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§0. Introduction

In this paper we are concerned with the existence of periodic solutions
of the nonlinear dissipative wave equations of the form

0.1)  wy—spetpo(x, %0,) +01(x, 4, u,) +B(x, u) =f(x, 1)
on [0,1]X R with the boundary and periodicity conditions
0.2) u(0,=u,t)=0, ulx,t+w)=ulx1t) (0>0).

Here p,, p; and 8 are smooth functions with certain monotonicity and
growth properties, and f(x,?) is a smooth function with period w in ¢.
In our argument the term p,(x, #,) (dissipative term) plays an essential role,
which is the reason why we call the equation (0.1) ‘dissipative’ wave equa-
tion.

Periodic solutions of the nonlinear wave equations have been studied by
a number of authors. In particular, as for the dissipative equations, we
refer to Ficken-Fleishman [4], Prodi [11], Rabinowitz [12], Amerio-Prouse
[1], Biroli [2], Clements [3], Krylova [6], wahl [13], Kakita [5], Yama-
guchi [14] and the author [8, 10] etc.. However most of papers have
treated the generalized (weak) solutions, and there are not so many works
concerning classical solutions. Rabinowitz [12], Wahl [13], Yamaguchi
[14] and the author [10] considered the classical periodic solutions. In
them, however, it is assumed that the nonlinear term contains small para-
meter or the forcing term f(x,¢) is small.

The object of this paper is to prove the existence of classical solution
of the problem (0.1)-(0.2) with no smallness conditions on the data. For
this we must make assumptions of certain monotonicity and growth con-
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ditions on nonlinear term, which seems to be a natural restriction.

At this time we restrict ourselves to one dimensional equations, But
it seems to be very interesting to extend our result to higher dimensional
equations.

We employ a Galerkin method. In particular our method is related
to [9], where decay property of classical solutions of similar equations was
investigated.

§1. Preliminaries

The functions considered are all real valued. We use standard nota-
tion for familiar function spaces (Lions [7]). In particular, for measur-
able function f and g on [0,1], we set

(o= fmeax

if the right hand side is convergent. Let X be a (real) Banach space.
Then, for 1<<pCco, we denote by L?(w;X) the Banach space of X-valued
strongly measurable function on R with period @ and with

[l =( AN 7<oo  if 1=p<oo
and
112" corer =ess. supllf(s)|lx<oo  if p=co.

Hereafter L and sup etc. should be taken over any interval with length
. We denote by C*(w;x) the space of X-valued i-times continuously
differentiable functions on R with period w.

Our argument depends heavily on the following well-known lemma.

LEMMA 1.1. The sobolev space H,=H,([0,1)) is imbedded con-
tinuously and compactly into the space C’=C*([0,1]), and we have

a1a.n Iulomgconst. i)z, for uc H,.

Moreover, for Ye>0, there exists C.>0 such that

(1.2)  [lwll wellull 511+ Cellull 2 for us H,

where HuH,;.l:]I—(%-uHL?,
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Now, we state our assumptions.
A, Po(x, v) belongs to C*([0,1]X R) and satisfies the following conditions:

@ polx, 0)=0,
(i) —687-p0(x, v)=2k,>0 for some constant k,>0,
’(iii) there exists some K>0 and C,>0 such that
L3 Sopem D=Cllp(e, ) +Dlo]  if [o]ZE.
A,. B (x, u) belongs to C3([0,1]x R) and there exists £,>>0 such that
W B0 uzk[ Bk, 7 dn) =0,
A, p1(x, u,v) belongs to C3([0,1]X R?) and satisfies

L5 a1, 0) | C(1u) ool 39-+1)

(W6 0= pu(x 1, DZCul) (ouCx, 1)9+D)
where C(y) depends on % continuously. Moreover p,(x,#,v)=p,,(x, , v) +
+p12(x, #,v) with py,, py, satisfying 6%,01,20, —a—%p,zgo and
(1) there exist K>0 and Cx>0 such that
L7 sup [pu(x, %, 0) | <Cr(B(x, wyu+ul*+1)*7
with 0<C86<1,
i p,L=0
or

(1.8) ke 3 [u]c|v| " =py, (%, 8, 0) vks 3 |u] *i|w| 7o

for some k,>0, £:>0, 7,20 and «; with 0<<a;<ly;+1(=1,2, - , m).
Finally, concerning the forcing term f, we assume:

A, %fELz(w;LZ([O, 1)) (=0,1,2,3)
and

jg;’fELw(w;Hri([O, 1D) (=0,1,2).

We ofen use D, and D, for gt and ‘6%4’ respectively, and set
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8:=lID} fll12: 1 and v, =D} fllz=cwim2-5
We enclose this section by giving typical examples.

example 1.
Uy~ U+ 2, + {(Sinu) 2+ u?lu,+u’=f(x, t).

example 2.
o ot 3Gt 4+ 3 dyau = £, 1)

With C0>0, Cl) Cg, """ y C.,,L_lzo, C'm.>0 and d1:>=0 (i:(), 1, """ 3 m)-

example 3.

Uo—Uyn+uexp{ul} + |u|"uexp{u,} +uexp{u’t =f(x, t).

§2. Approximate solutions

Let {#}5-, be a basis of L?([0,1]). We may assume without loss of
generality that ¢,C5((0,1)) (k=1,2, - ).  First we shall show that the
following equation admits an w-periodic solution:

(2- ].) (D?un(t)y ¢l¢) + (Da,un(t)y Dz¢k) + (pO (Dcun) +B(“n) +P1 (um Dcun); ¢Ic)
=(f(), ¢) (k=12 )
where ,(¢)= é‘,l a;.. ()9 (x) and we use simplified natation p,(x, D.u,(x, 1))
EPO (Dzun)7 B(x; un (x, t)) EB(un) and pl (xy un(x; t), Dgun (x, t)) Epl(un, Dtu")
etc.. The unknown function #,(?) should be sought in the space X,=C?

(w; W,), where W, is the n-dimensional subspace of L? spanned by ¢,
oty Do For our purpose let us consider the linear equation

(2' 2) (D?un(t)r (/’)c) + (D.L‘un(t)y Dz¢k) +6(Dlun(t)i ¢k) = (F(t)y ¢k)
(06>0,k=1,2, - ).

This equation can be regarded as a system of ordinary differential equations
and, if FeC(w;L?, has a unique w-periodic solution, which we denote by
G,.(F) ). G,(+) is a linear bounded operator from C(w;L?) to X,
Next, setting
F,(t)=—{po(Du,)+Bu,) +p (4, D)} +0D ., + f(2),

we consider the equation
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2.3)  (Diun(t), d) + (D, (8), D9y) +3(D o, b1)
=A(F,(8), ¢p), <A1 (B=1,2, -+ , 1)
with #,()=u,(l+ o). This is equivalent to
@24 u,O=T,(D)(u,) (@
where
To(R) (u,) () =2G,(F,) (B).

Our problem (2.1) is of course equivalent to (2.4) with 1=1. For »>0
we set

B,(nN={ucX,||lulx,<r}.

Then, it is easy to see that 7,(4) is a continuous and compact operator
from [0,1]x B,(r) to X,. Since (2.4) with 2=0 has a unique solution
u=0, Leray-Shauder’s degree theory implies that it suffices for the existence
of a solution of (2.1) to show an a priori estimate of ||%,(¢)||x, independent
of A to the solutions %, of (2.3). Indeed we can show the following
lemma.

LEMMA 2.1.

Let u,(t) be a solution of the problem (2.3) (0<AZ1). Then we
have

@2.5) Nt O lE= () |22+ [0 (D1 5= Co (B80) <00

where C,(5,) is a constant independent of n and A (but depends on 3,).

PROOF,

Let un(t)=é}1aj,,,(t)¢j(x). Multiplying (2.3) by a;,(t), summing up
from j=1 to # and integrating over [0, w] (roughly speaking, multiplying

D,u,) we have

”: {Po (Do) Do+ pr (D t,) Dot} dedt

<[ [ 17D, axat

1 k
<gp 015 | IDwa (D)t




82 M. Nakao
and hence, by the assumption A4,,
1
@6 [ [ {eo(D s +pi(tt, D13} Dy drds<CG0).

Next, multiplying (2.3) by a;,,(f), summing up from j=1 to »# and integrating
(roughly speaking, multiplying #,) we have

@.7 J' j :{ |D,u, |+ AB(w,) u,} dxdt
1
<4 IO allen B2t +2] | po(Dis) -1, | dds
1
+AI I |P1(um Dbun) 'un | dxds
00
g-%—jmlleun(t) | 22dt -+ Co2 4+ 1, + 1,
Now

2.8 L= [ ] | 0o(%, Dt (%, £)) 14, (%, )+, | divdit
(%, D)IDux, 1)] <1}

+ [ ] |poCe.Data(x,) || Dty | Dy |, |t
{(x, t)1Doun(x, t)| =1}

1 1
< | [ 1ualdxdt [ po(Dau) Ditsddt suplug )]l
@0 o) o @
< C([ luG(®5dt) >+ C30) suplnn(®)

And also, by A4,

@9 L<i j [ | 011 (ty D t0,) o4, dxdt
{(x, BI\Du,x, 8)| <k}
- [ P D D] D
x»t | 5 n(xvt J
m 1
”“2” || "% | D, | "idxdt
1 ol 0

0
<Co [ @uu,+ 1w, 1) "dxdt suplu, )1,
1
+ K[ [ putatn, D) Dty drdt suplu, (O]~
ks 3 ([ [ 1D a7 | sdxdt) e supla Bl ot
=1 @ ")

%H: (1Dt |+ 28 (Y0, dxdlt -+ C(30) (1+suplla, (B) 1),
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where we have used the assumptions on 6 and «;. From (2.7)-(2.9) and

Lemma 1.1 we have, for Y>>0, VA<[0, 1],
@10) [ [ A1D,*+ 28w,y dwdtesupliun (1) 15, +Cle, 30
From (2.6) and (2.10) we see that there exists #*<[0, w] such that
@ 1D Ea(up(#9) =l (09 15+ 24 [ BCun (#9)), (#¥) dxat
Sesupllu, (1), +Cle, 8,) (e>0)
and hence, by (2.6) and (2.11),

SUDE: (4, () SEs (wn(#9) +2] [ (100(D i) | + 101 (ta, Dt |+ 1 7)) X
X | D.u,|dxdt
=esupllu, ()|l i+ Cle, 80)

which implies with e=%
Ei(u,($))<C(8,)<co  for Vt.
q.e.d.
Lemma 2.1 and the equation (2.3) imply immediately

1D, (¢)|| 2= const. <{oo

and hence we conclude that for any positive integer » the finite dimensional

problem (2.1) has an w-periodic solution #,(t)=C*(w; W,).

§3. Furthere stimations of approximate solutions

Starting from the estimate (2.5) we proceed to the further estimations

of the w-periodic solution #,(¢) of the problem (2.1) whose existence is
already assured in the previous section. Hereafter we denote by C(x)
etc. various positive constants which depend on » and other known con-

stants, but does not depend on #.

LEMMA 3.1.
We have

B. 1 IDu, ()] 5=C(ds, 8;) <00
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where we recall HD,un(t)l|§s”Dfu,,(t)||iz+!ID,un(t)H;l.

PROOF.
Differentiation of the equation (2.1), which is possible by the smoothness
assumptions on 8, g, £; and f, gives

0
3.2) (D3, i) + (DD, &) + (‘aTPo (Deu,)-Diu,, ¢y
0 9
+ (-673 (un) 'Dzum ¢k) + (a—uP1 (um Dtun) 'Dtum ¢k)
0
+ (_011_‘01 (um Dtun) ’Dgum ¢k> = (Dcfs ¢k)y k:]-; 2, """ , N
Multiplying (3.2) by D?u, we have
1.9 0
[ 455 PoDas) +55pssy D)y | D, Pt
1.9
<[ | 45w B - Datal +|D.f 1} D2uy | dxdt
19
+.J,1Gueren Dt - Dty D, | dxat

by Lemma 2.1, (2.6) and the assumption A4,

ky
=g

J j : | D2, | *dxdt + C(6y, 8,)

+ €@ [ [ VPO Dty | D, | dxdt

L) ! 2 2 2
< j ) j | D1w | dxdt+ C@supl Dyl =+ C B0, 5,)

which implies with Lemma 1.1
1, 0 0 -
@.9) [ [ gy Pr D) + 5591, Die)y| D, 'zt
Sesupl| Datp (D], +C (00, 81, €)
for ve>0. On the other hand, multiplying (3.1) by #,, we have
@0 | [ iD.Dalrdxat<| || |Dtu,|2dxat
+13+14+[5+IJ:|f(x, 1)Du,|dxdt,

where we set
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19
Iy :Uo | 5y Po(Dith) * Dty D?uy | dxdt,

19
L =JJo iT'J‘-ITPI(“m Du,) 1D, *dxdt
and
L= [1-&p. Gt Do) Doty D i,

These terms are estimated as follows.
L= (| [ 1-2-pu D) | Dt rdxdty ([ [ |-5-pu(Das) || D dxdty

by (3.3), assumption A4, and (2.6),

< (esup | Dutta (D)1, +C(Bu, 31, €))*(Co)sUPIID 2, (1) | =+ C) 2

Zesup Dt (D5, +C(30, 81 8) (Fe>0).

1,2CG0)| [, /poDiay-D s+ D ddisupl D= (by (1.5))

<esup | Dytha (D)l +C(Bue) (e>0).

And

L=([ [} 1P (an, Dat) || D, | dxdt)
X ([ [} 1" psCtt, D) || Doty izt

;;j”jia%pl(u,,, Do) | Diu, | dxdt
+C(d)supllD.u, (Dlli= (by (1.6) and (2.6)
<esup [ Dt ()11, +Cao, 3y, ).
Thus we have, for Ye>0,
(3.5) ”: | Dt (1) | *drdtZesup | D gt (DI, +CGor 31, €)

From (3.3) and (3.5),
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[ 1Dy 2dt<esup 1D (D113, + o 81, 0)
and hence, there exists {*<[0, w] such that
(3.6)  [IDaen(t¥)]3<esup Doty (D, +C (3o, 31, &)

for Ye>0. By the equation (3.2) and (3.6) we have
sup|[D e, (1) |2 <I1D s, (%) 12

' a a 2 2
+2]«-J‘o {6—Up° (D) +§17p1(u,,, D.u,)} | D*u,| dxdt
Zesup D, (D)1, +C (0 81,0), (£>0)
which yields immediately, taking e=1,

B.7) D, (OE<C (3, 6,)<oo  for V&,

q.e.d.
LEMMA 3.2
3.8) 1D u, (O z=C(B, 81, 8,)<oo  for &
PROOF.
Differentiating the equation (3.2) we have
(D4, 6 + (DD, Do) + (--po(Dittn) - Dl +
0 0? 0° . N2
(3‘ 9) +?17p1 (um DL”n) 'D?um ¢k) + ((WPO +WP1) (Dtun) ) ¢k)

+(g0, ¢k)=(Df_f, ¢k)) k:l, 2’ ...... , n,

where
0 0
&) =—7,-B(u,)  Diu,+ 5, -P1(ty, Dith) < Dit,
62 62
+ -5—1‘—26 (un) M (Dcun) 2+ WPI (um Dtun) ® (Dtun) 2

62
+2W‘D‘ (n, Dité,) *DyneDiue,
Multiplying (3.9) by D3u,,

1
[ [ BpuDass) +-3pits, D)) | Dzt



nonlinear wave equations 87

1 02 02
@100 =[ [ {Igpree@) |+ ggrei(y, Dty) V1 Db || Dy | ddt
0
+[ [ e v 1+1D1£1) | Diw, | dxat.
By Lemmas 2.1 and 3.1 we can get easily
0* 9’ 2
|G Po(Dit) | + | s (st D) | + [ li&6(DIIEdt=C B0, 8) <00
and hence
! _3_ (D _.a_ D D3 2dxdt
LL( oo Po(Din) + 5,01 (4a, D)) | Diu, |*dx
<C@y 8| [, 1Dt |*| Diny| dxdt+C (80,0, 8)

< C@u 0) ([ D2yl 12dt) 72 [ ID2w, 1ty 2
X SUBI|D3 4, (8) L=+ C(3s, 4, 37)

=C(8, 81, 6) (1+supl| Dtu, (B)]11)
G111 <esup[|Diu, (1)1, +C(8s, 01, 85, 8), 0.

On the other hand, multiplying D?u«,,

1
[ DDt oy rat<] (Dt + [ [ (1-2-pot-2pil 1D 1Dl

0* 02
+(I5gzPol + | gzP) [ Din, |} dxdt
1
+[ [ &l +1D171> | Diu, | dat

using Lemmas 2.1, 3.1 and (3.11),
3.12) =<C(8y, 8y, 6) (1+Sllp||D§un(t)|li-°)

<esupl| Diu, ()11, +C(3s, 31, 8 €), >0
From (3.11) and (3.12) we can conclude, as in the proof of Lemma 3.1,

1D2 2, ()| 2=C (80, 1, 8,) <00

which proves Lemma 3.2, g.e.d.

Finally we derive the following
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LEMMA 3.3.
B.13) IDiu, (D z=C(8q, 8, 85, 35) <.

PROOF.
Differentiating the equation (3.9) one more time we have

0
(3.14)  (DSu,, $) + (D.Dity, Do) + ({55 Po +6val}, Diun b))
+ (g, ) =(D3f, ¢), k=12, - .,

where

o 0° 0? 9’
&% )= (G5 B+, (D14,)’ +3(5,7 B + 5,201 *Dety s Dty

a 6 82 62
+ Gy B+ 5y P Dity+3(prpo+pyzp) - Ding-Diu,

3 0 a?
+ (oot g0 (D) +3505p{(D sy D) + (D3e)) +

63 63
+ 35750 Pt (Diha)*+ Dty + 3,y Dtk (DY),

By use of Lemmas 2.1, 3.1 and 3.2, we see easily

G.15) [ g ®lids=C@n 8, 8)<o0

and hence, multiplying (3.14) by Diu,,

0
3.16) [ [ t5pe(Dittn) +-35-0:(tn, Dt)} | Dt | "dxat

gc(aO! 61; 027 83)'

Also, multiplying (3.14) by D3iu,, we have easily

@1 [ 1Dty 1t <C @y, 0, 8, 3)<+oo.

The estimates (3.16) and (3.17) imply immediately

D3, () 1|2 C (B0, 81y 82y 85) <00

q,e.d.

Now we have finished the estimations of the w-periodic approximate

solutions #,(¢),n=1,2,3, - .
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§4. Passage to the limit

On the basis of the estimates in the previous section we shall show that
a subsequence of {%,(f)} converges in various norms, and that the limit
function #(¢) is a required w-periodic classical solution of the problem (0.1)-
(0.2).

Since Iifl is compactly imbedded in C([0,1]) Ascoli-Alzera’s lemma im-
plies

4.1) Diu,(x,t)->Diu(x,t) uniformly on [0,1]XR for i=0,1, 2,
and
(4.2) D3u,—D3iu in L? uniformly on R,

along a subsequence of {%,(#)}.
Moreover, by a standard compactness argument, we see

4.3) Diu,»Dlu weakly* in L*(w;H,) and weakly in L*(w;L?)
for =0, 1,2, 3, 4.

The limit function #(x, ¢) satisfies, of course,
Diuel*(w;L?, Diucl=(w;H,),i=0,1,2,3

and
414) B IDLuD5=C@y 83, 03 89 <oo,

Thus, taking the limit in (2.1), (3.2) and (3.9) along the subsequence
we have

2
jddFDiu=D§F(x, t) for a.e. teR,1=0,1,2,

where
F(x,t)=D}u+p,(x, Du)+p(x, u) +p:(x, u, D) + f(x, 1).

(The equation (4.5) should be understood in the generalized sense)
Since

FeC(w;Hy), D,FeL*(w;H) N C(w;L?),
DiFeL*(w;L? and DieH, (for “teR)

we have from (4.5) (note that Dtue H, for “teR,i=0,1,2)
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(4.6) ueC(w;Hy), DaueL~(w;H,NC(w;H))
and Diucl>(w;H,).
(4.6) implies FeL*(w;H,), and by (4.5) we see
ucsL=(w;H,).
Thus we have proved the following theorem.
THEOREM. 4.1

Under the assumptions (A.1)-(A.4), the problem (0.1)-(0.2) admits,
at least, one solution w which satisfies

4.7 Diucl>(w;H,.N H)(E=0,1,23), DiucL(w;L?
and '
3
IDtu(®)ln, SC(X 8 Zr<eo ace. 1,
for i=0,1,2, 3,4, where Hy=L>

By a standard regularity argument and by the Sobolev’s lemma we obtain
immediately from (4.7)

(4.8) weC(w;Ly)NCw; ) NCYw; H,NH) N Cl(w; H:N Hy)
< CH[0,11x B),

that is, the solution # of Theorem 4.1 is a classical w-periodic solution of
0.1)-(0. 2).

REMARK 1.
By Sobolev’s lemma and (4.7) we can obtain in fact

usC**([0.1]xX R) for 0<a<l.

REMARK 2.
As is easily ssen from the proof we may assert

C(éai, évt)—-)() as é&i—i- ivr—)O.
i=0 i1=0 t=0 =0
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