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On global classical solutions of a quasi-linear 

  wave equation with a viscoelastic term

 Mitsuhiro NAKAO 

(Received August 17, 1981)

§ 0. Introduction 

   In this paper we are concerned with the existence and decay of global 

classical solutions to the problem 

 (0.1) u„— (p (x, t) u.vt + c (ux)) x =0 

on [0, 1] x R+ with the initial-boundary conditions 

(0. 2) u(x, 0) =u0(x), ut(x, 0) =u1(x) and u(0, t) =u(1, t) —0 

where p(x, t) and a(s) are smoothe functions satisfying appropriate conditions. 

   If p(x, t) -0 the equation (0. 1) is a usual quasi-linear wave equation. 

In this case, however, the problem (0. 1) — (0. 2) may not admit global smooth 

solution (Lax [8], MacCamy and Mizel [101). It is expected though, if 

p(x, t)>0 the problem (0. 1) — (0. 2) has global classical solutions to a large 

class of smooth initial data. This problem is a simple model of a material 

whose stress depends on the history of the motion, and first treated by Gre-

enberg, MacCamy & Mizel [7].They proved the existence, uniqueness 

and stability of smooth solution when p(x, t) const. >0. Dafermos [3] gener-

alized their result to a wider class of equations. Subsequently Greenberg 

and MacCamy [6] showed the exponential decay of smooth solutions also in 

the case p(x, t) - const. >0. The result of [6] reads as follows:

(0.3) max { 1 (u (x, t) + I u. (x, t) I + I uL (x, t) I + I u.. (x, t) I } 
reCO313

+1.11 ux((x, t) 12dx<c(u0, ul)exp{—At} 

0

for some A>0 depending on uo and u1. 

   In [6, 7] the explicite formula of the Green function of the linearized 

equation is utilized. This method, however, heavily depends on the fact 

p(x, t) =const. and seems to be difficult to apply to the case of variable 
coefficient. Also the estimate (0. 3) does not include the norms of second



and third order derivatives of u(x, t). 

   The object of this paper is to show the exponential decay in the sense 

of strictly classical norms as well as the existence of global classical solutions 

when  p  (x, t) is not necessarily constant. 

   The dependence of p on the time t makes the problem of asymptotics 

more delicate. Indeed, as is already known (see Nakao [141), the solutions 

may not decay as t-->oo if 0<p (x, t) <const. (1+0-6 or p(x, t) _const. (1+08 

with 0>1. Thus, for our purpose we assume c0(1+t)-e<p(x, t)<c1(1+t)8 

with 0<1. Concerning Q we assume 6'(s)>const. >0, which is essential for 

our argument for the existence and decay of global classical solutions. 

   Roughly speaking, our result reads as follows: In addition to the above 

assumptions let u0 and u1 be sufficiently smooth and satisfy a certain (strong) 

compatibility conditions. Then the problem (0. 1) — (0. 2) admits a unique 

global classical solution u, satisfying

3 k 

E E I ---------zakk-iu(x, t)1`C(uo, u1)eXp{—At'161 } k=0 {=0axat

for some 2>0. 

   We employ a Galerkin's method and hence our solution is constructive. 

Greenberg [5] also gave an constructive existence theorem, but his solutions 

are generalized ones and not classical. For the decay estimates of solutions 

we use an energy method which is used systematically in our previous papers 

[11-14]. 

   Recently the existence theories for related problems have been estiblished 

by several authors; Clements [2], Pecher [15], Andrews [1], Ebihara [4] 

and others. Above them [2, 15, 4] treated the higher dimensional equations. 

It seems to be interesting problem to extend our results to higher dimensional 

cases.

§ 1. Preliminaries 

   We use standard function spaces, and the precise definitions of them are 

omitted (see e. g. Lions [9]). The following Lemmas are used frequently. 

   LEMMA 1. 1. 

The Sobolev space H1=H1([0,1]) is imbedded continuously into 

C"2([0,1]) and it holds that



 

I  u  j  c1/2_<—S111ulIH, for uEH1 
(or l u l c1/2<Si l lul lH 1 for u E HI) 

and IIuIIL<S211ullio211uHull2a        °°for uEH, where S1, Si and S2 are positive cons- 
          H, L 

                                                                                                                               0 

tants and we defineIIUIIH1=IIu4IL2, which is equivalent toIIUIIH1ifuEH,. 

  Hereafter we write Ilull for IIullL2•

   LEMMA 1. 2. 

   Let c(t) be a nonnegative function on R+=[0, 00) satisfying 

         sup qS(s)<co(1+t)r(O(t) —q(t+1)) +k(t) 
tsst+1 

for t E R+, wher co (>0) and r (I r I <1) are constant and k(t) is a function 
such that 

0<k(t)<c1 exp{—,lti-'r'} 

with some c1, 2>0. Then we have 

O(t)ci exp{—,l'tl-,r,} 

for some ci, r>0 depending on 0(0) and other known constants. (A' does 
not depend on 0(0))

   For a proof of Lemma 1.2 see Nakao [13], where more general ineq-

ualities are treated. 

   Now we state our assumptions on p and 6. 

A,. p E CEO, x R+) and it holds that 

   (i) c,(1+t)°o<p(x, t)(1+0°o' andkE1±i-----------axiVkatk_i p(x, t) I5c2(1+t)°1                        =~-1 

with co, c1, 01>0 and I Bo I <1, 

   (ii) p.(0, 0=P.(1,0=134.(0,0 =Ptx(1, t) =0 and 
               sup max(px(x,t),pt(x,t))<2 inf a(s). 

        (x,t)eCO31)xR+seR 

A2. 6 E C3 (R), and c2 I s 12<6 (s) s<c3 (1+ I s I) °2, 0<ko<a' (s) <c4 (1 + I sI)°2 

and I a"(s) I <c5(1+ I sl)°2 with ci(i=2, 3, 4, 5)>0 and 02>0.

   Remark 1.1. If p (x, t) is independent of x and t the assumptions on 

the growth of a (s), a' (s) and a" (s) are not need.



§ 2. Approximate solutions and their estimation 

   we employ Galerkin's method and construct approximate solutions  fu„ (01  } 

as follows. Let {ok}7=1 be a basis of L2([0,1]) consisting of the eigen functions 

of the operator-dx2 with the 0-boundary condition, i. e. , 
{Ok} k=1= {sin (27rkx) } k = 1 

and let Vi be the closure of linear combinations of {k};1 in H1.. 

We assume first 

(uo,u1)EV6xV, 

and consider the following system of ordinary differential equations

(2. 1)
(u,; (t), k) + (P (x, t) Dxu~', D.x0k) + (6 (Dxun), Dxck) = 0 

(k =1, 2, ......, n) 
un(0) =uon and u;, (0) =u1n

where

  dt  ,D~__ax-(ord), ( , ) denotes L2-inner product
and we set un(t) = E aj,n(t)CSj(x). The initial data uon are chosen in such 

1=1 

a way

uon->uo in H6 
(2.2) 

u1n->ul in H'.

   The system (2. 1) is equivalent to 

(2.1)' u,^(t) -Pn{(p(., t)Dxu;,+6(Dxun))x} =0 

where Pn is the projection of the space L2 to the n dimensional subspace 

Wn= [01, ......,On]. 

  For simplicity of notation we write often u(t) and p(t) for u(x, t) and 

p(x, t), respectively. Also we use Dxuand Dtu (or') for-ax u and at -u, 
respectively. 

   Multiplying (2. 1) by ak,n (t), summing up from k=1 to n and integrating 

over [0, 1] we have 

(2.3) Eo (un (t)) cEo (un (0) )



as long as the solution  un(t) exists, where we set

Eo(un(t))= 1 Ilun(t)I2+J1JO'un`s't'6(s)ds dx.

Thus (2. 1) has a unique solution un(t) on R+ for each n. 

   Now we carry out the first two steps of the estimations of the approximate 

solutions un,(t).

LEMMA 2. 1. 

There exist positive constants c, 2>0 independent of n such that

Eo(un(t))+J7111,^P D„un(s)2ds _c(IIuollx2, Iluill)exp{—AP-1001}
PROOF. 

The proof is essentially included in [13] and [14] and we sketch it briefly. 

Multiplying (2. 1)' by u;, (t) and integrating we have

           t+~ (2.4)JII,^P Dam,,(s) II Zds=Eo(un(t)) —Ec(un(t+1)) °QS Ct)
and by the assumption Al

           t+1 

(2. 5) t II Dxun (s) II2ds<const. (1 + t) -°oQI (t).

By (2. 5) there exist two points t1 E [t, t +----41 and t2 E [t + —34 t + 1] such that 

(2. 6) I I u;, (t1) I I <const. (t1) I I <_const. (1+ t) -0o/2 (20(t) (i =1. 2) . 

Next, multiplying (2. 1)' by un(t) and integrating over [0, 1] x [t1, t2],

    1 

Jt2J   06 (D,,un) Dxundxds  tl

__<Jt211ur(s)112ds+ I(un(ti),un(ti)) 
    tl=1

+ J12Jo I p (x, s) Dxu;, Dzu.,, 1 dxds, 

    1

by (2. 5) and (2. 6)

(2.7) <const. {(1+t)-80Qo(t)+(1+t)-80/2 max+1^Eo(un(s))

+ (1+0 i eo i /2Q0 (t) 
tsjscmax+l1/Eo (un (s)) }

°Ko (t)•



From  (2.  5) and (2. 7) there exists t*E [t, t+1] such that 

        E0 (un (t*))<const. K u (t) 

and hence by a similar equality to (2. 4)

t+1 

max
t + lEo (un (s))~E0 (um (t*))+tI I-^p Dxun(s) I I2ds

<const. (1+t) 160'Q0(t)2+ t5 aj+1 EO (tin (s)),

that is,

(2. 8) max Eo (un (s)) <const. (1+ t) '60' ({E0 (un (t) ) 
t8St+1

—Eo(u n(t+1))}.

Applying Lemma 1.2 to the above we obtain the desired result. q. e. d. 

   Hereafter we denote by c, A and a various positive constants independent 

of n which may be different at each appearence. In particular we write 

c (a) etc. if the dependence of c on a is important.

LEMMA 2. 2. 

We have 

II Dxun(t)11 c(IIuoIIH2, I1u111) (1+t) (1-0o)/2,

   PROOF. 

   Multiplying (2. 1)' by —Du(t) (E W,), we get 

(2.9) (uri(t), —D un(t))—(p(t)Dxu;,(t)+6(Dxun(t)),D.iun(t))=0 

and integrating by parts

(2. 10) 2 dt 1p(x,t)IDxun(x, t) 12dx

=Jop (t) DiunDiu;,dx+----2Jo °I D1un12dx

   dtJoD~u;,Dxundx+loIDxu;,1 2dx

—J a6'(Dxun)2(Ds unJ)2dx—1pxDxunD2undx
  1 1 +
2Jopt(DPun) 2dx



and

----f1 dt  { 2J
o (p(D1un,)2+DxunDxu7i)dx}

 jo (2----Pt—a,(Dxun))(Diun)2dx+c(1+t)-BoJa (Dxu02dx
+c(1+t) a (Er! Dxun12dx)1/211 Dunll, a>0, 

              0

by virture of Al -(ii), 

(2. 11) c{(1+t)-Bo1I-^p Dxu;=(t)112 
                + (1+ t) ° II-^p Dxu; (t) II Il /p D~unll }. 

   Intergrating (2. 11) over [0, t],

(2.12)2 II-^p D=un(t)112`c(Iuo11 H2, llu1JI) + (u;s (t), Dfun(t))
+ cJ t0(1 + s) -80 118 pDxu;, (s) 112ds 
+c{ Jo(1+s)'11N/pDxun(s)112ds}1/2(Joll,^pD.Zzunll2ds)1/2

Using Lemma 2.1 the right hand side of (2.12) is estimated by

c(11u011H2, Ilu,ll){1+(JoII-^p Diun(s)II2ds)1i2}+  4  1I1/16 Dxun(t)II2
and hence we can conclude 

Il /p Iluill)(1+t)1/2

which proves Lemma 2.2q. e. d.

   REMARK 2.1. As is easily seen from the proof of Lemma 2. 2, if j px 1 + 

pt<eo for sufficiently small eo>0 then it follows from (2.10) 

IlDfun(t) Ilcc(IIuoIIH2, Iluiil) 

and subsequently we obtain 

110 (Dxu0Ilcc(IIuollH2, I1u111) (i=0,1, 2). 

Thus the growth condition on 6(s) is needless.

§ 3. Further estimations of approximate solutions (I) 

  Starting from the estimates in the previous section we proceed to further



estimations of the approximate solutions. As is stated in § 2 c, and a 

denotes various positive constants independent of n. 

  Now differentiating  (2.  1)' in t we get

(3. 1) Du(t) — Pn { p (t) DxD un (t) +p(t)Du(t) 

              +a'(D.,un)D.;u;,(t)}x=0.

By (3. 1) and a similar argument as in the proof of Lemma 2.1 we can 

estimate the energy

E1 (un(t))°IID~un(t)1II+ II ̂6'(D xu0 Dxu; (t)112.

Indeed, multiplying (3. 1) by D i un (t) and integrating over [0 , 1] x [t, t +11

            t+1 

(3.2) tII^~Dyun(s) II2ds 

2 {El (un (t)) — El (un (t +1))} 

                            + 

           Jt+ 1 JO{1a" (Dun)(Du:u~(s)) 3 —PtD~u;,Dxu,,} dxds.
The integrations of the right hand side of (3. 2) are estimated as follows .

 t+1(1 
tJo16" (Dxun)I I Dxu;,(s) 13dxds 

       -_C116" (r)u)IIL°°<CO313 xCt,t+13) ft+11IDxu;, (s) II2ds x 
xsup {IID=un(s)1l+Ilun(s)I1, 

tsst+1

by the assumption A2 and Lemmas 2. 1, 2. 2,

= c(IIuoIIH2, 11u111) (1+t)aexp{-2ti- 1801} x 

x {sup 11D1u;,(s)11+exp{—,ltl 'eo`} 
tssst+1 

 c(IIu011H2,11u111)exp{—Atl-}{1+sup
st+1IIDIu;,(s)II}                         tss

and

jt+11 t 0I pt • Dxun• DxD fun!  dxds

 ~II °' IIL°°(CO313 x[.,t+1]) x

X (.1 11Vp Dxunll2ds)1/2(.1 11^p D3Diunll2ds)1/2 
<c(IIu011H2, IIu111)eXp{—,it'I00}+

                            1ft-F1 
                           tll,^p D3Diun(s)II2ds.



Thus we have

           t+1 (3.3) ft II^p D.,DLun(s)112ds: E1(un(t))—E (un(t+1)) 
 +cexp{—  At'  so'  }  {1+sup II Dxun (s)11 } 

ts8st+1 

Qi (t)

On the other hand, multiplication (3.1) by uri and integration yield

t+1 f1 
(3. 4) t 0I D,;uri(s) 12dxds 

                         +1 

             tWit n(s)II2ds+I (Diun(t), u;,(t) I 

             + I (Diun(t+1), un(t+1) I 

             + {I P•D .,Diu„•D„un1 + I Pt11Dvu,C.(s) I2}dxds 
t 0 

5,c(1+t)-°oQi (t) +c(IIuo11112, Iluill) (Q1(t) 

             +max VER(u(s)) +1)exp{-20-' °o' } -Ki (t). 
tS. t+1

From (3.3) and (3.4) we see that there exists t* E [t, t 4-1]  such that

E1(un(t*))<cKi (t)

and

                                                       0+1 

                              (3. 5)max e+1E1(un(s))<E1(un(t*))+JtII/pDyDi(un(s))II2ds 

                     +cexp(—A0-' °o' } {1+sup t+1II D1 un(s)111                                                             ts85 

                <cK i (t) +cexp{-2tl-'} {1+supII Dzu;,(s)11} 
                                                                      tssst+1 

<c(1+t) (00' {E1(un(t)) —E1(un(t+1))} 

+c(IIu011,12,11u111){sup IID~un(s)1I+1}x 
ts8St+1 

x exp{-2tl-'

To estimate IID;u;0(t)II we return to the equation (2.1)'. Multiplying (2.1)' 

by —

II-^P D.Zxu;,(t)112=—Jo{Diun•DZzun+P.,D„un•DZxum 

+6'(Dxun) •Dlun•Dlun}dx 

.c(1+t)- 011te,: (t) IID D,;un, (t)112 

+c(1+t)aIIDiun(t)II +-2 IIA/P D;u (t)112
and by Lemma 2.2



 (3.6) IlDxun(t)112c(IIuoIIH2, Ilulll) (1+t)a(E1(un(t))+1)

for some a>0. From (3. 5) and (3. 6) we obtain

max El(u,l(s))Cc(1+t)'0 01 {E1(un(t))—E1(un(t+1))} 
ts8st+1 

+c(I1uoHHH2, I1u11l)exp{-2t1-'°o'}

which implies by Lemma 1.2 

(3.7) E1(un(t))_-c(E1(un(0)),1Iu0IIH2, llulll)eXp{—Atl-I0o1}. 

Moreover, through the equation (2. 1)', we see easily 

          El(un(0)) —_—/'c(IIu011H2, I ulIIH2) 

Therefore we have proved the following Lemma. 

   LEMMA 3. 1.

IlDiun.(t)I12+II,^a'(Dxun)Dxun(t)112+E+111,^p DxDlun(s)II2ds 
_<c(I1u0Il, IIullIH2)exp{—Atl-' },

and

1IDsun (t) I12 c (IluollH2, IIu111H2) (1+t) a (a>0).

   Along the line of the proof of Lemma 3.1 we can obtain the estimates 

of the higher derivatives of un(t). For this, however, we encounter some 

difficulties and we cannot omit the proofs.

LEMMA 3. 2.

IIMun(t)112+111/a'(Dxun)Dx Diu n(t)112+J t+111.^p D „Mu n(t)II2ds 

`c(I1uoIIH4, IIu111H4)exp{—~tl }.

PROOF. 

Differentiating (3. 1) in t we have

(3. 8) Diun—Pn 8x{p•DxDlun+pt0Dxu;,+6"(Dxun) • (Dxun)2 
+a'(Dxun) •D ,xDiun=O.

Multiplying the above by Diu., 

     Jt+1(3.9)r II^p DxDiun(s)112ds= —2



where

E2(un(t))=11Diun(t)112+ II.^p(Dxun)DxDaun(t)112

and

g2(t)=Jt+1Jo{ 21----6"(Dxun)Dxun(Dzun)2+PttDxunDLun 
 +2pt  •  Dxu,a  •  DxD  i  un  + c" (Dxun) • (D x2402 • D ,Di un} dxds.

Noting I1DxuIIL°°Cc(IIuII +11Dyull) for tiH2, g2 (t) is estimated as follows.

Cc sup (1+IIunII+IID;unll)°2(IIDlu;,(s)II+llu;,(s)II} x 
tsast+1 

                X ft 
                            0+1

II2ds 

 ((   +c(1+t)a(J
t+1ll.^pDxun(s)1I2ds)1/2(Jt+1II N/p DxDlunll2ds)1/2 

  +c(1+t)"(Jt+1II-^pDxDiun(s)112ds)"(Jt+111-^p DxDaunIl2ds)1'2 
+c sup (1+IIun(s)II+IID=un(s)II)°2(IlDZunII+IIun(s)II) x 

ts8St+1 

  X (Jt+11IDxun(s)II2ds)1/2(Jt+111./p D.Diun(s)II2ds)1~2t 
 tt

with the aid of earlier Lemmas,

                                                            t+1 (3.10)<c(IIuo11H2, IIu1l1H2)exp{—At1-1°o'} +  21JtII.,/pD,;Diunll2ds.
From (3. 9) and (3. 10)

            +1 

(3. 11)t tI I N/p DxD l un (s) I I2ds<E2 (tin (t)) —E2 (tin (t +1)) 
                                            +c(IIu01IH2, IIu111H2)exp{—,it1-' °o' }

On the other hand, by Lemma 3.1,

          t+1 1 (3. 12) Jt 0(Dxun)ID.xDtun(s) I2dxds<c(GIuoIIH2,11u111H2)exp{—AP-}.
Combining (3.11) and (3.12) we obtain the difference inequality

max E2 (un (s)) <c (1 + t) ' °o' {E2 (un (t)) — E2 (un (t + 1)) } 
tssSe+1 

+c(iluollH2, IIu111H2)exp{-2t1- i°o'}

which implies 

(3. 13) E2(un(t))<c(E2(un(0)), IIuoIIH2, IIu111H2)exp{—,1t1 001} 

   It remains to show the boundedness of E2(un(0)). Noting that the oper-



 2 

ators —dz2and Pn are commutative on  H2 (114and px (0, t) = P.(1, t) =0, we 

see

IIDIDzun(0)11=IIDI{P(x, 0)-L14;,(0) 
c (IIu011H4, Hu111H4)

and hence 

(3. 14) IlDtiu(0)11<c(IIDIDiun(0)II+IIDiun(0)II)<_e(IIu011H4, IIu111H4). 

Moreover 

(3. 15) IHDtun(0)11=11Pn{DxDt(pDxun+Q(Dxun))}t=011. c(Hu011H4, IIu1IIH4)• 

(3. 13)-(3.15) proves the Lemma.q. e. d. 

To show the decay of II Dlun(t) II we prepare the following estimate for 

II D.Iun(t) II.

LEMMA 3. 3. 

     IlDiun(t)llcc(IluoH3, IlulilH2)(1+t)'

for some a>0. 

   PROOF. 

   Multiplying the equation (2. 1)' by Dzun (E Wn),

(3. 16) (Mum—PD1un—pxDxun-6'(Dxun) •Dzun, Dlun) =0.

Now

(Dzun, Drun) _ -dt(Dzun, D=un) — II Drum(t) I I2, 
— (PDnun, Diu n) _ (P.D=un, Dnun) + 21 dt II V7) DUn112 

1 (1                   -
JoPx(Diun)2dx, 

— (PxDxun, Diun) _ (PxxDxun + pxDZun, D=un) 
(note that p.,;(0, t) = P.(1, (1, t) = 0)

and 

(3. 17) — (6' (Dxun) D=un, Dzun) 

                           1 

                =
0{6'(Dxun) • (Dsun)2+6"(DAn) • (Dau02•DZun}dx.



It  follows that

(3, 18)dt{---2I I ̂p D x un(t)112 — (D~:u;,D xun) }

cliD2u;,(t)l12+ Co {-  a'(D:jun)}(Dxun)2dx 
    :(21).,,D!u;,+ —p,,,;D;cu;,+a"(Djun) • (Dxun)2}D;undx 

<c(IIuo!'H2, I1u111,12) (1+ t)" +c(1 +t)B1-BO11 D u;, (t) II x 
                         x I I.^p Dl un (t) II 

+c(1+t)aIID:,uL(t)11 II,^p Dxun(t)II 
+c(IIuoilH2, ilu11{H2) IID=un(t) IIL-11Dxun(t)11 II D=unll 
(Iiu011112, 11u11111) (1+ t)" Dsun(t) 114/3'

where we have used Lemmas 3.1, 2. 2, 1.1 and Young's inequality. The 

inequality (3.18) together with the estimate

1 (D,;u;,, Dsun) cc(IluolIH2, Hull' H2)exp{—At' 90' } II ̂p Dx un(t) II

implies easily

IID=un(t)li5c(1lDlun(0)II,11uoi1H2,11u1Ii112)ii(1+t)" 

cc(IIu0lIH3, Hu111H2(1+t)"

for some a>0.q. e. d.

With the aid of Lemma 3.3 we can show the decay property of 11Dxun(t) II 
       t+1 

and II Dxu;, (s)112 ds. Hereafter we often use the notation

e1(t) °exp{— AP- ' °o' }

for simplicity. 

   LEMMA 3.4.

c+1 

IID=un(t)112+ L HMIs; (s)112ds<c(11u0I1113,11u111H3)e,1(t)

for some 2>0.

   PROOF. 

  The proof is not difficult and we sketch it briefly. Multiplication (2. 1)' 

by —DFu;,(t) (e WOand integration yield

        t+1 1 
                    E (3.19)

tII^pu~Cs)112ds=-2{            D23(un(t))—E3(un(t+1))}+g3(t),



where

 E3  (un  (t)) =1I D .;u' (t)112 + l I ,^ i' (D.vun) D2u„ (t)112

and

g3(t) =Jt+1Jo{—pxDxu"• Dlu;,+26"(Dxun) •Dxu;, • (Dxu)2}dxds.
Then, by Lemmas 3.1 and 3.3, we have

I g(t) I <c (IIu.I H3, IIH2)e2 (t) +----21 i t+111-^p DZu;, (s) II2ds
and by (3. 19)

      +1 _ 

(3.20) ttII-^pDx u;, (s) I I2ds 

cE3(u„(t)) —E3(un(t+1)) +c(IIu011H3, IIu111H2)eA (t) 

=Q3 (t)•

On the other hand, Multiplying (2. 1)' by —DZu„ (E W„) easy calculations 

give

           t+1 

(3. 21) t I I -^6' (Dxun) D=un (s) I I2ds

<cJt+11lu' (s) II2ds+c (1+t) °0I .1:+111,%/To-Mu;, (s) II2ds 
 + c (1+ t) °1 Jt+111D,~u;,(s) I I2ds 

               t cc(1 +t) I °0' (23(t) +c(IIu011H2, IIu11lH2)e (t).

Combining (3. 20) and (3. 21) we obtain

max E3(u„(s)) c(1+t)'°o' {E3(u„(t))—E3(un(t+1))} 
ts3st+I 

c(IIu011H2, IIu111H2)e, (t)

which together with Lemma 1.2 implies Lemma 3.4 immediately. q. e. d.

LEMMA 3. 5.

IlDqu; (t) 112 + I I Dxu„ (t) I I + Jtt+111,^pD=un(t)II2ds 
(Huai! H3, IIu111H3)e2 (t) (2>0).

PROOF. 

Multiplying (2. 1)' by DI(t) (E W„) and integrating we obtain



Jt+111,^PD=u(s)II2ds=1 {E4(un(t))—E4(un(t+1))}+g4(t)
where 

E4(un(t)) = I1Du;, (t)112 +11-^6'(D, ,un)Dxun(t)112

and 

         g4(t) =rt+l j1 {-2Px• Diu; •Dxu:,—p Da,u;•Dxun               Jt 0 
+6"(Dxun) • (D1un)2•Dl'un 

              +2 6" (Dxun) • D.vu;, • (Dxun) 2} dxds.
Using earlier Lemmas we can estimate g4(t) as follows.

g4(t) I-Sc (1+t)1+12.1-60.1(IID=u(s)II2+IIDxu;(s)II2)ds 
      +c(11u011H3,IIu111H3) tsust+lII Dxun(s)II2JL+111 Dlun(s)II2ds 

((1+1 +c(IIu011H3, Mull' H3)t2upt+1 IID=un(s)II2Jt (11D=i4(s)II 

    +11u;(s)I1ds+  2 J IIN/1 Dxu;,(s)2ds 

    <—c(IIu011H3, IIu111H3)e2 (t) +----21 J t+11l4/p D=u;, (s) II2ds.

Thus

   f:+1 

       

11ArETD114; (3.22)(s)112ds<E4(un(t))—E4(un(t+1)) 

+c(IIu0IIH3, I1u111H3)e2 (t) 

=~4 (t).

Next, multiplying (2.1)' by Dxun,

(t+l 

J  l I~^d'' (Dxun) Dzun (s)112ds 
              t+1 1 

(D gin) • (Diu n)2•D!un+ (D,;un(s) +PDiu;, 
        t o 

—2p P.13xu;,) Dxun}dxds 

       (IIu011H3, IIu111H3)Sup +1IID=un(s)IIIID=un(s)IIlID=un(s)ii                                t5ast 

       +supIIDxu,;(s)II IlDzun(s)II +c(1+t)'901/2X 
15.5t+1 

X 41+1W/7)—D/14112 ds)1/2 (t+IIID!unII2ds 
                            +c(1+t)61 sup (IIDxun(s)IIIID=un(s)II), 

tSa5t+1



by Lemmas  3.1-3.4,

5c(IIu01IH3, (t) +c(1+0 1001 Qi (t) 

    1 ri -------       +.2-II,^6' (Dxun) Dxun (s) II2ds

and 

(3. 23) J:I1DxUnDUnS2dS 
                          c(1+t)'°o' Q4 (t) +c(IIu011H3, IIu1IIH)e2 (t)

From (3.22) and (3.23) we can conclude as is usual

E4(un(t))<c(E4(un(0)), IIu011H3, IIu111H3)ea (t) 

~c(IIu011H3,11u111H3)e,2 (t).

q. e. d.

The following is an immediate consequence of the above Lemma.

LEMMA 3.6. 

II DIDiun(t) IICc(IIu011H3, (t).

PROOF. 

     Multiplying (3.1) by DxD2un (E WO we have 

IIVI D=Dun(t)11<c(1+t)-a0/2{IIDLun(t)11+IIpxDxDlun 

                     + ptD1u;, + ptD1u;,+ 6" (Dxun) • Dxun • Dxu;, 

+a'(Dxun) •D=u;i11 } 

cc Qua ,r3, IIull!H3)e4 (t).

q. e. d.

We continue the estimation of {un(t)}. 

   LEMMA 3.7.

IlDrun (t) 112+ IIDxDIun(t)112+rt+111 DxD`tun(s) II2ds                 J~ 
c(IIu0II1/6, CO,IIu111H6)e1 A>0.

PROOF. 

Differentiating (3.1) two times with respect to t,

(3. 24) Diun—PnCa {3pt0D.xDlun+3ptD,;Diun+pDxDtun+PtttDxu; 
          + 6" (Diun) • (DAO' +3a" (D g4„) • Dxu;, • DxD i un 

+ 6' (Dxun) • DxD ~ u} = 0



Multiplying the above by  Dun we have

           t+1 (3.25) fiII^P D:;D t un(s) II2ds 
2_- {E5 (un (t)) — E5 (un (t +1))1  +g5 (t)

where

E5(un(t)) =II Dtun(t)112+II ^6'(Dxun)D3,Diun(t)112

and

       +1 ft 
g5(t) _ — o{3p„DxD2u,~+Pttipxu~+v"(Dxun) • (DAO' 

+3a" (D •Dxun•DxDlun}D1Dtun dxds 

      1        +
2Jl+1.'(Dxun) • Dxun• (DxD un) Zdxds. 

0

By Lemmas 3.2, 3.4 and 3.5 we see easily

                       1 Ig5(t) I`c(11u011H3,IIu111FF3)e2(t)+~j:÷1 111/ P D Dtunll2ds
and hence by 3.35

(3. 26)a+11 I -^P_ DTD t un (s)112ds<E5 (un (t)) — E5 (un (t +1)) 

                                           +C(IIu011H3, IIulIIFI3)e2 (t) 

=Q5 (t).

We know already by Lemmas 3.2 and 3.4

        rc+ 1 (3. 27)1 II -^6'(Dxun)DxMun(s)II2dsCc(II uoll H3, (t).

From (3. 26) and (3. 27) we can conclude as is usual

E5(un(t))+Jr' p D,,Dtun(s)112ds 
_‹c(E5(un(0)), IIu011H3, IIu111H3)e2 (t).

Moreover 

IIDxDzun(O)112_c(IID=Dlun(0)112+IID1un(0)112) 

Cc(IuolJHfi, IIu111H6) (cf. Lemma 3. 2)

and by (3. 8), 

llDtun(0)II<—c(IlDiun(0)11H2, IIu;,(0)IIH2, llDaun(0)11H2, Ilun(0)IIH2) 

Ce(IIuoI111H6, IIu1IIH6).



Therefore

 E5(un(0))�c(II  u011  H6,  IIu111HS)

which proves the Lemma. 

   LEMMA 3. 8.

q. e. d.

                  t+l 

IIDlu;,(t)112+ t IID1D2un(s)112ds c(IIu011IIH3, IIulIIH3)e~(t).

PROOF. 

Multiplying (3. 1) by DzDun(t),

(3. 28) (DI un(t), DxDun(t)) + (p(t)DxDiun, DxMun) + (f) ID DFDiun) 

                         + (6' (D An)• Dxu;t, D.Sxun) = 0.

Using the integration by parts we can arrange the equation as follows.

(3. 29)       2dt-{II D.iDunll2+11-^Q'(D„un)Dxu;,(t)112}+II-^p D=D~un(0112 

              fr12o6" (D,un) • (BUD' oP.* (Dx .Du02d 
           —.1.01p, • Dlu:, • Dl undx+g6(t)

where

g6(t) _ — 0f pt„xD.,u;,+2ptxDxu;,+pxsD,:Dxun 

+6"'(Dxun) • (Diu 02•D,u;,+6"'(Dxun) •Dlun•Dxu;, 

+26"(Dxun) •Dlun•Dxu;,}DxDundx.

Note that we have used the assumption 

M0, 1) =pT(1, t) =pt.x(0, t) =ptx(1, t) =0. 

From Lemmas 3. 1, 3.2 and 3.5 it is easy to see

g6(t) I c(IIu011H3, I1u111H)e, (t) +- 2 II-^p D=Diun(t)112.
Moreover, by Lemmas 3.4-3.6, the integration over [t, t+1] of the first 

three terms of the right hand side of (3. 29) are bounded by c(IIu011H3, IIullIH3) 

x e2 (t). 

Thus we have from (3. 29)



       (G+1 _ 

 (3.  30)JII-^pD=D~un(s)112ds<E6Cu,c(t))—E6(un(t+1))

//+c(IIuoIIH3, IIu1111I3)e1(t) =rL'6(t)f

where

E6 (un(t)) = II D2Diun(t)112+ ^a' (Dxun) D1un (t)112.

On the other hand we know by Lemma 3.5

           t+1 

(3. 31) L 11VQ'(Da,u,)D1un(s)112ds_ c(11u011//3, IIu1IIII3)e, (t).

Combinig (3. 30) and (3. 31) we can obtain

E6(un(t))+rpc+111-^D1Diun.(s)112ds       J~ 
~;c(E6(un(0)), IIu011H3, IIu1111I3)e1(t) 

c(IIu011H3, iiu1111I3)el (t)

q. e. d.

Next, we want to show the decay of Ilun(t)II1/4• For this we need the fol-

lowing auxiliary Lemma.

LEMMA 3. 9.

IlDzun(t)11 <c(IIu011H4, ill a-(1+t)'0)/2.

   PROOF. 

   At this time we multiply (2. 1)' by —Dzun (E WO to obtain (cf. Lemma 

3.3)

(3.32)dt{-----2 11 V p Dxun(0112—(D=un, Dlun)}

=11Dxun(t)112+11(-1 - —c'(Dxun)) (Dsun)2dx 
      — CP+3p.;zDnu .v+3p(Da;un)• (Dlun)3 

+3o." (DA n) •D~un•D.un, Drun) 

(IIu011H3, IIu111H3)e1(t) (1+II./pD=un(t)II)

which yield (cf. Lemma 2. 2)

II Dxun(t)11<_c(II Mun(0) II, IIu011H3, 11u111H3) (1+t) (1-0 )/2

q. e. d.



LEMMA  3.10.

                 L+1 

II D=un\t)112+ II DsDcun(s) II2ds`c(II u011 H6, Il u11111)e2 (t).

PROOF. 

Multiplying (2. 1)' by —Dlu;,,

       (c+1 (3. 33)  11,Vp-Dxu;,(s)Il2ds=----2 {E7(un(t))—E7(un(t+1))}+g7(t)

where

E7 (un(t)) = II D1u;z (t)112+ II-^6'(Dxun)Dhun(t)112

and

6+1 j1 
g7 (t) = —  {3pa;xDiun+3p.D.u;,+px.nD:4u;,+6"'(Da;4n) • (D1u03 

        1 0 

+36"(Dxun) • Mum- Dlun}Dlundxds 
             1+11 + J0"(DoUn)  •Dlun(D.tun)2dxds. 

c 0

By Lemmas 3.5 and 3.9 we get easily

1 c+1 Ig7(t)I`c(IIuotj113,11u111113)e2(t)+_.2 Jc 11N/p Dxu (s)II2ds 
+c(IIu011H4, IIu111H3)e2 (t)

and hence

Jc+1 c Il~p D~u;(s)IIZds<E7(un(t))—E7(un(t+l)) 

+c(I1u011H4, I1u111113)e2 (t) 

=Q7 (t)•

Multiplying (2. 1)' again by —DAun,

 1+1 

Jt 116'(Dxun)Dsun(s)II2ds
    c+11 =J{Mu,",—pDxu;,-3px.xD1u;,-3pxD114;,—Pxxx,Dxu;, 

t 0 

—6"'(D xun) • (Diun)3-3a"(Dxun) •Dzun•Dlun}Dzundxds 

'c(IIuoIIH4, IIu111H3)ea(t)+c(1+t)'°o'Q,(t) 

 + r116'(Dxun) •Dlun(s)II2ds
and



 (3.  35) f t+1116'(D,Dun)Dxun(s)112ds`c(l+t) 1o01Qi(t) 
+c(Iluo1 i114, I1u111H3)e,A (t).

From (3. 34) and (3. 35) we can conclude

EI(un(t))+J/+1IIA/pDlun(s)II2ds 

C(E7(un(0)), IIu0II1Iq, Ilu111113)et(t) 

e(II u0111I4, IIu111H3)e2 (t).

q. e. d.

Finally in this section we summarize the estimates obtained.

   PROPOSITION 3.1. 

   Let us assume A. 1 and A. 2, and let (u0i u1) E V6 x V6. Then, the 

approximate solutions {un(t)} constructed through (2. 1) — (2. 2) satisfy the 

following estimate.
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/2 E IlDtun(t)112+EIIDtun(t)If11+ E IlDtun(t)IIH2 
1=11=01=0 

         + E IlDLun(t)I113-FIlun(t)1114 
2=0 

         +.1rtt+1{IIDxDaun(s)I12+IIDIDiun(s)112+D1Dtun(s)112}ds 
clluollH6, IlulilH6)exp{-2tt1001 }

for some A>0 independent of n and (u,, u1).

§ 4. Further estimations of approximate solutions (II)

   Here we make some additional assumptions on p, 6 and the initial data 

u0f u1 to obtain the estimates for higher order derivatives of {un(t)}. 

A. 3. c (s) EC' (R), P E C4 CO, 11 X R+)

and

t) (1, t).----p„(0, 1) =ptt,;(1, t) = 0 and I Ptt I (1+ 0°3 

for some 03. 

   A. 4. (u0i u1) E V8 x V8 and we assume for (2. 2) 

(2.2)' u0n—>u0 in H8 and u3-->u1 in H8. 

Under the assumptions (A. 1) - (A. 4) we derive further estimates for {un (t) }



on the basis of proposition  3.1. The proofs are given in a similar manner 

as in the previous section and we state them as briefly as possible. 

   LEMMA 4. 1.

I I Dl un(0112  + I I V a'(1),,u) D, Dt un (t) I I2 + J 
L+111,./p DDDl un (s)112ds 

c11u011H8, (t) (A>0).

   PROOF. 

   Differentiating (2. 1)' four times with respect to t and multiplying it by 

Dr un, easy caluculations with the aid of prop. 3.1 yield

 (4.1) z(t))—E8(un(t+1)) 

+c(IIu811H IIu11IH e,(t) , 

where

E „(t) 112 + I I v'0'' (Dyun) D„DI un (t) 12.

On the other hand we know already (see Prop. 3. 1)

               t+-1 

(4.2) I ./a'(Dxun)A,Diun(s)112ds__ c(Ilu011H6)a (t).

From (4. 1) and (4. 2) we can obtain by the argument used in § 3

E8(un(t))+Jt~111-./f5 D lun(s)U2ds 

(E „(0)) IIu011116, I1u111116)e, (t).

Using the equations (3. 24), (3. 8), (3. 1) and (2. 1)' we obtain also

E8(un(0))c(IIu011H8,11u1U118)

q. e. d.

LEMMA 4. 2.

IIDxDlun(t)II2+IIDIDiun(t)112+( IIDWlun(s)I12ds 

`c(ll (u011116, IIu111H6)C2 (t).

PROOF. 

Multiplying (3. 8) by D1 Dl un we can obtain with the aid of Prop. 3. 1 

           t+1  

 (4. 3)II,^p_DIDlun(s)II2ds<E9(un(t)) —E9(un(t+1)) 

+c(11u011H6, Ifu111H6)e,(t)



where 

 E9(un(t)) =1IDxDiun(t)112+ 11 V6'(Dxun)D1Diun(t)112.

In the above procedure we need the assumption 

Pttx(4, t)= p „x (1, t) =0.

Now we know

(4.4) J+1116'(DD1Diun(s)112ds_<_c(IIuaiIH3,fIu111H3)J~+1     -^;u n)11D1Diunll2ds 

c(IIuoIIH6, Ilu111H6)e .

The inequalities (4. 3) and (4. 4) yield the Lemma. 

q.e.d. 

  Finally we want to estimate 1ID1u;,(t) I I + I I Di un (t) II. For this we prepare 

the following. 

   LEMMA 4. 3.

II Daun(t)112cc(II uoll H6 • I1u111H6) (1+t) (1-00/2

PROOF. 

Multiplying (2. 1)' by Min (E Wn) and calculating we have

(4.5)dt{2II^pDxun(t)112—(D~u;LD1un)}
=11D 4(t)112+Jo(-2Pt— (ADA0) (DIun)2dx 

—4(p .Dxun, un) — (g8(t), Dlun)

where 

          g8(t) =PxxxxDD;uri+4P6pa;a:Mu;,+c"(D~un) • (Dxun)4 

+6i" (DA n) • (Dlun)2•Dzun+3i"(Dxu) • (Mu 02 

                   +4Q"(Dxun) •D2un•D4xun.

In the above we have used 

Pxx.; (0, t) =p(1, t) =0. 

Noting that the second term of the right hand side of (4. 5) is nonnegative 

and integrating over [0, t] of (4. 5) we obtain from Proposition 3.1

II ̂p D~un(t)112~~c(II uoll H6,11 u111 H6) (1+ Jo+lIlvp Dsun(s)112ds)1/2



which implies  (cf. Lemma 2. 2) 

II Dsun(t) 11<c(IIu011H6, IIu111H6) (1+t) (1-00)/2.

q. e. d.

Now we are in a position to prove our final lemma.

LEMMA 4.4.

                               1 

IID;un(t)1I2+IID1un(t)112+
t+1IID=un(s)II2ds=,:c(IIu0IIH6, IIu11IH6)e2(t), 

A>0.

   PROOF. 

   At this time we multiply (2. 1)' by Dxu;,, and arrange the equation to 

obtain (cf. Lemma 4. 3)

(4.6)2dt {IID4un(t)112+11-^6'(D.,un)D~un(t)112}+II~pD=un(t)112 
       =-2-.1.1                6"Aun)'Mum-(Mun)2dx-4(p,,Dxun, D=un) 

           — (g8(t) , Mu;,).

By Prop. 3. 1 and Lemma 4.3 we see easily

ft4i 

  

I {the right hand side of (4. 6) } I ds 
  r.

 c(IluoIIH6, I1u111H6)e,1(t) + 21 f z 1I1Vp D.4tn (s) I12ds
and hence

     J~+1(4.7)~II Vp Mun(s)2ds<E10(un(t)) —E10(un(t+1)) 
+c(IIu011H6, IIu111H6)e1 (1) 

Q?0(t)

where 

E10 (un(t)) = IID=uk (t)112+ II ̂ a'(D xun)D.Sxu, (t)112.

On the other hand, by (4. 5) we have

 t+ 1 

II ̂6'(Dgen)D.un(s)112ds 

—f`+1 
      z IID1un(s)112ds—(DID,un(t+1)),Dxun(t+1)) 

     + (D1D1un(t), Dt Diu n(t))



 — rG+11opDxu;,•Dsundxds—Jc+I(g8(t),  Dlun)ds 
(11u011H6,11u111H6) (1+ max +l~^E10(uncs)))e4 (t)                              isesi 

1 (G+1  +c(l+t) 18oI Qio(t)+2Jc II.^a1(1),un)Dzun(s))112ds
and

      J., +I (4. 8) It        114/C' (D„un) M un (s) 112ds 
c(11u01 H6, 11u111H6) (1+ max                                tsa+14^E„(un(s)))e,(t) 

+c(1+t) 180'Q10(t)

From (4. 7) and (4. 8) we obtain (see Lemma 2. 1)

E10(un(t))+ Ji+lll4nD~u;L(s)112ds 
                t 7<c(E10(un(0)), I1u011116,11u ill H6)el (t)

q. e. d. 

Summarizing above estimates we have the following Proposition.

   PROPOSITION 4.1 

   Under the assumption (A.1)-(A.4) the approximate solutions {un(t)} 

constructed through (2.1)-(2.2)' satisfy:
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IlDtun(t)112+4'IIDtun(t)11111+~,IlDfun(t)II2+IlDiun(t)1,3 
    i=1i=0i=0x=0 

+ IlDtun(t)IIH4IIun(t)IIHSJ`G}1{IID~;Diun(s)112+11D~D~un(s)112 =0 

+ I!Dsun (s)1I2}ds 

'c(I1u0lIH8(exp{—At1-"0'1 

                            for some ,1>0 independent of n and (u0f u1).

§ 5. Existence and decay of solution 

   On the basis of Propositions 3.1 and 4.1 we shall show that a subs-

equence of,fun WI (in fact {un (t) } itself) converges to a smooth function in 

various topologies and that the limit function u(x, t) is the required classical 

solution of the original problem (0. 1) . 

   First we assume Al and A2, and let (u0, u1)c—V6 x V6. We can use 

Proposition 3.1. Since Hi is compactly imbedded in Ci-1 ([0. 1]) (i=1,2,••.) 

we see by Ascoli-Alzera's Lemma :



 (5.1) D 1 un (x, t)----->D 1 u(x, t) uniformly in [0,1] x [0, 71 (T>0) 

                 for i= 0, 1, 2, 

Dal) 1 un (x, t) -->D;D 1 u(x, t) uniformly in [0, 1] x [0, T] (T>0) 

                   for i=0,1,

and 

D un (x, t) -D l u (x, t) uniformly in [0, 11 x [0, T ] (T>0), 

for a function u(x, t). 

   Also, by Rellich's Lemma, 

(5.2) DWtun--->DiD1un strongly in L2t0,(R+;L2). 

   Thus taking the limit of {u,(01 } along the subsequence, we obtain from 

(2.1) 

(5. 3) utt + (1)(X, 014.7;0 + (6 (ux)) x = 0 a. e. on [0,1] x R+. 

By (5.1) we see uEC(R+;C([0,11)) f C1(R+;C([0,11)) and 

(5.4) u(x, 0) = uo (x) and ut (x, t) = ul (x) . 

Moreover, by Prop. 3. 1, we may assume

Dlun---->Diu weakly* in L°°toc (R+; L2), i= 1,  2, 3, 4, 

weakly* in L°°1„(R+;H1), i=0,1, 2, 3, 

weakly* in L-toc(R+;H2), i=0,1, 2, 

weakly* in L°°toc (R+; H3), i= 0, 1, 

weakly* in L°°10r (R+; H,), i=0

and 

DIDlun--->DOiun weakly in L2toc(R+;L2) 

   The function u satisfies of course the estimates of Prop. 3.1 with un=u 

and hence we have by Sobolev's Lemma
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(5.5) ue (1 C,,+1,2(R+;H3_Z)c (l Ci+"(R+;C2-z+"2)cC2([0,1]y`R+) 
                dol  =o=1

and 

(5.6) sup { I uxx(x, t) I + uxt(x, t) + I utt(x, t) I } 
.e CO,1] 

cc(Iluollxs:11u111r15)exp{-2t1- I Bo 1 }.

Returning to the equation (5.3) and using the above facts we see 

uxxtcC([0,1] xR+), sup I uxxt(x, t) I �,ce2 (t) 
xeCi,1]

and



 DluEL°°(R+;HS-i) 

The uniqueness of smooth solution of (0.1) — (0. 2) follows from the usual way. 

Thus we have proved the following theorem.

   THEOREM 5.1. 

   Let (u0f u1) E V6 x V6. Then, under the assumptions (A. 1) and (A. 2) 

the problem (0. 1) — (0.2) admits a unique solution u(x, t) such that

DlUEL°°(R+;H4-i) (i=0, 4), DiuEL°°(R+;H5_i) (i=1, 2, 3)

and

3 

II Dz u (OH H4_,i+ l Dr u (t) II HS 
      i=0,4i=1 

                /C(II u0117I6, IIu11IH6)exp{Atl- 1001} 

for some 2>0. In particular we see 

uEC2([0,1]xR+), uxxtE CO, 1]xR+)

and

sup{Iuxx (x, t)I+Iuxt (x,t)I+x10 (x, t)+ uxxt (x,t) 
rI} :E0,1] 

(IIuoIIH6, IIu111H6)exp{—,lt' B0' }, 2>0.

   If we assume, in addition, (A. 3) and (u0i u1) E V8 x V8 we can use propo-

tion (4. 1) to obtain the following result.

   THEOREM 5.2. 

  Let (u0i u1) E V8 x V8. Then, under (A. 1) - (A. 3) the solution u (x, t) of 

(0. 1)-(0.2) satisfies:

 ~-1 LI IIDt u(t)IIH5-i+ IIDtu(t)IIH6_i 
i=0,5 i=1 

<c(IIuoIIH8,11u11IH8)eXp{—Atl_ 1eol}

for some 2>0. In particular,

u E C2 ([0,1] x R+), uxxt E Cl ( [0,1] x R+)

and

           3ak 
sup {Iuxxx6 (x,t)I + I uxxt t (x,t)I +E EI'u (x,t) I} xE[0,1]k=O+I =kax at 

~C(IIuOIIH8, IIu111H8)exp{-2tl-' 8011, 2>0



   REMARK 5.1 

   By the  proofs of above theorems it is clear that we can obtain a solution 

as smooth as wanted if we take (u0, u1) as elements of the closure of linear 

combinations of {q&j in HN (N: large) and if p, 6 are sufficiently smooth 

(p must satisfy in addition certain specific property at x=0 and x=1). 

  After completing this paper I knew the work by Y. Yamada [16] which 

proves the existence of golbal classical solutions under weaker assumption 
6'(s)>0, and moreover, in the case c'(s)>O, the exponential decay in the 

classical norm. However, he considers the case p(x, t) const. >0 and uses 

the abstract theory of semi-groups. Thus his method is quitely different 

from ours.
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