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§0. Introduction

In this paper we are concerned with the existence, nonexistence and
some asymptotic behaviour of global solutions to the initial-boundary value
problem for the rather typical nonlinear degenerate parabolic equation:

€0.1) aa—tu——du"“—u"”=0 on 2x[0, T,

u(x,0)=u, u(x,t)|;,=0 for te[0, T] and #=0,

where 2 is a bounded domain R"™ with smooth boundary 82, 4 is the Lap-
lacian, « and p are nonnegative number and 7 is an arbitrarily fixed posi-
tive time.

When p=0 and «>0, as is well known, H. Fujita [10, 11] gave criteria
on global existence and nonexistence (blowing up) of solutions to the problem
.1). The result of Fujita was extended by M. Tsutsumi [28] to the
following typical equation:

0 » 0

0 i 0 N e
0.2 W“_,gﬂ(laxiulpaxiu) u =0 on 2x[0,T]

u(x,0)=u,, u(x,t)]:0=0 for t[0, T] and %#=>0,

where the setting is the same as in (0. 1).

Roughly speaking Tsutsumi’'s result is stated as follows: If p>o& the
problem (0.2) has a global solution for each #,&W }*(2), %,=0, and if p<a
with 1/(a+2)=1/(p+2) —1/= the global existence or nonexistence depends on
the initial data, that is, if #,€ W, the potential well associated with (0.2),

* This paper was written during the author’s visit to Heriot-Watt University, Edin-
burgh, Scotland, U.K., under the support of the Japan Society for the Promotion
of Science.
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(0.2) admits a global solution and if #,=W a solution blows up in a finite
time under some extra condition. This result was generalized by H. Ishii
[13]. For related topics see N. Alikakos [1], J. Ball [6], S. Kaplan
[14], H. Levine [16], M. Nakao & T. Narazaki [21], M. Otani [22] and
the references cited there.

The first objective of this paper is to derive a similar result as Tsut-
sumi’s for the problem (0.1), and the second one is to show the decay pro-
perty of solutions when p<la and the global existence is assured. The
framework of our argument on existence and nonexistence is the same as in
Tsutsumi [28], though our treatment of the nonlinearity 4u#!*? is more deli-
cate. The method for deriving the decay estimate is similar to the author’s
earlier paper [20] where the decay estimate of |[Fu?*'(#)||,2 for the solu-
tions of the problem (0.1) without the blowing up term —#°*!' is included.

The equation (0.1) without the blowing-up term is well known as porous
medium equation which appears in various physical, chemical and biological
situations, and has been studied by many people in various views of point
(N. Alikakos [1], N, Alikakos & R. Rostamian [2,3], D. Aronson [4], D.
Aronson & L. Peletier [5], H. Brezis [7], M. Crandall [8], Y. Ebihara &
T. Nanbu [9], B. Gilding & L. Peletier [12], Y. Konishi [15], J.L. Lions
[17], O.A. Oleinik, A.S. Kalashnikov & Chzhou Yui-Lin [23] and a num-
ber of other interesting papers). In particular, concerning the decay of
solutions Alikakos [1] and Aronson & Peletier [5] have proved the detailed
estimates in L*-norm. It seems to be interesting to derive such estimates for
the solutions to the problem (0.1) when their global existence is guaranteed.
The result and the outline of proofs of this paper were announud in [32].

§1. Global existence for the case p>a.

In this section we shall prove the existence of a global solution to the
probelm (0.1) under the assumption p>a. The function spaces we use are
almost familiar and we omit the definitions except for Lip(@, q), the Lipshitz
space in L?(2) with exponent 6, 0<<0<1.

Our result here reads as follows:

THEOREM 1. 1. (p>a) Let T>0 be arbitrarily fixed. Suppose that
|t4o | P00 H,(2) and u,(x)=20. Then the problem (0.1) admits a (weak)
solution u(x,t) such that
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T e L0, THLH®), W () < L0, T1 H,(2)

and the equation is satisfied in the sense that

[ t—u 095 D +7 @ Patn B —urv19(x, ) dxdt
an
~[ 49z, 0dx=0

for ¥4 CY([0, T1; H,) with ¢(T)=0.
Moreover the following estimates hold:

[ @ (9ligeds + e )13, <C Ul 1a,)

Jor 0<t<T, where the constant C(|lu3*'|\z,) is independent of T.
REMARK 1.1. By a standard argument (see Lions [17]) we see (1.1)

is equivalent to

w1 T‘iit—u(t)+Au(t)_Bu(t)=0 in H! a.e. t€[0, 7]

u(0) =u,

where A, B are defined as follows

<Au, v>g-1x,}lsjpd(u”“)Vvdx for veH,(Q)

=), pv)
and

< Bu, v>,,~1x;,15Lu”vdx for ve H,(9).
(For a weaker definition of A see Brezis [71]).

As in other works it is convenient to rewrite the equation by setting
u?1=U, Then we have

aa—t(l U|-> Py — gU—T () —0
1.2)

U, 0)=U,=u}*?, U(x,t)=0 and U|,,=0,
where we set

0 if U<0
TU) ={
Ui+ @+ if U=>0
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For the proofs of Theorem 1.1 and other Theorems below we employ
the Galerkin method. For this we must modify the equation (1.2) because

the leading term -2 (|U|-?®U)=—2_|U7|-» @ 9_{] has singularities
oi

p+1 ot
at U=0 and U=o0, which is in fact only one difficulty to solve the problem
when p>a. Let us introduce the function

B (U)=(p+D)'(|U[+e) 2/ P*D, >0,

and set
v ’

8y =[ BeCman,
We first consider the modified problem
B (B +el) ~4U~T () =0, >0
(1.3)

U(x,0)=U,eH,, and Ul|,,=0.
Now let us begin to prove Theorem 1.1. We take {w,}%., a basis of H,(2)
(we may assume wj, j=1,2,... are as smooth as wanted because of the
smoothness assumption on 82), and consider the approximate solutions U, ¢,

m=1,2,3,..., constructed through the system of ordinary differential equa-
tions:

(B eWUne®)) +& 0 Une(t), w09) + PUp, e (1), 7105)

Q.49 —~(F(Une(®), w)=0
(G=12,..,m)
Um,S(O) = Ub,me [wh sy wm]

where Um,e(t)zjil/lj,m(t)wj and the initial data U,, should be chosen in
such a way that
1.5 Upm—U, in Hi(2) as m—oo.

Of course (, ) denotes L?-inner product. The above system of equations

with respect to 2,,(¢) has a solution on some interval, say, [0, 7], be-

cause no singularity appears in (1.4), and U, .(?) is defined for each m and

¢(C>0) on this interval. We shall derive estimates for U, (f).
Multiplying (1.4) by 4;,,(f), summing up over j and integrating

(we often say this procedure simply ‘multiplying U, () and integrating’
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etc.) we have
. ¢ , 0

WO [ [ @ eUne) +)| Gy Unel'drds+](U,,e(0)) =<e<oo

for t€[0, T, c], where we set
1 __b+1 3

WD T =5 U -5 LZF(U)de for UeH,.

Since p>a J(U) is well defined and

P+2+a
[ @ vaxi<| |01 5 drzclUlg, #r 0o en

p+2+a

L
p+1

<c+-IIPUlJ22 (note that

n <2)

and hence we have

L8  JW)zFIrUlz—c.

Hereafter ¢ denotes generic positive constants independent of m and e.
Thus we obtain from (1.6) and (1.8)

(], @ Un,+0)| L Uneldrds+ 1P Up,e@life=c<oo
olo ot 4
for t€[0, Tpel, which implies that we can take T, =7 and

a9 [ige] VD drlar=e,

0
T 0
W10)  of gy Une®lizzdt=c

and

1.11)  Une@®lz=e for  t<[0,T].

Setting Vm,s=J:m,€ VB e(y) dy we see easily Vm,eeﬁl for each ¢ and

Ve @13, = 3} W EFeWUne®) e Une (D22
1.12) 1=1 g

=ce™? PN Up,e(®)lZ2=c(e) <oo.

From (1.9)—(1.12) we can conclude by a standard compactness argument
that as m—oo along a subsequence
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1.13) Vi e(%,8)>Ve(x, 1) strongly in  L2([0, T]; L2(2))
and a.e. on £x[0, T]

and

1.14) Up,e(x, )>Ue(x,t) strongly in L%([0,T]; L"(2))
(for ¢=>1 and =1 with

%i—;———ln—) and a.e. on 2x[0, T]

where V. and U, are connected by

Vetr, =[0e"" VB dn

0

In particular, from (1.14), we see easily
(1.15)  Be(Un,e(x, ))>Be(Ue(x, t)) strongly in L'([0, T1;L'(2)).

Moreover we may assume

D Ve B-Ve weakly in L0, T1; L*(2)).

B Ve -2-Ue weakly in L([0, TT; @),
Une —Ue weakly* in L=([0, T]; H,())
and the following estimates hold
rnﬁ-—v ) |22dt<c
0 at € L =0,

(1.16)
[legrUe@izd=ce,

and
WPUeD2=Ze.

Applying a familiar argument to (1.4) (see Lions [17]) we get
W1 [[ {—BeUe(x 0)6.x, ) +PUer 6~ ¥ Uedat

+[ BeWa@) @ dx=0

for ¥¢=C ([0, T]; H\(2)) with ¢(T)=0.  That is, Uc(x,?) is a solution
of the modified problem (1.3).
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Next, on the basis of the estimates (1.16), we shall study the conver-
gence property of Ug(x,t) as e—0. This time the estimate (1.12) has no
effect since the right hand side is unbounded as e—0. So, to derive the
similar convergence as in (1.13) we must find another estimate of V. (x,1t)
in some function space which is compactly imbedded in L?2(2). We employ
Lip(6, @), 0<6<1, 1<g<loo, as such a space. Let us recall (see A. Ono
[22])

usLip(n, @)
if and only if

us L) and |#|uipe, q)‘-hm lae +h1) lu( ) lla

o0,

where h=(h,,..., h,) and u(x+h) must be defined appropriately if x+h&EQ.
We set for u=Lip(6, q)

letllzipco, 00 =112l g+ | | Lipco,00-
Lip(6, ¢) is a Banach space and we know Lip(#,2) <—H,(£2) and Lip(1,2)=
H ). Moreover the imbedding relation (Nikolskii’s Lemma)

(1.18)  Lip(6, ¢.)CLip(8+—2——"—, g,)
q; q:

holds if 0+qi——g~>0 and ¢,=>q;, which will be used later in §4.
2 1

Now, recalling the definition of V (%, ¢), we have

| Velx+h, t) —Ve(x, t)|_¢(p+1) 1|JU8"‘”‘,”(M|+€) ~P/2@+ gy |

Uglz,t)

_2/p+1
T p+2

—(|Ue(x, b) | +e) @rarrz@+y |

[l Us(x+h,t)|+e) (P+2)/2(P+1)

1.19) <c|Ue(x+h, t)—Ug(x, t) | 227280,

where Uc(x+h, ) and Ve (x+h,t) should be defined as 0 if x+hr&EQ.
Thus we have

[ ve@rnn Ve 1 S v UG+ b UG, 1) |7d

Zcl\Ue® I3, | 1
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or
IVe(e+h ) = Vele, Dl swsn smrn=cll Ug (1) Iz, 272 @*D | p| 2D /2@+)

which implies Ve(x, t) €Lip(6,q) with ¢=4(p+1)/(p+2) and 6= (p+2)/(p
+1), and by (1.16)

(1.20) Ve llupw,0=cllat+1Ue(®) llg, 272 #+D) e <loo.

Since Lip(6,2), 6>>0, is compactly imbedded in L?*(2) we have from (1.16)
and (1.20) that

a.2n Velx, )=V (x,t) strongly in L7([0, T]; L:(2))
for r=1 and a.e. £2x[0, T]

as e—0 (more precisely along a sequence {e’}3., tending to 0). Further
implications of (1.16) are

0

L Vetty %V weakly in L*([0, T]; L*(9)),

1.22) %Ue(t)e 0  strongly in L2([0, T]; L*(2)).

and
Ue(x,)->U(x,8)  weakly* in L~([0, T]; H.(2))
and a.e. in %[0, T]
where
U(z,t)

1
Vix, t) =W1—J || 272 @+ Dy,

0

Moreover we have from the last assertion of (1.22) that

1. 23) Be(Ue)—=U#*1  weakly in L2([0, T]; L2(2))
and
T (Ue)-7(U) weakly* in L=([0, T]; L®+=+a/=+n(0)),

Using the first assertion of (1.22) we can say more about the convergence
properties of Be(Ue) and ¥ (Ue), which is not needed at this stage (see §4).

Any way, taking e—»0 along a sequence in (1.17) we can conclude that
U(x,t) is the desired solution of (1.2) apart from the nonnegativity., To
show the nonnegativity of u(x, #)=|U|?/®*V(x, ) we note by (1.1)’ with
u”*! and #**! replaced by |#|?» and |u|“u, respectively, that

—ddt—ua) L0, T1;H).
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Then, setting # =min(«#, 0) and using the method of mollifier we have

1 d

(P dp =B .
il 3 RO s A

=—|u|u,rlu|"w")
=—|p(lu"|Pu"|*=0
and

L VRO 1degL PR, I"”dx=Lu;1""2dx=0

for t€[0, T] which means #(x,t=0 a.e. x&2. We have now finished
the proof of Theorem 1. 1.

§2. Global existence for the case p<a

To discuss the existence of global solutions of (0.1) for the case p<<a
we define the ‘potential well (which was introduced by Sattinger [27].) In
applying it to our equation we follow Tsutsumi [28].

Let us define

T =FipUi -2 [ v @)yUax for UeR,

where
0 if U<0

v (U)= a+1 .
Ur+ if U=0.

For J(U) to be well defined we must make an assumption (p+1)/(p+a+2)
>1/2—1/n, i.e.,

@1
0=a<oco if n=1,2.
We set
2.2) d=inf sup JQAU).
Ue;’l 220
Uwp

Then it is easy to see that

2.3)  oo>d=inf JGU)|,_ (_sziy,) -
pei | 7@V
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_a=p [ UL
2(p+a+1),,e§1 J T(U)Udx
Uwo 2

=6/ (a=p)/2(p+a+1)>0,

where ¢, is the Sobolev’s constant such that

)2(1’+1)/(¢—P) ||AUH§2

I |U| @ra+)/ PO e |[PU|| L2 Prata /(Ren-
2
The potential well associated with (0.1) or (1.2) is defined as

W={UcsH'|0<JQAU)<d for A€[0.1]},

d being called ‘the depth of the well w'. The following lemma is proved
easily.

LEMMA 2.1 (Tsutsumi [28]). It holds that
W=WxU {0},

where we set
Wa={UH,|IPUl3:—[ #@)Udx>0 and JW)<dy.

The purpose of this sectioin is to prove that (0.1) admits a global solution
if up*tew. Let us consider again the approximate solutions {U,e(f)} by
(1. 4). As is already seen in §1 it suffices for our purpose to derive the
apriori estimates (1.9)—(1.11).

LEMMA 2.2. Let U,eW. Then for large m the approximate solu-
tions {U, ()} exist on [0, T] and U, ()W for t<[0,T], and conse-
quently we have (1.9)—(1.11), i.e.,

@O Une@®lht[ VBV Une@llta+ell L Une(lizerds
=c

where ¢ is a constant independent of m,e and U,.

PROOF. If Upe(®)emw it follows from Lemma 2.1 that
a—p
2.5) d>f(Um,e(t))Zm||7Um,e(t)||§2,

which together with the energy equality (1.6) yields (2.4) immediately.
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The former part of the Lemma is essentially included in Tsutsumi [28].
For completeness, however, we reproduce the proof briefly.

First, note that U, ¢(0)=U,,,W for large m, because Uy& W and J(U)
is continuous in U with respect to the norm |[{«||z,. Assuming that our asser-
tion were false, we can choose #*>0 such that

Upe(t*€oW and U, (@)W for 0=¥E<2*,

By Lemma 2.1 we have either
@) JUne)=d or () PUnellze= [ ¥ Unet)Up,etds.

But the energy equality (1.6) with {=¢* shows the case (i) is impossible.
If the case (ii) was valid we have

0> (Un,e(t)) =sup J(WUn,e(t4)) 2d

which is also a contradiction. g.e.d.
By the above Lemma combined with the argument as in §1 we obtain.

THEOREM 2. 1. If u,=0 and ut*' €W, the problem (0.1) ((1.1)) has
a global solution u(t) such that u(@)*'eW for ¥t<[0, T] and

T
I

Ipar @lle+ [ -9t gadsze<oo

Jor vte[0, T1.

REMARK 2.1. Using the result of the next section we have in fact
u(t)*eW for tel0, TJ.

§3. Decay of solutions

In this section we derive a certain decay estimate of the energy |[F#?*1(¢) ]|,z
for the solution #(¢) in Theorem 2.1. As was mentioned in the introduction
the equation without the perturbation —#%“*! was already treated by the author
in [20] by use of elliptic regularization and energy inequalities. Here we shall
prove the same result for the solutions when ug*'eW.

THEOREM 3. 1. Let a>p. If u,==0 and ui**€W, the solution in
Theorem 2.1 satisfies the decay estimate

t+1 9 L +
[1E-ad isdsipwn Ol e
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for t€[0, T], where c is a constant independent of T which depends on
a—-J(U,).
For the proof we prepare a lemma.

LEMMA 3. 1. Let U,eW and 0<e,<d—J(U,). Then there exists
my>0 such that if m>m, we have

@D HVUm,e(t)HzﬂZ(gggo—) ‘“'”’/z‘p*"IDT(Um,e(t))Um,e(l‘)dx
where {U, e} are approximate solutions in (1.4).
PROOF. By (1.6) and the continuity of J(U) we have

3.2) JUne®) <] (Upn,e(0))<d—e,
for sufficiently large m. By the way (2.3) and (2.5) imply
5121 P Une@®I?2 <] Une(®))
\)2(1’+1)/(”‘1’)

3.3 <ol Un, (t)W(“——”VU'"’e(t)”z“ (t)dx
2(p+2+a) e I T (U0 Uns /

—ey

and hence

(@—p) HVUm,e(t)W{( PUne®I22 gy

2(P+1)/(a=P)
Sap —1} >,
2przra) T Un o) Une®)

It follows again from (3.2) and (3.3) that

2(P+1)/ (a=DP)
( 7 Une (B 52 (t)dx) 1z
[ W e)Une K
which shows (3.1). q.e. d.
PROOF of Theorem 3.1. It suffices to derive the estimate for ap-

proximate solutions {#me(£)}, tpn () =|U,e®)|™? P VU, e(t), for large m.
As was already seen U,e(t)eW for t=R* (we take T=oo for simplicity),
and we have (2.5) and (3.1). As in (1.6) we have

t+1 , 0 U 2dnd
G0 [ @eUn)+0) | gy Unel dds

=J(Un,e®)) —J(Upne(t+1))=D(t)2
On the other hand, mulitplying (1.4) by U,e(¢) and integrating, we have
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t+1 t+1 a
[ WUt ds= =] [ @ eUne) +e) g UneUn,edrds
t+1
+[7[ WU Up,edrds
= {7 ] @eUne)+e) |-Gy Unelidsdsy
t+1
X[ BeWne)+0) | Unelidnyids
r &y mran [ gy, o) lzds
where we have used Lemma 3. 1. Thus we obtain by (3.4)
t+1 t+1
3.5 [ I Une@llzrdsce, DO [ (B'eUne)+0) | Unel?dsyi2ds,

where ce, denotes constants tending to oo as &—0. The integrating term
of (3.5) is estimated as

[ @eWap)+0) | Uneldnyrrds

=[] BHD (Ul +) > [ Uy e'd-+e| | |Un,e| dayi2ds
t+1 —ft+1
3.6 =l P b T [ U e(9)leds).
From (3.3), (3.5) and (3.6) we obtain
t+1 t+1 - S
[T W o) dsZee, DO [T Une() TPV 44 & WU o)) s
and, applying Young's inequality,
B | T Une(9)dsSee, (D@ ?*7 =30 +eDB)?).

Since J(Une(t) is nonincreasing in ¢ we have from (3.4) and 3.7)

s§lélt)+l JUne(N=J(Un,et))

¢t

=T (Unet+D)+ ji“ L (Be(Ue) +6) |- Uneldxds

e {D(@) PV L D(¢)2+ D(2) %
6.8 Lee, D(#)* @+07 @+im)
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where in the last step we have used the facts that 0=D(#)?<d and 0<{e<{<Z1.
From (3.8) we obtain immediately

?

@9 | sup JUne($)' T e {J (Un,e ()~ Un(t+1)}.

Thus, applying the Lemma below with g(#)=0 we finish the proof of
Theorem 3. 1.

LEMMA 3.2. Let ¢(t) be a nonnegative function on R* satisfying

sup ¢($)'" = (¢ () —p(t+1))+g(@)

tSts8+1

with r=0, ¢,==0 and g(t)=0. Then,

1
i) if >0 and lim A+8)'"" g@®)=0, we have

BO=c(BO) A+D) 7
and
(ii) if r=0 and g(t)<c, exp{—Ait} for some ¢, A>0, we have

(D =c(¢(0))exp{—A1't}
Jor some A'>0.

For a proof of the above lemma see [18] or [19].

§4. Blowing up of solutions for the case a>p

In preceding two sections we have proved that if a>p and v2+*'e W the
problem (0.1) admits a global solution #(#) which decays to 0 at a certain
rate. Here we shall show that if J(#3*!)<0, #,%0, (and consequently
ubt'E W, we cannot expect the global existence of solution.

THEOREM 4. 1. Let u(t) be a solution of (0.1) ((1.1)") on [0, T]
such that

ST (0, TTL®) and we L ([0, TT;Hy).

We suppose that J(uP*(t))=<0 for t<[0, T]. Then T must satisfy

_b+2+a .
T< To——'——a(a_p) HuoHLth
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and we have

4.1 llu(®l p+2eze(To—2)"1"

Jor a certain ¢>0.

REMARK 4.1. Multiplying (0.1) by U=#"*' and integrating we can
obtain formally

4(p+1) g1 2 D+1 — P41
w2 G @l ds e @) =T,

and hence the assumption J(#?*'(#))<0 in the Theorem follows from J(ug*')
<0. However, at this time, we do not know whether our solutions in
the Theorem satisfy the energy eqality (4.2) or not. See Theorem 4.2
below.

PROOF of Theorem 4.1. The proof is given by a standard way as
in [28]. We note first

2 J‘Iau;+l —%—(u?’“)dxds

¢ o 0
@ [ < L “’S=mo

p+2 (||u(t)|["p+z— 1“o|p1’+z

which follows from a mollifier argument. Multiplying (1.1)’ by u?*'(¢)
eH, and integrating, we get

4.4 2 (lu®l73%:— ]|uo[|pp+z)+J 7 @2 ($))|* 2ds

—I:Lu"“”dxds=0.

Now by our assumption we see

7 @ @) 3= 2B wrer2(tyds,
and by (4.4)
@ lw@lzst2ludlzst+Lr 2D [l zssseds

Since we may assume |[u(£)/|I?%, is continuous (cf. (4.3)) we obtain from
4.5)

Oz = lell350— g L )7
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and this proves the Theorem. g.e.d.
As was mentioned in Remark 4.1, we see J(u®**({))<J(uh*?) if u(?) is
a sufficiently smooth solution. Finally we shall give a local existence

theorem for solutions which satisfy such an inequality.

THEOREM 4. 2. (local existence) Let us assume

Ogaﬁ% if n>3

0= a<loco if n=1,2

Then, for u, with u,=>0 and u{,’“eﬁl(ﬂ), there exists T1="T,(u,)>0 such
that (0.1) admits a solution u(t) on the interval [0, T,] in the sense of
Theorem 1.1, satisfying

we) P IGE It ads @ )< (g

a.e. te[0, 7,1.

REMARK 4. 2. It is easy to see that the solutions #(¢) in the sense
of Theorem 1.1 are continuous in # with respect to the L?*?-norm. There-
fore it holds in fact for (1.1)

WD [T {~uln DB )+ @I e(x, 1) —ut (s, 1)) dudt

- j (DB, 0) dx+fa(x, TYé(x, T)dx=0

for ¥ C ([0T1;H,).

Thus, combining the above Theorem with the usual continuation procedure
we can take a maximal interval [0, Tmax] where the solution of Theorem
exists.

PROOF of Theorem 4.2. Let U, e(t) be the approximate solutions of
(L4).  Multiplying (1.4) by-2r (Up,e(®)) and integrating we have

[, @+ L Vne rdrt L Lp, o)1,

=[ V)L U e

IUm eIZ(H‘H)/(IHII)
)

B’e (Um,E) +e

i
an = ds+5| BeUne) +9) |- Uneldr
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and

U8 GIPUne®It =< |Upel =0/ (| U, o] 47 @0
2

—SJC(ID I Um,e[ (Z’+2a*2)/(1’+1)dx+5<?+2¢ +2)/(P+1))

(P Upe(D)]]22+67) #r2e0/20n

where we have used our assumpion on « at the last step. From (4.8) we
get
2(1+P)/(2a=D)
P Une®]22= | e ey
(v m,e(O)l +e )—m)—

which implies that there exists 7,=T;(||F#,)l.,) independent of m and e such
that U, e(?) exists on [0, 7] for sufficiently large m and small >0, and

4.9 WUne®i=c for te[0, T,]
and also (see (4.7))

@10 [ B eUnete L5 Une®lisdt=c.

From above estimates we can get the modified solution Ue(?) and sub-
sequently the desired solution U(#) of (1.2) by the same procedure as in
§1. It remains to show the inequality (4.6). For this we first note
that

1) [ BTy Fe gy Vel srds+ I U)WV

for a.e. t[0, T] which follows from (4.9), (4.10) and the fact that H,(®2)
is compactly imbedded in L®*<*n/®*D_ Ug(t) satisfies the estimates (4.9)
and (4.10) with U, e replaced by Ue and the equation

%(BB(UE(I‘))'FEUP,) —4Ue(t) ~Ue'=*v/®*Y =0 in H!
4.12) .
Ue(0)=u,c H,

and hence

419 [(1G Be(Ue®)lln st =l Ue dUe(t) = Usts 0740 s

<[ {el-G Uells +1IPUel,2
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+ol|Ue IS0 ey b dt
< Const. <oo

On the other hand, in a similar way as in (1.20), we can get

(4.19) 1Be (Ue ) Iuipcr/ osny 2me1ys || Ue(8) ||;‘,l/"’”’<6<°°.
Since

Lip(1/(p+D), 2p+ D)) cLip(1/(p+ 1) +n/q—n/2(p+1), @)

if g=2(p+1) and 1/(p+1)+n/q—n/2(p+1)>0,
we can take g=p+a+2 to obtain

(4.15) Lip(1/(p+D, 2(p+1))Lip(6, p+a+2)

pr1 1 1
P praia )(>0).

From (4.14) and (4.15) we have
(4.16) [1Be(Ue () llLip(6,p4 a0y =000,

Since Lip(0, p+a+2) (6>>0) is compactly imbedded in LP***? we can con-
clude from (4.13) and (4.16) (Aubin’s compactness Theorem) that

(4.17)  Be(Ue(®))>BU@))=U "1 (2) as e—0

with 6=

strongly in L%([0, 7,]; L?***%) for ¢=1 or equivalently
4.17)" Ue(®)VPHO @D (1) as 0

strongly in L? ([0, 7,];L7***%).
Thus we may assume

(4.18) J',,gp'(Ue(t))Ue(l«‘)a'x=IIUe(l‘)‘/“”“’HLP“‘+2

SUE)Y @D prase= j FW)Udx

for a.e. t<[0, T4]. Combining (4.18) with the trivial estimate
U1z Zlimllr Ue(2)113:
we obtain

419 JUM=LnjUe®))  ae te[0, ]

Applying (4.19) to (4.11) we obtain (4.6). g.e. d.



Global solutions of a non linear degenerate parabolic equation 19

REMARK 4. 3. The assumption on a in Theorem 4.2 is used to get
the estimates (4.9) and (4.10). After these estimates are established the
restriction

0=a<leo if n=1,2

if n=3

is sufficient for the inequality (4.6). Multiplying (1.4) by U, ¢ and using the
Gagliardo-Nirenberg inequality we can show (4.9), (4.10) are valid if 0<a

§p+~2f(w€jﬁ(cf. [28]). Thus the assertion of Theorem holds also for such a.

§5. Final remarks

As in earlier papers we considered the nonnegative solutions. It is
clear, however, that all results of this paper, apart from nonnegativity, are
valid to the problem

%u—A(Iulpu)— |#|*#=0 on 2x[0, T]

u],0=0, u(x,0)=u,.

Needless to say, the results on global existence and decay in §1-3 are
valid to the problem

.1) %u—d(lul”u)+|ul“u=0 on 2x[0, T]

ula0=0, u(x,0)=u,

for any initial data #, with |#,|*u,c H,. In this case uniqueness of solu-
tion is also derived easily.

After completing our work we have learned the paper [29] by Galak-
tionv, where the same equation (0.1) is treated, and our Theorems 1.1 and
2.1 are included there. His proofs, however, seem to be somewhat am-
biguous, because the singularity of (1.2) is ignored there. A nonexietence
theorem is also given in [29], but our Theorem 4.1 is more general. Local
exietence and decay property are not discussed there. We have learned
also a recent work [31] by Levine & Sacks, where the same problem mith
a<m are treated in a different way. A detailed asymptotic behaviour for
(5.1) in L*-norm has been investigated by Bertsch, Nanbu & Peletier [30].
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