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In [3] and [4], the generalized fractional integrals and derivatives involv-
ing the Gauss hypergeometric function have been defined and their properties
have been discussed. As their applications, solutions of boundary value
problems for the Euler-Darboux equation with boundary conditions which
contain our fractional integrals or derivatives have been investigated in [4],
[5] and [6]. In particular, in [4] and [5] we have made use of the
Holder continuity of the generalized fractional integrals and derivatives of
Holder continuous functions. In this paper let us give several results for
the continuity.

We begin to define the generalized fractional calculus.

DEFINITION. Let >0, B, 7 and a be real numbers. We define the
integral
—q)"*"f (2 —t
» IS = ("—,f‘()a)—ja(x—tr-w(aw, —mai— ) Bt
for a real valued and continuous function f(x) defined on (@, o) having
order O((x—a)*) near x=a with 2>max(0, 3—»)—1, where I'" is the gamma
function, F means the Gauss hypergeometric function

F(a,b;c;2) = n%%—gg"z"

in {z|<1 and (a@),=I'(a+n)/I'(a). When a<<0, by letting » be a positive
integer such as 0<a+n<1, we define
ayfsl — ﬂ, adnyf-nyt—n
) 07 f = g lad f,

if the right hand side has a definite meaning.

The expressions (1) and (2) are understood as generalizations of the
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fractional integral and derivative of Riemann-Liouville, and (1) also contains
the Erdélyi-Kober fractional integral, i.e.

€))] I3y f = Ri,f, (Riemann-Liouville),
@ 137 f = E&yf, (Erdélyi-Kober).

Another fractional integral (and derivative) whose lower limit is a
variable smaller than the constant upper limit & are defined as follows:

DEFINITION. Let >0, B,% and b be real numbers. We define
b—x)"""? - -
®  Jarf = L[ -0 @t p, —ma e f e,
where f(x) is a real valued and continuous function defined on (—co,b)
having order O((d—x)*) near x=b with £>max(0,8—»)—1. When 0<a
+n<1 for positive integer n, we define

dar
6) ];_l;ﬁmf = (_1)"dxnf;b+mﬁ—mv—nf;

if the right hand side has a definite meaning.

In what follows we restrict the above definitions to the case ¢=0 and
b=1.

DEFINITION. Let H* be a class of functions ¢(x) defined on [0,1]
which are Hoélder continuous, i.e. which satisfy the inequality
lp(x) —p(x)| < Clay—x,1*  for x,, x,€[0,1],

where C is a constant not depending on x, and x,, and % is the Hélder index
with 0<lk<1.

In the following Theorems 1~5 and Lemma 2, we treat the function
) o(x) s H* for 0<<k<],
and set

0<x<x+h<l.

THEOREM 1. If t>0, then x'e(x) € Hmin®:b,

PROOF. From the inequality
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® [(x+h) p(x+h) —x'0(x)|
< ) ex+h) —p) |+ [ (x+h) =% |p(x) ],

the result easily follows in view of the assumption (7) and the fact”
| (x+h)t—xt| <Ch.

THEOREM 2. If B+t>0 and ¢(0) =0, then x'p(x)c HEminoH,

PROOF. If t=0, the result is obvious. If 0<<t<1, the first term
in the right hand side of the inequality (8), say A,, is evidently not greater
than Ch* from the assumption (7). The second term, A, is also estimated
by Ch*, because, if x<Ch, the fact

) le(x) | < Cx*

which is implied by ¢(0)=0, and the boundedness of |(x+hA)‘—xt| yield A,
< Ch*, And if x>h, by using the inequalities (9) and

(x+h)—x < x‘[(1+%)‘~1] < x‘-t-%, o<t<l),
we obtain
Az << Cx*tt 1 = Chk(%)l—kxb < Ch*,

If £>1, e.g. 1<¢<2, by considering x’¢(x)=x.x""'p(x) and by using the
above result, we have x*"'p(x)=H* and then x'p(x) s H*" When t<0, A,
is estimated such as

A, < CGtyht = COphpy s < Chiv,

A, is written as
. B t—x
(10) A, < Cx*|(x+h)t—xt| = Cx’”‘%_gT)—?—

by virtue of (9). When x<<h, using the fact (x+h)*—x"*<h™‘, we have

h
x+h

If x>h, taking into account of the inequality
(et t—x = LA+ 1] < 5 =D, O<—1<D),

A2 S Cth-z(

Y7t < Ch*+t,

we have the estimation of (10) such as

1) In what follows the single symbol C will denote a constant not depending on x
and .
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A2 S kan( x_f_h )—t(_t)% = C(_t)(x_{x_h )‘b(%)l'k'thk-}t S Chlci—t.

Thus the proof for the case <0 is completed and we have obtained the
result

| (1) op(x+h) — ()| < Chrvminon

for any ¢ with k+¢>0.

In order to prove the Hélder continuity of the generalized fractional in-
tegrals and derivatives of Hélder continuous functions, let us construct the
following equality.

LEMMA 1. If —B+9+1>0 and () a>0 and e(x)C’ i.e. (%) is
continuous on the interval [0,1], or (i) —1<a<<0 and @(x)=H* with
a+k>0, then the following equality holds:

xem8

AD e = Fig [ G-D B, —nia1- D e —p ()}t

Ir'(—=+y+1) B}
T TRt (atptD * bo(x).

PROOF. If the assumption (i) holds, we have

—ap

a2 Iutre = P(a)j (x—1)" I F(a+8, —mias1—L)p(®dt

a=p
= P(a)j (x—8)“'F(a+8, — n;a;l—%){so(t)—cp(x)}dt

+ o iy (- Pt b, —miasl— ).
The second integral in the right hand side of (12) is calculated as
J:(x—t)"'lF(a—l—B, —p;a;l—%)dt
= x"J:v"‘lF(a+ﬁ, —yp;a;v)dv

. . I'(I'(—=B+3+1) e
—netLD) = g Y Platp+ D *

where the formulas (see [2])

a13) 7dz—[z°“F(a, b;c;2)] = (c—1)z°"2F(a,b;c—1;2) and
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149 F(a, b;c;1) = }:Eﬁ—)fa()c—l—%z—:-g— for Re(c—a—5b)>0

have been used. Then the equality (11) when (i) is assumed is obtained.
In the case of (ii) we have to calculate

15 Itrp = gl

*d x_c_p__ z RF . . t d

0

from the definition of the fractional derivative (2). Now let us consider
the expression

a6 Mo = ger @D Fats —1tLatLl-Dewar.

In view of the relation (see [2])
—£—[z°“(1—z)"‘°“F(a,b;c;z)] = (c—-1)z°"*(1—2)*°F(a,b—1;c—1;2),
we have

AN M(xe) = 57 Fla+h, —7+Lia+liDex—e)
z-& t
+ ax—n-ﬂJ'o (=) " Fla+B, —mia;1—)e@)dt
= 2" F(a+B, —n+Lia+1; e {p(x—e) —p(x)}
z—€ ¢
+ “x_“_ﬁjo (x=)""'Fla+B, —p;a;1— ) {p(®) —p()}dt
+ [x7**F(a+B, —n+1lia+1;7)e"

+ ax‘"“I:_e(x—t)“‘lF(a+ﬁ, —ﬂ;“;l_%)dtk(x)'

The terms in the brackets of (17) are evaluated as follows:

a L 1= de" ""’J:_s(x—t)“F(a+B. —n+1;a+1;1—%)dt

= jjc—"_mﬁ v F(a+B, —p+1;a+1;v)dy

% -8+ 1
dx a+1

Il

{F(a+B, —p+1;a+2;1)

— ()" F(a+8, —1+La+2 D)}



60 M. Saigo

T@+)I'(—B+9+D) _,
= T(—B+Dla+y+D) *

— gt1

d .- P
] ’F(a+B,—v+l,a+2,x)

_ F'@+HI'(~p+7+1) _,
= T(—B+DI(a+q+D *

+(a+R)e a  F(a+ B+, —pt+1lia+25 D),
where the formulas (13), (14) and
*;7 ®F(a,b;c;z) = az* *F(a+1,b;c;2)
(see [2]) have been used. Since the limit
lé_{r(} e {p(x—e)—p(x)} = 0
is uniform from the assumption, then by passing to the limit
1337 = IT(alj_l—) lim M(x,e)

[od]

we obtain (11) from (15)~(18) provided the assumption (ii) holds.

LEMMA 2. The integral
4@ = [[G-DTF@+s, —nal—p e —e@)dt
belongs to the class H**, if 0<k+a<l,ax0 and y>B—1.
PROOF. Since
o)) F(a,b;c;2) = O((1—2)min®e7470) - (2-1),

the kernel of the integral A(x) has order g=min(0, —f+7) at {=0.
Then to obtain the result, it is enough to prove that the integral

B = [[-n"ttpt)—p@)at
has the property
0 B(x)—B(x—h) = O(h***), (h—0).

But (20) is shown in [4] on the same lines of [1], thus we omit the proof
here.

THEOREM 3. If 0<k+min(a, - <1, ax0, »>Bp—1 and ¢(0)=0,

then I:,’l-""ngH’”m‘"“”“"“;
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PROOF. Let us consider the expression (11). From the assumption
©(0)=0 and Theorem 2, we find

(21) x-ﬁ(p(x) e Hhmin(o,—ﬂ)‘

On the other hand, Lemma 2 and Theorem 2 imply that the first term in
the right hand side of (11) belongs to H**=int»"# gsince the integral A(x)
in Lemma 2 is equal to zero at x=0. Then we have the conclusion.

THEOREM 4.  If 0<k+a<l,ax0 and 7>p—1, then x*I[3%"pe

Hk+min(0,¢)

PROOF. Multiplying the equality (11) by x¢, we can easily see the
result by noting Theorem 2 and Lemma 2.

THEOREM 5. If 0<k+a<l,a=0,8<0 and p>B—1, we have I3}*'" ¢

c Hmintkykta,~8)

PROOF. In the proof of Theorem 3, if we replace the relation (21)
by x fp(x) € H™i»%~# which follows from Theorem 1, the result is obtained.

REMARK. Completely similar results to Theorems 1~5 remain valid
by replacing #* by (1—%)% ¢(0)=0 by ¢(1)=0 and I3:#" by Ja*'7.

EXAMPLE. Let « and B be positive constants with a+g<1. Con-
stants @, b and ¢ are such that —a<la<la+28-1, —a<a+b<p and —a<a
+¢<B. Let ¢, (x) e H* and ¢,(x)eH* with ¢,(0)=¢,(1)=0,a—a—28+2
<k, <1 and a—p+1<k,<1. We consider the functions

fi(x) = RiF 7',
fz(x) — IOZ.(H,?-1,0,‘b~a—3+1]¢;-{»a;a~p+1,—a—c~a¢l and
fi®) = Lgtrrmererag,

The linear combination of these functions with certain constant coefficients
is just the function R,(x) defined at (3.6) in [6], and R(x)=1—x)° =" #!
x R,(x) means the right hand side of the equation (2.5) in [6]. From the
assumptions ¢;(0)=0 and k,+a+B8—1>0 we have f,(x) € H****#7!, in view
of (3) and Theorem 3.  Considering —a+p—1<0, we know that f3(x)
e H# %*#"1 by Theorem 4. By noting Theorem 3 and Remark, we have
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Jafememeenamemag, & Heta+8-1 from ,(1) =0, a+c<8 and a+a>0. Then
Theorem 4 implies f,(x) € H:1"**<*2#"%  where the assumption a—a—28+2<k,
have been used. Therefore we have

Ro(x) = Hmln(k1“0+u+2ﬁ-2,k2—a+ﬁ‘l)
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