(D(z, s), C)=0 for 

pE {1, 2, •••, m}. Then the following properties (1) and (2) are equivalent. 

   (1) For any p>1, we have Hp (D, Ker T)=0. 

   (2) For any pE {1, 2, •••, m}, the dimension of HP(D, Ker T) is finite 

or countably infinite.

   PROOF. (2)—>(1). Since D is a Stein domain, we have the Serre's 

isomorphism with complex parameter s E S which is obtained by the gene-

ralized Dolbeault's isomorphism

HP(D, Ker T) = {gEH°(D, ,)dzg=0}/da-1H°(D, 01'71) 

for any p>1. Hence we have Hp (D, Ker T) =0 for p>1. Y. T. Siu [22]



proved that  HP(9, ) =0 for p>m for an analytic coherent sheaf ~" over 

an m-dimensional complex space 12. So the situation is quite similar. 

Morever, the lemma is similar to the results of Y. T. Siu [21]. Now, 

since S is a Stein space of dimension n, there exist holomorphic functions 

fl, f2, • • •, fn such that loc (fi, f2, • • •, fk) is of pure dimension n-k for any k E 

{1, 2, •••, n}. Then 0-1 (fl, f2, •••, f,3) is a discrete set {s,,; At= 1, 2, •••}. For 

each s,,, the connected components of q-1(s,,) are at most countable. There 

exists a countable subset {z,,v} of Z such that 0-1(s,,) = U D (z,,v, s,,) for any 
=1 

,u>1. By the assumption, we have

Hp (0-1(f1, f2, ..., f, ), Ker T) = UH' (D (z,,y, sy), C) = O. 
                                                        f°,v

for p<m. Since 0-1(1oc (f1f f2i • • • fn)) is a Stein manifold, we have Hp (¢-1 

(loc(f1,f2f,f,),KerT)=Hp(0-1(loc(f1,f2f•••,f,~),C) = 0 by the Serre's isomor- 

phism without parameter s. Applying Lemma 7 in case that k=0, we 
have Hp (D, Ker T) = 0 for any p>1. 

   As the case that m=0 in Lemma 7, we have the following lemma:

   LEMMA 9. Let 0 be a local homeomorphism of a T1-space 2 into an 

n-dimensional complex space S and fi, f2, •••, fz-1 be holomorphic functions 

on S such that loc(f1,f2, •••, f,-1) is of pure dimension n-k for any kE {1, 
                        ti 

2, •••, n-1}. If the dimension of HP(2, (2') is finite or countably 

k finite, then we have H2'(2, (7 / E (fogs) 7) =0 for any p>1. 
,-1

   LEMMA 10. Let f1, f2f •••, fm be holomorphic functions on an n-dimen-

sional complex space 2 with structure group 9 such that, for any kE 

k {1, 2, • • •, m}, loc (f1, f2, • • •, fk) is of pure dimension n-k. If Hl (SL, 7' / E 
s=1 

(fzoc) ?) = 0 for any k E {0, 1, • • •m} where/E (AO) = 0, then the 
                                                                              {=1 

canonical mapping

H° (2, :('') ->H° (2, / (fso0) ) 
                                     2=1

is surjective.

   PROOF.For any k E {0, 1, • • •, m}, the short exact sequence of sheaves 

over IL

k-1  k-1 ti ti k ~. 

=1i=1t=1



defined by the multiplication  ,a by fk gives the long exact sequence of coho-

mology modules

•-^• k - 1 k ..''. k -1 ••^-

     ..~H°(2 ,2'/Efz ?)—H°(2,6'/Efz~)-->Hl(9,G/"/Ef1 
=1t=1i=1 

-s. k - 1 •••^. k-1 -.. 

Since HI (S2, 0 / E ) = 0, the C-linear mapping H° (S2, O / E fi r' ) 
i=1i=1 

~. k0 ---

--H° (S2, " / E fz 9) is surjective jective where 6''/Ef.~G'=7'. 
  =1i=1 

Hence the composite mapping H°([2, ) —>H° (S2, 6) / E fi?) is surjective. 
i=1

   THEOREM 2. If S is an n-dimensional Stein space and if the dimen-

sion of HP(D, Ker T) is finite or countably infinite for any pE {1, 2, •••, n}, 

then D is holomorphically separable and (D, 0) is a domain of holomor-

phy over S.

   PROOF. By Theorem 4 of Y. T. Siu [211, we have dim HP (D, Ker 

T)<+oo for any p>1. By Lemma 4 D is a T2-space and equipped with 

complex structure such that O is a locally biholomorphic mapping of the 

complex space D into the Stein manifold S. Let x' and x" be two distinct 

points of D with 0 (x') _ 0 (x") = s°. Let id (x") be the sheaf of ideals over 

D of germs of holomorphic functions vanishing at x". Since S is an n-

dimensional Stein space, there exist n-1 holomorphic functions f1, f2, • • •, 

fn_1 with s°Eloc(f1, f2, f y_1) satisfying the condition of Lemma 6. By 

R. Narasimhan [151, the one dimensional complex space -1(loc (f1, f2, • • •, 

fn_1)) with reduced structure and without compact irreducible analytic com-
                                                                                   n-1 

ponent is a Stein space. Since the sheaf id (x") / E (fioq) id (x") is an an-
                                                                              i=1 

                                                                                           n-1 

alytic coherent sheaf, the sections of the sheaf id (x") / E (fzoq) id (x") over 
i=1 

the Stein space-1(loc(f1,f2, .••fn_1)) generates its stalk at x' by Theorem 
n-1 

A of Cartan-Serre. There exists a g E H° (D, id (x") / E (fioo) id (x")) such 
i=1 

that g(x') *0 and g(x")=0. The function g on 0-1(loc(f1f f2f •• ,fn-1)) is 
•-•• n-1~. 

regarded as an element of H°( 0 / E (floq) ). By Lemmata 6 and 
i=1 

10, g can be extended to a holomorphic function on D which separates the 

points x' and x". Thus we have proved that b is holomorphically separ-
able. 

   Let x° be a boundary point of the domain (D, 0) over the Stein space S. 

There exist n-1 functions 11, f2, •••, fn_1 such that x° is a boundary point of



the one dimensional domain (0-1(loc(f1if2f  •••,  fn-1)), q) over the one dimen-

sional Stein space Cb-1(loc(fl,f2f•, fn_1))• Then 0-1(loc(fl,f2f •••f,y_1)) is a 

Stein space with reduced structure. We put 0 /E(fzoq)0. Let 
                                                                       i1 

(x07=1 be a sequence of points in 0-1(loc(f1, f2, •••, fn_1)) which tends to the 

ideal boundary x°. Let .y be the subsheaf of ,w— whose stalks are given 

by

lid (x0x=x~(v>1) ,Yx= 
x xEf {x1, x2, ...}.

Then the sheaf Sr /Y is an analytic coherent sheaf over the one dimen-

sional Stein space q 1(loc(fl, f2f ...fn_1)). The short exact sequence of 

sheaves over -1(loc (fl, f2f • • •fn_1) )

0 -~i~ -~ ~~ / 0

gives the long exact sequence of cohomology modules of

...—H°(0-1(loc(f1 , f2, ..., fn_i)),)_.H°(q-1(loc(.fi, f2, ..., fn-1)), 

/~X) ~Hl(0-1(loc(fi,f2, ...,fn_1)), J)—> ••.

Since we have Hl co-1(f1, f2, , fn_1) ), ,X) =0 by Theorem B of Cartan-Serre, 

by Lemma 10 and the above exact sequence, the canonical mapping H°(D, 

)-*H°(0-1loc(f1, f2, •••, fn_1)), C) is surjective. Hence 

there exists a holomorphic function h on D with h(x„)=v(1)>1). Thus we 

have proved that the domain (D, 0) over the Stein space S is a domain of 

holomorphy. 

   Moreover, if D is a Stein domain, we have the isomorphism

H°(D, Ker T) = {gEH°(D, ~' z 8) ;dpg=0}/d=-1H°(D, lU' 8-8).

Hence we have the following corollary:

   COROLLARY. Let D be a Stein domain in the product space ZxS of 

an m-dimensional complex manifold Z and an n-dimensional Stein space S. 

If, for any p E {1, 2, • • •, n} and for any gEH° (D, 0 f:1) with d fg= 0, there 

exists a fEH°(D, ($-i) with dz-1f=g, then b is holomorphically separ-

able and (D, q) is a domain of holomorphy over S. 

   In case that m=0 of Lemma 6, we have the following Lemma:



   LEMMA 11. Let  o be a local homeomorphism of a T1-space 2 into 
                                  ti 

an n-dimensional Stein space S. If the dimension of  HP(2, 0) is finite 
                    ti 

or countably infinite for the sheaf 0 over 2 of germs of holomorphic 

functions and for any pE {1, 2, •••, n}, then 2 is holomorphically separable 

and (9,0) is a domain of holomorphy over S.

   THEOREM 3. If S is an n-dimensional Stein manifold and if the 

dimension of HP(D, Ker T) is finite or countably infinite for any pE {1, 

2, •••, n}, then D is a Stein manifold.

   PROOF. Let U be a Stein subdomain of S which is mapped biholomor-

phically onto a domain of holomorphy V of Cn. Since (A 0) is a domain 
of holomorphy over S, (0-1(U), 0) is a domain of holomorphy over U= 
cCn. By K. Oka [17], q-1(U) is a Stein manifold. The pseudoconvex 
domain (D, 0) over the Stein manifold S is a Stein manifold by Docquier-
Grauert [3].

   COROLLARYLet D be a Stein domain in the product space Zx S of 

an m-dimensional complex manifold Z and an n-dimensional Stein man-

ifold S. If, for any pE {1, 2, •••, min(m, n)} and for any gEH°(D, ~' z ,) 

with dpg=0, there exists a fEH°(D, 0 f;1) with di-1f=g, then D is a Stein 

manifold. 

   In case that m=0 in Theorem 3, we have the following lemma which 

is exactly the, so called, "if" part of Theorem B of Y. T. Siu [21] in case 

that the T2-ness of 2 is assured, to whom we owe Theorem 2.

   LEMMA 12. Let 0 be a local homeomorphism of a T1-space 9 into 
ti 

an n-dimensional Stein manifold S. If the dimension of HP(2, 0) is 

finite or countably infinite for the sheaf 0 over Sl of germs of holomor-

phic functions and for any pE {1, 2, •••, n}, then 2 is a Stein manifold. 

   In Theorem 2 and 3, or Lemmata 10 and 11, it suffices to assume the 
                         ti 

countability at most of Hp (D, Ker T) or HP(2, 0) for p belonging to {1, 2, 

--,n-11 in case that the T2-ness of D or 2 is assured . In order to obtain 

the isomorphism
ti 

Hp (D, Ker T) = Hp (D, )

and to establish the converse of Theoem 3, we defined in the previous paper



 [10] the notion of a Stein domain with regular boundary and finitely gene-

rated C-cohomology: 

   LEMMA 13. Let p be an integer with 1<pm and D be a Stein 

domain with regular boundary and finitely generated C-cohomology such 

that H4 (D (z, s), C) = 0 for any q with 1cgcp and for any (z, s) E D. Then 

we have
            ti 

HW(D, Ker T)=Hl'(I3.a').

   THEOREM 4. Let D be a Stein domain with regular boundary and 

finitely generated C-cohomology in the product space of Zx S of an m-

dimensional complex manifold Z and an n-dimensional Stein manifold S. 

Then the following properties (1), (2) and (3) are equivalent: 

   (1) For any p=1,2.-, m and for any gEH°(D, Of, s) with dig=0, 

there exists a fEH°(D, Of 71) with dE-'1.=g. 

   (2) b is a Stein manifold with H"(D(z, s), C) =0 for any p=i, 2, •••, , 

m. 

   (3) For any p=i, 2, • • •, m, we have H1' (D, Ker T)=-0. 

   PROOF. Since D is a Stein domain, we have 

HP(D,Ker T)={gEH°(D, O . s);dzg=0}/dE-1H°(D, (71:-1) 

for any p__>_1. Hence (1) and (3) are equivalent. 

(2)—>(3). By Lemma 13, we have 
                   ti 

          H~'(D,Ker T)=H~'(D,-')

for any p> 1. Since b is a Stein manifold, we have Hp (D, a)=0 
                                                      for any p>1 by the theorem of Cartan-Oka-Serre. Then we have (3) by 

the above isomorphism. 

(3)—>(2). By the above isomorphism, we have Hp (D, Ker T)=0 

for any p>1. By Lemma 2, we have H3(D(z, s), Ker T) =0 for any p>1 

and for any (z, s) ED. By Theorem 3, 1D is a Steim manifold. 

   COROLLARY. If, for any point s of S, there exists a Stein neigh-

borhood U(s) of s in S such that, for any p=i, 2, --•, m and for any gEH° 

(0-1(U(s)), 0i, s) with dfg=0, there exists fEH°(0-1(U(s)), 01°-',) with 

di-1 f=g, then (1) holds globally in D. 

   PROOF. Since 0-1(U is a Stein manifold by the theorem for any



 sE  S, (D, 0) is an unramified pseudoconvex domain over the Stein manifold 

S. By Docquier-Grauert [3], .D is a Stein manifold. Since we have HP 

(U(s), Ker T) =0 for any p>1 and for any sE S, we have (2). By the 

theorem, we have (1). 

   The above corollary is a local characterization of the existence of global 

solutions f of the overdetermined system di-' f=g satisfying the integra-

bility condition. Although, the set {1, 2, • • •, m} of degrees p in the theorem 

does not depend on the dimension n of the dimension of the manifold S but 

m, that of the dimension of Z, we have the Steinness of the T1-space D 

over S because of the above Serre's isomorphism with paramater sE S.

5. Domains over Stein spaces

   LEMMA 14. Let Dl and 22 be T1-spaces such that Dl is a relatively 

compact open subset of 22, and 0 be a local homeomorphism of 22 into 

an n-dimensional Stein space S. If the dimensions of H9(521, 6') and 
   ti 

H9(22, are finite or countably infinite for p=1, 2, •••, n and for the 
   ti 

sheaf over S22 of germs of holomorphic functions. Then 22 is holo-

morphically separable and S21 is a Stein space.
                                       ti 

   PROOF. By Theorem 4 of Y. T. Siu [21], we have dim HP(21i 0) 
          ti 

<+oo and HP(22, 0)<+oo for p=i, 2, •••, n. By Lemma 11, S21 and 22 

are holomorphically separble. Applying Lemma 10 to the case k=0. We 
      ti 

have HP (21, .i) =0 for p=i, 2• • •, n. Since D1 is a relatively compact open 
                                  ti 

subset of the holomorphically separable space 22 satisfying HP(21, 0) =0 for 

p=i, 2, • • •, n-1, Sal is a Stein space by Theorem 1.3 of S. Coen [2]. 

   LEMMA 15. Let {Saw ; v = 0,1, .} be a sequence of T1-spaces such that, 

for any v=1, 2, •• , 2, is a relatively compact open subset of Dv,/ and that 

S20= U S2v, and 0 be a local homeomorphism of Szo into an n-dimensional 
v=1 

                         ti 

Stein space S. If the dimensions of HP(Q,, i(') are finite or countably 

infinite for p=1, 2, • • •n, v = 0, 1, • • • and for the sheaf e" over 20 of germs 

of holomorphic functions, then 2Y is a Stein space for  =0, 1, •••. 

   PROOF. By Lemma 5, Do is a Hausdorff space. By Theorem 4 of 
                    ti 

Y. T. Siu [21], we have dim HP(S2,, 0 )<+oo for p=1, 2, - , n and y=0,1,



 

•  . By Lemma 11 ,SZ° is holomorphically separable and S2v is a Stein space 

for v =1, 2, . Applying Lemma 10 to the case that k=0,  we can prove 
                                  ti 

that HI c90, U') =0. Since D° is a complex space with 1-P (S20, , ?) =0 which 

is the limit of the increasing sequence of Stein spaces S2., D° is a Stein 

space by A. Markoe [14].

   THEOREM 5. Let D, and D2 be domains of the product space Zx S 

of an m-dimensional complex manifold Z and a two dimensional Stein 

space S such that D1 is a relatively compact subdomain of D2. If the 

dimensions of Hp(D1f Ker T) and Hp(D2, Ker T) are finite or countably 

infinite for p=i, 2, then D2 is holomorphically separable and D1 is a Stein 

space.

   PROOF. By Theorem 4 of Y. T. Siu [21], we have dim HP (D., Ker 

T)<-1-00 for p, v E {1, 2} . By Lemma 4 D. 's are T2-spaces. By Lemma 

                 19'-)<+007e3")<+00. 1, we have dim Hl (pi,   and dimH' (D2,   By Lemma 

11, D2 is holomorphically separable and 15, is a Stein space.

   COROLLARY. Let D, and D2 be Stein domains of the product space 

Zx S of an m-dimensional complex manifold Z and a two dimensional 

Stein space S such that D, is relatively compact subdomain of D,. If, 

for any p, vE {1, 2} and for any gEH°(D, e7 f, ,) with d$g=0, there exists 

f E H° (D, i-;) with d z -' f =g, then D2 is holomorphically separable and 

D1 is a Stein space.

   PROOF. Since D, and D2 are Stein, we have 

HP(DI, Ker T) = {gEH°(D„, of, ,)}/dE-'H°(DL, of-1) 

for p, vE {1, 2}. Hence we have the corollary by the theorem.

   THEOREM 6. Let {Dy;v=0,1, •••} be a sequence of domains of the 

product space Zx S of an m-dimensional complex manifold and a two di-
mensional Stein space S such that, for any v =1, 2, • • •, D. is a relatively 

compact subdomain of Dv+1 and that D°= U D.. If, for p=i, 2 and for 

any v=0,1, 2, •••, the dimensions of HP(D., Ker T) are finite or countably 

infinite, Dy is a Stein space for v=0,1, 2, •••. 

   PROOF. By Theorem 4 of Y. T. Siu [21], we have dim HP(D„, Ker 

T)<+oo for p=i, 2 and for v=0,1, •••. By Lemma 4, D„ 's are T2-spaces.



By Lemma 1, we have  H1 (Di,, 2')=0 for v=0, 1, •••. By the proof of 

Lemma 15, Dv 's are Stein spaces.

   COROLLARY. Let {D,;v=0,1, •••} be a sequence of Stein domains of 

the product space Zx S of an m-dimensional complex manifold Z and a 

two dimensional Stein space S such that, for any v=1,2,  • • •, D, is a re-

latively compact subdomain of Dy+1 and that D°= U Dy. If, for p=1, 2 
                                                                                                  Y=1 

and for v=0,1,••• and for any gEH°(D, P, g) with dl°g=0, there exists 

fH°(D, f-1) with d$-lg=f, then Dy is a Stein space for v=0,1, •••.

6. Ramified domains over Cn.

   THEOREM 7. Let(S, c) be a ramified domain over Cn. If the dimen-

sion of HP (D, Ker T) is finite or countably infinite for p =1, 2, • • •, n, then 

D is holomorphically separable and the ramified domain (D, coo) is a do-

main of holomorphy over Cn.

   PROOF. Let x' and x" be two distinct point in D with coqs(x') =coo 

(x")= s° = (s°, sz, •••, s°) in Cn. By the proof of Lemmata 6 and 10, the 

n canonical maqqing H°(, D, U') _H° (D, / E (si — s °) oc oq V') is surjective. 
=2 

Since the complex space (600)-1(loc(s2—sZ, s3—s3, •••, sn—sn)) is a Stein 

n space, there exists a g E H° (D, (si — s 2) 0 6 0o ) satifying g (x') $ 0 and 
=2 

g(x") =0, as we stated in the proof of Theorem 2. Then g can be extended 

to a holomorphic function h E H° (D, 9') satisfying h(x') *0 and h (x") = 0. 

Hence D is holomorphically separable. 

   Let x° be a boundary point of the ramified domain (D, coq) over Cn. 

We may assume that x° is a boundary point of the ramified domain (D, coo) 

over Cn. We may assume that x° is a boundary point of the ramified 

domain ((60q) -1(loc (s2, s3, • • •, sn) ), 600) which is a domain of holomorphy 

over the complex plane and on which there exists a holomorphic function 

unbounded at x°. As stated above, it can be extended to a holomorphic 

function on D unbounded at x°, that is, unbounded in any open subset of 

D belonging to the filter x°. Thus we have proved that (D, 600) is a ra-

mified domain of holomorphy. 

   Making use of Theorem 7, we can develop similar discussion to the pre-

ceding paragraph.
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