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0. Introduction

Let D be a domain in the product space Zx S of an m-dimensional com-
plex manifold Z of variable z and an #-dimensional complex space S of

parameter s. Let ¢ be the sheaf over D of germs of holomorphic func-
tions and, for p=1,2,--,m, & 7, be the sheaf of p-forms
g= = &1, (2, O dzg Adzy, Ao Adzy,

1$i1<iz-"<“ﬂpsm
where g,4,...:,(2,5)’s are germs of holomorphic functions of the variables of
zeZ and seS. Then, each 7%, is a locally free ¢”-sheaf and hence
is an analytic coherent sheaf over D. @ We introduce differentials with res-
pect to the variable z by putting

d: g= M d.&:p1pee01, (2, s)dz; Adz, A\---Adz,,

151) <1, <- - - <ipSM
where d, is the complex differential with respect to the variable z defined
by

m agmz...,-p
d.8sipe01, (2, 8) = jngdz,

for p=1,2,---,m, and z,, 2, -*-, 2, are local holomorphic coordinates in Z.
Especially we put

T=ds.
The short exact sequence of sheaves
0—Ker T & > Im T—0
gives the long exact sequence of cohomology groups
-—H"(D, &) 5 H(D, ImT)->H'(D,KerT)->H'(D, &)
If D is a Stein domain, we have H'(D, ¢ )=0 by the theorem of Cartan-
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Oka-~Serre. Hence we have
H'(D,KerT)=H(D,ImT)/TH*(D, &)

and H'(D, Ker T) accounts for obstacles in seeking a solution feH*(D, £7)
of overdetermined system

Tf=g
globally for any given g€H*(D, Im T'), that is, for any given
g=j§}gj(z, s)dz;eH"(D, £71,,) satisfying dig=0, i.e.,

=1

0gs _ 08y .5
azb - azl (7’ k_l’ 2’ s m)

for any local holomorphic coordinates 2y, 25, -+, 2.
Moreover, we have the exact sequence
T=a9 al a7
0—=Ker T3, > &1, —> %0

of sheaves over D. If D is a Stein domain, we have H'(D, &% .)=0
for ¢g=1,2, -+ by the theorem B of Cartan-Serre. So the above exact se-
quence is a resolution of the sheaf Ker 7, locally constant with respect to
the variable 2z, over the Stein space D. By a generalized Dolbeault’s isomor-
phism, we have a Serre’s isomorphism with parameter s€S

H?(D,KerT)={feR(D, %,,);dig=0}/d?*H (D, &7 ).

Let ¢:D—S be the canonical projection, D(z,s) be the connected com-
ponent of ¢~'(s) in the manifold Zx S containing (z,s)=D, D be the set of
all D(z,s), (z,5) running over D, »: D—D be the canonical mapping defined
by

7(2,8)=D(z,5)eD

for (z,s)eD. We introduce in D an equivalence relation ~ such that (z, s)
and (2, ) are equivalent if s=s" and D(z,s)=D(z,s’). Then D is regarded
as the quotient set of D by this relation. As we stated in the previous
paper [10], D equipped with the quotient topology is a T,-space. If two
distinct connected components join in one connected component as s varies
in S, then the T,-space D bifurcates and is not a T,-space. But the ca-
nonical mapping ¢:D—S is a local homeomorphism and the paire D, ) is
called a T\-space over the complex space S. Moreover, we can speak of
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holomorphic objects as in the previous paper [10]. We denote by 5’ the
sheaf over D of germs of holomorphic funcions by using the type ~ in order
to distingish it from the sheaf ¢ of germs of holomorphic function of va-

riables z and s. If D is a Hausdorff space, then D is equipped with a
structure of a complex space and ¢ is a locally biholomorphic mapping.
Then (D, ¢) is called a domain over the complex space S.

In the present paper, we prove that the countability at most of the
cohomology of H°(D,Ker T)-modules H?(D,Ker T) for pe{l,2, -, #} im-
plies the Steinness of the space D of cuts of D, in case that D is a Stein
domain and that S is an n-dimensional Stein manifold. We also give the
following characterization of the exsistence of global solutions to the above
equations:

THEOREM. Let D be a Stein domain in the product manifold of an
m-~dimensional complex manifold Z and an n-dimensional Stein manifold
S. Assume that D has a regular boundary and finitely generated C-
cohomology. Then the following properties (1) and (2) are equivalent:

Q1) For any p=1,2,---,m and any geH'(D, 2 1%,,) satisfying d5g=0,
there exists a feH (D, ¢7171) satisfying d2-'f=g.

(2) For any (z,s)eD, we have H*(D(z,s),C)=0 for p=1,2, -, m, D
is a Hausdorff space and, for the natural complex structure, D is a Stein
manifold.

Since the property (2) is local in the parameter space S, we have a
local caracterization of the property (1) in the parameter space S. Roughly
talking, we have a local characterization of the global existence of solutions
of the overdetermined system di-!f=g, dZg=0. This would be an im-
portant principle in the theory of partial differential equations in complex

domains.

1. Steinness of schlicht domains

Hereafter, if we use the notations D, D, 7, 5 and so on, then D is a
domain in the product space ZxS of an m-dimensional complex manifold Z
and an n-dimensional complex space S, and D, &7, 5 , 6 ¢,y T etc are the
ones introduced in the introduction where D, Z and S are not necessarily

Stein. The cohomology used is the Cech cohomology.
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LEMMA 1. If N=dim H'(D, Ker T)+1<+oo, then we have dim
H(D, 2 )<N.

PROOF. Let U={U,;i=[} be an open covering of D and {g ¢ i, g1}
(a=1,2,---,N) be N cocycles of Z'(1l, Z)). Each cocycle {g$/;i,jel} is
an element of Z'(»~*(W), Ker T) where » (W)= {2 (U, ;icI}. Since the
mapping H!(» (), Ker T)—-HY(D,Ker T) is injective, we have dim H'(3™!
), Ker TH<N. There exist a non zero vector (¢,)€C" and a cochain
{fi;iel} of C°(N,Ker T) whose coboundary is {Xc.g% ;i jel}. Since
each f; is a holomorphic function of the VariablesazeZ and s€S, locally
independent of the first variable 2z, for any i</, there exists an element g;
of H'(U,, &) such that fi=goy in 77U for any i€l Since {$c.gt/;
i, 71} is the coboundary of the cochain {g;;i</}, we have dim H!(Ul, &)
< N. Taking into account of the direct limit, we have dim H'(D, é”\’ Y<N.

THEOREM 1. If S is a two dimensional Stein space, if ¢ is injec-
tive and if the dimension of H'(D,Ker T) is finite or countably infinite,
then D is a Stein space.

PROOF. By Theorem 4 of Y. T. Siu [21], dim H'(D,Ker T)<(+oo.
Let f be a holomorphic function in § which is not constant on any ir-
reducible component of S. By R. Narasimhan [15], the analytic set loc
f={s€S;f(s)=0} with the reduced structure is a Stein space. By Theorem
2 of E. Ballico [1], D is a Stein space.

COROLLARY. If D is a Stein domain, if ¢ is injective and if for
any geH (D, & 1,) with dig=0, there exists feH'(D, 7 ?,,) with df=g,

then D is a Stein space.

PROOF. Since D is a Stein domain, we have H!(D, Ker T)=H%(D, Im
T)/TH(D, ).

2. Descent of dimension

LEMMA 2. Let f be a holomorphic function on S which is not con-
stant on any irrveducible component of S. If p is an integer with p=1,
and if Np=dim H?(D, Ker T") +1<+0c0, Np,,=dim H?**(D,Ker T) +1<+o0,
then we have

dim H?(D,Ker T/(fog)Ker T)<NpNp,..
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PROOF. The multiplication by fo¢ induces canonically the sheaf
homomorphism x:Ker T—Ker T. The short exact sequence of sheaves
over D

0—Ker T5Ker T—Ker T/(fog)Ker T—0

gives the long exact sequence of cohomology H°(D,Ker T)-modules
«.—H?(D,Ker T)5H?(D, Ker T)—-H?(D,Ker T/(fop)Ker T)—
H?*Y(D,Ker T)—---.
Hence we have the lemma.
The situation is slite different in case that p=0 which will be discussed
in Lemma 10. In case that m=0, we have the following Lemma.

LEMMA 3. Let ¢ be a local homeomorphism of a T,-space £2 into
a complex space S, f be a holomorphic function on S which is not con-
stant on any irreducible component of S and ¢ be the sheaf over 2 of

germs of holomorphic funcions. If p=1 and if Np,=dim H?(L, 5)+1
<+o0, and Np,,=dim H?*1(@, &) +1<+co0, then we have dim H?(2, &7/
(fod) & Y<NpNp..

3. Separation of topology

LEMMA 4. If S is an n-dimensional Stein space and if the dimension
of H?(D,Ker T) is finite or countably infinte for any p=1,2,---, then D
is a T,-space.

PROOF. By Theorem 4 of Y. T. Siu [21], Np=dim H”(D,Ker T)+1
<400 for any p=12, . Assume that D were not a T,-space. There
would exist two distinct points " and x” of D such that the union of the
filters & (x") and #7(x") of the systems of neighborhoods of, respectively,

« and x” generates a filter 27" on D. Since ¢:D—S is continuous at &’
and x” and the filter ¢ converges to %’ and x”, the filter basis ¢( ")
converges to ¢(x") and #(x”) in S. Since S is a Hausdorff space, we have
d(x)=¢(x") =5, Since ¢ is a local homeomorphism, there exist open
neighborhoods Vi, V, and V of, respectively, x’, x” (and s, such that the
restriction ¢|V; and ¢|V, are homeomorphisms of V, and V, onto a connec-
ted Stein subdomain V of S. By the assumption V;NV, is not empty.
Let ' be its point. We put s,;=¢(@")eV.
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Since S is an n-dimensional Stein space, there exist #—1 holomorphic
functions fi, f3, +++, fn_1 such that, for any k={l,2, ---, n—1}, the analytic set

IOd(flv fz: Tty fk)={SES;fi(s):Oy lgigk}

in S is of pure dimension #—% and that A=loc(f,, fo -+, fu-1) contains s,
and s,. By R. Narasimhan [15], the one dimensional complex space A
without compact irreducible components is a Stein space with respect to the
reduced structure. Since Z’/z‘; fi Z’ is an analytic coherent sheaf on

the Stein space A, we have H'(S, 5/:&: f. 2)=H4, & /ji}: fi &)=0by
the the theorem B of Cartan-Serre.  Hence the complex space (4, Z’ / :i‘.i
fi Z’) is a Cousin-I space. There exists a meromorphic function ¢ in the

above complex space A such that teH°(A— {s,}, ’5 / :21 /i 5’), and ¢! is
holomorphic and has the value zero at s,. By induction and Lemmata 1
and 2, we have N=dim H'(¢7'(A), 2’/’:2‘1 (fi08) & ) +1=dim H'(¢"(A),
Ker T/:i‘,i(féonp)Ker T)+1<+00. We put U,=¢ 1 (A)NV, and U,=¢7!
(A) —{x'} and consider the open covering U= {U,, U,} of ¢ 1(4). For any
ac{l,2, -, N}, the holomorphic function ¢* in U,;NU,=¢"1(A) NV,—{x'} de-

~ n—1 ~ ~ n—1
fines an element of Z‘(u, ﬁ’/tgl (fi00) ). Since dim H!'(¢"'(A), & /igl
( ﬁo¢)Z’)<N, there exist functions g and 2 holomorphic, respectively, in
U, and U,, and a non zero vector (c¢,)€C¥ such that

é Ct'=g—h
in UyNU,=¢(A)NV,—{x'}.
Since ¢ is a local homeomorphism, the set
E={secANV; (0| V) (s)=(8]| V) '(s)}

is an open subset of ANV and s, is its boundary point. We consider two
holomorphic functions #o(#|V,)™* and ko(s|V,)™* in ANV —{s,}. Since they
coincide with each other on the non empty open subset E of the connected
open subset VN ¢ '(4)—{s,}, they coincide with each other on V¢ 1(A4)
~{s;} by the theorem of identity.  Since A€H(V, ), ho(p|Vy)™" is
holomorphic at s,. Hence ho(¢|V,)™! is also holomorphic at s, too.

Now we consider the relation

5 cu®=go V) —ho(4] V1)
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in VNe¢ '(A)— {s.}. As we have seen above, the right-hand side is holo-
morphic at s, because g is holomorphic in V.. But the left hand side has
a pole at s, This is a contradiction. Thus we have proved that D is
a Hausdorff space.

In case that m=0, we have the following lemma:

LEMMA 5. Let ¢ be a local homeomorphism of a T,-space 2 in an
n-dimensional Stein space S and Z’ be the sheaf over 2 of germs of ho-

lomorphic functions. If the dimension of H?(4, %) is finite or coun-
tably infinite for any p=1,2,---, them Q is a T,-space.

4. Domains over Stein manifolds

LEMMA 6. Let f, f,, -+, fn_1 be holomorphic functions on an n-dimen-
stonal complex space S such that, for any ks{l,2,---,n—1}, the analytic
set loc (fy, far o, Jo)={s€s;fi(s)=0,1=i<<k} in S is of pure dimension n
—k. If the dimension of H?(D,Ker T) is finite or countably infinite
for any p={1,2,---,n}, then we have

B(D, 2/ 3 (foh) &)=0
Jor any k{0, 1, ---, n—1} where _z::l (fi00) & =0.

PROOF. By Theorem 4 of Y. T. Siu [21], we have dim H?(D,Ker T')
<+4oo for any pe{l,2, -, n}. By Lemma 4, D is a T,-space. So D is
equipped with complex structure such that ¢ is a locally biholomorphic map-
ping of the complex space D into the n-dimensional complex space S. By
Lemma 2 we have dim H?(D,Ker T/(fo¢)Ker T)<NpNp,:. By induction
and Lemma 1, we have

dim H'(D, o /tél (fi09) o Y=dim H'(D, Ker T/ iZ:}l (frod)Ker T)
<+oo

for any ke{l1,2, .-, n—1}. We prove the lemma by backward induction
with respect to k. In case that k=n—1, if ¢ *{loc(fy, fo -+, fu-r)) had a
compact irreducible componnent K, the image ¢(X) of the proper mapping
¢|K:K—S, restriction of ¢ to K, would be a one dimensional compact an-
alytic set of the Stein space S by R. Remmert [19]. This is a contradic-
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tion. The one dimensional complex space A=¢ *(loc(fy, fo, ** fn-1)) With
reduced structure and without compact irreducible component is a Stein space
~ n-1 ~
by R. Narasimhan [15]. Since 7/ g‘,l (fi06) © is an analytic coherent
sheaf, we have
~ ~ Nl ~ ~ n-1

H D, /EJl (fi09) &) =H (97 (oc(fy, for -+, fur)), @’/z.:l (fi00)

2)=0
by Theorem B of Cartan-Serre.

~ ~ k ~
We suppose H'(D, ﬁ’/igl (fiog) @ )2a+0 for k={2,3,---, n—1}. Let

% be the set of entire functions on the complex plane C not identically zero
on any irreducible component of A. For any a=._9, we consider multipli-
cation u(a) by aof;,.00. The short exact sequence of sheaves over D

0~ | 33 (fuog) P9 | 3 (o) &
T (@0 fr108) & + 3} (fio) &) 0
gives the long exact sequence of cohomology modules
oD, P 3 (fot) PV S HD, | 3 (fod) &)
SH D, & [ (@0fi108) & + 3 (fod) &),
By the assumption of our induction, we have
B D, & /(@009 & + 33 (fiod) &) =0,
By the above exact sequence, the C-linear mapping
#@; H(D, &1 5 (fuo) F)~H D, Z | 33 (ioh) )

is surjective. Since u(a) is a C-linear mapping of the finite dimensional
~ ~ k ~
C-vector space H'(D, o~ /;—"1 (fiop) @) onto its self, u(a) is bijective.

- ~ k ~
Since the mapping & Sa—u(a) @) €H!(D, &7 /‘% (fiop) @) is injective,
we have

+eo>dim B (D, £/ 3} (fop) &) 2dim 57 = 400,

This is a contradiction. = Thus we have proved
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H(D, &/ 3 (fiop) ) =0
for any k€{0,1, -, n—1}.

LEMMA 7. Let fi, £ -, [ be holomorphic functions on an n-dimen-
sional complex space S such that, for any ks{l,2, -, n}, the analytic set

loc (fi,for v fo) in S is of pure dimension n—k. If HP(@(fi, for s Ju)s
C)=0 for any p=1 and if the dimension of H?(D,Ker T) is finite or
countably infinite for any p=1, we have

H?(D, Ker T/ ‘é (fiog)Ker T)=0

for any p=1 and k={0,1, -, n} where izf‘,l (fiop)Ker T=0.

PROOF. By Theorem 4 of Y. T. Siu [21], we have dim H?(D,Ker T)
<+oo for any p=1. We prove the lemma by backward induction with
repect to 2. In case that #=#, we have the lemma by the assumpion that
H?(D, KerT/ é‘i (fiop)Ker T)=H?(¢"*(f1, f2 -+, o), C) =0 for any p=1. Since
the short exact sequence

0—Ker T/él (fog)Ker T*S’Ker T/ iz:‘,l (fop)Ker T—
Ker T/ ((aofy,109)Ker T+ ;:11 (Fod)Ker T—0

and the assumption of our induction give the injective mapping of the set of
k

entire functions % on C into H?(D,Ker T/ ig} (frop)Ker T) for any p=1,

we have the lemma.

LEMMA 8. Let D be a Stein domain such that H*(D(z, s), C)=0 for
pe{l,2, -, m}. Then the following properties (1) and (2) are equivalent.

(1) For any p=1, we have H?(D,Ker T)=0.

(2) For any p={l,2, -, m}, the dimension of H?(D,Ker T) is finite
or countably infinite.

PROOF. 2—-qQ). Since D is a Stein domain, we have the Serre’s
isomorphism with complex parameter s€S which is obtained by the gene-
ralized Dolbeault’s isomorphism

H?(D,Ker T)={gsH(D, &%, ,)d2g=0}/ds*H(D, &3 }
for any p=1. Hence we have H?(D,Ker T)=0 for p=1. Y. T. Siu [22]
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proved that H?(®, & )=0 for p>m for an analytic coherent sheaf & over
an m-dimensional complex space 2. So the situation is quite similar.
Morever, the lemma is similar to the results of Y. T. Siu [21]. Now,
since S is a Stein space of dimension #, there exist holomorphic functions
Jiy Jos o0y o such that loc(fy, fo -+, fi) is of pure dimension #n-k for any ke
{1,2,---,m}. Then ¢ '(fy, f5, -+, fo)) is a discrete set {s.,;«=1,2,--}. For
each s,, the connected components of ¢ '(s,) are at most countable. There
exists a countable subset {z.} of Z such that ¢“‘(s,,)=vQ1D(z,,v, s,) for any
u=1. By the assumption, we have

H2 (@™ (fy, for =+, f), Ker T)= U H?(D(2m, 5), €)=0.

for p<m. Since ¢ '(loc(fi, f2 ---f»)) is a Stein manifold, we have H?(¢™!
(loc(fy, for -+ f), Ker T)=H?(¢ " (loc(f3, f2, ***, f2), C) =0 by the Serre’s isomor-
phism without parameter s. Applying Lemma 7 in case that 2=0, we
have H?(D,Ker T)=0 for any p=>1.

As the case that m=0 in Lemma 7, we have the following lemma:

LEMMA 9. Let ¢ be a local homeomorphism of a T,-space 2 into an
n-dimensional complex space S and fy, fi, -+, fo-, be holomorphic functions
on S such that loc(fy, f, -+, fa-1) is of pure dimension n-k for any kes{l,
2, -, n—1}. If the dimension of HF(L, 5) is finite or countably in-

finite, then we have H?(%, Z’/‘ﬁ}l (ﬂo¢)5’)=0 for any p=1.

LEMMA 10. Let fy, [+, [, be holomorphic functions on an n-dimen-
sional complex space 2 with structure group 5’ such that, for any ke
{1,2, -, m}, loc(fy, f2 -, fi) is of pure dimension n-k. If H'(Q, ;/iil
(fiod) &) =0 for any ke{0,1,--m} where O | 3 (fuo$) P =0, then the
canonical mapping

Ho (@, J)-H(8, & | 3 (fuop) &)
is surjective.

PROOF. For any k={0,1, ---, m}, the short exact sequence of sheaves
over 2

.

—

LT >0 |5 [0 —0

1=1 t=1

- /S OB
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defined by the multiplication # by f, gives the long exact sequence of coho-
mology modules

N H RIS AZOE JCRZND WA S C N P ACD B

Since H(&, %/:ﬁ ﬁE’):o, the C-linear mapping H°(%2, Zj /i‘;ﬁ&)
—-H* (&2, 5’/:?_.‘1 f,2?) is surjective where 2”“/%1 fio =00,
Hence the composite mapping H°(£2, Z” Y—>H(L, 2 / tilfiZ“) is surjective.

THEOREM 2. If S is an n-dimensional Stein space and if the dimen-
ston of H?(D,Ker T) is finite or countably infinite for any p={1,2, -, n},
then D is holomorphically separable and (D, ¢) is a domain of holomor-
phy over S.

PROOF. By Theorem 4 of Y. T. Siu [21], we have dim H?(D, Ker
T)<+oo for any p=1. By Lemma 4 D is a T,-space and equipped with
complex structure such that ¢ is a locally biholomorphic mapping of the
complex space D into the Stein manifold S. Let x’' and #” be two distinct
points of D with ¢(x") =¢(x"") =s,. Let id(x”) be the sheaf of ideals over
D of germs of holomorphic functions vanishing at x”. Since S is an z-
dimensional Stein space, there exist #—1 holomorphic functions f;, £, -+,
Soor With se€loc(fy, fo -+ fno1) satisfying the condition of Lemma 6. By
R. Narasimhan [15], the one dimensional complex space ¢ *(loc(f,, f5, -,
fa_y)) with reduced structure and without compact irreducible analytic com-
ponent is a Stein space. Since the sheaf id(x")/ :g (fiop)id(x”) is an an-

alytic coherent sheaf, the sections of the sheaf id(x") /:LXI( f.09)id(x") over
the Stein space ¢ *(loc(fy, fo *+-fao1)) generates its stalk at x' by Theorem
A of Cartan-Serre. There exists a geH(D, id(x")/ :gi (f;09)id(x'")) such
that g(«) +0 and g(x")=0. The function g on ¢ *(loc(fi, fo == fur)) is
regarded as an element of H'(D, 5’ / :i (f,-oqs)Z’). By Lemmata 6 and

10, g can be extended to a holomorphic function on D which separates the
points %" and %". Thus we have proved that D is holomorphically separ-
able.

Let %, be a boundary point of the domain (D, ¢) over the Stein space S.
There exist #—1 functions fi, /5, -, fa—1 such that x, is a boundary point of
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the one dimensional domain (¢ (loc(fy, f2) *** fu-1)), @) over the one dimen-
sional Stein space ¢ *(loc(fy, /2 ***» fu-1))- Then ¢ '(loc(fy, foy =" fn-1)) 1s a
Stein space with reduced structure. We put = Z’ / :gi (fio9) Z) Let
(x.)7=1 be a sequence of points in ¢ (loc(fy, fo *++, fu-1)) which tends to the
ideal boundary x,. Let _# be the subsheaf of . # whose stalks are given
by

=

{id(xy) x=x,(v=1)
Lg—‘x xez{xly xz;"'yxw"'}~

Then the sheaf &% /_# 1is an analytic coherent sheaf over the one dimen-
sional Stein space ¢ *(loc(fi, f2 ***fu-r)). The short exact sequence of
sheaves over ¢ '(loc(fy, far = fu-1))

0> F g > [ F-0
gives the long exact sequence of cohomology modules of

,,,_)H0(¢—l(loc(f'hf'z’ Ty fn—l)), eg—‘)_)Ho((b—l(loc('flv .ny ) fn-—l))!
F | F)->H (@7 (oc(fyy foy oy fao1)), I )=

Since we have H!(¢'(f, for =" fa-1)), & )=0 by Theorem B of Cartan-Serre,
by Lemma 10 and the above exact sequence, the canonical mapping H°(D,
7 )->HY (@ Hoc(fy, Loy oo foor))s F [ F Y=H({x.}, C) is surjective. Hence
there exists a holomorphic function 2 on D with A(x.,) =v(v=1). Thus we

have proved that the domain (D, ¢) over the Stein space S is a domain of
holomorphy.

Moreover, if D is a Stein domain, we have the isomorphism
H'(D,Ker T)={geH"(D, 2%, :);dig=0}/d:'H'(D, &’ i71).
Hence we have the following corollary:

COROLLARY. Let D be a Stein domain in the product space ZxS of
an m-dimensional complex manifold Z and an n-dimensional Stein space S.
If, for amy pe{1,2,---,n} and for any gH'(D, 7 27}) with d2g=0, there
exists a fEHY(D, 7 27}) with d2-'f=g, then D is holomorphically separ-
able and (D, ¢) is a domain of holomorphy over S.

In case that m=0 of Lemma 6, we have the following Lemma:
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LEMMA 11. Let ¢ be a local homeomorphism of a T,-space 2 into
an n-dimensional Stein space S. If the dimension of H?(Q, &) is finite

or countably infinite for the sheaf 5’ over 2 of germs of holomorphic
Sfunctions and for any p={1,2,---,n}, then 2 is holomorphically separable
and (2, ¢) is a domain of holomorphy over S.

THEOREM 3. If S is an n~dimensional Stein manifold and if the
dimension of H?(D,Ker T) is finite or countably infinite for any p{l,
2, -, n}, then D is a Stein manifold.

PROOF. Let U be a Stein subdomain of S which is mapped biholomor-
phically onto a domain of holomorphy V of C™. Since (D, 4) is a domain
of holomorphy over S, (¢7'(U),¢) is a domain of holomorphy over U=V
cCc". By K. Oka [17], ¢7*(U) is a Stein manifold. The pseudoconvex
domain (D, ¢) over the Stein manifold S is a Stein manifold by Docquier-
Grauert [3].

COROLLARY  Let D be a Stein domain in the product space ZxS of
an m-dimensional complex manifold Z and an n-dimensional Stein man-
ifold S. If, for any pe{l,2, .-, min(m,n)} and for any gcH(D, &%, )

with d;g=0, there exists a f€H (D, ¢ 2-1) with d2-'f=g, then D is a Stein
manifold.

In case that m=0 in Theorem 3, we have the following lemma which
is exactly the, so called, “if” part of Theorem B of Y. T. Siu [21] in case
that the T,~ness of £ is assured, to whom we owe Theorem 2.

LEMMA 12. Let ¢ be a local homeomorphism of a T,-space R into
an n-dimensional Stein manifold S. If the dimension of H?(2, %) is

finite or countably infinite for the sheaf Z) over 2 of germs of holomor-
phic functions and for any p{l,2,---,n}, then 2 is a Stein manifold.

In Theorem 2 and 3, or Lemmata 10 and 11, it suffices to assume the
countability at most of H?(D,Ker T) or H?(2, ¢”) for p belonging to {1, 2,
.-,m—1} in case that the T,-ness of D or £ is assured. In order to obtain
the isomorphism

H?(D,Ker T)=H?(D, &)

and to establish the converse of Theoem 3, we defined in the previous paper
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[10] the notion of a Stein domain with regular boundary and finitely gene-
rated C-cohomology:

LEMMA 13. Let p be an integer with 1<p<m and D be a Stein
domain with regular boundary and finitely generated C-cohomology such
that H1(D(z,s), C)=0 for any q with 1<q<p and for any (z,s)cD. Then
we have

H?(D,Ker T)=H?(D. ).

THEOREM 4. Let D be a Stein domain with regular boundary and
Sfinitely generated C-cohomology in the product space of ZxS of an m-
dimensional complex manifold Z and an n-dimensional Stein manifold S.
Then the following properties (1), (2) and (3) are equivalent:

(1) For any p=1,2---,m and for any gcH'(D, 7% ,) with dig=0,
there exists a feH'(D, ¢ %7)) with d2-'f=g.

(@) D is a Stein manifold with H?(D(z,s), C)=0 for any p=1,2,--,,

) For any p=1,2,---,m, we have H*(D,Ker T)=0.
PROOF. Since D is a Stein domain, we have
H?(D,Ker T)={gesH'(D, %, .);d7g=0}/d:"'H(D, 27 %-1)

for any p=1. Hence (1) and (3) are equivalent.
@2)—(3). By Lemma 13, we have

H?(D, Ker T)=H?(D, &)

for any p==1. Since D is a Stein manifold, we have H?(D, Z’)=0
for any p=1 by the theorem of Cartan-Oka-Serre. Then we have (3) by
the above isomorphism.

3)—(Q). By the above isomorphism, we have H?(D,Ker T)=0
for any p=>1. By Lemma 2, we have H?(D(z,s), Ker T)=0 for any p=>1
and for any (z, s)=D. By Theorem 3, D is a Steim manifold.

COROLLARY. If, for any point s of S, there exists a Stein neigh-
borhood U(s) of s in S such that, for any p=1,2,---,m and for any geH®
(@72 (U(s)), %, ,) with d2g=0, there exists feH" (¢ (U(s)), £ 2-}) with
d;-'f=g, then (1) holds globally in D.

PROOF. Since ¢7'(U(s)) is a Stein manifold by the theorem for any
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seS, (D, ¢) is an unramified pseudoconvex domain over the Stein manifold
S. By Docquier-Grauert [3], D is a Stein manifold. Since we have H?
(U(s),Ker T)=0 for any p=1 and for any s<S, we have (2). By the
theorem, we have (1).

The above corollary is a local characterization of the existence of global
solutions f of the overdetermined system d?-!'f=g satisfying the integra-
bility condition. Although, the set {1, 2, ---, m} of degrees p in the theorem
does not depend on the dimension # of the dimension of the manifold S but
m, that of the dimension of Z, we have the Steinness of the T,-space D
over S because of the above Serre’s isomorphism with paramater s<S.

5. Domains over Stein spaces

LEMMA 14. Let 2, and 2, be T.\-spaces such that 2, is a relatively
compact open subset of 2, and ¢ be a local homeomorphism of 2, into
an n-dimensional Stein space S. If the dimensions of H?(2,, 57) and

H?(2,, E)) are finite or countably infinite for p=1,2,---,n and for the

sheaf 5 over 2, of germs of holomorphic functions. Then 2, is holo-
morphically separable and 2, is a Stein space.

PROOF. By Theorem 4 of Y. T. Siu [21], we have dim H?(%2, Z” )
<+oo and H?(@,, &7)<+oo for p=1,2,-,m. By Lemma 11, 2, and 2,

are holomorphically separble.  Applying Lemma 10 to the case £=0. We
have H?(2,, 5’)=0 for p=1,2---, n. Since £, is a relatively compact open

subset of the holomorphically separable space £, satisfying H?(2,, Z’) =0 for
p=1,2,---,m—1, 2, is a Stein space by Theorem 1.3 of S. Coen [2].

LEMMA 15. Let {2,;v=0,1,---} be a sequence of T,-spaces such that,
Jor any v=1,2, -, 2. is a relatively compact open subset of 2.,, and that
2, = 0132», and ¢ be a local homeomorphism of 2, into an n-dimensional

Stein space S. If the dimensions of H?(R,, 5) are finite or countably

infinite for p=1,2,---n,v=0,1, .- and for the sheaf Z’ over 2, of germs
of holomorphic functions, then 2, is a Stein space for v=0,1, .

PROOF. By Lemma 5, 2, is a Hausdorff space. By Theorem 4 of
Y. T. Siu [21], we have dim H?(2.,, & )<+oo for p=1,2,--,n and »=0,1,
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By Lemma 11 £, is holomorphically separable and £, is a Stein space
for v=1,2, ---. Applying Lemma 10 to the case that 2=0, we can prove
that H!'(R2,, Z’)=O. Since 2, is a complex space with H'(2,, E Y=0 which
is the limit of the increasing sequence of Stein spaces £.,, £, is a Stein
space by A. Markoe [14].

THEOREM 5. Let D, and D, be domains of the product space Zx S
of an m-dimensional complex manifold Z and a two dimensional Stein
space S such that D, is a relatively compact subdomain of D,. If the
dimensions of H?(D,,Ker T) and H?(D, Ker T) are finite or countably
infinite for p=1,2, then D, is holomorphically separable and D, is a Stein
space.

PROOF. By Theorem 4 of Y. T. Siu [21], we have dim H?(D,, Ker
T)<+oo for p,vedl, 2}. By Lemma 4 D, ’s are T,-spaces. By Lemma
1, we have dim H'(D,, &)<+co and dim H!(D,, £#)<+c0. By Lemma

11, D, is holomorphically separable and D, is a Stein space.

COROLLARY. Let D, and D, be Stein domains of the product space
ZXS of an m-dimensional complex manifold Z and a two dimensional
Stein space S such that D, is relatively compact subdomain of D,. If,
for any p,ve{l,2} and for any g€H(D, %, ,) with d5g=0, there exists
feH (D, @ 27Y) with d2-'f=g, then D, is holomorphically separable and
D, is a Stein space.

PrROOF. Since D; and D, are Stein, we have

H?(D,,Ker T)={geH'D., 7%, D}/di*H'D,, 7 77")
for p,ve{l, 2}. Hence we have the corollary by the theorem.

THEOREM 6. Let {D,;v=0,1,---} be a sequence of domains of the
product space ZxS of an m-dimensional complex manifold and a two di-
mensional Stein space S such that, for any v=1,2,---, D, is a relatively
compact subdomain of D,., and that D,= U1 D.. If, for p=1,2 and for
any v=0,1,2, -, the dimensions of H?(D.,Ker T) are finite or countably
infinite, D, is a Stein space for v=0,1,2, ---.

PROOF. By Theorem 4 of Y. T. Siu [21], we have dim H?(D.,, Ker
T)<+4oo for p=1,2 and for v=0,1,---. By Lemma 4, D, ’s are T,-spaces.
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By Lemma 1, we have H!(D,, Z’)=O for v=0,1, ---. By the proof of
Lemma 15, D, ’s are Stein spaces.

COROLLARY. Let {D,;v=0,1,---} be a sequence of Stein domains of
the product space ZXxS of an m-dimensional complex manifold Z and a
two dimensional Stein space S such that, for any v=1,2,---, D, is a re-
latively compact subdomain of D,,, and that D,= L.:J D.. If, for p=1,2
and for y=0,1, - and for any gcH(D, 2%, ,) wz;;z d?g=0, there exists
JeH (D, &7 i) with d%-'g=f, then D, is a Stein space for v=0,1, .

6. Ramified domains over C".

THEOREM 7. Let(S, ) be a ramified domain over C". If the dimen-
sion of H?(D,Ker T) is finite or countably infinite for p=1,2,---,n, then
D is holomorphically separable and the ramified domain (D,so0¢) is a do-
main of holomorphy over C".

PROOF. Let x' and x” be two distinct point in D with sop(x") =c0¢
(") =s"=(s), s, -, 83) in C". By the proof of Lemmata 6 and 10, the
canonical maqqing H°(, D, 5’)—>H° (D, 5 / é‘,z(si—si’)oaoqs 5; ) is surjective.
Since the complex space (go¢) (loc(s,—s3, s5—s§, -, S,—s2)) is a Stein
space, there exists a geH(D, Z> ‘éz(si—si’)oooqig) satifying g(x’) +0 and
g(x")=0, as we stated in the proof of Theorem 2. Then g can be extended
to a holomorphic function heH (D, 2;’ ) satisfying A(x") =0 and A(x")=0.

Hence D is holomorphically separable.

Let x° be a boundary point of the ramified domain (D, sog) over C™.
We may assume that #° is a boundary point of the ramified domain (D, sog)
over C”, We may assume that x° is a boundary point of the ramified
domain ((s0¢) *(loc(s,, S3, -+, S,)), cop) which is a domain of holomorphy
over the complex plane and on which there exists a holomorphic function
unbounded at x°. As stated above, it can be extended to a holomorphic
function on D unbounded at x°, that is, unbounded in any open subset of
D belonging to the filter x°. Thus we have proved that (D, sog) is a ra-
mified domain of holomorphy.

Making use of Theorem 7, we can develop similar discussion to the pre-

ceding paragraph.
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