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§ 0. Introduction

   In this paper we are concerned with the existence of periodic solutions 

of the nonlinear dissipative wave equations of the form 

(0. 1) u„—uxx+Po(x, ut) +P1(x, u, ut) +3(x, u) =f(x, t) 

on [0, 1] x R with the boundary and periodicity conditions 

(0. 2) u(0, t) =u(1, t) =0, u(x, t+co) =u(x, t) (w>0). 

   Here Po, Pi and 3 are smooth functions with certain monotonicity and 

growth properties, and f(x, t) is a smooth function with period w in t. 
In our argument the term po (x, ut) (dissipative term) plays an essential role, 

which is the reason why we call the equation (0. 1) `dissipative' wave equa-

tion. 

   Periodic solutions of the nonlinear wave equations have been studied by 

a number of authors. In particular, as for the dissipative equations, we 

refer to Ficken-Fleishman [4], Prodi [11], Rabinowitz [12], Amerio-Prouse 

[1], Biroli [2], Clements [3], Krylova [6], wahl [13], Kakita [5], Yama-

guchi [14] and the author [8, 10] etc.. However most of papers have 

treated the generalized (weak) solutions, and there are not so many works 

concerning classical solutions. Rabinowitz [12], Wahl [13], Yamaguchi 

[14] and the author [10] considered the classical periodic solutions. In 

them, however, it is assumed that the nonlinear term contains small para-

meter or the forcing term f(x, t) is small. 

   The object of this paper is to prove the existence of classical solution 

of the problem (0.1)-(0.2) with no smallness conditions on the data. For 

this we must make assumptions of certain monotonicity and growth con-



ditions on nonlinear term, which seems to be a natural restriction. 

   At this time we restrict ourselves to one dimensional equations. But 

it seems to be very interesting to extend our result to higher dimensional 

equations. 

   We employ a Galerkin method. In particular our method is related 

to  [9], where decay property of classical solutions of similar equations was 

investigated.

§ 1. Preliminaries

   The functions considered are all real valued. We use standard nota-

tion for familiar function spaces (Lions [7]). In particular, for measur-

able function f and g on [0, 11 we set

(f, g) = ff(x)g(x)dx 
if the right hand side is convergent. Let X be a (real) Banach space. 

Then, for 1<p<oo, we denote by LP(w;X) the Banach space of X-valued 

strongly measurable function on R with period w and with

II f' I LP(r:x) ° (j IIf(s) I IXds)14P<0.0 if 1: p<oa
and

ill IL°°cr:g> =ess. supllf(s) x<c>0if p=oo.

Hereafter J r and sup etc. should be taken over any interval with length 
w. We denote by Cz(w;x) the space of X-valued i-times continuously 

differentiable functions on R with period co. 

   Our argument depends heavily on the following well-known lemma. 

   LEMMA 1.1. The sobolev space H1=H1([0,1)) is imbedded con-

tinuously and compactly into the space C1'2([0, 1]) , and we have

(1.1) I u i c1,2<const. I l u l l ir1 for u E H1. 
Moreover, for ve>0, there exists Ce>O such that 

(1.2) IIuIIL~cellull H1+CEII ulI L2 for uE 11-

                                                   1

whereIIulIX1=lIax uII L2,



   Now, we state our assumptions. 

 Al. po(x, v) belongs to C3 CO, 1]xR) and satisfies the following conditions:

(i) Po(x, 0)=0, 

(ii)  po (x, v) % ko>0 for some constant ko>0, 

(iii) there exists some K>0 and CK>0 such that 

(1.3)—av130(x, v) _--CK (I Po (x, v) I +1) I v I if I v I >K.
A2. Q(x, u) belongs to C3([0, 1] x R) and there exists k1>0 such that 

(1. 4) (x, u) u>k1j"0(x,  72)dv)~0. 
A3. p1(x, u, v) belongs to C3 CO, 1] x R2) and satisfies

(1.5) Iu, v) I <C(1 u I) WP0 (x, v) v + 1)

(1.6) 0<av p1(x, u, v)CC(l uI) (90(x, v)v+1)
where C(,) depends on , continuously. Moreover p1(x, u, v) = p11(x, u, v) + 

+p12 (x, u, v) with P11, P12 satisfyingavpll>0,----av P12>0 and 
   (i) there exist K>0 and CK>0 such that 

(1.7) sup iron (x,u,v)1 CK(Q(x,u)u+1u12+1)8'2 
1V1�K

with 0<3O<1, 

    (ii) P12=0 

or

(1. 8) k2 J I u l ai I v I ri+1<P12 (x, u, v) v k3 I u I ai I v 1 ri+1 
t=1i=1

for some k2>0, k3>O, 7-9;>0 and ai with O<ai<ri+1(i=1, 2, ......, m). 

   Finally, concerning the forcing term f, we assume:

A4.ati-----fEL2(w;L2([O, 1])) (i=0,1, 2, 3)

and

az  tifEL°°(w;H2-i([0,1])) (i=0, 1, 2).

                  a We ofen use Dt and D,,for-at andax , respectively, and set



   Bi=IIDtfIIL2(':L2) and vi=llD~)  L°Oc~:x2  i, 

We enclose this section by giving typical examples.

example 1.

u„-u ,„.„+ ut + { (sinu) 2 + u2} ut + u5 = f(x, t) .

example 2.

  mm 

utt— ux:;+ E dku2kut2k+l =f(x, t) 
k=0k=0

with C0>O, C1, C2f ......, C„~_ 1>0, Cm>0 and di0 (i= 0,1, ......, m).

example 3. 

u„—u„,„+ utexp {u } + I u 12mutexp {zit} + uexp {u3} = f (x, t) .

§ 2. Approximate solutions

   Let {017',.-.1 be a basis of L2 CO, 1]). We may assume without loss of 

generality that  C:( (0,01, 1)) (k=1, 2, ......) . First we shall show that the 
following equation admits an co-periodic solution:

(2. 1) (D un(t), cbk) + (Dgen(t), Dx0k) + (Po (Dtun) +Q(un) +P1(un, Dtun), 0k) 
= (f(t) , Ok) (k=1, 2, ......, n)

                                             /~ where u. (t) = E ak.. (t)0k (x) and we use simplified natation p0 (x, Dtun (x, t) ) 
k=1 

Po (Dtun),13(x, un (x, t)) a----004.)   and p1(x, un (x, t), Dtun (x, t)) °P1(un, Dtun) 
etc.. The unknown function un (t) should be sought in the space X„= C2 

(w; Wn), where W. is the n-dimensional subspace of L2 spanned by 01, • • • 
• • •, On. For our purpose let us consider the linear equation

(2. 2) (D2un(t), q5,) + (D.xun(t), D,,Ok) +a (13 Ok) = (F(t), Ok) 

(8>O, k=1, 2, ......, n).

This equation can be regarded as a system of ordinary differential equations 

and, if FEC(w;L2), has a unique co-periodic solution, which we denote by 

G(F) (t) .G„(•) is a linear bounded operator from C(w; L2) to Xn, 

   Next, setting

Fn(t) = — {Po (Dtun) +Q(un) +P1(un, Dtun)} +ODtu„+f(t),

we consider the equation



(2. 3)  (Dun(t), c'k) + (D ,,un(t), Dxgk) +a(Dtun, c ) 
=2(Fn(t), 7k), 0<2<1 (k=1 , 2, ......, n)

with u(t) = u„ (t+ w). This is equivalent to

(2. 4) un(t) = Tn(2) (un) (t) 

where

Tn(2) (un) (t) =2Gn(Fn) (t). 

Our problem (2. 1) is of course equivalent to (2. 4) with 2=1. For r>0 

we set

Bn(r) _ {uEXn I Ilull xn~r}• 

Then, it is easy to see that Tn (2) is a continuous and compact operator 

from [0,1] x Bn(r) to Xn. Since (2. 4) with 2=0 has a unique solution 

u=0, Leray-Shauder's degree theory implies that it suffices for the existence 

of a solution of (2.1) to show an a priori estimate of Il un (t) I I xn independent 

of ,t to the solutions un of (2. 3). Indeed we can show the following 

lemma.

   LEMMA 2. 1. 

   Let un(t) be a solution of the problem (2. 3) (0_<,K__1). Then we 

have

(2.5) Ilun(t)ILE=IIun(t)IIL2+IIun(t)II xCo(6o)<oo 

where CM(o0) is a constant independent of n and ,l (but depends on a ).

PROOF.

   Let un (t) = af,n (t) qif(x). Multiplying (2. 3) by af,n (t), summing up 
1=1 

from j=1 to n and integrating over [0, co] (roughly speaking, multiplying 

Dtun) we have

1 

° {Po (Dtun) Dtun+ pl (unDtun) Dtun} dxdt

LJo I f(t)Dtun l dxdt
 Zk-----82 +-----°J



and hence, by the assumption  A1,

(2. 6) JJ'  o{Po (Dtun) +Po(un, Dzun)}DtundxdsC(8o).

Next, multiplying (2. 3) by a,,n(t), summing up from j=1 to n and integrating 

(roughly speaking, multiplying un) we have

(2. 7) jJ'  { I D.74,1„,12+ AQ (un) un} dxdt
_A J II.f(t) I IL211un (t) II L2dt+4 +41  po (Dtun) • un I dxds

+2i.  2
oI P1 (un, Dtun) •unI dxds

`2 J.IID.un(t)IHL2dt+ cog+I1+I2.
Now

(2.8) I1 JJI Po (x, Dtun (x,t)) un(x, t) • un I dxdt 
        {(x, t)IIDtun(x, t) I <1}

+ JJI Po (x,Dtun(x,t))1 IDtun IIDtun I-1I un I dxdt 
 {(x, t)II Dtun(x, t)1 >1}

 C f o f o I un 1 dxdt+ L f po(Dtun)Dtundxdt supll un(t) II L°°
 C(JIl u(n(t) II L2dt)1/2+C(80) supllun(t) II H1• 

a~

And also, by A3i

(2. 9) 12.2 f J I P11(un, Dtun) • un I dxdt 
         {(x, t)II Dtun(x, t) I k}

+ J J I P11(u,, Dtun) I I Dtun I I Dtu„ 1-1 I un I dxdt 
{(x, t) I Dtun(x, t) I >k}

+ k3 EJJ11147,1  ai+11Dtun I ridxdt 
  i=oo

 CK~J1      aj (Q(un)un+ I un 12+1) e/2dxdt supll un(t) H,-

+K-1J      .J1m1(un,Dtun)Dtundxdt supllun(t)IIL°°
+ k3 E(JJ11Dtunlri+ll un1 °idxdt)ri/(ri+1)supllun(t)IIL°Ol+ai/(l+ri) 

  i=1mo

  ((1  4JJ
o{ I D.xun 12+2Q(un)un}dxdt+C(d0) (1+supllun(t)II),



where we have used the assumptions on 0 and  a,. From (2. 7) - (2. 9) and 

Lemma 1.1 we have, for ve>0, VAE[0,1],

(2. 10) JJ'o { I Dxun l 2+A3(un)un}dxdt<esupll un(t)112k 1+ C(e, ~o)•
From (2. 6) and (2. 10) we see that there exists t* [0, w] such that

(2. 11) Ez (ten (t*)) ° I l un (t*) E + 2Aj o (3 (un (t*)) un (t*) dxdt
<esup u (t) IIN1 +C(e, 80) (ve>0)

and hence, by (2. 6) and (2. 11),

supE2 (un (t)) EA (un (t*)) +2.1 J'(IPo(Deun)  I + (u, Du) I + If(t) I) x 

p

x ID tun I dxdt

<esupllun (t) II Xi+C(e, 80)

which implies with e=-2- 

   E2(un(t))<C(8a)<oo for vt.

q. e. d.

Lemma 2.1 and the equation (2. 3) imply immediately 

IiD2un(t)IIL2cconst. <co 

and hence we conclude that for any positive integer n the finite dimensional 

problem (2.1) has an w-periodic solution un(t) EC2 (co ; Wn).

§ 3. Furthere stimations _of approximate solutions

   Starting from the estimate (2. 5) we proceed to the further estimations 

of the w-periodic solution un (t) of the problem (2. 1) whose existence is 

already assured in the previous section. Hereafter we denote by C(77) 

etc. various positive constants which depend on and other known con-

stants, but does not depend on n.

LEMMA 3. 1. 

We have 

(3.1) II Dtun (t) I IE-<C(oo, &i) <00



where we recall  11D tie  n(t)ILE=11Dun(t)11  21.2+11Dtun(t)11H1•

   PROOF. 

   Differentiation of the equation (2. 1), which is possible by the smoothness 

assumptions on j9, Po, Pi and f, gives

(3. 2) (Du, tbk) + (D,,Dtun,Cbk)+(avPo (Dcun) • D 2 un, sbk)

 (au-----Q(un) •Dtun, tbk) +(a  +u P1(un, Dtun) •Dtun, sbk)

+ (av---PI(un, Dtun) •Dn un, fik) = (Dtf,0k), k=1, 2, ......, n.
Multiplying (3.2) by D i un we have

JJ'{------aPo (Dcun) +-----ap1(u, Du)}1DZu12dxdt 

   o

<<Jwi o{----a fl (un) •Dcun 1+ !WI} I} 1 D i un 1 dxdt
{-J~Joau-----P1(un,Dtun)••Dcun•Diunl dxdt,

by Lemma 2. 1, (2.6) and the assumption A3,

C----4° j~JoI D2un12dxdt +C(oo, al)
+ C(8o) JJ4/Po(Dun) •DZun• 1 Dtun1dxdt 

�k°-------JWJu1DiunI2dxdt+C(a0)suPllDtunll .-+C(so, dl)
which implies with Lemma 1.1

(3.3) JJ{ wauPo(D tun) +----avp~(un,Dtun) }ID2un 12dxdt
<esup 11 Dtun(t)1111 +C(@o, 81, e)

for ve>0. On the other hand, multiplying (3. 1) by un, we have

(3. 4) JJ I D„Dtun12dxdt_(JwJoI D un 12dxdt
+1-3+I4+I5+JaJ'I f (x, t)Dtun Idxdt,

where we set



 I3 =J J0Ia-------t)Po(Dtun) •Dtun•D2unI dxdt,
 _ 1 I'=J~J1I aau----pi tun, Dtun) I I Dtun 12dxdt

and

 _1 a  I5=JWjoIavP1(un, Dtun) •D tun. Diunldxdt.
These terms are estimated as follows.

I3 ` (JioIavPo (Dtun) I I DI un 12dxdt)1/2 (1IavPo (Dtun) I I Dtun IZdxdt) 1/2,
by (3. 3), assumption Al and (2.6),

<(esup ItDtun(t)II H+C'(o0, 81, e))1/2(C80)suplID1un(t)Ill.+C)1/2

`~esup II D tun(t) IIa1+C(80, 81, e) (ve>0).

I., C(80)JJ1(8/P0(Dtun)•Dtun+1)dxdtsuplIDtunitle° (by (1. 5)) 
          m0

i esup II Dtun(t) II 21+C(80, e) (ve>0).

And

I5 C (J J 01 av P1(un, Dtun) I I D un 12dxdt)1/2 X

X (JJ1 ----- 
    0 I av P1 (us, Dtun) I I Dtun 12dxdt)1/2

    l a 
==.1.J o  av P1(un, Dtun) I D2unI ddxdt

+C(80)supIIDtun(t) Ilia. (by (1. 6) and (2. 6) 

-esup

     

'ID cun(t)IIA1+C8o,81,e)•

Thus we have, for ve>0,

(3.5)J dJoIDxun(t)12dxdt`esup-II Dtun(t)II HI+C(80, a1, e)
From (3. 3) and (3. 5),



J  IIdtiesup IIDu(t) II H+C(0, ai, e) 
and hence, there exists  t*  E  [0, CO] such that

(3. 6) II Dtun(t*) IIEesup II Dtun(t)IIHi+C(d0, Ei, e) 

                                 m

for ve>0. By the equation (3. 2) and (3. 6) we have

sUpII Dtun (t) II E_IIDtun (t*) II E

+2.1~Jo{-----avPo(Dtun) +----avP1(un,Dtun)} I D2unI 2dxdt
-esupIlDtun (t)II Hi + C(80,~i,e), (e>0) 

      m

which yields immediately, taking e=2
(3. 7) II Dtun(t) IIE`C(8o, 8i)<00 for `'t.

q. e. d.

LEMMA 3.2. 

(3. 8) II D i un (t) I I ECC($o, di, 82)<00 for Vt. 

PROOF. 

Differentiating the equation (3.2) we have

(Du, 0k)+ (D.nDun, D.0k) +(av-----Po (Dcun) • D? un +
                                                                  2 

(3. 9) +------Pi(un,Dcun) • Diun,Ok) + ((2Po+----av2Pi) (Du)2,~k)
+ (go, Ok) = (Dif, Ok), k=1, 2, ......, n,

where

go(t) =-----au Q(un) •Dun+au Pi(un, Dtun) • u

+----- 0202   aU2 0(14n • (Dcun) 2+-----0u2Pi(un,Dtun) • (Dcun)2. 

82 +2-------
au8vP1(un,Dtun) •Dtun•D2un

Multiplying (3.9) by Dgun,

Jj0(  OvPo (Dcun)+avPi(un,Dtun)) I D~un12dxdt



 (3.  10)< JJ'{IaV2Po (Dtun)1+1av22P1(un,Dtun) I } I Dfun12 I D3unI dxdt
+JnJ1(Ig0(x,t)I+ID6fI)IDLunldxdt.

By Lemmas 2.1 and 3.1 we can get easily

I0v22 PO (Dtun)1+I8v22 P1(un, Dtun) I + J I1g0 (t) 11 L2dt<C(80, 8,) <°O
and hence

fj0(----a po (Dtun) +----avP1(un,Dtun) )1 D3un12dxdt
 c(60,801.Jo1 Df un 12IMuni  dxdt+C(8o, 81, 82)
< CA. 81)(J IIDfunIIL2dt)1'2*(JIIDrun11i2dt)1i2x 

                  r

x suplID f un (t) I le. + C00, 81, o2)

<_C(80, 81, 82) (1+suPIIDf un(t) 11 1-)

(3. 11) <esup IIDf un(t) II a1+C(80, 81, 82, 8), e>0.

On the other hand, multiplying D f un,

JJr Jo{I------evPo+----avP1IIDfunI I D2unI
82 82 + (I------
8v2 p01 +1------0v2 P1 I) I D f un 13} dxdt

+JrJO(Igol +IDffI)IDfu,,Idxdt
using Lemmas 2. 1, 3.1 and (3. 11),

(3.12)<C(80i 81, 82) (1+supIIDfun(t) Ili-) 

                                                      r

<_ssupll Di un(t) II 11+C(80, 81, 82, e), e>0.

From (3. 11) and (3. 12) we can conclude, as in the proof of Lemma 3. 1,

HD?  un (t) IIC(80, 81, 82) <c

which proves Lemma 3.2.q. e. d.

Finally we derive the following



 LEMMA 3. 3. 

(3.13) I I D 3 un (t) I I E<C (c o, 81, 82, 83) <00. 

PROOF. 

Differentiating the equation (3. 9) one more time we have

(3.14) CDiun,0k)+ (D„Dun, Da,C4) + ({----avPo+----av P1} • D a un, ck)
+ (g1, Y'k) = CD3.f, Ok), k=1, 2, , n,

where

83838282  
g1(x, t) = (au3 Q + au3 P1) • CD, un) 3 +3(au2 Q + au2 P1) •D tun. D r un

          22 +(au----Q+----auP1)•Diun+3(a2Po+8v2Pi)•Dun•D?un

+(av33Po+av1)           3P(Di un)3+3aaavP1{CDtuns un)+CDiun)2}+

+ 3au-----av p1•(Dtun) 2 • Mum ------                   ±3aav2 P1 • Aun • CM un) 2.
By use of Lemmas 2. 1, 3.1 and 3. 2, we see easily

(3. 15) J 81, 82) <OC

and hence, multiplying (3. 14) by D fun,

(3. 16) JJo { av-----p0(Du) +----av P1(un, Dtun) } I D i un 12dxdt
<C(80, 81, 82, 8s). 

Also, multiplying (3. 14) by D i un, we have easily 

(3.17) JI  I D.xD i un (t) I I12dt<CCBo, 81, 82, 83) <+ 00. 
The estimates (3. 16) and (3. 17) imply immediately 

I I D i un (t) I I2<C(80, 81, 82, 83)<00

q, e. d.

   Now we have finished the estimations of the w-periodic approximate 

solutions un(t), n=1, 2, 3, ......



§ 4. Passage to the limit

   On the basis of the estimates in the previous section we shall show that 

a subsequence of  {u„  (t)  } converges in various norms, and that the limit 

function u(t) is a required w-periodic classical solution of the problem (0.1)-

(0.2). 

   Since Ai is compactly imbedded in C([0, 1]) Ascoli-Alzera's lemma im-

plies 

(4.1) D it u„ (x, t) -+D i u (x, t) uniformly on [0,1] x R for i =0, 1,  2, 

and

(4.2) Du-Du in L2 uniformly on R, 

along a subsequence of {un(t)}. 

Moreover, by a standard compactness argument, we see

(4.3) D1u7,->Diu weakly* in L°°(w;H1) and weakly in Lz(w;Lz) 

                 for i=0,1,2,3,4.

The limit function u(x, t) satisfies, of course, 

D4uEL°°(w;L2), DiuEL°'(w;H1), i=0,1, 2, 3

and

(4.14) 80 Coo. 
=o

  Thus, taking the limit in (2. 1), (3. 2) and (3. 9) along the subsequence 

we have 

z 

   dxz ----Di u = D i F(x,t) for a. e. t E R, i = 0,1, 2, 

where 

F(x, t) = D u + po (x, Dtu) + j (x, u) + p1(x, u, D,u) + f(x, t) .

(The equation (4. 5) should be understood in the generalized sense) 

  Since 

FEC(w;H1), DtFEL°°(w;Hi) flC(w;L2), 

..MFEL°°((o;L2) and Di EHI (for VtER)

we have from (4. 5) (note that Du E Hl for et E R, i = 0, 1, 2)



 (4.6) uEC(w;H3), DtuEL°°(w;jli n C(w;H2) 
      and DiuEL°°(w;H2).

(4. 6) implies FE L°° (w; H2), and by (4. 5) we see 

uEL°°(w;H4)• 

  Thus we have proved the following theorem.

   THEOREM. 4. 1 

   Under the assumptions (A. 1)-(A. 4), the problem (0. 1)-(0. 2) admits, 

at least, one solution u which satisfies

                                                0 

(4.7) DiuEL°°(w;H4_.t(1 Hl) (i=0, 1, 2, 3), DiuEL°°(w;L2)

and

        3 3 

111)CEO sz, s~ vi) <x a. e. t,

for i=0,1, 2, 3, 4, where H0-L2.

   By a standard regularity argument and by the Sobolev's lemma we obtain 

immediately from (4. 7)

(4.8) uEC3(0);L2) nC2(w;II1) fl (0); fC(w;H3nH1) 

cC2 CO, 1]xR),

that is, the solution u of Theorem 4.1 is a classical w-periodic solution of 

(0. 1)-(0. 2).

REMARK 1. 

By Sobolev's lemma and (4. 7) we can obtain in fact 

uE C2+a ([0.1] x R) for 0<oa<1.

REMARK 2. 

As is easily ssen from the proof we may assert

3 232 

C(E 8i,vi)—)0 as E di + 
@os=os=o t=o
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