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§0. Introduction

In this paper we are concerned with the existence and decay of global
classical solutions to the problem

0.1)  uy— (e, Dby +0(®,)) =0
on [0,1]x R* with the initial-boundary conditions
0.2  ulx,0)=u,(x), u,(x,0)=u,(x) and #(0,#)=u(1,#)=0

where p(x, ¢) and ¢(s) are smoothe functions satisfying appropriate conditions.

If p(x,¢)=0 the equation (0.1) is a usual quasi-linear wave equation.
In this case, however, the problem (0.1) —(0.2) may not admit global smooth
solution (Lax [8], MacCamy and Mizel [101). It is expected though, if
p(x, £)>0 the problem (0.1)—(0.2) has global classical solutions to a large
class of smooth initial data. This problem is a simple model of a material
whose stress depends on the history of the motion, and first treated by Gre-
enberg, MacCamy & Mizel [7]. They proved the existence, uniqueness
and stability of smooth solution when p(x, t) =const. >0. Dafermos [3] gener-
alized their result to a wider class of equations. Subsequently Greenberg
and MacCamy [6] showed the exponential decay of smooth solutions also in
the case p(x,t)=const. >0. The result of [6] reads as follows:

0.3 zgltaoxu{l(u(x.t)|+[ux(x,t)|+|ub(x,t)|+lum(x,t)1}
+J: |2, (x, ) | *dx<c (uy, u,)exp{—At}

for some A>0 depending on #%, and #,.

In [6,7] the explicite formula of the Green function of the linearized
equation is utilized. = This method, however, heavily depends on the fact
p(x,t) =const. and seems to be difficult to apply to the case of variable
coefficient. Also the estimate (0.3) does not include the norms of second
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and third order derivatives of #(x,?).

The object of this paper is to show the exponential decay in the sense
of strictly classical norms as well as the existence of global classical solutions
when p(x,t) is not necessarily constant.

The dependence of p on the time ¢ makes the problem of asymptotics
more delicate. Indeed, as is already known (see Nakao [14]), the solutions
may not decay as {—oo if 0=Sp(x, t)<const. (1+£) 7% or p(x, t)=const. (1+¢)°
with 8>1. Thus, for our purpose we assume c,(1+?) *<p(x, $)<c,(1+2)°
with 0<1. Concerning ¢ we assume ¢'(s)=>const. >0, which is essential for
our argument for the existence and decay of global classical solutions.

Roughly speaking, our result reads as follows: In addition to the above
assumptions let #, and #, be sufficiently smooth and satisfy a certain (strong)
compatibility conditions. Then the problem (0.1)~—(0.2) admits a unique
global classical solution #, satisfying

3 k k
PIRPY l@ggTMW(x, £) | =c(uo, wy)exp{—2¢'"1"'}

i1=0

for some A>0.

We employ a Galerkin’s method and hence our solution is constructive.
Greenberg [5] also gave an constructive existence theorem, but his solutions
are generalized ones and not classical. For the decay estimates of solutions
we use an energy method which is used systematically in our previous papers
[11-14].

Recently the existence theories for related problems have been estiblished
by several authors; Clements [2], Pecher [15], Andrews [1], Ebihara [4]
and others.  Above them [2, 15, 4] treated the higher dimensional equations.
It seems to be interesting problem to extend our results to higher dimensional

cases.

§1. Preliminaries

We use standard function spaces, and the precise definitions of them are
omitted (see e.g. Lions [9]). The following Lemmas are used frequently.

LEMMA 1.1.

The Sobolev space H,=H,([0,1]) is imbedded continuously into C'*=
C¥2([0,1]) and it holds that
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|| 2 <S) ||y, Sor ueH,
(or|u|go<Silullz, for ueH)
1/2 1/2 o ‘ , .
and ||ull ~<S.llull, llull , for ucH, where S, S; and S, are positive cons-
£, L

tants and we define |lullz,=||#ll.2, which is equivalent to ||ully, if ueb?l.

Hereafter we write ||#|| for |lu] 2.

LEMMA 1.2
Let ¢(t) be a nonnegative function on R+=[0, o) satisfying
sup  $()=c,(1+1)"(6(#) —p(t+1)) + k(@)

tssse+1
for teR*, wher ¢,(C>0) and r(|r|<1) are constant and k(t) is a function
such that

0<k(H)=c, exp{—-at'"'"'}
with some ¢,, A>0. Then we have

o) <c, exp{—At*"'"'}
for some ci, A’>0 depending on ¢(0) and other known constants. (X' does
not depend on $(0))

For a proof of Lemma 1.2 see Nakao [13], where more general ineq-
ualities are treated.

Now we state our assumptions on p and .
A, p=C*([0,1]x R*) and it holds that

@ aQl+H%=<p(x H<c,(1+8) "'and 3 31| ax@;—kffp(x, D|<c,1+)n

with Cy, Cy, 01>0 and |0o|<1,
(D) pz(0,8) =p,(1, £) =p,5(0, ) =p,;(1, £) =0 and
up max(p,(%, 1), pi(%,2))=2 inf 4(s).

(.r,t)esto,llx}H
A, c€C(R), and ¢,|s]’=c()s=cs(1+[s])% 0<h=o'()=c,(1+]s])

and |a¢”(s)|<c;(1+]|s|)?2 with ¢,(:=2, 3,4,5)>0 and 6,>0.

Remark 1.1. If p(x,%) is independent of x and ¢ the assumptions on
the growth of 6(s), ¢’(s) and ¢”(s) are not need.
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§2. Approximate solutions and their estimation

we employ Galerkin’s method and construct approximate solutions {u,(¢)}
as follows. Let {¢,}5-, be a basis of L?([0, 1]) consisting of the eigen functions

of the operator—aiz» with the 0-boundary condition, i.e.,

{Bp}e=1={sin(@rkx) }5-,

and let V, be the closure of linear combinations of {¢,}%-, in H*
We assume first

(%o, ) € VX Vg

and consider the following system of ordinary differential equations

(uln, (t)9 ¢Ic) + (lo (xv t)D:uu;t" Dx¢k) + ((J' (D.cun)’ Dz¢k) =0
@1 { (B=1,2, - )
#,(0) =u,, and #,(0)=u,,
where
I:_ZT, Dx:r-v%—(org;), ( , ) denotes L*-inner product

and we set u,,(t)=§laj,,,(t)¢;(x). The initial data #,, are chosen in such
a way
Uy, U, in HE
@2 {
U,—u, in HE,
The system (2.1) is equivalent to
2.1 ui(@®)—P{eC, )Dts+0c(Dyu,)) 3 =0
where P, is the projection of the space L? to the # dimensional subspace

Wn= [¢h """ 1) ¢n]'
For simplicity of notation we write often #(¢) and p(#) for #(x, ) and

p(x,t), respectively. Also we use D, and Du (or) forgiu andgi——u,

respectively.
Multiplying (2.1) by a,.(¢), summing up from k=1 to » and integrating
over [0,1] we have

2.3 E(u,())=E(%,(0))
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as long as the solution #,(¢) exists, where we set

1 (D, (8
Eo(u,,(t))z%-\|u,‘,(t)[2+j J )a(s)ds dx.
o/ o
Thus (2.1) has a unique solution #,(¢) on R* for each .

Now we carry out the first two steps of the estimations of the approximate
solutions #,(¢).

LEMMA 2.1.
There exist positive constants ¢, A>0 independent of n such that
t+1 _ )
Ey(u, () +L llv/p Dthn(s)ds=c(||thollsryy llts[Dexp{—At*" 7'}
PROOF.

The broof is essentially included in [13] and [14] and we sketch it briefly.
Multiplying (2.1)’ by %.(¢) and integrating we have

@ [ Ive Dati (9)lds=Ex(u,(6)) ~ Eo(tta(t+1) = Q3 ()
and by the assumption A,

(2.5) j :HllDzu,'.(s) lI2ds<const. (1+£) %@ (¢).

By (2.5) there exist two points #,€[f, t+ 51 and f,€[£+-5 , £+1] such that
(2.6) N2t (8 |<<comst. | D #. (¢ ||<const. (1+1) %2 Q,(t) (1=1.2).
Next, multiplying (2.1)’ by #,(t) and integrating over [0, 11X [#,, t,],
lz 1
j Ja(Dxun)Dxundxds
£140
L2, 2 .
<[Pl ds+ 23| @it a2
. <
52 1 ,
+I I |p(x,s)D D u.,|dxds,
t14 0

by (2.5) and (2.6)
@7 =const. {(1+H) Q4O +A+D ™ max  VE,@ )
+ (A+8) "% 2Q, (2) ‘Is'rl'z}‘)&l\/m(?)j}
Ki@®.
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From (2.5) and (2.7) there exists t*<[¢, £+1] such that
Ey(u,(#*))<const. K (#)
and hence by a similar equality to (2.4)
t+1 F_
max | Eo(a () <Eswn9)+[ " llv/p Dati(9)]1ds
tssgt+1 3

<const. (1+t)'0°lQo(t)2+_%_ max  E,(#,(s)),
tssst+1
that is,

2.8 max Ey(u,(s))<const. (1+2) %' ({E,(u,(t))
—E (u,(¢+1))}.

Applying Lemma 1.2 to the above we obtain the desired result. g.e.d.

Hereafter we denote by ¢, 2 and a various positive constants independent
of #» which may be different at each appearence.

In particular we write
c(a) etc. if the dependence of ¢ on a is important.

LEMMA 2.2.
We have

1D 2w, () 1= (ol |y l126a]1) (1+2) 470072,
PROOF.

Multiplying (2.1)’ by —DZu,(t)(eW,), we get

(2.9 (ua(@®), —Diu, () — (@) Dttr(t) +0 (D1, (t)), Din,(t))=0
and integrating by parts

1
(2.10) % %Jop(x, t)| D2u,(x, t) | *dx

_ I 'p(8) Diu, Diusdx+ -é—jl p.| Diu, |2dx
0 0
_____d_ ! . ! ’2
== LDLu,.Dxundx+L|Dzu,.| dx
1 1
-~ j o' (D) (D u,) dx— j p.Du.Diu,dx
(] [1]

1

1
2
+ 5 Jop,(Dzun)zdx
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and

1
d 5] ey DD dxy

<[} (3P0 (D)) Diaydx+e(1+8) ™ (Doui)ids

+e(d+2)" (j:P] Dus|*dx)'*||Diu,ll, a>0,

by virture of 4, -(ii),

2.11) =c{@+8)%lls/p Dattn (DI
+A+8)p DD/ p Distall}.

Intergrating (2.11) over [0, ¢],

212) 5 IWp Din(®1PZcltlly i) + @i (1), DEaen ()
tef (@+9) 0 l/p Daa () lds
ef| A+ lvp Daaei(®Idsy ([ I/ p Dy ).

Using Lemma 2.1 the right hand side of (2.12) is estimated by

c(llteoll sy [126411) {1+ (J’:Hx/ﬁDiun(s)szs)‘”}+‘1*1|\/p_D§Mn(l‘)llz
and hence we can conclude

/o Diu, () I=cll%ollgy [ls])) (1+2)12
which proves Lemma 2.2 g.e.d.

REMARK 2.1. As is easily seen from the proof of Lemma 2.2, if [p,|+

p.<e, for sufficiently small ¢,>0 then it follows from (2.10)

WDZu (&) |=c (l|%o]l r,, 126111
and subsequently we obtain

o @ (Datha) = (Hltkoll 11, 11264]1) (¢=0,1,2).

Thus the growth condition on ¢(s) is needless.

§3. Further estimations of approximate solutions (I)

Starting from the estimates in the previous section we proceed to further
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estimations of the approximate solutions. As is stated in §2 ¢, A and «
denotes various positive constants independent of .
Now differentiating (2.1)’ in ¢ we get
B.1) Diu,()~P{lpe®)D,Diu, (@) +p,(t)Du. ()
+0' (D) D n (8) },=0.
By (3.1) and a similar argument as in the proof of Lemma 2.1 we can
estimate the energy

Ey(u, () =D, (D1 + I/ 6" (D) Dot ) 117

Indeed, multiplying (3.1) by D?u,(¢t) and integrating over [0, 1]x[¢, £+1]
t+1
@.2 [ TIvp Dy ds

= 5 (B, ()~ By, (t4+1))

7[00 5 " (D) (D90 p. DD iy s,
The integrations of the right hand side of (3.2) are estimated as follows.
t+1 (1
[ [ 1o D 11D (o) 12axas
t

t+1
Sella”(Date) = o iy [, D03 () s

xsup Al Diua (|| + w1,
tSsst4d

by the assumption A, and Lemmas 2.1, 2.2,

e lttoll gy ] (1+£) "exp{—At*~ %'} x
X {§2?s,“ D2, ()| +exp{—At %'}

<Cll#toll g,y lloesl)exp{— st~ W°'}{1+§‘s‘?s:+l |1D2wn ()11}

and

r”ﬂ |P,+Dytr« D,Diu, | dxds
13

ol P2
=c|| o

[l2=cco,11 % ge,er13y X

123 +
x (/e Dawilidsy ([ /DD 2dsy

el lesDexp{=2t"1 0+ /o D,Du (5 7.
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Thus we have

3.3 [ v DD (8PS Ey () ~ B @y (t+1)
Foexp(—27 (I 4sup DO}
=Qi()

On the other hand, multiplication (3.1) by #, and integration yield
t+1f1
3.4 L Joo’(Dﬂun) | D, (s) |*dxds

<[V IDt, () lPds+ | Dru, @), wi D)
+| (D, t+1), ua(t+1)|
+["[ 1o DuDtu Dt + 1P D () 7} dxds
<e(1+8) Q3 (&) + ¢ (It l1a])) (@1 ()

+max N E (u(s)) FDexp{—at'"" '} =Ki(#).

tS<ss<t+1

From (3.3) and (3.4) we see that there exists t*<[¢,#+1] such that

E (u,(#*)<cK3i()
and

t+1 o
(3.5) max E;(un(s))SEl(un(t*))+J lv/p DD (u,(s))*ds
tse<t+1 ¢
+cexp(— At "% '} {14+sup 1D%u., (s) |}
tssst+1
<cKi() +cexp{—At'"'%'}{1+sup 1D5u. (S)}
tSs<t+1

(1) 90 {E, (ua(9) — By (, (¢+ 1)}
+eltolly sl {Sup_  IDZwA(8)]14+1}

Xexp{—2Atl'%'},
To estimate ||Diu, ()| we return to the equation (2.1)’. Multiplying (2.1)’
by —D2u,’
5 D ®)]1* =~ {Diu,- Dius+p.D.ui Di,

+6' (D ,) Diu,+Diut,}dx
Sc@+8)ollun DI +c@+8) || Dyu, ()2

+e(l+)|D3u, (D) |]+-'%—Il~/{7D§u; @®1°

and by Lemma 2.2
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(3.6) [ID2u, () 1P=c|[ttoll 1z, lloeall) A+2) = (EL (0 () +1)
for some a>0. From (3.5) and (3.6) we obtain
g§§t+lE1(un(8))§C(l+t)“’0'{Ex(un(t))—El(un(tJrl))}
+cllthollayy ll2es]1) exp{— A2 "%}
which implies by Lemma 1.2
B Ei(u,(8))<c(E\(u,(0)), llttollz,, llzes | exp{—as*~ "'},
Moreover, through the equation (2.1)', we see easily

E (0, (0)) Zc(1tho] 11,5 12111 22,)

Therefore we have proved the following Lemma.
LEMMA 3.1.

1D, @) [+ /57D,y Dotis DI+ [/ DuDtun(9)11ds

<c(llooll, |l261]| g2) eXp{— AL~ "%},
and

I1D2un (D= kol 1]l ,) A+ (@>0).

Along the line of the proof of Lemma 3.1 we can obtain the estimates
of the higher derivatives of #,(¢). For this, however, we encounter some
difficulties and we cannot omit the proofs.

LEMMA 3.2.

|D3 O+l 5" (D) Ds Disen @1+ [/ DoDisn (B)11ds

c(llttoll s, 1641, ) exXP{— 28100},

PROOF.

Differentiating (3.1) in ¢ we have

(3. 8) D%un—Pn%{p°DzD%un+pLLDa:u;+U”(Da:un) ¢ (Dzur’t)z
+d'(Dyu,)+D,Diu,=0.

Multiplying the above by Diu,,

@9 [ IE DDt ids =5 AE wa () — Ex(ttn G+ 1)} + £,(8)
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where

E,(u,(D)) =D, O+ p(Du,) DoDin, (@)
and

t+1f1 ] , o . ,
gZ(t):'L Jo{—‘z‘_d,(Dzun)Da;un(Dzun)z‘l'pquunD%un
+20,+ Dz D Diw,+6"(Du,) s (Dyt)? D, Diu,} dxds.
Noting |D,u|l,=<c(||u|[+||D2u|) for ucH,, g,(t) is estimated as follows.
l&:(®)] |
=c sup  (L+)luall+H1D5u,D 2 (1D2tr ($) || [1een () |1} X<
tSect 4]
t+1
x [ Do) 1ds
t
t ¢
t t

e+ ([ v/p D@1y ([ livp DuDiu,ds)

tesup  (A+1w, ()1 +1D3un (D2 (D3] + llen (1) X

x ([ ID.ui 12y ([ VI/p DD Ids) 7,
with the aid of earlier Lemmas,
(3.10) e(ltllny lmllwexpi—at=1%'y +5 [ 1v/p DD, ds
From 3.9) and (3.10)

(3.11) I:”||~/FDJ,D‘ZM(S)]Izdngz(u,,(t))_Ez(un(t+1))
+cll#ollar, ||u1||H2)exp{._/1tl~|eon}

On the other hand, by Lemma 3.1,

(.12 [["[ 6(D.) | DDt () sty il exp{— a1 10},

Combining (3.11) and (3.12) we obtain the difference inequality
max lEz(un(S))éc(lth)“’0'{Ez(un(t))—Ez(un(t+1))}

tss<t+
+e(ll#ollery 1241l g, ) exp{— A+~ "%}
which implies

(3.13) E,(u,(#))=c (E;(u,(0)), llttoll z,, llteill ) exp{— 87" %"}

It remains to show the boundedness of £,(%,(0)). Noting that the oper-
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2 o
ators — d‘iz and P, are commutative on H,NH, and p,(0,¢)=p,.(,t)=0, we

see
ID:D%u,(0)||=11D3{p (%, 0)5??“1'5(0)+al(Dxun(0))D:un(0)}H
e (lleollzrs el ge,)

and hence

(B.14) 1D.u(O<c(IDiDu, ()| +]|DFu, (0 1) =c (lltholl sz, llttsll z,)-
Moreover

(3.15)  [1D3u, (O =11Po{DsD (PDythn+ 0 (Dyth)) }imoll = (1thol sz, 12811121
(3.13)-(3.15) proves the Lemma. q.e.d.

To show the decay of ||DZu,(t)}]] we prepare the following estimate for
ID3u, ()]l

LEMMA 3.3.

ID3u, O I<c ko] my l1t01ll ) A+

Jor some a>>0.

PrOOF.

Multiplying the equation (2.1)’ by Diu, (e W),

3.16) Diu,—pDiu,—p.Ds,—d (Du,) Diu,, Diu,)=0.

Now
(Diu,, Du.) =§’t (D2u;, D2u,) — | Diu ()%,
, . 1 d, ,—
— (pD}u;, Diu,) = (p,Dius, Diu) +-5 - W p D3,
- %"[:pz(pgun)zdxy
~(PD s, Din,) = (PyuD 0 +p,Dins, Din,)
(note that p,(0, %) =p.(1,¢)=0)
and

(3- 17) - (a,(D.‘uun) Dium D:«'un)
- J :{a’(Dyun) «(D3u,)?+ 6" (D) » (D2u,)? Diw,} dx.
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It follows that

d

3,18) G5 IWp D@~ (Dui, D)}

I3 O+ [ 15 P o' (D)} (D, dx

—j‘ (20, DU, + P Dt +a" (Do) » (D2u,)? D3, dx
0

=c(ttollay 1202l r,) A+ D+ A+ 07| D2un () || X
‘ Xllv/p Diu, ()]
+eA+D D un (DNl ll/p Dina (D)l
e (({ttoll gy sl ) 1D 20t @) (| 121 D30, B 11 [ D22t
=clttollay lltsll,) A+ +la/p D2ns, (D17,

where we have used Lemmas 3.1, 2.2, 1.1 and Young’s inequality., The
inequality (3.18) together with the estimate

| (Dythn, Ditty) | < ([ toll gy llta]l,) exp{— 2" "%}/ p D u,(B)||

implies easily

1D2u, &) 1= 1D3un O, [l s llsll )N A+E)
scllttoll g Nl g, 1+ )

for some «>0. g.e.d.
With the aid of Lemma 3.3 we can show the decay property of [[D2u, ()]}
and rﬂllDiu,’. (8)||* ds. Hereafter we often use the notation
L
e,(t)=exp{—At'" %'}

for simplicity.
LEMMA 3.4.
t+1
[|Dfun(t)|[2+'[t IDZun ()P ds<c (|[to]l gy lltsll ) €2 ()
for some 2>0.

PROOF.

The proof is not difficult and we sketch it briefly. Multiplication (2. 1)’
by —D?u,(t) (€W,) and integration yield

(.19 [Ivp DI lrds= 5 {Bywa )~ Eyu, (t+ 1)} + &),
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where

By, () =D, O 1P+ I/ 7Dty Dt (O II*
and
t+1f1 , , ]_ ,
g = "[ {=p.Dui- D+ " (D) D (D2u,) dixds.
t
Then, by Lemmas 3.1 and 3.3, ' we have
t+1 ,
&8O | Zetol g Iudes® +5 [l Diui (o) 1ds

and by (3.19)

(3.20) Jjﬂll\/fTDfu;(s)szs

SE;(u,()) — Es(u, @ +1) +c (%ol aryy N0l ) €, (8
=Qi(®).

On the other hand, Multiplying (2.1)' by —D?u, (€ W,) easy calculations
give
t+1
@.20 [/ a7 Dy Dia(s) s
t+1 t+1 .
<c[ Mlwi@rds+e+ o [ y/p Diui (s
13 t

+e+04] " ID.ui ()l
Ze(L+) %' Q3 (1) + ¢ lltholl y sl ) e (O
Combining (3.20) and (3.21) we obtain
max By, () e(1+8) 190 {Ey (y (1)) — Bty (t+1))}
(el a1, N0l i) €5 (2)

which together with Lemma 1.2 implies Lemma 3.4 immediately. g.e.d.

LEMMA 3.5.

ID2; I+ 1D, @1+ [ I/pD20s )2
=c(|#oll g0 l2a)l ) €5 () (A>0).
PROOF.

Multiplying (2.1)' by Di(t) (€ W,) and integrating we obtain



Global classical solutions of a quasi-linear wave equation 15

[IvE D29 17ds = (B, (1) — By G+ 1)} + £

where

E(u, () =|ID2u. (O 1/ 6" (D u,) Din, (D
and

t+1 11
()= [ [{~2p.-D2ui-D2u; —p.0e D ;- D2,
t
+0" (Do) (D2u,)* D,
+ %fa” (D,u,) D (Diu,)? dxds.
Using earlier Lemmas we can estimate g,(¢f) as follows.
|8 (® |Zct+H7%[ " (ID3; () I7+|D.tti ()]s
t+1
+ e (bl g 186211 2;) sup ||D2un(s)|12[ | D2, (s)I|*ds
tg1gt+1 t
t+1
e (ltll g 1817, sUD llDim(s)le (1024 ()|
tgegt+1 t

i@ lds+5 [ llvp Dawi () ds

<cltllay Il es O+ [ /7 D2ui s,
Thus
@.22) [ lvp D)< B (6 = Eoaa £+ 1))

+ollzoll ag o0l ) €2 (1)
=Qi ().

Next, multiplying (2.1)’ by Diw,,

[ v oD D2y (o) 1ds

=[] 1=o" D) D3,7 D3ty + (Di() + pD2u;
—20.Diu,—p,.D.u.)Diu,}dxds
<eimlly Il a)sup_ D2, () ID3n(S)I] D2, ()1
tsup D ()| [ D2un ()] +c(L+8) 1012
tssst+1
x ([ p D2wilrdsy [ " ID2w,ds
. p zWq . zhy
+e@+D% sup (1D SIID2UA(S)D),
tSsst+1
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by Lemmas 3.1-3.4,

=C [ty 1]l n) ea () +e(1+8) ' QI ()

1orerr, )
o | I Do) s

L
and
3.23) IjﬂHx/a’(Dxun)Diun(S)”zds
Se(L+2) 100" Q(8) +c (llota]) sy Nl ;) €2 (8)

From (3.22) and (3.23) we can conclude as is usual

E,(u,(8))<c(E,(,(0)), [ltto]l a1, |20l 17,) €2 (£)
el llota]1,) €2 (2).

. g.e. d.

The following is an immediate consequence of the above Lemma.

LEMMA 3.6.
IDEDFu, @) |<c (ol my 1261l ) €2 (B).
PROOF.
Multiplying (3.1) by D2:Diu, (€ W,) we have

W p DiDiu,(®ll<c(A+18) % *{||Diu, ()| +e.D.Diu,
+pDttr+p,Ditn+0"(Dyu,) Diu,Du,
+a' (D) Diu.ll}
e (sl iy N80l 1r,) €5 (2.
q.e. d.
We continue the estimation of {#,(¢)}.

LEMMA 3.7.

| D, @+ DDt @11+ [ 1D, Dt ()l ds
Zc(llttoll s Il ) €2 (2D, A>0.
PROOF.

Differentiating (3.1) two times with respect to ¢,

(3.26) Dy~ Po[ 2 (30uD. Dy 30,0, D80, +pD, Dty + P Dot

+0"(Du,) (Dun)*+36"(Du,) Doy D, Diu,
+d'(Du,)D,Diu,} =0
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Multiplying the above by Di#, we have
3.2 [ "Ivp D.Dtu,()ds
= 5 B (0) ~ By, (t+ D)} +8:(8)

where

E(u, () =1Dtu, ) 1P+ ls/ o' (D) DaDiut, (D1
and

t+1(1
&) =—[ [ BpuD.Dtu, + puDohi+o" (D) (D)*
+36" (D u,) Dy, D,Diu} D, Diu, dxds

1 t+1f1 ,
+7] j o"(D ) Douse (D D3u,) dxds.
t 0

By Lemmas 3.2, 3.4 and 3.5 we see easily
1 [+ L
|8 | el Ntllu s+ 5 [ v/p DuDtus)ds
and hence by 3.35

@.26) [V DDty () I*ds < Es(uta (1) — Es(a (t+1))

+e(ltoll gy Nletall ) €2 (B)
=Q: ().

We know already by Lemmas 3.2 and 3.4

t+1
3.27) L I/ 6" (Dyu,) DDiv, (IPds=c (ltboll g5y 1#a]l 11 ,) €, (B).
From (3.26) and (3.27) we can conclude as is usual

Eyw, )+ IWp D.Dtuy (o)l ds
<o (By (W (0)), Nttll 1y Nl ry) €4 ().
Moreover
Do DY, )< (| D2 D3, O+ D, (O]
<c(ltall g 6,11 (cf. Lemma 3.2)
and by (3.8),

1Dtu, (O N1=<c(1D%2, (0l s,y 12 Ol 11, 1D285,(0) 111,y 112 0[] 1)
=clltollll g, Nttsllzr) .

17
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Therefore

E; (0, (0))<cllatoll g (211} zrg)

which proves the Lemma.

q.e. d.

LEMMA 3.8.
t+1
HDiu;(t)H“rL 1D2D}u, () [1Pds=c (||tholill sy N0l 1) €, (B).
PROOF.
Multiplying (3.1) by DiDiu,(?),

(3.28) (Diu, (), DiDiu,))+ () D,Diu,, DiDiu,)+ (p,.D,u,, DiD?u,)
+(c'(Du,) D t,, Din,)=0.
Using the integration by parts we can arrange the equation as follows.

(3.29) ; %{HDED?MHZ-F v/ o’ (D,u,) Diven (D11} +1I/ p DEDiu, @) |1*

1 1
= 5 [s" D)+ D2y dx+ [ proe (DEDIM,)

~IlpL-D2u,’. DD, dx -+ gs()
0
where
84() = [ {prssDati + 20,20 +p,.D. i,

+ a”,(DJ;un) * (Dgun)z ‘D:uuili + J",(Dwun) .Dguﬂ.DJ}u;
+24"(D,u,) - Diu, Dius} DiD¥u, dx.

Note that we have used the assumption
20, D) =p,(1, ) =p,,(0, ) =p,,(1, ) =0.

From Lemmas 3.1, 3.2 and 3.5 it is easy to see
| &) | e (|6l gy 110611 11,) €2 () +- %*IWE‘D%DW,.(!)HZ-

Moreover, by Lemmas 3.4-3.6, the integration over [, ¢+1] of the first
three terms of the right hand side of (3.29) are bounded by ¢(ll#llx,, 1%, 5,)
xe, (D).

Thus we have from (3.29)
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(3. 30) [ﬁ”!\«/ﬁmmun(s) *ds < Eq (0 (D)) — Eo (U (t+1))

e (ll2o]l gy, 11061]1 1) €2 (8)
=Qi),

where
Es(u, (1)) =||DiDiu, ) 1*++/ o' (Dym,) Dina (D112
On the other hand we know by Lemma 3.5
t+1
@3.3D J" ”\/d'(D;iui,;)Dgu;(s)szs‘\C(”uo”ua, [EAFSIN B
Combinig (3.30) and (3.31) we can obtain

Eyua®)+ [ lv/p DDt (s)]l"ds

e (Es(n,(0)), (12ol) 520 21|} 2) €4 ()
e (ool gy ol ) €2 (@)

19

g.e.d.

Next, we want to show the decay of |l#,(¢)|ly,, For this we need the fol-

lowing auxiliary Lemma.

LemMMmA 3.9.
1Dsu, (DON=c (|uollz, llttsll ) (1--8) 170072

PROOF.

At this time we multiply (2.1)’ by —Déu, (€ W,) to obtain (cf. Lemma

3.3)

3.3 4 (L ivp Diun ()17 — (Diui, Diuy))

=1 D2 O+ [ (-pu—o’ (Do) (D) dx

1
0

~ (PogsDothn+3p e Ditt e +3p,D3thn + 0" (Do) + (Dina,)*

+3¢”(D,u,) + Diu,»Diu,, Din,)
Zc(ltoll sy flotnll ) €2 (&) A+ p D, (1)

which yield (cf. Lemma 2.2)

| Dsu, (DNl <c (1 D5, (0], 1860l zrgy l128:]] ) (1+2) 47007
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LEMMA 3.10.
t+1
1D42, @1+ [ IDED () s e Ut Il e 0.

PROOF.

Multiplying (2.1)’ by —DSu.,,
3.33) jz'IHN/p’Déu;(S)HZdSZ%{EKun(f))—Ev(un(f*'rl))}+gv(t)

where

E; (@, (8)) = D305 (D 1P+ I/ 57D ) D4 ()|
and
t+1 (1 ,
g0)=—[ [ 13p.uD2ui+3p. DU+ oeu Dt + 0 (Dutty) - (D)?
+36"(Du,) »Diu,+ Diu,} Diu.dxds
+["[l" D) - Dt (Dt dxds
t 0

By Lemmas 3.5 and 3.9 we get easily
t+1 _ ,
[ & @) | =clltto]] 1g Ilunga)ez(t)+é L v/ p Diun(s)|’ds

+eleeoll g lota]l 2, €5 ()

and hence

[ v D (91 By 4, (0) — B, (4 1))

Fe(ltoll iz, el ay) e, ()
=Q7 ().

Multiplying (2.1)' again by —DSu,,
[ D) Dty (9117
11

t+
= [} D2~ pDu;~ 30,0800, 3p. D30}~ o Dyte
0

13
—d""(Dyu,) « (Din,)*—36" (Dyte,) « Diu,« Diu,} Diu, dxds
e lttoll 1ol ) €2 ) +e(A+1) %' QF(2)

1 e+
5[ o' D) - Dtaen () s
3

and
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@.38) | 1l0' Dty Dt () ds<e 1+ %0 Q3 1)
SRAUCAIAS AP B

From (3.34) and (3.35) we can conclude

E,wa )+ Iw/p Dtui(s)|%ds

(B (u,(0)), 1ol Nt 1) €5 ()
e (llttoll gy Mol ) e, ().
q.e.d.
Finally in this section we summarize the estimates obtained.

PROPOSITION 3.1.

Let us assume A.1 and A.2, and let (u, u,) cVsx V.. Then, the
approximate solutions {u,(t)} constructed through (2.1)— (2.2) satisfy the
following estimate.

iél I1Diu, (t) H2+t:20 1Dt u, (15, + ié)“pgun(t)ﬂlgz
+ é—l“l)mn(f)l|1213+[[un(t)]|,2,4
+IiH{HDJ‘Dwn(3)|12+HDng“n(s)H2+DéD;un(S)Hz}ds

ic”“oﬂnsy HHIHHE)exp{_Ml— o1y

Sfor some A1>0 independent of n and (u., u,).

§4. Further estimations of approximate solutions (II)

Here we make some additional assumptions on p, ¢ and the initial data
#,, #, to obtain the estimates for higher order derivatives of {u,(#)}.

A.3. s(s)eC(R), p=C([0,1]1xR")
and
P20, 8) =Puos (1, 1) =Pu5(0, 1) =P45(1, £) =0 and |Py0] S€5(1+2)%
for some 6s.
A 4. (u,,u,)eVyx Vs and we assume for (2.2)
2.2  wuy,—u, in Hy and u,,—u, in H,.

Under the assumptions (A.1)-(A.4) we derive further estimates for {u,(?)}
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on the basis of proposition 3.1, The proofs are given in a similar manner
as in the previous section and we state them as briefly as possible.

LEMMA 4.1

| Db O+ Dty Do Dty 1+ [ I/ DR, () s
et 1) ) #>0).
PROOF.
Differentiating (2.1)’ four times with respect to ¢ and multiplying it by
D3u,, easy caluculations with the aid of prop. 3.1 yield
@D [V Datun (P dsSEuwa () — By, (t+1))

+e(tholl s, 128411 1) €2 (8D,
where
Ey=||D3u, (O*+ 110/ 6" (Dyae,y DuDitan (D112

On the other hand we know already (see Prop. 3.1)

42 [ IV (D) DDt (S Pds=c ol e (1.

From (4.1) and (4.2) we can obtain by the argument used in §3

Eu(u,)+ [ lvp Datuy(9)|ds
L (E; (1, (D)), otoll e, lltsll g ) ez ().
Using the equations (3.24), (3.8), (3.1) and (2.1)’ we obtain also

Es (4, (0)) = Qlatoll g 1120111 12)
q.e.d.

LEMMA 4.2.

D2 Diu, )+ D2Dsu, 011+ [ I D2DR, () |2ds
<ol Gholl g ltll ) € ).
PROOF.
Multiplying (3.8) by DiDiu, we can obtain with the aid of Prop. 3.1
@3 [ lvp DD () IFdS<Ey @y (1)) — Ea (tn (t+1)

+c(ttoling litallng)e, (£
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where

Ey(u,(8)) =\DiDiu, () |1+l 6" (Dyu,) Di D, ()12
In the above procedure we need the assumption

Pus(0,2) =puz (1, 1) =0.

Now we know

@ [y DD FdsZcltlly Il [ I1DLDIIds
Sellotoll gy o]l ) €2 (B).

The inequalities (4.3) and (4.4) yield the Lemma.
g.e.d.

Finally we want to estimate |Diu,(@)||+||Déx,(¢)|l. For this we prepare
the following.
LEMMA 4.3,
1D32e, (O11*<c (lttoll grg l1tts] rg) (1+8) T700) 72
PROOF.
Multiplying (2.1)’ by Diu, (€ W,) and calculating we have

U5 -G IWp Diuy @~ (Di; Diu,))}

1
=1 D8 )1+ [ (i (Dute)) (D3,

where
85(8) =PasuaDothn+4Pu0sDithn+ 60, D30+ 6" (Dyue,,) » (D3ue,)*
+60"" (Dyte,) « (Diu,)? Din, 30" (Dyu,) - (Diu,)*
+40" (D,u,) +Diu,Diu,.
In the above we have used
Puzn(0, 1) =P 455 (1, 8) =0.

Noting that the second term of the right hand side of (4.5) is nonnegative
and integrating over [0,¢] of (4.5) we obtain from Proposition 3.1

W5 Dy @) el il 1+ ll/p Dt ()117ds)
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which implies (cf. Lemma 2.2)

| D3, () 1< (ko] gy 110811 1zg) (1 48) 470072,
q.e. d.
Now we are in a position to prove our final lemma.

LEMMA 4.4.

D3, @)+ Dt @I+ [ 1 Dss () dszZe g el e B,
A>0.
PROOF.

At this time we multiply (2.1)’ by D2u, and arrange the equation to
obtain (cf. Lemma 4.3)

o) 3 AP Iy (D) Dinen O+ 5 Dsi ®IF

:%;I:gu(Dxun) «Diu,-(Diu,)*dx—4(p,Diu,, Diu,)
—(gs(®), Dius).
By Prop. 3.1 and Lemma 4.3 we see easily

j"“|{the right hand side of (4.6)}|ds
I3

t+1
ety lulae, @+ v Diuiolids

and hence

AUEAIPITA DN
=Q.()
where
Ew(u,(8))=1Diu, O+ |lv/ o' (D,u,) Diu, ()1

On the other hand, by (4.5) we have
t+1
[ Ive Dy D2, (9) s

:JZ+!|ID§un(s)[|2ds— (DD, (t+1)), Dbu, (t+1))
+(DiDwu, (t), DsDyu,(t))
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— [/ [\ppsui-D2uy dxds—[ " (au(t), Diuyds
(el g o]l ) (1 ﬂ%’éul\/E;G‘:(—S)—))ex *
+c(1+8) %! %00)+“%‘J:H”V«;'i(D’E?Diun(S))H?ds
and
@8 [ I Da)Dina(sds
et g 10]la) A+ MAX o/ Eya @y ()))€: O
+e@+8) "' QF, ()

From (4.7) and (4.8) we obtain (see Lemma 2.1)

Eu(un@)+[ Ip Daui(o)Iids

(B (@,00)), Nttoll srgy N1261]1 1) €2 ()
qg.e.d.

Summarizing above estimates we have the following Proposition.

PROPOSITION 4.1

Under the assumption (A.1)-(A.4) the approximate solutions {u,(¢)}
constructed through (2.1)-(2.2)' satisfy:

3D, @O+ S 1D () i+ 2 1D,(8)y + 3 1 Dia (B
3
¢
+IDgui (I ds
<cltllmyexp{—at" %'}

+ B UD 1w Ol + O llpsct | UID D2, )P+ ID2D 1 (S

for some A>0 independent of n and (u,, u,).

§5. Existence and decay of solution

On the basis of Propositions 3.1 and 4.1 we shall show that a subs-
equence of {u,(#)} (in fact {u,(#)} itself) converges to a smooth function in
various topologies and that the limit function #(x,¢) is the required classical
solution of the original problem (0.1)-(0.2).

First we assume A, and A, and let (u, #)sV.xV, We can use
Proposition 3.1. Since H; is compactly imbedded in C:7' ([0.1]) (=12, --)
we see by Ascoli-Alzera’s Lemma:
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(G)) tu,(x,t)—>Diu(x,t) uniformly in [0, 11x[0, 7] (T>0)
for {=0,1, 2,
D.Diu,(x,t)—>D,Diu(x,t) uniformly in [0,1]1x[0, T1(T>0)
for £=0,1,
and
Diu,(x,t)—>D2u(x,t) uniformly in [0,1]x [0, T] (T>0),

for a function u(x, £).
Also, by Rellich’s Lemma,
(5.2) DiDu,—>DiDu, strongly in L%, (R*;L?).

Thus taking the limit of {#,(¢)} along the subsequence, we obtain from
@.1)
5.3 wy+ P, Duy) + (0(®)),=0 a.e. on [0, 1]xXR*.

By (5.1) we see ucC(R*;C([0,1]))NC(R*;C([0,1])) and
G.4)  ulx, 0 =u,(x) and u,(x,t)=u,(x).
Moreover, by Prop. 3.1, we may assume

tu,~—>Diu weakly* in L=, (R*;L?, i=1,23,4,
weakly* in L=, (R*;H)), i=0,1,2,3,
weakly* in L=, (R*;H,), i=0,1,2,
weakly* in L=, (R*;H;), i=0,1,
weakly* in L=, (R*;H,), i=0
and
DiD%iu,—>D3iD%u, weakly in L%, (R*;L?)

The function # satisfies of course the estimates of Prop. 3.1 with u,=u
and hence we have by Sobolev’'s Lemma
(.5 wue N CARH, S (| CHA(RYCHH ) (0, 1]% RY)
i=0 =0

and
(.6)  sup Alwea(x, O+ [0 (5, )| + | (5, 8) [}

Se(llttoll g ltall ) exp{—At* 710"},
Returning to the equation (5.3) and using the above facts we see
Usm S C(L0, LIXRT), sUp [ #hy0 (%, 1) | e, (8)

and
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DiuceL>(R*;H;_) (i=1,23).

The uniqueness of smooth solution of (0.1) — (0.2) follows from the usual way.
Thus we have proved the following theorem.

THEOREM 5.1.

Let (uo,u)=VyxVs. Then, under the assumptions (A.1) and (A.2)
the problem (0.1)—(0.2) admits a unique solution u(x,t) such that

tue L*(R*;H, ;) (i=0,4), DiucL~(R*;H;_;) (i=1,2,3)
and

3
1§4HDW(1‘)Hm_ﬂrEIH fu@®llns_,
=c(l#oll gy 121l ) exXP{ALI 100! }
for some 1>0. In particular we see

usC*([0,11x RY), #,,,C(0,1]1x R*)
and
§2}€0 “ {oye (x, ) |+ 0 (x, ) | +2,,(x, 8) F 20,5, (x, ) | }
c([|toll 0 1001l ) exXp{—A2 "%}, 2>0.

If we assume, in. addition, (A.3) and (u,, #,) = VsXx V; we can use propo-
tion (4.1) to obtain the following result.

THEOREM 5.2.
Let (u,, u,)€VyxVy. Then, under (A.1)-(A.3) the solution u(x,t) of
0.1)-(0.2) satisfies:
331D u® o 31D D) e
=clltholl gy 12l ) exp{— At~ "'}
for some i>0. In particular,
ue C2([0, 11X RY), #,,=C'([0,1]1x R*)

and

S {theaes 5, D [+ e D1+ 2 5 1500 w0}

k=0 i+J=

=c (ol mg llall ) exp{—At" %'}, 2>0.



28 M. Nakao

REMARK 5.1

By the proofs of above theorems it is clear that we can obtain a solution
as smooth as wanted if we take (u, #,) as elements of the closure of linear
combinations of {¢,} in H¥ (NN: large) and if p, ¢ are sufficiently smooth
(p must satisfy in addition certain specific property at x=0 and x=1).

After completing this paper 1 knew the work by Y. Yamada [16] which
proves the existence of golbal classical solutions under weaker assumption
¢’ (8)>0, and moreover, in the case ¢'(s)>0, the exponential decay in the
classical norm. However, he considers the case p(x, t) =const. >0 and uses
the abstract theory of semi-groups. Thus his method is quitely different
from ours.
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