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In the discussions of the boundary value problems for the Euler-Darboux
equation with the boundary conditions involving the generalized fractional
integrals or derivatives [8], [4], it has been required to know the behavior
of the hypergeometric series near boundary points of the domains of con-
vergence. That is, in [3] the formula

(¢H) F(a,b;a+b;1—px)

= _f%(‘gl;(—bb)){zr+¢(a)+</1(b)+logx+logp}+o(1), (p—+0)

for x>0 is used (see (3.6) and (3.7) in [8]), which is implied by the for-
mula (see [2])

@  Fbiatbin=paill 5 @n 0

X [2¢(n+1) —gla+n)—p(b+n) —log(1—2)]1(1—2)"
(largQ—-2) | <=, |1—-2|<1),

where F means the Gauss hypergeometric function

o = (@0 n
3 F(a, b;c;2) =2 ?
in |z|<1 together with its analytic continuation, (a),=I'(a+n)/I'(a),I is
the gamma function, ¢ (2)=I"(2)/I'(z) is the psi function and 7r=-¢(1)
signifies the Euler constant.
In the case of [4], the Appell hypergeometric function
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having the domain of convergence such that max(|x|, |¥|)<{1 is used and a
similar formula for F, to (1) is needed. (see (4.7) and (4.8) in [4]) So
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we have to establish the formula (IV. 9) in [4], which is the following:
®) F.(a;b,b';a+b+b';1—px, 1—py)

T(at+b+b) (0 . 3 o Y
= T Grey [Ty AP, LY 4132, 45 +131-3)

—[2r+ (@) +$(b+) +loga—+logel] +o(D), (p—>+0),

for x>0, y>0 and [1—%]<1. To demonstrate this formula is the purpose

of this work. F, in the formula (5) stands for the generalized hyper-
geometric function

(6) sFy(a,b,c;d,e;2) = Eo (3) (2),‘(2"

in |z|<1 together with its analytic continuation.
For the function F, the expansion

(7Y  F(a;bb;c;x,y) = 2 (‘(Ig) (b,)m Fla+m, b+-b+m;c+m;x) (y—x)™

is proved in [1].
More general hypergeometric function of two variables than the Appell
one is the Kampé de Fériet function (see [1])
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(u+v<p+s+1)

which is defined for all complex x and y if #+v<lp+s+1, for max(|x|, |¥])
<1 if u+v=p+o+1 and u<p, and for |x|V* O+ ||V <D if u+v=p+o¢
+1 and «>p. The function (5) is known as a special case of (8) by
setting u=v=p=1 and ¢=0.

In order to prove the formula (5), we shall prepare one more formula

(see [2]):
9 F(a,b;a+b—m;z)

I'(m)I’'(a+b—m) mi(a—m), (b—m), n
== Tr@re LA E T aidomy, 42
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(=D"I'(a+b~m) = (a).(b), 2
T a—m I G—m) =l (ntmyl L2
X[gm+1D) +p(m+n+1)—g(a+n)—Pb+n)—log(l—2)],
(larg(1—2) | <=, |1—2z|<1, m=positive integer).

PROOF OF (5). If we notice the formulas (7), (2) and (9), we have
for small p>0

10) F.(a;b,b';a+b+b';1—px, 1—py)

0 bl . , , ) n
= Zwi*ab)_";*(ﬁWF(a-i—m, b+b'+m;a+b+b'+m;1—px)[p(x—y)]

m=0

2 (@ (®)y I'm)I'(a+b+b'+m) "=1(a),(b+b), " Y\m
=2 @+b+0),m! Tlatm) PGt +m) = nl(d—m), ©O"A=%)

2 (@)  IT'(a+b+b+m) = (a+m),(b+b+m),

TGy, m! P@ress) V" E T altmrmyt 0™

X[P+ D +dpOm+n+1)—d@+m+n) — PO+ +m+n)~logprl(1—)™,

Dividing the sums in (10), we have
¢h)) Fi(a;b,b;a+b+b";1—px, 1—py)

=%}?ﬁ2> {Si+S,+ S+ S, —[2r + ¢ (@) + ¢ (b+b") +logpxT},

where

o (am=1)! _ y..
St = XG4 m A=

o 1 (6) (@) a (D) (m—1)! mppin
S =2 2((z+(;§m((1—;12)%m1) MM

m=2 n=1

S = 5D (00 (29 (4 ) — g @+ m) — g b+ +m) ~logex],
& kad m b m + n b+b,+ n m+n m
s =5 F i enm g -

X[¢n+1D)+p(m+n+1)—P(a+m+n) —p(b+b +m+n) —logpx].

Let us investigate these sums. S, can be represented by using the func-
tion 4F, such as

bl
(12 S =gy A—D)0F(1, LV +1;2,b+5+1;1-2),

Since (1-m),=(-1D"(m—-1!/(m~n—1)! for m>n+1, by setting k=n—1,



66 M. Saigo

and /=m—n—1, S, can be written in terms of the Kampé de Fériet function

®:

1('+2 ’
__ab(d'+1) y 3la+1,1;6+0'+1,1;1,1 y
S = - 206+ +1) px—3)"F 21b+b'+2,3 PO=2), 1=7%1
12,1
Thus we have
a3 S, = 0(p), (p—>+0).

Dividing the summand of S; into such terms that one of them contains

logpx and the other does not, we obtain
14) S; = —px(logpx)a(b+b');F,(a+1,b+b'+1,1;2,2;px)
N2 @+, 0+ +1), n
Texad+) B0y @, PR

X[2(n+2)—p(a+1+n)—Pb+d+14+n)].

Since ¢(z+1)=¢(2)+1/z and ¢(2) diverges to infinity as z—oo, it is easily
seen that the second term on the right hand side of (14) has a positive
radius of convergence. Then we conclude that

(15) S; = o(), (p—>+0).

Similarly, by noting that (@+m),=(@)n+n/ (@), S, can be written in the
form

2la+1,b+b'+1
2/0+1,151,1
S, = —p(logpx)ab'(y—x)F 1le p(y—x), px |

216+b'+1,1;2,1

kad +n b’ 1 m+n b’ m, m n
+de'(y—x)m;=0(a+(]é%z+n((?’_:_brj_z))m(zgm;:ll) “[o(y—2)]"(px)

X[gm+D+¢gm+n+2)—Ppa+1+m+n) —pb+b--1+m+n)],
and we have
(16) S, = o(1), (p—>+0).

Therefore (11)~(13), (15) and (16) yield the formula (5) and our proof is
completed.
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