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1. Introduction

   Let f (z)= a,yeZ"znz be a cuspform of weight k with respect to the 

1 congruence subgroup 1', (N). Then it is well known that the following 

Dirichlet series associated with f (z)

L (s, f) _ ann_3 
               na~

absolutely converges for Re(s)> k21 and is holomorphically continued to 

the whole s plane. 

   In this note we shall show that the above Dirichlet series still converges 

in the region Re(s)>----2.Therefore the abscissa of convergence of L (s, f) 

is less than or equal to2•Let sn be the partial sum of the sequence 
of the Fourier coefficients {an}, i. e. , sn=a,+az+.........+an. Then our 

result is the following 

sn=O(nki2 log n), for n--,00,

2. Preliminaries

The congruence subgroup P1(N) is defined by

I',(N)={(a ))ESLZ(Z)Ja°d=1, c=0 mod N}.
Let Sk(P,(N)) be the vector space of cuspforms of weight k with respect 

to ,(N). The following two lemmas are well known. 

   LEMMA 1.If f (x+ iy) E Sk (P, (N)) with real numbers x and y>0,



then we have  I  f(x+iy)  I  <K1y-'2 with a constant K1 independent of x.

   LEMMA 2. For an element f(z) of Sk (Pl CN) ), f (z) _ E, ane2""nz be 
n=1 

the Fourier expansion of f(z). Then we have I an I <K2nk/2 with a con-

stant K2. Hence we have I a1+a2+.........+an I <K3nk/2+1 with an another 

constant K3.

For the proof of the above lemmas, see shimura [1].

LEMMA 3. If f (z) _ j ane2"inz Sk (P1(N) ), then we have 
n=1

f (z) _ (1—e2niz) sne21"7z, for Im(z)>O, 
                           n=1

where sn=a1+a2+.........+an.

   PROOF.If we put g(z) _ E sne2"inz, then by Lemma 2 we can easily 
n=1 

see that g(z) uniformly converges in any compact set of the complex upper 

half plane Im(z)>0. We set so=0. Then we get

f(z)_ E ane'inz+ ane2sinz 
   n=1 n=M+1

Mo0 

= E (Sn—Sn_1)e2"inz°+E ane2"inz 
n=1ln=M+1

Meo 

     Sn(e2"inz _ e2"i (n+1) z) +SMe2" (M+1) z +~n                                                        ae2"inz \\ 
m=1n=M+1

 Mo0 

= (1 —e2"i2)E Sne2"inz.+SMe2"i(M+1)z+ E ane2"inz.    /
n=1n=M+1

By Lemma 2 it is easily seen that for any a>0, we can choose a number 

M so that

sMe2"i (M+1) zIe/3 

                          ,

E ane2"inz I <e13, 
n=M+1

I (1—e2"iz) J sne2"inz I <e/3. 
n=M+1

Then we get



 f(z)  —  (1 —e2niz)g(z) I <l sMe2ni(M+1)z I +I n±:+1ane2ninz 

                                                    =

+(1—e2')E sne2n1"I        l
n

<e/3+e/3+e/3=e,

which completes the proof of Lemma.

LEMMA 4. For a positive number y<1/4, we have

r1 dx 1 I(y)=
J o I1—e-y+2rzixi <K4 log --.5;

with a constant K4.

PROOF. Dividing the interval [0,1] into three parts we have

   q~ 

   '1/4 dx 3/4dx  I(y)=.) I1—e-y+21"xl +J1/4 1—e-Y+2'I
+Jr1 dx    3/4 11—e v+2nixl

=2J1/4dx 3/4dx     oy _e-3/+2sixl-----------------------+.11,4  I1—e-7/+2nia I •
Now we first estimate the latter term. In this case we have

Ji4dx 3/4dxf3/41   I1—e-y+2nixi <J1/4------------------I1—e-Yeos27Cx1 <J1/4dx=2
Next we estimate the former term. In this case we moreover divide the

interval [0,4]into two parts. Then we have

r1/4 dx v dx1/4 dx  Jo 11—e-v+2sixl=Jo I1—e-Y+2sixl +f:4 

 

I1—e-Y+2s4x1

< Jv dx+(1/4dx 
   o1—e-Y cos 2~rxv e-Y sin 27rx

<Jo 1—e       -~--------+e" [27rlog tan rcxJo4
_e°1  —1

e-Y-------+2rc log tan -ry

--------- e° 1  <
1—e-v+2~rlogfly.



If we note the condition on y, then we can easily see that y_,and e"                                 1 —e27r 

are bounded. Hence we have

(1/4dx1 Jo 11—e-v+2sixl <K4log y

with a suitable constant K. Summing up the above results we have

I (y) <----2+ 2K; log---y<K4 log----y
with a constant K4. This completes the proof of Lemma.

3. Estimation of sn 

   We are now in a position to state our result

THEOREM. If f(z)= i ane2ainzeSk(I'1(N)), then we have 
                                           n=1

   

I a1+a2+.........+an I <Konki2 log n 
with a suitable constant Ko.

PROOF. By Lemma 3 we get

                                  zp+1 
a1+a2+.........+an—=sn—                      = Zg(z)e-2'inzdz 

                                0

  rzo+i f(z)e-2.inz 

 Jt',31—e2'iz----------------------dz

for any zo such that Im(z)>0. If we put zo=-----)'i and z=x+ Yi  ,then 2ir 27r 

we have

    ff(,y.+----yZ)en~ 2xinx 
   127rJ 

sn=J
o1—e-Y+2nix----------------------------dx.

By Lemma 1 and Lemma 4 we have

   r1 l f(x+0Li 
            i~) l enu I

snl`J11 —e-y+2aixl-dx

<K1(----2n)k/2e" J 0 I 1—e2'1 —e-"2' ix

<KiK4 (2n)"env1               log-----y.



Here if we put  y=1/n, then we have 

I sn. I <KiK2 (2zc) -k/2enk/2 log n. 

Thus the proof of Theorem is completed. 

   By the method of Abel transformation we can easily show the following 

corollary.

   COROLLARY. If f (z) = E ane2„i" E Sk (r 1(N) ), then the following 

Dirichlet series L(s,f) associated with f (z) 

   L (s, f) = E ann-s 

converges in the region Re(s)>k/2.
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