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§ 0. Introduction

   In this paper we are concerned with the existence, nonexistence and 

some asymptotic behaviour of global solutions to the initial-boundary value 

problem for the rather typical nonlinear degenerate parabolic equation :

(0.1) ----u-4up+l—ua+1=0 on Sd x [0, T],

u(x, 0) = u0, u (x, t) I a D = 0 for t E [0, T] and uZ0,

where 2 is a bounded domain R" with smooth boundary 02, J is the Lap-

lacian, a and p are nonnegative number and T is an arbitrarily fixed posi-

tive time. 

   When p=0 and a>0, as is well known, H. Fujita [10, 11] gave criteria 

on global existence and nonexistence (blowing up) of solutions to the problem 

(0. 1). The result of Fujita was extended by M. Tsutsumi [28] to the 
following typical equation:

(0. 2)

n 

at---u axi(I ax.,ulpaxzu)ua+1=0 on x[0,T]
u(x, 0)=u0, u(x, t) I ao=0 for tE[0, T] and u�0,

where the setting is the same as in (0. 1). 

   Roughly speaking Tsutsumi's result is stated as follows: If p>a the 

problem (0.2) has a global solution for each uoEWo'p(S2), uo>0, and if P<a 

with 1/ (a+2)>1/ (p+2) —1/n the global existence or nonexistence depends on 

the initial data. that is. if unE W. the notential well associated with (0.2).

*> This paper was written during the author's visit to Heriot-Watt University, Edin-

 burgh, Scotland, U. K. , under the support of the Japan Society for the Promotion 
 of Science.



 (0.  2) admits a global solution and if uo E W a solution blows up in a finite 
time under some extra condition. This result was generalized by H. Ishii 

[13]. For related topics see N. Alikakos [1], J. Ball [6], S. Kaplan 

[14], H. Levine [16], M. Nakao & T. Narazaki [21], M. Otani [22] and 
the references cited there. 

   The first objective of this paper is to derive a similar result as Tsut-

sumi's for the problem (0. 1), and the second one is to show the decay pro-

perty of solutions when p<a and the global existence is assured. The 
framework of our argument on existence and nonexistence is the same as in 

Tsutsumi [28], though our treatment of the nonlinearity Jul" is more deli-

cate. The method for deriving the decay estimate is similar to the author's 

earlier paper [20] where the decay estimate of Il Gup+1(t) II L2 for the solu-

tions of the problem (0. 1) without the blowing up term —u°+1 is included. 

   The equation (0. 1) without the blowing-up term is well known as porous 

medium equation which appears in various physical, chemical and biological 

situations, and has been studied by many people in various views of point 

(N. Alikakos [1], N, Alikakos & R. Rostamian [2, 3], D. Aronson [4], D. 
Aronson & L. Peletier [5], H. Brezis [7], M. Crandall [8], Y. Ebihara & 

T. Nanbu [9], B. Gilding & L. Peletier [12], Y. Konishi [15], J. L. Lions 

[17], O. A. Oleinik, A. S. Kalashnikov & Chzhou Yui-Lin [23] and a num-
ber of other interesting papers). In particular, concerning the decay of 

solutions Alikakos [1] and Aronson & Peletier [5] have proved the detailed 

estimates in L"-norm. It seems to be interesting to derive such estimates for 

the solutions to the problem (0. 1) when their global existence is guaranteed. 

The result and the outline of proofs of this paper were announud in [32].

§ 1. Global existence for the case p>a.

   In this section we shall prove the existence of a global solution to the 

probelm (0. 1) under the assumption P>a. The function spaces we use are 

almost familiar and we omit the definitions except for Lip(0, q), the Lipshitz 

space in L4(Q) with exponent 0, 0<6C1. 

   Our result here reads as follows:

  THEOREM 1.1. (p>a) Let T>0 be arbitrarily fixed. Suppose that 

uo V puo Hl (Sa) and uo (x)>0. Then the problem (0.1) admits a (weak) 

solution u(x, t) such that



a----UP/2+1(0EL2([0, T];L2(S2)), up+1(t)~L°°([0,T];14(9))
and the equation is satisfied in the sense that

Jr    {-u(x, t)Cbt(x, t) +V(up+1)p0(x, t) —ua+10(x, t)}dxdt

(1.1) — JOuo(x)0(x, 0)dx=0
for voeC'([0, T];H,) with 0(T)=0. 

   Moreover the following estimates hold:

j:+111 :t (le/2u) (s)1112ds+11uP+1(t)IlL,_�.C(11411,1,)
for 0ctcT, where the constant C(Iluo+'IL ,) is independent of T. 

   REMARK 1. 1. By a standard argument (see Lions [17]) we see (1. 1) 

is equivalent to

(1. 1)'

d
t u(t) +Au(t) —Bu(t) =0 inH-1a. e. tE [0, T]

u(0) = ua

where A, B are defined as follows

<Au, v>,,-1„,,, ---=--jad (uv+1)yvdx for vEH1W)
° (p(uP+'), vv)

and

<Bu,v>$-1xfr1=!au+lvdx for v1(.Q).
(For a weaker definition of A see Brezis [71]). 

   As in other works it is convenient to rewrite the equation by setting 

u3°+1= U. Then we have

(1.2)
atoUI-P/(1+P)U)-4U-!F(U)-0
U(x, 0) =U0=uo+P, U(x, t)>0 and UJ an=0,

where we set

P(U) _0if UC0 
        Uca+' "P+1> if U>0



   For the proofs of Theorem  1.1 and other Theorems below we employ 

the Galerkin method. For this we must modify the equation (1. 2) because 

the leading termat----(IUI-P/(P+1)U)= 1 I UI -P/(P+1) a U has singularities 
                                p+1-1U1-1)/                +1~at 

at U=0 and U= oo, which is in fact only one difficulty to solve the problem 

when p>a. Let us introduce the function 

Q',(U) _ (p+1)-1(I UI +e)-P/(P+1), a>0,

and set

rU QE(U) =J 19' e(72)4.

We first consider the modified problem

(1.3) a----(8e(U) +EU) —4U—~'(U) =0, E>0
U(x, 0) =U0EH1, and UI aQ=O.

Now let us begin to prove Theorem 1.1. We take {w1}7-1f a basis of H1(Q) 

(we may assume wj, j=1,2,... are as smooth as wanted because of the 
smoothness assumption on aSQ), and consider the approximate solutions Um, e, 

m=1, 2, 3, ... , constructed through the system of ordinary differential equa-

tions:

(1.4)

((Q'E(Ur,e(t)) +e-----Um,e(t), wj) + (PUm,E(t). Pwj) 

                           — (77 (U ,rr,e(t)), w1) =0 

(j=1,2,.., m)

Um,e (0) = V o,rn [w1, ... , wm]

where Um,E (t) _ E 2 j,m (t) w j and the initial data U0,m should be chosen in 
.1=1 

such a way that 

(1. 5)Uo,m--> Uo in H1(S2) as m—›oo. 

Of course ( , ) denotes D-inner product. The above system of equations 

with respect to 2j,m(t) has a solution on some interval, say, [0, Tm,E], be-

cause no singularity appears in (1. 4), and Um,E(t) is defined for each m and 

E(>0) on this interval. We shall derive estimates for Um,E(t). 
   Multiplying (1. 4) by 2j,m(t), summing up over j and integrating 

(we often say this procedure simply `multiplying Um,E(t) and integrating'



 etc.) we have

(1. 6) J ofA(Q'e(Um,e) +E) I-----Um,EI2dxds+J(Um,€(0)) =<c<oo              Ot

for tE [0, Tm,e], where we set

(1. 7) J(U) =---21 — ppa+2 JD¶(U) Udx for UEH1.
Since P>a J(U) is well defined and

If+2+aD3v(U) Udx I <JDI UPP+ldxccll UIIETI (1)+a+2)/(2)+1)
<C+---4IIvUl112 (note thatpp+1a<2)

and hence we have

(1. 8) J(U)>---41 —c.

Hereafter c denotes generic positive constants independent of m and e. 

Thus we obtain from (1. 6) and (1. 8)

Jo JDC9'e(Um,e)+e) I gt Um,e12dxds+----1 IIVUm,e(t)I112‹.C<00
for tE[0, Tm,e], which implies that we can take Tm,e=T and

(1.9)'r oil------of JUm,€(t'/Q'e(v) 41112 dt_c, 

(1.10) eJoII-----of Um,e(t)II1,2dtC
and 

(1. 11) II Um,e(t)Ilir<c for te[0, T].

Um,e -------- Setting Vm,e = Jo -^i9'€ (72) d7 we see easily Vm,e E Hl for each t and

(1.12)

                  n 

IIVm,e(t)IIH1=,EIi1/8'e(Um,e(t)) ax zUm,(t)1112

<Ce-P/ (P+1) II vUm,e (t)1112 <c (e) <00.

From (1. 9) — (1. 12) we can conclude by a standard compactness argument 

that as m—>oo along a subsequence



 (1.  13) Vm, e (x, t) — Ve (x, t) strongly in L2([0, T];  L2 (S2) ) 

                        and a. e. on 2 x [0, T]

and

(1. 14) Um,e(x, t)--*UE(x, t) strongly in L4([0, T]; Lr(Si)) 

                      (for q>1 and r>1 with

1 
* 2 n) and a. e. on 2 x [0, T]

where Ve and UE are connected by

Ve(x, t) =JUJe(xt) N/8'e(7)) d71.
In particular, from (1. 14), we see easily 

(1. 15) Qe(Um,e(x, t))—(3e(Ue(x, t)) strongly in L1([0, T];L1(SI)). 

Moreover we may assume

atVm,e-~ atVeweakly in L2([0, T];  L2(2)).

at----Um,E--*-----aUEweakly in L2([0, T];  L2 (2)) ,
Um,e -* U weakly* in Ls° ([0, T];  Hl (2) )

and the following estimates hold

IToll a VE(t)IIL2dtcc,
(1. 16)

Jolleatö -----Ue(t)Ili2dt<ce,

and

IIPUE(t)IIL2<c.

Applying a familiar argument to (1. 4) (see Lions [17]) we get

(1. 17) JTJ{_f(Ue(x,t))gi(x, t)+PUeJc-31r(UE}dxdt

+ Jafe(Uo(x))0(0)dx=0
for Y0 E C1([0, T];  Hl (2)) with 0 (T) = 0. That is, Ue (x, t) is a solution 

of the modified problem (1. 3).



   Next, on the basis of the estimates  (1.  16), we shall study the conver-

gence property of UE (x, t) as e-*0. This time the estimate (1. 12) has no 

effect since the right hand side is unbounded as e—>0. So, to derive the 

similar convergence as in (1. 13) we must find another estimate of Ve (x, t) 

in some function space which is compactly imbedded in L2(Q). We employ 

Lip(O, q), OCO 1, 1<q<oo, as such a space. Let us recall (see A. Ono 

[22])

uE Lip (72, q)

if and only if

uELq(S[) and I U LIP(e,q)= urnIlu(•+h)—u(•) IILq<,                                                            00 

141-+0 IhI

where h= (h1, ... , kJ and u (x+ h) must be defined appropriately if x+ h EE . 

We set for u E Lip (O, q)

IIuIILiP(B,q) = II uII Lq+ I u I Lip(B,q).

Lip (O, q) is a Banach space and we know Lip (O, 2) cHe (S2) and Lip (1, 2) _ 

H1(Q). Moreover the imbedding relation (Nikolskii's Lemma)

(1. 18) Lip(8, q1) cLip(O+----q2—n 

                                

, q2)

holds if 0 +----42—ql>0 and q2>q1f which will be used later in § 4.
Now, recalling the definition of VE (x, t) , we have

IV t) —Ve(x, t)I=/(p+1)-1I(xhe)-P/2(P+1)(~71I VJU€(ue(+,c) (I 721 +                                                      x,c)

 2A,p21 I (I Ue(x+h, t)I+e)(P+2)/2(P+1)
—(I ve(x , t) I +E) (p+2)/2(P+1) I.

(1. 19)<c I Ue(x+h, t) —Ue(x, t) I (P+2)/2(P+1),

where Ue(x+h, t) and VE(x+h, t) should be defined as 0 if x+hEESQ. 

Thus we have

(4(P+1)  J 
aI Ve(x+ h,t) —V€(x, t)I P+2 dx<cIIUe (x+ h, t) Ue (x, t) 12dx

cllUe(t)112'r1 I h 12



or

/'p/ 

         

II Ve('  +h,t)—V €(.,t)IIL4(P+1)/(P+2)<—cJIUe(t) Ilk 1(P+2)/2 (P+1) I h I (P+2)/2 (P+1)

which implies Ve(x,t)E Lip (0,q) with q=4(p+1)/(p+2) and 0=(p+2)/(p 

+1), and by (1.16) 

(1. 20) IIVe(t)IILip(q)<cIILq+IIU4(t)IIIIl(P+2)/2(P+1))<c<oo. 

Since Lip (0, 2), 0>0, is compactly imbedded in L2 (2) we have from (1. 16) 

and (1. 20) that 

(1. 21) Ve(x, t)—+V(x, t) strongly in L'([O, T]; L2(Sa)) 

                     for r�1 and a. e. a x [0, TJ 

as e-->0 (more precisely along a sequence {€'}7.1 tending to 0). Further 

implications of (1. 16) are

at---ve(t),  atVweakly in L2([0, TJ;  L2 (12) ),

(1. 22) e----atUe (t) —> 0 strongly in L2([0, TJ ; L2 (2)) .
and 

Ue(x, t)—U(x, t) weakly* in L°°([0, TJ; 1:11(sa)) 

                     and a. e. in ,SQ x [0, T]

where

           1 U(x,6) V (x,t)=,,p+110 I V I -21/2 (13+1)4
Moreover we have from the last assertion of (1. 22) that 

(1.23) (3e(Ue)--)U1/(P+1) weakly in L2([0, T]; L2(2)) 

   and 

r(UU),r(U) weakly* in L°3([0, TJ; L(P+a+2)/(a+1)(12)).

Using the first assertion of (1. 22) we can say more about the convergence 

properties of 8e(Ue) and F(Ue), which is not needed at this stage (see § 4). 
   Any way, taking e->0 along a sequence in (1. 17) we can conclude that 

U(x, t) is the desired solution of (1. 2) apart from the nonnegativity . To 
show the nonnegativity of u(x, t) = 1U 1-P/ U(x, t) we note by (1. 1)' with 
uP+1 and ua+l replaced by kW u  and Jul au, respectively , that

dt u(0 EL°°([0, T];11-1).



Then, setting  u-  =  min  (u, 0) and using the method of mollifier we have

p 

 1  
+2 a-----Ju-(t)P+2dx=< dt u,u_>H-1 xFI1

=—(Glulpu,Plu Ipu ) 

--117(Iu Ipu 1z0

and

J n u (t) p+zdx~Jn I u (0) 1 p+zdx= JuoI p'zdx=0 

                                       a 

for t E [0, T] which means u (x, t>0 a. e. x2. We have now finished 

the proof of Theorem 1.1.

§ 2. Global existence for the case p<a 

   To discuss the existence of global solutions of (0. 1) for the case P<a 

we define the `potential well (which was introduced by Sattinger [27].) In 

applying it to our equation we follow Tsutsumi [28]. 

   Let us define

J(U) °--2 I[PUIIL2 — pPa+2 f r(U)Udx for UeJII
where

0 if U<0 

(U) = a+1 
       U-1-'1 if U>0.

For J(U) to be well defined we must make an assumption (p+1)/(p+a+2) 

>1/2-1/n, i. e. ,

      0<pC(nnn-2 
0_<a<00if                          n3 (2. 1) 0<a<ooif n=1, 2.

We set 

(2.2) d-inf sup J(AU). 
UEH1 .O 

Uo0

Then it is easy to see that

(2. 3) oo>d=inf J(AU) I A—  IIPUIIZLZ  (p+1)/(a-p) 

                    U 

             U.000F(U)Udx 

                                        n



—---------a— p infIIPUI12L2 )2(P+1)/(a-P)  I14U1112 —2(p+a+1)U6ii1 (.1p(U)Udx                 17000

>co/(a—p)/2(p+a+1)>O,

where co is the Sobolev's constant such that

f IU1 (1~+a+2)/(P+1)dx~C011 PUIIL2 (1~+a+2)/(7~+1)• 

D

The potential well associated with (0. 1) or (1. 2) is defined as 

W= 10_1(AU)<d for AE[0.1]},

d being called `the depth of the well tv'. The following lemma is proved 

easily. 

  LEMMA 2.1 (Tsutsumi [28]). It holds that 

W = W* U {0}, 

where we set

W*={UEHIIIIPUIIL2— J 7(U)Udx>0 and J(U)<d}.

The purpose of this sectioin is to prove that (0. 1) admits a global solution 

if uo+1 E W. Let us consider again the approximate solutions {Um,e(t)} by 
(1. 4) . As is already seen in § 1 it suffices for our purpose to derive the 

apriori estimates (1. 9) — (1. 11). 

   LEMMA 2.2. Let UoE W. Then for large m the approximate solu-

tions {Um,e (t) } exist on [0, T] and Um,e (t) E W for t E [0, T], and conse-

quently we have (1. 9) — (1. 11), i. e. ,

(2.4) IIUm,e(t)II 1+Jo{IIv^a'e(Um,e)----at Um,e(s)I112+EII-----t Um,e(s)II12}ds
<c,

where c is a constant independent of m, e and U0. 

   PROOF. If Um,e (t) ern it follows from Lemma 2.1 that

(2. 5) d>J(Um,e(t))?2(p+a+2) IIPUm,e(t) II12,

which together with the energy equality (1. 6) yields (2. 4) immediately.



The former part of the Lemma is essentially included in Tsutsumi  [28]. 

For completeness, however, we reproduce the proof briefly. 

   First, note that Um,E (0)=Uo,m E W for large m, because Uo E W and J(U) 

is continuous in U with respect to the norm 11.11111. Assuming that our asser-

tion were false, we can choose t*>0 such that 

Um,e(t*EaW and U,,,,e(t) E W for 0'vt<t*. 

By Lemma 2.1 we have either 

(i) J(Um,e (t*)) = d or (ii) I I P Um,B (t*) I l i 2 = f p (Um,€ (t*)) Um,€ (t*) dx.
But the energy equality (1.6) with t = t* shows the case (i) is impossible. 

If the case (ii) was valid we have

d>J(Um,e (t*)) =supJ(AUm,g (t*))>d 
                    a20

which is also a contradiction. q. e. d. 

   By the above Lemma combined with the argument as in § 1 we obtain. 

   THEOREM 2.1. If u,>0 and uo+' E W, the problem (0. 1) ((1. 1)) has 

a global solution u(t) such that u(t)p+'EW for YtE[0, T] and

Ilvup+1 (t)IIL2+ Jo11-----at u~+' lIL2ds>_c<~
for V` t E [0, T].

   REMARK 2. 1. Using the result of the next section we have in fact 

u(t)P+1EW for tE[0, T].

§ 3. Decay of solutions

   In this section we derive a certain decay estimate of the energy IIPup+1(t) IIL2 

for the solution u(t) in Theorem 2.1. As was mentioned in the introduction 

the equation without the perturbation —u"+1 was already treated by the author 

in [201 by use of elliptic regularization and energy inequalities. Here we shall 

prove the same result for the solutions when uo+'E W. 

   THEOREM 3.1. Let a>P. If u°>0 and uo+1 E W, the solution in 

Theorem 2.1 satisfies the decay estimate

:1II-----(u14+')IIL2ds+IIPup+'(t)IIL2Cc(1+t)-2(P+1)/P



for  tE[0, T], where c is a constant independent of T which depends on 

d —J(U0) • 

   For the proof we prepare a lemma.

   LEMMA 3.1. Let U0 W and 0<e0<d—J(U0). Then there exists 

mo>0 such that if m>mo we have

(3.1) IIPUm,E(t)II2L2�(dde o) (a-P)/2(P+1) IaT(Um,e(t))Um,e(t)dx

where {Um,€} are approximate solutions in (1. 4). 

  PROOF. By (1.6) and the continuity of J (U) we have 

 (3. 2) J(Um,e(t))CJ(Um,E(0))<d—eo 

for sufficiently large m. By the way (2. 3) and (2. 5) imply

a—p  
 2(p+2+a)IIVUm,e(t)112L2<JCUm,e(t))

(3. 3)

                                                              2 (P+1)/(a-P) 

< a—p IIPUE(t)112L2IIPUm,e(t)II2L2  (t)dx—so —2(p+2+
a)m'g(U

m,e)Um,e 

a

and hence

 Ca—p) IIGU e(t)112IIVUm,e(t)1I2L2  dx )2(p+i)/(a-p)                                                       —1>eo 2(p
+2+a)m' p'(U

m,E(t)) Um,e(t)

It follows again from (3. 2) and (3. 3) that
2(P+1)/(a-P) 

I  

                                            eo  I vUm,E (t)112 L 2  (t) dx —1>
_ r—d—eo 
                                   12(Um,e(t))Um,e 

  a

which shows (3. 1) . 

   PROOF of Theorem 3.1. It suffices to derive the estimate for ap-

proximate solutions {um,e(t)}, um,e(t) = I Um,e(t) I -P/(P+1)Um,e(t), for large m. 

As was already seen Um,E(t) E W for tR• (we take T=oo for simplicity), 

and we have (2. 5) and (3. 1). As in (1. 6) we have 

        it fa e(Uni,€) +01----at----Um,e12dxds 

On the other hand, mulitplying (1. 4) by u„„e(t) and integrating, we have



1 t+l IIPUm,e(s)112L2  ds= —Jt+l rp($'e(Um,e) +E)----atUm,eUm,edxds

+ft+l      rW(U
m,€)Um,edxds  t1A

  { Jt+1     tJA(Q'€ (Um,€) +e) I----at Um,e12dxds} 1/2
X I{ I Q'e(Um,e) +E) I Um,e l 2dx1 1/2ds 

7 A

+(dde°)(a-p)/(P+1)rt+lII PUm,E(s) IIL2ds, lJ t

where we have used Lemma 3.1. Thus we obtain by (3. 4)

(3.5) L+1+l           IIPUm,e(S)IIL2ds<c€oD(t)Jt{J(0'e(Um,e)+e)I Um,eI2dx}1/2ds,
where ceo denotes constants tending to 00 as so—>0. The integrating term 

of (3. 5) is estimated as

J t+1 {JA(19'e (Um,€) +e)IUm,e12dx} 1/2ds

  rt+1 —J 
t{IA(p+1)(I Um,eI +E)-2~/(2+1) I Um,el2dx+EpI Um,,el2dx}1/2ds

(3.6)<c{Jt+1IIPUm,e(s)II(72)/2(p+1)+~/eJi+111Um,e(s)IIL2ds}.
From (3. 3), (3. 5) and (3. 6) we obtain

Jt+1J(Um, e(s))ds _ce0D(t) Jt+1{J(Um,e(s)) (p+2)/4(2P+1)+N EJ(Um,E(S)) Ids
and, applying Young's inequality,

       (t+1               J (3.7) Jt(Um,e(S))dS_<Ceo(D(t)4(2P+1)/(2+3P)+ED(t)2).

Since J(Um,e(t) is nonincreasing in t we have from (3. 4) and (3. 7)

 sup J(Um,e (S)) CJ(Um,et) ) 
t585t+1

°J(Um,e(t+1))+Jt+1 JA(Q'E(Um,e)+E) I-----at Um,e12dxds
CCE0 {D(t) 4 (P+1) / (2+32) +O(t) 2 + D(t) 2}

(3. 8)ceoD(t) 4 (2+1)/ (2+3P)



where in the last step we have used the facts that  0<D(t)2<d and 0<e<<1. 

From (3. 8) we obtain immediately

P  

(3. 9) sup J(Um,e(S)) 1+2 (P+1) �ceo{J(Um,e(t)) —J(Um(t+1))}. 
tS3 t+1

Thus, applying the Lemma below with g(t) -0 we finish the proof of 

Theorem 3.1. 

   LEMMA 3.2. Let O(t) be a nonnegative function on R+ satisfying 

           sup 0(s)1+' c0(`s(t) —0(t+1)) +g(t) 
tst58+1 

with r>0, co>0 and g(t)>0. Then, 

i) if r>0 and lim (1+t)' + r g(t) =0, we have 
t-. 

                   0(t)Cc(0(0)) (1+t)_1r 

and 

(ii) if r=0 and g(t)c1 exp{—At} for some c1,A>0, we have 

(t)<c(0(0))exp{—A't} 

for some A'>0. 

For a proof of the above lemma see [18] or [19].

§ 4. Blowing up of solutions for the case a>p

   In preceding two sections we have proved that if a>p and vo+1 E W the 

problem (0. 1) admits a global solution u(t) which decays to 0 at a certain 

rate. Here we shall show that if J(4') <0, u00, (and consequently 

uo+1 EF W, we cannot expect the global existence of solution. 

  THEOREM 4.1. Let u(t) be a solution of (0. 1) ((1. 1)') on [0, T] 

such that

at----u14+1EL2(CO3 T1;1-2 (S2)) and up+1EL-([0, T];1:11).

We suppose that J(up+1(t)) <0 for t E [0, T]. Then T must satisfy

T<To—a(a2-------p) IIuoIIz 2



and we have

(4.1)  IIu(t)IILp+2>c(To—t)-1/a

for a certain c>0.

   REMARK 4.1. Multiplying (0.1) by U—up+1 and integrating we can 

obtain formally

(4. 2)p+J oll------at147,s,112                       Cs)112L2ds+J(up+1(t))=JCuo+1),

and hence the assumption J(up+1(t))<0 in the Theorem follows from J(4+1) 

<0. However, at this time, we do not know whether our solutions in 

the Theorem satisfy the energy eqality (4.2) or not. See Theorem 4.2 

below.

   PROOF of Theorem 4.1. The proof is given by a standard way as 

in [28]. We note first

(4.3) .o<up+'at----u>H1xids=p------+2JoJAu2+l at (u"+l)dxds
  1  
 p+2 CIl u(t)IIL;+2 — I u0 ILP'+2)

which follows from a mollifier argument. Multiplying (1.1)' by up+1(t) 

E Ei and integrating, we get

(4.4) p        1  

         

+2 (11u(t)IILP+2—IIu0I1Lp+2)+ JOIIv(up+2(s))II2L2ds

    

t 

   Ju2'+a+2dxds=0.    0a

Now by our assumption we see

Ilv(up+1(t))IIL2‹p+a+22(p+1) Jup+a+2(t)dx,
and by (4. 4)

(4.5) Il u(t)111g2>_I1u011p1+2 + (p+2)                           p+2(+a—p)ap     LL

Since we may assume 11 u (t) I I PM 2 is continuous (cf. (4.3)) we obtain from 

(4. 5)

IIu(t)IILV+2>CIIu011Lp+z- a(a—p) t)-`p+2), 
p+2+a



and this proves the Theorem.q. e. d. 

  As was mentioned in Remark  4.  1, we see J(up+i (t)) c J(u o + i) if u(t) is 

a sufficiently smooth solution. Finally we shall give a local existence 

theorem for solutions which satisfy such an inequality.

THEOREM 4.2. (local existence) Let us assume

0<a< (n+2)p+4 if n>3        2(n -2)

OCa<ooif n=1, 2.

Then, for uo with uo>0 and u' EIIi (,Q), there exists T1= Ti (u0)>0 such 

that (0. 1) admits a solution u(t) on the interval [0, Ti] in the sense of 

Theorem 1. 1, satisfying

(4.6)(p+2)------------Joll------8tu4+i(s)112L2ds+J(up+i(t))<J(uo+l)
a. e. tE[0, Ti]. 

   REMARK 4. 2. It is easy to see that the solutions u(t) in the sense 

of Theorem 1.1 are continuous in t with respect to the Lp+2-norm. There-

fore it holds in fact for (1. 1)

(1.1)" JoJDt)~            {—u(x,,(x,t)+p(up+i)pcb(x, t)—ua+10(x,t)}dxdt

—JDuo(x)0(x, 0) dx+JD(x, T)0(x, T)dx=0
for YOECi([0T];1Yi). 

Thus, combining the above Theorem with the usual continuation procedure 

we can take a maximal interval [0, Tmax] where the solution of Theorem 

exists. 

   PROOF of Theorem 4.2. Let Um,e(t) be the approximate solutions of

(1. 4). Multiplying (1. 4) by gt (Um,e(t)) and integrating we have

JD(Q'e(Um,e)+e) I----a Um,e(t)12dx+ 21 ----IIPUm,e(t)112L2

 J'(Um,€)----:Um,edx
           r  ITTm,e12(a+i)/(7~+i)1J ITUm,e (4.7) <2J V dx+—'(U))12DQeCUm,e)+e 2 DQame+edx



and

 (4.8)dt-----IIPUm,E(t)II2L2<CJIUm,EI2(a+1)/(p+1)(IUm,EI +e(p+1)dx

~C(JI Um,EI (p+2a+2)/(p+1)dx+e(p+2a+2)/(p+1))       O —\J

CC(II V Um,€(t) II2 L2 +€2) (p+2a+2)/2 (p+1)

where we have used our assumpion on a at the last step. From (4. 8) we 

get

IIFUm,eCt)112L2< ) 
PU02+e2—c(2a--p)t}2(l+p)/(2a-p>—e2           (Im,EC)I) 2(p+1)

which implies that there exists T,= Ti(IIVuollL2) independent of m and e such 

that Um,e(t) exists on [0, T1] for sufficiently large m and small e>0, and

(4.9) IIPUm,e(t)11i2<c for tE[0, T11

and also (see (4. 7) )

(4. 10) f of II^ Q'e(Ume+e----at Um,e(t) Ili2dt_c.
From above estimates we can get the modified solution Ue(t) and sub-

sequently the desired solution U(t) of (1. 2) by the same procedure as in 

§ 1. It remains to show the inequality (4. 6). For this we first note 

that

(4. 11)J:iiv'  Q'e(Ue(t))+E  :tUell2L2ds+J(Ue(t)).___J(Uo)
for a. e. t E [0, T] which follows from (4. 9), (4. 10) and the fact that Ai (D) 

is compactly imbedded in L(p+"+2)/(2+1). Ue(t) satisfies the estimates (4. 9) 

and (4. 10) with Um,e replaced by Ue and the equation

(4.12)
----(fe(Ue(t)) +eUe) —4Ue(t) —Ue("+1)/(p+1)=0 in H-1 dt 

UE(0)=u,EH1

and hence

(4. 13)J:ii  OildtQe(Ue(t))IIr-1dt=Joliea----Ue—JUe(t)—Ue`a+1)/(p+1)Ila1dt
    T 

~J O fell------Tt Uelij2+IIGUeJlj2



+cll UeIIL(p+'+(2)/(P+1)}dt

   Const.  <00

On the other hand, in a similar way as in (1. 20), we can get

(4. 14) IIQe(Ue(t))IIL1P(1/(P+1),2(P+1))<CIIUe(t)1IH/(P+1)<c<~. 

                                                             1

Since

Lip(1/(p+1), 2p+1))cLip(1/(p+1)+n/q—n/2(p+1), q) 

if q>2(p+1) and 1/(p+1)+n/q—n/2(p+1)>0, 

we can take q= p+a+2 to obtain 

(4. 15) Lip(1/(p+1), 2(p+1))cLip(0, p+a+2)

with 0=p+1-----(p+a+2+n 2) (>0)•
From (4. 14) and (4. 15) we have 

(4. 16) II8E(UE(t))IILIp(o,P+a+2)<C<OO• 

Since Lip(0, p+a+2) (0>0) is compactly imbedded in LP+"+2 we can con-

clude from (4. 13) and (4. 16) (Aubin's compactness Theorem) that 

(4. 17) QE(UE(t))—Q(U(t))=U1/(P+1)(t) as e-->0 

strongly in Lq([0, T1];LP+a+2) for q>1 or equivalently 

(4. 17)' Ue(t)1/(P+1)—rJl/(P+1)(t) as e-->0 

strongly in LI ([0, Ti];LP+a+2). 

Thus we may assume

(4. 18) J(80) Ue(t)dx— II Ue(t)1/(P+1)IILP+a+2
_IIU(t)1/(P+1)IILP+a+2= I (U)Udx 

                           0

for a. e. t E [0, T1]. Combining (4. 18) with the trivial estimate

II PU(t) I1 /2>limI IPUe (t)11 L 2 
e-.o

we obtain

(4.19)J(U(t))<limJ(UE(t)) a. e. t [0, T1].

Applying (4. 19) to (4. 11) we obtain (4.6).q. e. d.



   REMARK  4.3. The assumption on a in Theorem 4.2 is used to get 

the estimates (4. 9) and (4. 10). After these estimates are established the 

restriction

0 Ca<p (nn22+4 ifn>3
O a<ooif n=1, 2

is sufficient for the inequality (4. 6). Multiplying (1. 4) by Um,,, and using the 
Gagliardo-Nirenberg inequality we can show (4. 9), (4. 10) are valid if 0<a 

<p+ 2(p~+2) (cf. [28]). Thus the assertion of Theorem holds also for such a.

§ 5. Final remarks 

   As in earlier papers we considered the nonnegative solutions. It is 

clear, however, that all results of this paper, apart from nonnegativity, are 

valid to the problem

at u—e(Jujpu)—(uVu=O on S2x[0, T]

uI an=0, u(x, 0)=uo.

   Needless to say, the results on global existence and decay in § 1-3 are 

valid to the problem

(5.1)at----u—e(julpu)+IuV"u=0 on S2x[0, T] 
u an=0, u(x, 0)= uo

for any initial data uo with I uo I 'uo E Hl. In this case uniqueness of solu-

tion is also derived easily. 

   After completing our work we have learned the paper [29] by Galak-

tionv, where the same equation (0. 1) is treated, and our Theorems 1.1 and 

2.1 are included there. His proofs, however, seem to be somewhat am-

biguous, because the singularity of (1. 2) is ignored there. A nonexietence 

theorem is also given in [29], but our Theorem 4.1 is more general. Local 

exietence and decay property are not discussed there. We have learned 

also a recent work [31] by Levine & Sacks, where the same problem mith 

a<m are treated in a different way. A detailed asymptotic behaviour for 

(5. 1) in L°°-norm has been investigated by Bertsch, Nanbu & Peletier [30].
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