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1. Introduction

Let f(2)= f}la,,e““” be a cuspform of weight & with respect to the

congruence subgroup I';(V). Then it is well known that the following
Dirichlet series associated with f(2)
L(s, f)= ilann“‘

absolutely converges for Re(s)> k-gl and is holomorphically continued to

the whole s plane.
In this note we shall show that the above Dirichlet series still converges

in the region Re(s)>%. Therefore the abscissa of convergence of L(s, f)

Let s, be the partial sum of the sequence

is less than or equal to —‘12-’?—

of the Fourier coefficients {a.},i.e., s,=a,+a,+ - +a,. Then our
result is the following

$,=0#n*? log n), for n—oo,

2. Preliminaries

The congruence subgroup I';(&N) is defined by
) ={(¢ b eSL.@)la=d=1, ¢=0 mod N},

Let S,(I';(N)) be the vector space of cuspforms of weight % with respect
to I';(N). The following two lemmas are well known.

LEMMA 1. If f(x+iy)eS,(I"\(N)) with real numbers x and y>0,
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then we have |f(x+iy) | <K,y ™*?* with a constant K, independent of x.

LEMMA 2. For an element f(z) of S, (I'\(N)), f(z)= i}lanezmnz be

the Fourier expansion of f(z). Then we have |a,|<K,n** with a con-

stant K,. Hence we have |a,+a,+ -+ +a,|<Kn**** with an another
constant K.

For the proof of the above lemmas, see shimura [1].
LEMMA 3. If f(2)= f}lane“i“es,,(l’l(N)), then we have

F&) == 35,0, for Im(2)>0,

where S,=a;+a,+ - +a,.

PROOF. If we put g(2)= ilsne“i"’, then by Lemma 2 we can easily

see that g(z) uniformly converges in any compact set of the complex upper
half plane Im(2)>0. We set s,=0. Then we get

M oo
f(Z) — 2 anezxinz+ 2 aneZKinz
=1

n=M+1

1
Mx

(S,,—S,,_l)ez”i"’-i- 2 aneZKinz
n=M+1

n

1

M=

m

o0
sn(ezmnz__ezwi(n-u)z)+3Me2w<M+l)z+ E anezxinz
1 n 1

=M+

M °0
:(]__e'zm) = s,,ez”"’—l—suez”“““’—{- zﬂ]{ ane““”.
n=1 n=M+1

By Lemma 2 it is easily seen that for any ¢>0, we can choose a number
M so that

lsMezwt(Mﬂ)z[a/&

1,35, @ne ™| <e/3,

n=M+

l (l_eZRtZ) ":2"+lsne2ﬂinz| <E‘/3.

Then we get
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|f(2) = (1—e")g () | <[sye* " V% |+ 31 aein|
n=M+1

+ (l_ezm:z) i snez:rinzi
n=H+1
<e/3+e/3+¢e/3=¢,

which completes the proof of Lemma.

LEMMA 4. For a positive number y<1/4, we have

I(y)= Illed+"”[<l{ log

with a constant K,.

PROOF. Dividing the interval [0,1] into three parts we have

174 dx s/4 dx
I(y) _.[0 ll_e—il+2ni.z| +Jl/4 l_e—v+2xia:|
J v dx
e |1—eVremizm]
_—2 1/4 dx 3/4 dx
- .[0 [1 —e Il+2xw| Jl/4 '7]1_e—y+2zia:l .
Now we first estimate the latter term. In this case we have
3/4 dx 3/4 dx 3/4 1
J1/4 |1—e V*2=iz] L/,; [T—e Ycos 2rx| ,[1/4 Y=
Next we estimate the former term. In this case we moreover divide the
interval [0, %] into two parts. Then we have
174 dx _[? dx 4 dx
L ll_e—wz:n:xl —,{o ll_e—l/+2xia:| Jv "‘|'1_e~v+znw|
v dx 1/4 dx
<Jol—e"’ cos 2n-x+L, eV sin 2rx

<Jw 1 d’;-,, + e”[zl—log tan nx]w

— J’
T1=ev t o 2n: log tan ny

1
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If we note the condition on y, then we can easily see that Aye—_,, and

are bounded. Hence we have

o d 1
J Il—e-ffrzmT<K : log

0

with a suitable constant K. Summing up the above results we have
I(y)<-ff+ 2K, log <K, Iog—

with a constant K,. This completes the proof of Lemma.

3. [Estimation of s,

We are now in a position to state our result

THEOREM.  If f(2)= 3 a8 ™ €S, (I:(N)), then we have

@ +agteeeeeees +a,|<<Kn? log n
with a suitable constant K,.

PROOF. By Lemma 3 we get
ot s
g(z)e 2xzn2dz

:J:O-f] f(z)e—2xiﬂz

for any z, such that Im(z)>0. If we put zo=%% and z=x—l—';—;, then

we have

f(x+ )eﬂy 2xinm
Snz-[o 1—e y+2x1.a, dx'

By Lemma 1 and Lemma 4 we have

yi
L f g e
s, _J' | f(x o le »

Il_e~y+2xi.1:|

n d
<K, ( )"’2 "J Tl—;—ffrnﬁ

<K (3% log-.
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Here if we put y=1/n, then we have
| 8. | <K,K,(2r) **en*? log n.
Thus the proof of Theorem is completed.

By the method of Abel transformation we can easily show the following

corollary.

COROLLARY. If f(&)= f}a,,e“i"‘eS,,(I’l(N)), then the following
n=1
Dirichlet series L(s, f) associated with f(z)
L(s,f)=3an
n=]

converges in the region Re(s)>k/2.
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