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   In the discussions of the boundary value problems for the Euler-Darboux 

equation with the boundary conditions involving the generalized fractional 

integrals or derivatives [3], [4], it has been required to know the behavior 

of the hypergeometric series near boundary points of the domains of con-

vergence. That is, in [3] the formula

(1) F(a, b;a+b;1—px)

  P(a----------+b)  _{2r+cb(a)+cb(b)+logx+logp}+o(1), (p—*+0)     (
a) I'

for x>0 is used (see (3. 6) and (3. 7) in [3]), which is implied by the for-

mula (see [2])

P(a+b) (a)n(b)n 
(2) F(a,b;a+b;z)=P(a)P(b) o (n!)2

x [20(n+1) —0(a+n) — p(b+n) —log(1—z)] (1—z)n,

(Iarg(1—z)I<n, 11—z1<1),

where F means the Gauss hypergeometric function

(3)F(a, b;C;z)_ (a)nb~nn                                   (~n•z

in I z I <1 together with its analytic continuation, (a) n = P (a + n) /I' (a), P is 

the gamma function, L (z) =P(z)/P(z) is the psi function and r = — ~i (1) 

signifies the Euler constant. 

   In the case of [4], the Appell hypergeometric function

(4) F,(a;b, b';c;x,y) = Eo(a(771.-i(n')nxmyn
having the domain of convergence such that max(I x I , 1y1 ) <1 is used and a 

similar formula for Fl to (1) is needed. (see (4. 7) and (4. 8) in [4]) So



we have to establish the  formula (IV. 9) in [4], which is the following: 

(5) F1(a;b, b';a+b+b';1—px,1—py)

= P(a)P(+b')-------------{b+b'-------(1—)3F2(1,1, b'+1;2, b+b'+1;1— x)
— [2r+0 (a) (b+b') + logx+logp]} +o(1), (p—>+0),

for x>0, y>0 and 11-1-x I <1. To demonstrate this formula is the purpose 

of this work. 3F2 in the formula (5) stands for the generalized hyper-

geometric function
                             °° (a) n(b)n(c)nzn (6)

3F2(a' b' c;d, e; z) — (d) n(e)nn

in I z I <1 together with its analytic continuation. 

   For the function F1 the expansion

(7) F1(a;b, b';c;x, y) _ o((c)mm';mF(a+m, b+b'+m;c+m;x) (y—x)m
is proved in [1]. 

   More general hypergeometric function of two variables than the Appell 

one is the Kampe de Feriet function (see [1])

             ,~ a1, • •, aP 

(8)Fb1, b1;..•;bY, byx,y 
         p c 1, c P 

6 d1, di;...;d„ d;

1P1 / 
d 1 (ai)m+n{II1(bi)m Cba )n xmyn 

 rn,n=on(c i)+nII(d.,)m(dg)nmin!' 
{=1 s=1

(,u+v<p+c+1)

which is defined for all complex x and y if ,u+v<p+c+1, for max(Ixl, IYI) 

<1 if ,u+v=p+c+1 and ,u<p, and for Ixl1"-P)+Iyl1"(P-P'<1 if ,u+v=p+c 
+1 and ,u> p. The function (5) is known as a special case of (8) by 

setting ,u=v=p=1 and Q=0. 

   In order to prove the formula (5), we shall prepare one more formula 

(see [2]):

(9) F(a,b;a+b—m;z)

 P(m)P(a+b—m)  (1 —z)_m(a—m)n (b—m)n(1—z)n 
   P(a)P(b)n=0 n.(1—m)n



 (-1)mP  (a+b—m) (a)n(b)„n +
P(a—m)T(b—m)=n!(n+m)!(1—z)

x [0(n+l) +,,G(m+n+1) —(p(a+n) —ci(b+n) —log(1—z)], 

(I arg (1—z) 1 <ir, 11— z I <1, m= positive integer) .

PROOF OF (5). If we notice the formulas (7), (2) and (9), we have 

for small p>0

(10) F1(a;b, b';a+b+b';1—px,1—py)

 .E- '(a+b+b))yn!------------F(a+m,b+b'+m;a+b+b'+m;1—px)[p(x—y)]m
=m (a+b+bb)) „m! P(a+m)P(b+b'+m)(n! (lb+m))(px)„(1—z)m
+(a)m(b')m P(a+b+b'+m) (-1)m(a+mln(b+b'im)n  (px)m+n  m=o (a+b+b),nm! P(a)l(b+b)„=o n(n+m)

x Dp(n+1) +~i(m+n+1) —0(a+m+n) —(1)(b+b'+m+n) —logpx] (1—x)m,

Dividing the sums in (10), we have

(11) F1(a;b, b';a+b+b';1—px,1—py)

_  P(a+b+b') , {S1+S2+S3+S4—[2r+~i(a)+cb(b+b')+logpx]}, —P(a)P(b+b)

where

       (b')m(m-1) ! ym Si =~(b+b') mm! (1—z)

SZ (b')m   _ (a)n(b+b')n(m-1)!1Ymn   —m-2 n=1(b+b),„(1—m)nn!m!x)(px),

S3 = (a)(n)b~)'~ (px)n[2p(n+1) -0(a+n) —ci(b+b'+n) —logpx], 
        n=1

S- (a)m(b')m(a+m)n(b+b'+m)„m+nym 4 =EEm!n! (m+n)!(px)(x —1)

x [cp(n+1) +ci(m+n+1) —sb(a+m+n) —0(b+b'+m+n) —logpx].

Let us investigate these sums. S1 can be represented by using the func-

tion 3F2 such as

(12) Si =-------b+b'(1—x)3F2(1,1, b'+1;2, b+b'+1;1—x).
Since (1—m)n=(-1)n(m-1)!/(m—n-1)! for m>n+1, by setting k=n-1,



and  1=  m  —  n  —1, S2 can be written in terms of the Kampe de Feriet function 

(8):

1 b'+2 

S2 — —ab'(b'+1) 1)"."(1—y}2F3 a+1,1;b+b'+1,1;1,1 p(y—x), 1—y. 2(b+b+1)x2 b
+b'+2, 3x 

,1 2,1

Thus we have

(13)S2 = 0(p), (p—+0).

Dividing the summand of S3 into such terms that one of them contains 

logpx and the other does not, we obtain

(14) S3 = —px(logpx)a(b+b')3F2(a+1, b+b'+1,1;2, 2; px)

+pxa(b+b')(a+1)n(b+b'+1)n (px)n 
          n=0 (2),,(2)7,

x [20(n+2) —0(a +1+n) —cb(b+b'+1 +n)J.

Since gz+1)=0(z)+1/z and 0(z) diverges to infinity as z-*oo, it is easily 

seen that the second term on the right hand side of (14) has a positive 

radius of convergence. Then we conclude that 

  (15)S3 = o(1), (p—+0). 

Similarly, by noting that (a+m)n=(a).m+n/(a),n, S4 can be written in the 

form

'2 a+1
, b+b'+1 

S4 = —p(logpx)ab'(y—x)F22,+1,1;1,1                                     p(y—x), px 

,2 b+b'+1, 1;2, 1

+pab'(y—x) (a ()n,,+n(b+b'+2)m,(2)b/n1)„, [p(y—x)]'n(px)n m,n=0

x[ '(n+1)+ci(m+n+2)—cb(a+1+m+n)—ci(b+b'-±-1+m+n)],

and we have

(16)S4 = o(1), (p-*+0).

Therefore (11)--(13), (15) and (16) yield the formula (5) and our proof is 

completed.
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