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   We consider a compact complex manifold X of complex dimension n 

and a holomorphic line bundle F over X whose refined Chern class is trivial. 

We denote by F* the associated principal bundle over X with F. We shall 

show that there exist exhausting plurisubharmonic and strongly (n+1)-

pseudoconvex functions 7 and 7*, respectively, on F and F* in the part 

3. Thus F and F* are weakly 1-complete in the sense of [6] and strongly 

(n+1)-complete in the sense of [1]. Furthermore, we shall prove that

H°(F, ~')~H°(C, (7) or C 

H° (F*, ~) ~H° (C*, ~') or C

where the notations = imply isomorphisms as algebra. This is a generaliza-

tion of the result [3] which was obtained in the case that X is a Kahler 

manifold. The Miller condition is unnecessary in our proof. In the 

part 4 we shall construct an example in the non-Kahler case, using Hopf 
manif olds.

   1. We recall refined Chern classes for holomorphic line bundles ([2] 

and [7]). We denote by X a complex manifold of complex dimension n 

throughout this paper. Let ' 4 be the sheaf of germs of real C`° q-forms 

                                                                                  • on X and p,q the sheaf of germs of real C°° (p, q)-forms on X: Let ' 
              ~,~ 

. _ { fE; df=0}. Let F be a holomorphic line bundle over X and 

{fu} a holomorphic 1-cocycle defining F on the coordinate covering { Ui} of 
X. For a metric {hi} along the fibres of F, we define a real (1, 1)-form

w(F) : ='2 71  aaloghi on each Ui.
Then w(F) is well-defined on X. Thus



 w  (F)  E  H°  (X, 

We have the homomorphism 

c : H° (X, (9' (X,  ` '~') / ^ —1 aaH) (X, 0) 

F—)c (F) : = Ea) (F) ]. 

We call c(F) the refined Chern class of F. Let c(F) and c(F), denote, 

respectively, the Chern class of F and the de Rham cohomology class of F. 

That is 

H'(X, (7 *)--->H2 (X, Z)-->H2 (X, C) 

F-->c(F) —~c(F)~,

where the homomorphisms H' (X, r *) --->H2 (X, Z) and H2 ( X, Z)--> 

H2 (X, C) are induced, respectively, by O—>Z---> --> r *--0 and the 

natural inclusion Z---C. 

   We have the following propositions.

PROPOSITION 1.c(F) =0= c(F)=0. 

PROOF. We need only remark

c(F),=[w(F)]E H2 (X, C) = H° (X, d /dH°(X, 

where ~G"' is the sheaf of germs of complex C" P-forms on X. 

PROPOSITION 2. If X is a compact Kahler manifold. Then 

c(F) (F) =0. 

   PROOF. Since c(F)=O, there exists h E H° (X, "1) such that 

w(F)=dh on X. 

From a theorem by Kodaira [5], we can find f E H° (X, 0) such that

co(F) — 2--Of on X.
Thus

w(F)J2n1-----ad(fZf---)v'—1 aaH°(X, 0)•
We have the following proposition by Propositions 1 and 2.



  PROPOSITION 3. If X is a compact  Kahler manifold such that the 

homomorphism 

H2(X, Z)—>H2(X, C) 

is injective. Then 

c(F) =0 .c(F),=0<=>c(F) =0.

   2. Let U be an open set of X and Pu the additive group of C°° plurihar-

monic functions in U. That is 

Pu: _{f :  U-3R; fEC°°(U) and 8df=0}. 

The presheaf {U, PU}U,1 induces the sheaf of Cee pluriharmonic functions 

on X. We have the exact sequence 

0—> T—> *-- g —>0, 

where ,u (f) : = log I fl and T denotes the sheaf of germs of constant func-

tions with values in {z E C; z I =1}. We denote by 

,u1:H1:(X, O*)-->H1(X, ^9) 

the homomorphism induced by u:*---> . 

  We have the following

   PROPOSITION 4. Ker ,a1={FEH1(X, O*);c(F)=0}. 

   PROOF. Let {fi,} be a 1-cocycle defining FE Ker ,al on the covering 

{Ui} of X. We may assume that there exists a 0-cochain 

{gi} E C° ({ Ui}, 9) such that 

         loglfi,I =g.,—gi on U fl Uf. 

Thus {exp 2gi} is a metric along the fibres of F. Then

c(F)=[1/—1Odgi]=0.

We take a holomorphic line bundle 

        L E H1(X, 0 *) with ë(L) = 0. 

Let {hi,i} be a 1-cocycle defining L. We have a metric {hi} along the 

fibres of L and f E H° (X, ' °) such that



 881oghi=88 f on each Ui.

Then we have

log Ih111=Z(loghj— f)—2 (loghi—f) 
and

loghi—fEH°(Ui, ).

This implies ,ui (L) = 0.

   COROLLARY 1. Let X be compact and FEH1(X, 0*). Then F 

satisfies c(F)=0 if and only if there exists a 1-cocyle {fif} defining F 

such that

I fi> I =1 on each yin Uf. 

PROOF. We have an exact sequence

,e-to 
•••.-->H°(X , 0 *)-->H°(X, ^)-~H1(X, T)—~

H1(X, 0 *)-->H1(X, .......

Since X is compact, H° (X, 0 *),-C* and H° (X, R. 

Then ,u° is surjective. We get the exact sequence

1,1 

0--->H1 (X, T)---H1(X, 0*)—v-z1(X, ). 

Thus 

H'(X, T) Ker a1 c H1(X, 

   From Proposition 2 and Corollary 1 we have the following

   COROLLARY 2. Let X be a compact Kahler manifold and 

FE H1(X, *) satisfying c(F)=0,  then there exists a 1-cocycle {M. 

defining F such that 

IAA =1 on each Ui l U1.

   3. A complex manifold X of complex dimension n is called strongly 

(resp. weakly) q-complete if there exists a real C°° exhausting function 7' 

such that the Levi form of Y has at least n—q+1 positive (resp. non-



negative) eigenvalues at every point of X (cf.  [1] and [6]). 

  Let X be a compact complex manifold and FE H1(X, 0*) with c (F) 
=0. We denote by F* the associated principal bundle with F. Then 

         where 0 denotes the zero section of F. By Corollary 1, we 

have a 1-cocycle {f} defining F with I f if 1=1 on each Ui f U5. Let zi (p) 

denotes the fibre coordinate of p E,r-1(Ui) - Ui x C where 7r is the projection 

of F onto X. We set

T :7r-1(Ui) Dpi--> I zi(p) I2 R

and

*:,~* 1 (Ui) B pi---> I zi(p) 12+ I 
zi(p)1, E R,

for each Ui where 7r* denotes the projection of F* onto X. Since Vol 
=1, T and T* are well-defined, respectively, on F and F*. 

   LEMMA 1. Let X be a compact complex manifold, FEH1(X, 0*) 

with c(F) =0 and F* the principal C* bundle associated with F. Then 

F and F* are weakly 1-complete and strongly (n+1)-complete. 

   PROOF. The Levi forms of T and 1r* are given by

L (T) = dzidzi and L (!l7*) _ (---------I z1I 4 + 1) dzidzi

for each Ui, respectively. Clearly we have 

{pEF; l7(p)<c}©F

and

{p*EF*;T*(p)<c}CF*

for any cER.

   LEMMA 2. Let X be a connected compact complex manifold and 

FE H1(X, 0*) with e(F)=o.  Then there exists a non-constant holo-

morphic function on 

dr1,r2• = U {pE7r-1(U);r1<Izi(p) I<r2} 

for some r1, r2 (— oo<r1<r2C + co), if and only if F' is holomorphically 
trivial for some positive integer 1. 

   PROOF. Let h be a non-constant holomorphic function on Qr,,r2.



We have the Laurent expansion of  h  I  i-1(Uz) fl 4r1,r2 

h (p) — E7=-„a ! (n (p)) z i (p) , Pen'  (Ui) 114ri,r2 

where a! are holomorphic in U,. Since 

zi(p)=fijCn(p))zjCP), pEn-1CUifl U1),

we have

Then

h(P)=E7=-0a! (n(p))z (p) 

_E °=-„ay Cn(p))f!i'>(n(p))z> (p) 

   =~~°a _„ay (n(p))z`;(p), pEn-1(Uifl Uj)•

ay (n(p)) =ft f (n(p))av (n(p)), PEn-1(Ui fl Uj) 

and hence 

{a! (x)} EH°(X, F-'), xEX, 

where F denotes the sheaf of germs of holomorphic sections of F over X. 

We put 

0y : UiDX1—> la! (x) I ER 

on each U,. Since (fijl =1, O. are continuous plurisubharmonic functions 

on X. Since X is compact and connected, there exist r„, 0! ER such that

and hence

ay (x)-r„ exp(-^ —10!), xE Ui

for any i. Now h is non-constant, so there exists v° * 0 such that ry 0 *0. 

This means that F-0 ° has a nowhere vanishing global section {a!0} on X. 

   Suppose that F' is holomorphically trivial for some 1>0. Since

1-1°(F`, O)=H°(X xC, 0)=H°CC, c').

we have a non-constant holomorphic function gEH°(F', 0'). We take a 

holomorphic and surjective mapping 

a:F-->F' 

(n(p), zi(p))1--->(n(p), z~ (p)). 

Then goa is non-constant and holomorphic on F.

THEOREM 1. Let n:F—>X be a holomorphic line bundle with c(F)



=0 on a compact complex manifold X of  complex dimension n. Let 

({U1}, { f,}) be a 1-cocycle with I fi>I =1 defining F. Then F and the 
associated principal C* bundle 7r*: F*-->X admit Coo plurisubharmonic and 

strongly (n+1)-pseudoconvex exhaustion functions 

7:7r-1(Ui) pi— > I zap) 12ER

and

F*:rr*1(Ui) Dpi_ I zi(p) I2+-------------Iz
i(p) I ZER,

respectively. Moreover the following conditions are equivalent: 

   (a) Ft is holomorphically trivial for some non-zero integer 1. 

   (b) There exists a non-constant holomorphic function in 

Fe: _ { p E F; 7(p)<c).  for some c>0. 

(c) There exists a non-constant holomorphic function in 

F : _ {p E F*; * (p) <c} for some c>min?*. 
                                            F*

   PROOF. For any c, we have r1>r2 such that 

ar1,r2CF cFc. 

Hence by Lemma 1 and Lemma 2, we get the proof of Theorem 1.

PROPOSITION 3. Let X, F be as Theorem 1. Assume that F' is 

not holomorphically trivial for any non-zero integer 1. If D is an open 

set in F and

{p EF; F(p) =c°} cD 

for some c°>0, then 

         H°(D, 0)=C. 

   PROOF. We have r1<^ co <r2 such that 

4rlir2cD. 

Then the result follows by Lemma 2.

THEOREM 2. Let X, F be as in Theorem 1. Then one of the



followings occurs. 

   (1)  H°  (F, ) —H° (C, ') (isomorphic as algebra), and F' is holo-

        morphically trivial for some non-zero integer 1. 

(2) H°(F, ')—C (isomorphic as algebra), and F' is not holomor-

       phically trivial for any non-zero integer 1. 

   PROOF. Suppose that for some positive integer 1, Fk is not holomor-

phically trivial for 0<k<1 and that F' is holomorphically trivial. Let 

a : F--->F' 

(i(p), zi(p))i—(7r(p), zi(p)). 

Then a is holomorphic and surjective. a induces the homomorphism 

a:H°(F', O)-3H°(F, ~) 

{E7=0avwi}l—›{E7=0avz °}, 

where w1 denotes the fibre coordinate in F I Ui and a! are holomorphic in 

Ui. Clearly a is injective. We take a holomorphic function 

f EH°(F, 0). We have the Taylor expansion 

fl n-1(Ui) (P) =EN=°bN(n(P))z4 (P), pEn-1(Ui). 

Similary as the proof of Lemma 2, it follows that I bid is constant on U1 

for any (i, /1) and bN = 0 as ,u 0 mod 1. Then 

fln-1(Ui)(P)=E7=obkyziv(P), pEn-1(Ui). 

Setting

          g: = {Ev=oai                          vwi}, 

we have gE H° (Fl, 0) and a(g)=f. Since F~—X x C, 

H° (F, O)—H°(F`, (C, O'). 

   If F' is not holomorphically trivial for any non-zero integer 1, we get 

H° (F, (7)_—_-C by Lemma 2. 

  Similary as the proof of Theorem 2 we have the following:

   COROLLARY 3. Let X, F be as in Theorem 1 and F* denote the 

associated principal bundle with F. Then H°(F*, O) is isomorphic 

onto H° (C*, (7) or C as algebra.



4. It is well-known that there exists a compact  non-Kahler complex mani-

fold of complex dimension q>2 which is homeomorphic onto S1 x S2p+1, p 

=q-1. Such manifolds are called Hopf manifolds. We shall construct 

an example in the non-Kahler case, using Hopf manifolds. Let M be a 

Hopf manifold of complex dimension p+1, p>1. We have the exact 

sequence

0—›H1(M, T)---> 111(M, r*)--->H1(M, g )->

and

{FeH1(M, *);0(F)=0}—H1(M, T) 

as in the part 2. Since M is homeomorphic onto S' x S22+1, we have the 

isomorphism

9: T H1(M, T). 

Let exp ^ -1 27r0 ET and F(0) be the line bundle defined by the cocycle 

(3 (exp -^ -1 2ir0) H1(M, T) c 111(M, c9 *) . Then we have the following

THEOREM 3. One of the following occurs. 

(1) 0 is rational and H° (F(0), ') -H° (C, r) 

(2) 0 is irrational and H°(F(0),

   REMARK 1. Theorem 3 shows a non-trivial example in the non-

'Mier case with respect to the argument in the part 3.

   REMARK 2. From the work of Ise [4], we have H1(M, *)=C*. 

Since H2 (M, Z)=-0, we obtain 

{FEH1(M, *);c(F)=0} =H1(M, *) C* 

D{FeH1(M, O*);c(F)=0}—T.
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