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We consider a compact complex manifold X of complex dimension #
and a holomorphic line bundle F over X whose refined Chern class is trivial.
We denote by F* the associated principal bundle over X with F. We shall
show that there exist exhausting plurisubharmonic and strongly (#+1)-
pseudoconvex functions Z and Z*, respectively, on F and F* in the part
3. Thus F and F* are weakly 1-complete in the sense of [6] and strongly
(n+1)-complete in the sense of [1]. Furthermore, we shall prove that

H(F, &2)=H(C, &) or C

H(F*, 2)=H'(C*, ) or C
where the notations =~ imply isomorphisms as algebra. This is a generaliza-
tion of the result [3] which was obtained in the case that X is a Ké&hler
manifold. The Kihler condition is unnecessary in our proof. In the
part 4 we shall construct an example in the non-Kihler case, using Hopf
manifolds.

1. We recall refined Chern classes for holomorphic line bundles ([2]
and [7]). We denote by X a complex manifold of complex dimension #
throughout this paper. Let & ? be the sheaf of germs of real C~ g-forms

on X and & ™7 the sheaf of germs of real C* (p, ¢)-forms on X: Let j’l'l:

1={fe @ df=0}. Let F be a holomorphic line bundle over X and
{f:s} a holomorphic 1-cocycle defining F on the coordinate covering {U;} of
X. For a metric {k;} along the fibres of F, we define a real (1,1)-form

w(F):=i2%1w @0logh; on each U..

Then «(F) is well-defined on X. Thus
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o (F)eH (X, &Y.
We have the homomorphism
GHY(X, O*—>H (X, # ") /v —100H(X, & °)
F—eé(F):=[o(F)].

We call é(F) the refined Chern class of F. - Let ¢(F) and ¢(F), denote,

respectively, the Chern class of F and the de Rham cohomology class of F.
That is

HY (X, o*)—H(X,Z)—H*(X,C)
F—>c(F) —>c(F),,
where the homomorphisms HY(X, ~°*) —H*(X,Z) and H* (X, Z)—

H? (X, C) are induced, respectively, by 0—>Z—> & —> £ *—>0 and the
natural inclusion Z—C.

We have the following propositions.

PROPOSITION 1. E(F)=0=>c(F),=0.

PROOF. We need only remark
c(F)e=[w(F)]e H*(X,C)=H"(X,d " /dH (X, &%)

where &7 is the sheaf of germs of complex C* p-forms on X.

PROPOSITION 2. If X is a compact Kihler manifold. Then
c(F)=0==>¢(F)=0.

PROOF. Since ¢(F),=0, there exists he H'(X, &) such that
w(FY=dh on X,

From a theorem by Kodaira [5], we can find feH°(X, %°) such that

o(F) :ﬁf;ifaéf on X.

Thus
'\/ _—1_ 7 ,,[k :‘.__ __‘ 00 H® 0
w(F)=Y_"= 00( 2 )E\/ 100H (X, & .

We have the following proposition by Propositions 1 and 2.
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PROPOSITION 3. If X is a compact Kihler manifold such that the
homomorphism
H*(X,Z)—H*X,C)
is injective. Then

c(F)=0&c(F) =068 (F)=0.

2. Let U be an open set of X and P, the additive group of C= plurihar-
monic functions in U. That is

Py:={f:U—>R; feC>(U) and 80f=0}.
The presheaf {U, Py}ycy induces the sheaf &7 of C* pluriharmonic functions
on X. We have the exact sequence
u
0—T— o*—> F —0,

where u#(f):=log| f| and T denotes the sheaf of germs of constant func-
tions with values in {z€C;|z|=1}. We denote by

wiHY (X, Oo—H' (X, &)

the homomorphism induced by x«: &Z*— F&#.
We have the following

PROPOSITION 4. Ker y,={FeH'(X, 7 *);c(F)=0}.

PROOF. Let {fi;} be a 1-cocycle defining F=Ker u#, on the covering
{U;} of X. We may assume that there exists a 0-cochain
{g}eC({U;}, Z*) such that
log| fiyl =g;—&: on U;N U,
Thus {exp2g;} is a metric along the fibres of F. Then

o)=Y =Ladg1=0.
We take a holomorphic line bundle
LeH\(X, £ *) with él)=0.

Let {hy} be a l-cocycle defining L. We have a metric {k;} along the
fibres of L and feH°(X, & °) such that
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80logh,=03 f on each U,
Then we have

log| | =5 (loghy—f) — logh,—1)
and

logh,— fe H*(U,, 7).
This implies #,(L)=0.

COROLLARY 1. Let X be compact and FeH (X, 7*). Then F
satisfies ¢(F)=0 if and only if there exists a 1-cocyle {fi} defining F
such that

1fisl=1 on each U,NU,.

PROOF. We have an exact sequence
------ —H (X, &”*)—[gH“(X, P)—H (X, T)—>
H'(X, ﬁ’*)fiaHl(X, K720 R SIUTN

Since X is compact, H'(X, 7 *)=~C* and H'(X, & )=~R.
Then 4, is surjective. We get the exact sequence
u
0—>HY(X, T)—> H\(X, O"—>H (X, P).
Thus
H'(X,T) = Keru, ¢ H'(X, &%).

From Proposition 2 and Corollary 1 we have the following

COROLLARY 2. Let X be a compact Kihler manifold and
FeH'(X, &%) satisfying c(F)=0, then there exists a l-cocycle {fi}
defining F such that

| fisl =1 on each U;NU;.

3. A complex manifold X of complex dimension # is called strongly
(resp. weakly) g-complete if there exists a real C* exhausting function 7
such that the Levi form of ¥ has at least #—g+1 positive (resp. non-
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negative) eigenvalues at evefy point of X (cf. [1] and [6]).

Let X be a compact complex manifold and Fe H'(X, ~*) with ¢ (F)
=0. We denote by F* the associated principal bundle with F. Then
F*=F—0, where 0 denotes the zero section of F. By Corollary 1, we
have a l-cocycle {fs} defining F with | fi|=1 on each U;NU;. Let z,(p)
denotes the fibre coordinate of pex '(U,)~U,;xC where = is the projection
of I onto X. We set

Tz ' (U)2p—>|2:(p)|?’€R
and
Tt (U) 20— 120 |+ [ pyre R

for each U, where 7, denotes the projection of F* onto X. Since | fi]
=1, ¥ and ¥* are well-defined, respectively, on F' and F*.

LEMMA 1. Let X be a compact complex manifold, FeH (X, 7%
with ¢(F)=0 and F* the principal C* bundle associated with F. Then
F and F* are weakly 1-complete and strongly (n+1)-complete.

PROOF. The Levi forms of ¥ and ¥ * are given by
L(®)=dz,dz, and L(T*)= (<|z1|7+1)dzid2i
for each U, respectively. Clearly we have
{peF;¥(p)<c}CF
and
preF T PO)<cCF*

for any c=R.

LEMMA 2. Let X be a connected compact complex manifold and
FeHY (X, 2% with ¢(F)=0. Then there exists a non-constant holo-
morphic function on

dryyryt = Ltj {pea(U);r<lz;,(p) | <r:}
for some 7, 7,(—oo<r,<r,;<+o0), if and only if F' is holomorphically

trivial for some positive integer I.

PROOF. Let 2 be a non-constant holomorphic function on 4r;,rs.
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We have the Laurent expansion of k|7 '(U;) N driyre:
h(D)=37-_wal ((D))2; (D), bER(U) N driyre
where a! are holomorphic in U,. Since

2,(p)=fiy(m (D)) z;(P), pEx"(U,N Uy,

we have
h(p)=>7-_.ai@(@®))z; (D)
=3 et (D)) f15(m (D)) 25 (D)
=3awti(@(®))2;(P), per™(U,NUj).
Then
al(@@®)=fii@®)al(x®)), per(U;NUy)
and hence

{a:(eH (X, F™), xeX,

where F denotes the sheaf of germs of holomorphic sections of F over X.
We put

¢, Usx—>|al(x)|eR

on each U, Since |fi;|=1, ¢, are continuous plurisubharmonic functions
on X. Since X is compact and connected, there exist 7,, 6! R such that

ai(x)=r.exp(v —16%),xsU,

for any i. Now % is non-constant, so there exists v,+0 such that 7., #0.
This means that F~*¢ has a nowhere vanishing global section {af } on X.
Suppose that F! is holomorphically trivial for some />0. Since

H'(F', 7)=H"(XxC, 7)=H(C, &).

we have a non-constant holomorphic function ge H'(F!, 7). We take a
holomorphic and surjective mapping

a-F—>F!
@), 2,(DN—> (= (p), 25 (P)).

Then goa is non-constant and holomorphic on F.

THEOREM 1. Let n:F—>X be a holomorphic line bundle with ¢(F)
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=0 on a compact complex manifold X of complex dimension n, Let
(U}, {fis}) be a l-cocycle with | fi;\=1 defining F. Then F and the
associated principal C* bundle ny,:F*—>X admit C* plurisubharmonic and
strongly (n+1)-pseudoconvex exhaustion functions

.z (U)ap—>|2;(p) |:eR
and
7ini (U) 50— |20 "+ gy R,

respectively. Movreover the following conditions are equivalent:

(a) F'is holomorphically trivial for some non-zero integer I,

(b) There exists a non-constant holomorphic function in
F,.={peF,; ¥(p)<c} for some c>0.
(¢c) There exists a non-constant holomorphic function in

F*:.={peF*, T*(p)<c} for some c>r;jg?*.

PROOF. For any ¢, we have »,>r, such that
dr,r CF*CF,.

Hence by Lemma 1 and Lemma 2, we get the proof of Theorem 1.

PROPOSITION 3. Let X, F be as Theorem 1. Assume that F' is
not holomorphically trivial for any non-zero integer 1. If D is an open
set in F and

{peF;, T@P)=c}cD
for some ¢,>0, then
H'(D, &)=C.
PROOF. We have r,<+ ¢, <7, such that
Lrir, CD.

Then the result follows by Lemma 2.

THEOREM 2. Let X, F be as in Theorem 1. Then one of the
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Sfollowings occurs.

(1) H(F, 7)=H'(C, ) (isomorphic as algebra), and F' is holo-
morphically trivial for some non-zero integer l.

(2) H'(F, 7)=C (isomorphic as algebra), and F' is not holomor-
phically trivial for any non-zero integer l.

PROOF. Suppose that for some positive integer [, F'* is not holomor-
phically trivial for 0<k</ and that F' is holomorphically trivial. Let

a:F—>F!
@(P), 2,(DIN—">( (D), 2i (D).
Then a is holomorphic and surjective. a induces the homomorphism

a:H'(F', &)—H'(F, &)
{Eraeaiwin—>{3%-0al2i"},

where w, denotes the fibre coordinate in F!|U; and a! are holomorphic in
U.. Clearly « is injective. We take a holomorphic function
feH(F, 7). We have the Taylor expansion

fla™ (U (0) =X5-00i (r($))25(p), pEa™(UY).

Similary as the proof of Lemma 2, it follows that |b%| is constant on U,
for any (7, ) and b.=0 as #=0 mod I Then

fla™ (U) (0) =32-0bk. 287 (D), pea'(U).
Setting
g ={XZv- bl wi},
we have geH'(F!, ¢”) and a(g)=/. Since F'=~XxC,
H°(F, &)=H'(F', &)=H"(C, ).
If F' is not holomorphically trivial for any non-zero integer I/, we get

H°(F, ¢)=~C by Lemma 2.
Similary as the proof of Theorem 2 we have the following:

COROLLARY 3. Let X, F be as in Theorem 1 and F* denote the
associated principal bundle with F. Then H°(F*, ) is isomorphic
onto H°(C*, ) or C as algebra.
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4. It is well-known that there exists a compact non-Kéhler complex mani-
fold of complex dimension ¢=2 which is homeomorphic onto S'xS?*! p

=g-—1. Such manifolds are called Hopf manifolds. We shall construct
an example in the non-Kihler case, using Hopf manifolds. Let M be a
Hopf manifold of complex dimension p+1, p=1. We have the exact
sequence

“y
0—HM, T)—> H'(M, *)—>H'(M, GP)—>-+

and

{FeH' (M, &*),é(F)=0=H'(M,T)
as in the part 2. Since M is homeomorphic onto S'x S?**!, we have the
isomorphism

g: T~H'(M, T).
Let exp +/ —1 270 T and F(8) be the line bundle defined by the cocycle
Blexps/—1 2z0)eH'(M, TYC H'(M, 2%). Then we have the following

THEOREM 3. One of the following occurs.
(1) 6 is rational and H(F(0), & )~=H'(C, )
(2) 0 is irrational and H°(F(0), o )=C.

REMARK 1. Theorem 3 shows a non-trivial example in the non-
Kéhler case with respect to the argument in the part 3.

REMARK 2. From the work of Ise [4], we have H'(M, o *)=C*.
Since H*(M, Z)=0, we obtain

{FeH' M, &*;c(F)=0=H'M, &*)=C*
D{FeH'(M, &*);c(F)=0=T.
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