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§ 1. Introduction

   The aims of this paper are to introduce the curvature of H-type on the 

Hilbert manifold M and to derive the structure equation and the Bianchi's 

identity by means of the exterior covariant differentiation for the H(M)- 

valued differential forms. A law of the exterior covariant differentiation 

is axiomatized by a map on the C(n' (M, R)-module .2p(") (M, H(M)) which 

satisfies certain requirements. The connection form of H-type is introduced 

by means of this exterior covariant differentiation and it is an assignment 

of a matrix valued one-form to every moving frame b(x) on M. 

   In § 2 we perform the investigation of H-valued differential forms on 

M and obtain the same results as the case of real valued differential forms 

on the differentiable manifold. The definitions of the exterior multiplica-

tion and the exterior differentiation are generalized. 

   In § 3 we construct the moving frames on M and the fibre space 11,3(M) 

at every point x of M which has the same structure as the Hilbert space H. 

The H(M)-valued differential forms of class C(") on M are defined with 

the help of the H-valued differential forms of class C("' on M and it is 

showed that they are expressed in terms of the moving frame b(x). The 

set Q(') (M, H(M)) of all H(M) -valued differential forms of class C(n)  on 

M is a C(") (M, R)-module. The exterior differential of S2 E (n) (M, 

H(M)) with respect to b(x) is defined with the help of the exterior dif-

ferential of H-valued differential forms on M and we obtain the familiar 

properties of the exterior differentiation. 
   In brief, the exterior covariant differentiation is a linear continuous map 

DH:S2p(n) (M, H(M))-->S21i.p (M, H(M)) such that DH(wgAQp) =dwq+ (-1)4wq 

ADHS2p for wgES2p(") (M, R), S2pES2p(') (M, H(M)). The connection form 

wH of H-type with respect to b(x) is defined by DHb(x) =b(x)RH(x) and 

the curvature form RH is defined by D2Hb(x) =b(x)RH(x). The structure



equation RH=dc)H+WH/~WH is obtained and the Bianchi's identity is derived 

under a condition. 

   Throughout this paper it is assumed that the  Hilbert spaces are separable 

and by the base of the Hilbert space we mean the base Ae= (Ae,,......, Aen, 

......) made by an orthonormal base e and the bounded linear operator A 

which has the bounded inverse operator A-1.
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§ 2. H-valued differential forms on the Hilbert manifold

1. C("-diffeomorphisms

   DEFINITION. 

   Let E, F be two Banach spaces and let V, W be open sets of E, F res-

pectively. We say that a map f: V-->W is C(n'-diffeomorphism if the 
following conditions are satisfied: 

   (1) f is a bijection of V onto W, 

   (2) the maps f, f-1 are of class C(n'. 
   Let e= (e,, ......, en, ......), f= (f,, ......, fn, ......) be bases of two Hilbert 

spaces E, F. Giving a map f : E->F, we expand the map f in terms of 

the base f:

f(x) = fi(x)fi, for xEE. 
i=i

   PROPOSITION 1. 

  Suppose that a function f is of class C"' in an open set V of E. 

Then f has the continuous partial derivatives ......afm f(x) (m�n; j,, ......



 j,„,=1, 2, ......) in V and we have

f(m)  (x) (yl, ......, Ym) _E a>1......ajmf(x)y1'1...... 
                    11 ...... 1m=1

for xE V and for yl, ......

whereie>, ......, ym= E 
    1=11=1

   PROPOSITION 2. 

   Suppose that a map f: V->F is of class CI') in V. Then every func-

tion f1: V-->R is of class C(n) in V and we have

f `m' (x) = J fi (m) (x) f„ for x E V. 
             t=1

These propositions can be proved by induction on m. As an immediate 

consequence from Proposition 1, 2,

PROPOSITION 3. 

Suppose that a map f: V-*F is of class C(") in V. Then we have

f `m' (x) (y1, ......, ym) =iu...... 
>_1a>1......OAmfJJ                                       z (x)y1'1......ym'mffi.

2. Vector fields 

   By M we denote a Hilbert manifold of class C("' whose base space is 

the Hilbert space E and we denote by T(M) the tangent space of M at 

x E M. By I , we denote the index set of all charts at x. 

   Given an index a E Ix and a tangent vector X E T (M), there exists an 

unique vector XEE such that Xa= (X, a) EX. Thus we identify a represen-

tative Xa of X with this unique vector XEE and we can consider a map 

Oa (x) of T(M) into E such that qa (x) (X) = Xa. We define an inner 

product of X, D E Tx (M) by <X, J> = «a 0(x) 00, Oa 0(x) (n> where ao is 

an arbitrary fixed index belonging to Is,. Consequently we get a Hilbert 

space T(M). Then a map Oa (x) : T„ (M) ->E given by Xa o = qa o (x) (X) is 

an isomorphism where Xao is the representative of X identified with the 

vector of E. 

   We shall denote the tangent vector at x E M by X or X, instead of X. 

   We shall go here to express the tangent vector by the derivation. Let



 ((la, g)a), (Us, Spg) be two charts at xEM and Xa, XX be two representatives 
of XE TT(M). Let U be an open set containing x. By X(f) we shall 

mean the real value given by X(f) = fQ (xa)Xa where fE C("' (U, R), fa= fwa 

and xa = q,a (x) . This definition is independent of the choice of represen-

tatives of X:

(2.1) X(f) =fa (xa)Xa=ff (xp)XX• 

We have clearly 

(X+Y)(f)=X(f)+Y(f), for X, YETx(M), (2
. 2) 

(2X) (f) =AX(f), for AER. 

By applying Proposition 1 of § 2.1 to the formulas (2. 1) and (2. 2), we get

X(f) =•axa----(xa) _$>Xa----axi (xa),
•

(Xa+Ya)----aft(xa)=LXa----aft(xa)+LJYa-----af6 (Xa), f=1 axa{=1axa=1axa

¢LJ•(AXL)axa-----(xa)=A¢EXaofa------(xa),

where Xa, X‘p, xa, xip are respectively components of Xa, XX, xa, xp with respect 

to the base e. These facts show that a tangent vector X may be ex- 

pressed by X= EXza axi and that X+ Y, AX may be executed as follows: 
        ~=1

EXi----axti+{EYz----axz=iE(X%+1'~)----8
A EXaxz=E (AXO---a

Consequently we may identify a tangent vector X= E Xte, with a correspond-
                                                                                   tx.l 

ing derivation E8n.4 . ti=1x 

   Finally we shall define the vector field of class C"`). Let us put 

T(M)= U T,(M) and let U be an open set of M containing an arbitrary 
xeM 

point xo E M.

   DEFINITION. 

   By a vector field on M we mean a map X:M—>T(M) such that X(x) 

belongs to TT(M). By a vector field of class CT') on M we mean a vector



 field on M such that a map Oa U (X) : U- *E given by Oa o (X) (x) = q$a 0(x) (X(x)) 

belongs to Cm) (U, E) . 

  By X(n) (M) we denote a set of all vector fields of class Cm) on M. 

X (M) is a Cm) (M, R) -module. 

   Next, we define the bracket [X, Y] for X, Y'" (M) as a map from 

Cm' (M, R) into Cm-2) (M, R) as follows: 

[X, Y] =X(Y(f)) - Y(X(f)),

for X= E X i(x)8xi and Y= sE Fax)----axi , 

s

where X(x) = Oa 0(x) (X(x)) = Xz (x) ei, 2(x) = 0(x) (Y (x)) _ Yi (x) ei. 
i=12~1

The bracket [X, Y] is a vector field of Cm-2) on M and we have

CY,XJ=—[X, Y], 

[X, [Y, ZJ]+CY, CZ, ;03+ [Z, [X, Y]]=d, 

      for X, Y, ZEXm)(M).

3. H-valued differential forms

  Let H be a Hilbert space. Let U be an open set containing an arbit-

rary point xoEM. We denote 
xHMUJp(T4(M), II) by,Vp(T(M), H) 

where p(TT(M), H) is the set of all p-linear alternating continuous maps 

of Ty (M) into H.

   DEFINITION. 

   By a H-valued differential p-form on M we mean a map SQp:M--> Sip 

(T(M), H) such that Sdp(x) belongs to Jp(T,(M), H) for each point xE 
M. By a H-valued differential p-form S2, of class Cm) on M we mean a 

H-valued differential p-form such that a map Dp(X1f......, Xp) : U--+H given 

by Sd p (X1,......, Xp) (x) = Sd p (x) (X1(x),......, Xp (x)) belongs to C"' (U, H) where 
X1,......, Xp E `"' (M) 

   We write S2p(x:X1i......, Xp) for Sdp(x) (X1(x), ......, Xp(x)). By Sdpm) 

(M, H) we denote a set of all H-valued differential P-forms of class Cm) 
on M. This Sd p "' (M, H) is a real vector space under the natural addition 

and scalar multiplication and becomes a Cm' (M, R)-module by the introduc-

tion of a multiplication (Op) (x) =f(x)2(x).



   PROPOSITION. 

   Let  V= (~1f ......,D", ......) be a base of H. A H-valued differential 

p-form SZp E S2p (") (M, H) is uniquely expressed in terms of as follows:

S2p(x) = (x) Di, 
i=1

where (.4ES2p(")(M, R) (i=1, 2, ......). 

   PROOF. We see readily by Proposition 2 of § 2.1 that (01,(i=1, 2, ......) 

are of class C(").

4. Exterior multiplication

   Let H1, H2 be Hilbert spaces and H10HZ be the direct product of H1 and 

H2. Let (1) = (D(1), ......, DT, ......), `J (2) = (V ̀ i', ......, `n', ......) be the bases 

of H1, H2 respectively.

   DEFINITION. 

   By the exterior product of Op E Sap (") (M, H1)and E S2q (") (M, H2), 

denoted by DpA q, we mean a H-valued differential (p+q) —form such that

(op/ \rq) (x:X1, ......, Xp+q) 
=Ee(6)Dp(x:xo(1) , ,Xo('p+q)),

for xEM and X1,......, Xp+qEX(") (M), 

where the sum is done over all permutations 6 of {1, 2, ......, p+q} satisfying 

c(1)<......<6(p), 6(p+1)<......<6(p+q) 

and

+1, for even permutation 6, 
e(6) _ 

—1, for odd permutation a. 

The exterior product opAgfq is of class C(").

   PROPOSITION. 

   For op E.Sap (") (M, H1), !'g E Saq (") (M, H2) expressed in the forms Op (x) 
= iE o(x)J1'' and V q (x) =E1(A(x)D,;(2), a we have

(Op/ 7q)(x)= E (Yg/ si4)(x)fli`1'0J.i`Z'• 
i,1=1

PROOF. This proposition can be proved by using the fact that the direct



product is continuous with respect to each factor.

5. Exterior differentiation

   DEFINITION. 

   The exterior  differential dS2p of Sap E .2p ("' (M. H) is defined by the follow-

ing formula: 

          dS2p(x:X1f ......, Xp+1) —p± (-1)i S2;(x:X1, ......, X1, ......, Xp+1) (Xi) 
                                       J.' 

                 AA 

          + E (-1)"1Qp(x• CXi, X1], X1, ......, Xi, ......, XI, , Xp+1), 
15i<J5p+1 

for X1,......, Xp+1EX(n) (M), 

where the symbol A means that the term is omitted and Xi means Xi(x) =Oa0 

(x) (Xi (x)) . Henceforth we shall omit the symbol -.

   PROPOSITION 1. 

   The exterior differential dSlp of S2pES2p("' (M, H) is a H-valued dif-

ferential (p+1) —form of class C("-1' on M.

   PROPOSITION 2. 

   We have, for op E Sap (n) (M, H1) and rg E SSq (nl (M, HZ), 

d(Dp/ \ 7q) = (dDp)/ !P q+ (-1)p0p/ \ (dFq), 
(5. 1) dd

S2p=O, (n>2). 

   We omit the proofs of the above two propositions, since those are merely 

straight-forward calculations.

   PROPOSITION 3. 

   Suppose that S2p is a H-valued differential p-form of class C"> on M 

expressed in the form Sap(x)= E wp(x)2)i.Then the exterior differential 
i=1 

dS2p of Sip is given by dSlp(x)= Edw,(x)Ji. 
                                               i=1

  PROOF. This is seen by using the definition of the exterior differentia-

tion and Proposition 2 of § 2.1.



§ 3. Connection form and curvature  form

1. H(M)-valued  vector fields 

   By an isomorphism on the Hilbert space H we mean a one-to-one linear 

continuous map of H onto itself. By GL(H) we denote a set of all 

isomorphisms on H. This GL(H) is a group and becomes a Banach space 

by introducing the norm in a well-known manner. 

   Let (Ua., co.), CU p, gap) be charts at an arbitrary point x,EM. By Ua we 

mean a set of all maps Aa: Ua—GL(H) such that two maps A, 247,' are of 

class C(n) in Ua where Aa(x)A;1(x)=1 for x E Ua. By we denote a 

family of all pairs (Ua, Aa) such that AaEUa, aElxo. For AaEUa and ApEUp, 

we define their product AaAp by (AaAp) (x) = Aa (x) Ap (x) for x E Ua n Up. 

We denote by Aaa the product AaA,1. A map Aap: Ua n UU->GL(H) is of 

class C(n) and we see

Aap(x) =AV, (x), for xE Ua n Up, 
(1. 1) 

Aar (x) = Aap (x) ANr (x), for x E Ua n Up n Ur. 

Let j= (J1f ......, „,, ......) be a base of H and let (Uao, Aao), (Ua, Aa) be 

elements of where ao is an arbitrary fixed index belonging to Ix. We 

consider a base `JA a o a (x) = (A.0 an, ......, A. o .D„, ......) of H. By writing 

ba (x) =Vila  o a (x) and b;, (X)= Aa oa Dn, we get a base ba (x) _ (b i (x) , ......, 

b; (x), ......) of H. We define the following operation: ba(X)Aap(x)=(Aa0a(x) 

{Aap(x)V1}, ......, Aaoa(x) {Aap(x)?n},......). Thus we get 

(1. 2) by (x) = ba (x) Aaa (x) .

   DEFINITION 1. 

  A base ba(x) of H is said to be a moving frame of H-type on the Hil-

bert manifold M. 

   The relation (1. 2) gives the transformation law between two moving 

frames ba (x) and bA (x) . 

   We denote by Za an element (Z, a) EHx Ix and define the operation AZa 

by (AZ, a) EHx Ix for AEGL(H). We say that Za, ZZEHxII are equivalent 

if there exist two pairs (Ua, Aa), (Up, Ap)Eax such that 

(1.3) ZA=ApaZa. 

The equivalence thus defined satisfies the axiom of equivalence relation by



 (1.1)  . By a fibre element 3 at xEM  we mean an equivalence class {Z.} 
of elements of Hx I,,. We denote by H(M) a set of all fibre elements 

.3 at x. We introduce the addition and the multiplication into H4(M) as 

follows: .31+,32={(Z1+Z2)alt AS1={(AZ1)a} for 231={(Z0)a},32={(Z2)a}EH., 

(M) and ,l E R. Thus 11,;(M) is a real vector space.

   DEFINITION 2. 

  The vector space Hz(M) is said to be a fibre space of H-type at xEM. 

   Given a E I and 3 E Hx (M), there exists an unique vector ZE H such 

that Z.= (Z, a) ES. Thus we identify a representative Za of 3 with this 

unique vector ZE H and we consider a map Ua (x) : Hz(M) -->H such that 

1a (x) (3) =Za. We define an inner product of 31, 82EHx(M) by «1 32> 

<0a 0(x) (31), fDa 0(x) (S2)>. Consequently we get a fibre space Hz(M) 

which has the same structure as the Hilbert space H:

   PROPOSITION 1. 

   A map 0.0(x) is an isomorphism of Hz(M) onto H. 

  We denote by Z or Zr the fibre element 3 E Hx (M) . 

   We proceed to express a fibre element ZEHH(M) in terms of a moving 

frame on M. This corresponds to express a tangent vector XE Tz(M) as 

the derivation. We consider a vector of H denoted by ba (x) Za : ba (x) Za 
_ E Zabi (x) where Za = f Za~ . We see ba (x)Za =bfiZZ from (1. 2) and 

i=1E=1 

(1. 3) . This shows that a vector ba (x) Za E H is irrelevant to the rep-
resentatives of ZEHH(M). Therefore we may identify a fibre element Z 

with the vector ba (x)Za.

   PROPOSITION 2. 

  A fibre element ZEH4(M) is expressed in the form: Z= iZab7 (x) 
                                                                             s1 

where Za= E ZQJi for a representative Za of Z. 
                s~l 

  Henceforth we write for ZEHH(M) in the form: Z= E ni(x). 
i=1 

  By the fibre bundle of H-type we mean a set H(M) = UH~;(M). 
                                                                             XGM

   DEFINITION 3. 

  A map Z: U-41(M) such that Z(x) EH1(M) for xE U, is said to be a 

H(M)-valued vector field on M. A H(M)-valued vector field Z on M 

is said to be of class CM) on M if a map D o oZ: U-*H given by (ba 0.Z ) 
(x) = oa 0(x) (Z(x)) for x U, is of class Cm) in U.



  By  .3  (M) we mean a set of all H(M)-valued vector fields of class 

C(n) on M. For ZES(" ) (M) we write Z(x) _ E ZZ(x)bi(x). 
=1

2. H(M)-valued differential forms 

   By the differential p-form bundle of H-type on M we mean a set p 

(T(M), H(M)) = xU p(7;,;(111), H.(M)).

   DEFINITION 1. 

   A map 2p: U-* p(T(M), H(M)) such that S p(x) E (TT;(M), Hx 

(M)) for X U, is said to be a H(M)-valued differential p- form on M. 

A H(M)-valued differential p-form SZp on M is said to be of class C("`) 

on M if a map (DQ 0 4S2„) (Xl,......, Xp) : U->H given by (C o  .S2 p) (X1,......, Xp) 
(x)=0,, 0(x) (S2p (x : X1f ......, Xp)) is of class C (n) in U where Xi„ X1 E X(n) 

(M). 

   We denote by .9 pm) (M, H(M)) a set of all H(M)-valued differential 

p-forms of class C("`) on M. A set S2 n' (M, H(M)) becomes a C("`) (M, R)-

module.

   PROPOSITION 1. 

  A H(M)-valued differential p- form .2pES2pm) (111, H(M)) is uniquely 

expressed in terms of b(x) in the form Sdp(x)= c4p(x)bi(x) where a,pE 

S2 p(') (M, R).

   PROOF. This is derived from Proposition of §2. 3  and Proposition 2 of 

§3.1. 

  Let H1, H2 be Hilbert spaces and Hy(M), H~ (M) be fibre spaces of H1, 

112-type at x E M. Let us consider H=H1®xH2f H„ (M) =Hx (M) ©Hi (M) • 

An isomorphism Co (x) : H, (M) - *H is introduced as a linear map such that 

0„o  (x) (Z) = l  (x) (Z1) 00! o (x) (Z2) for Z=Z1QZ2 where ø0(x), 0! 0(X) are 
the isomorphisms of H1 (M), 111(M) onto 111, H2. Let H1(M), H2 (M), H(M) 

be fibre bundles of H1, H2, H-type on M respectively. The exterior pro-

duct 21,A2Q of in ES2p(n)(M, H1(M)) and S4, ES2gcn> (M, H2(M)) is defined in 

the same manner as in the definition of §2. 4. 

PROPOSITION 2. 

For E Sip cn> (M, (M)), S2; E S2q (n) (M, H2 (M)) expressed in the forms



 Slp(x) = i=1p        c~(x)bi(x) and S24(x)=tEc20Qbi(x), we have Slp/~S4ES2p+a(M, 
H(M)) and (Q AQ q) (x) _ E (al) A (x) b l (x) ®b,(x) where b1(x) = (b l (x), 

20=1 

...... bn (x), ......), b2 (x) _ (bi (x), ......, b,, (x), ......) are moving frames on M 

which are the bases of H1(M), HI(M). 

   We shall discuss the exterior differential of H(M)-valued differential 

forms with respect to a moving frame on M. For SZp E SZp ''1' (M, H(M) ) 

written in the form S2p(x) _ E cop(x)bi(x), we consider the differential form 
i=1 

S2p(x) =Cop(x)sni. We see .S2pESlp(n)(M,H), since S),(x)=A-1(x)((a00 
i=1 

Sl p) (x) where A (x) E GL (H) such that bi (x) = A(x)Di  (i =1, 2, ......) . We 

get ds2 p (x) _ E do,p (x) spi by Proposition 3 of § 2. 5 and we see dSl p E S2p+" 
i=1 

(M, H) . Hence we have (Adtt p) (x) _ >j dco1,(x) bi (x) and AdS29 E S22;+i" 
2=1 

(M, H(M)) where we mean (AdS2 p) (x) (X1,......, Xp+1) = A (x) dS2 p (x : X1, ......, 

Xp+i) for Xi,......, Xp+1EX (n' (M). 

   DEFINITION 2. 

   For S2pES2p(n) (M, H(M)) written in the form S2p(x) _ Wn(x)b, (x), the 
i=1 

exterior differential dSlp of Sip with respect to b(x) is defined by dS2p(x) 

= >j dcuv(x)bi(x)• 
i=1

PROPOSITION 3.

d(S21,A5A) _ (ds )/\S2Q+ (-1)pS2PAc114, d2S2p=0. 

   PROOF. The exterior differential of H(M)-valued differential forms 

with respect to a moving frame on M is determined by the exterior dif-

ferential of real valued differential forms. Therefore this proposition is 

derived from Proposition 2 of § 2.5.

3. Exterior covariant differentiation 

   DEFINITION 1.

   The exterior covariant differentiation of H-type is a linear map DH: 

Slpm) (M, H(M))—>S2 1' (M, H(M)) (over R) satisfying the following require-

ments: (A1) a map TH given by T H (S2p (x : X1, ......, Xp)) _ (DHS2p) (x : X1, ...... 

Xp+1) is continuous, (A2) DH(cogAQp)=dwqAS2p+(-1)1co4/DHS2p for coq 

E S2q (n' (M, R), (A3) DHC= 0 for constant C. 

   If there is no posibility of confusion, we omit the symbol of the type.



   DEFINITION 2. 

   The exterior covariant differentiation DH1®H2 of H1®H2-type
~is defined by DH1®H2(Q,SA)=(D4                   HiS2D S+(-1)pt\n(DH2~4) forD;ESp(n)(M,H1 

 (M)), s4 E.Qq`n' (Al, H2(M)).

PROPOSITION. 

For SLpEDp(n) (M, H(M)) expressed in the form S2p(x) _ i wp(x)bi(x),

we have DS2p(x) = E dw , (x)bi(x) + (-1)1) E col, (x)ADbi(x). 
i=1i=1

  PROOF. From bi (x) =1/\bi (x) , we see Sd p (x) = Aco.f)(x)  Abi (x) where 1 
                                         denotes a base of R. In virtue of (A1) and (A2), we have

(3. 1) DSd p (x) = e dw , (x) bi(x) + (-1)Pw(x) ADbi (x) . 
     t=1t=1

4. Connection forms 

   We shall introduce the connection form by means of the exterior co-

variant differentiation. 

  We have in virtue of (A1)

(4. 1) Dbi(x) _ ji1(0/(X) 

                      =

where wif E DI') (M, R) and the matrix w (x : X) = (wi' (x : X)) is a bounded 

linear operator on Hx (M) where X E X (n) (M) . We write (4.1) in the 

form Db(x) = b (x) w (x) . For Doe Do (n) (M, H(M)) expressed in the form 

Do(x) = E wi(x)bi(x), we get from (3. 1) and (4. 1) 
i=1

(4. 2) D20(x) = i {dwi (x) + i w fi (x) wf (x) } bi (x) . 
i=1 >=1

   Inserting dui' (x) = J 0kwi (x) dxk and wfi (x) = J rjik (x) dxk into (4. 2), 
k=1k=1 

we obtain

D120(x: X) = E
iPxfi(x)wf (x)bi(x), for XEX (n) (M),               ~1

where

(4. 3) Pxfi(x) =Jdxk(X)(s>Ok+rfik(x))•



   DEFINITION 1. 

   We say that w=  (wif), r= (1' 1k), px= 0xz>) are respectively the connec-
tion form, the connection, the covariant derivation in the direction of X 

of H-type with respect to b(x). 

   PROPOSITION 1. 

  For Sao, Sao ESa0 (M, H(M)) expressed in the forms SaQ (x) _ wa(x)bi

(x) and Sao (x) _ cLi(x)bz(x), we have 
                        da1

vx+Yw=vxw+VYw,

vx ((10+w) =vxw+vxw,

vaxw =Avxw, for AER,

vx(fw) =fPrxw+X(f) c,, for fEC("' (M, R),

    11112 ......Inzz1z2zn wherew=(w,w,, CO , ......) andw=(w,w, ......CO,, ......).

   PROOF. The above formulas are derived easily from (4. 3). 

   We consider the dual space H*(M) of Hx(M) which is said to be the 

fibre space of H*-type at x E M and get the dual fibre bundle H*(M) = U 
                                                                                                tHM 

H (M) of H(M) . For X E Hx(M) and X* E Hx (M), we denote by <X* I X> 

the value of the bounded linear functional X* at X. We denote by S2(p,q) 

(M, H(M)) a set of all exterior products SnASaq where Sap ESap{"' (M, H* 

(M)), QgE.Qq`'°' (M, H(2W)). 

   DEFINITION 2. 

   The contraction C is a map C:S (p0)(114; H(M))->C(n) (M, R) given by 

C(2,/S2q)(x:X1, ......,Xp+q)=<Q (x,X1,......,Xp)IS2q(x:Xp+1, ,Xp+q)>for 

X1,......, Xp+qEX(n) (M). 

   We set up the following requirement: 

   (R1) the exterior covariant differentiation commute with the contraction. 

   PROPOSITION 2. 

  Let b* (x) _ (b1(x), ......, bT (x), ......) be the dual moving frame of b(x) 
= (b1(x), ......, bn(x), ......) : (x) I bj(x)>=E;. Assume that DHb(x) =b(x) 

wH (x) and DH*b* (x) = b* (x) wH* (x) . Then we have wH (x) +WH* (x) = 0. 

  PROOF. By (A3) and (R1), we get CDH*®H (bi (x) Ab1(x)) = DH*®HC 

(b' (x) Abf (x)) = DH*®HS% =0. By the definition of DH*®H, we see



   nf/l CDH*®H(fi(x)/\b .~(x)) = C(wH*ki (x) bk(x)I/\bj (x) 
 k=1

  /~f~L +bi(x)/\{1WH1k(x)bk(x)}) 
               k=1

= E WH*Bki(X)<bk(x) I bj(x)>+ E WHjk(x)<bi(x) I bk(x)> 
k=1 k=1

=WH*j''(x) +WHjz(x).

Consequently we have coin,/  (x) + wH ji (x) = 0.

   DEFINITION 3. 

   Let WH be a connection form of H-type. The connection form WH* 

of H*-type such that WH+cWH*=O, is said to be the dual connection form 

of wH. 

EXAMPLE: For Sd p E SZP ("' (M, (HO H*) (M)) expressed in the form Sl P (x) 

= E WP,>(x)bi(x)OOIij(x), we get 
,1=1

                  •
f (4. 4) DH®H*Sap(x) _ E{dwP^1(x) + E WHkZ/ \W13e1 (x) 

=1k=1

— E WH/(x)/ \WP,k (x)fbi(x) obi (x). 
k=1

   By a matrix differential P-form A we mean a matrix such that its all 

elements are real valued differential P-forms. By the exterior differential 
dA we mean the exterior differential of all elements of A. The exterior 

product AAB of two matrix differential forms A, B is defined in the same 
manner in the matrix multiplication where the product of matrix elements 

must be replaced by the exterior product. 

PROPOSITION 3. 

   Suppose that ba (x), by (x) are moving frames of the same type joined 

by bg (x) =ba (x) Aa a (x) and that W a, W p are connection forms with respect 

to ba (x), by (x). Then the transformation low of connection forms is 

given by cWp(x)=Afta(x)dAap(x)+Apa(x)Wa(x)Aaft(x). 

   PROOF. We have Db, (x) =ba (x) dA a a (x) +Dba (x) A. a (x). By using 

Dba (x) =ba (x) (x) and Dbft (x) =bft (x)Wf (x), we see bB (X) a)(x) =ba (x) 

da a (X) +ba (x) c<,a (x) A. p (X) and hence ba (x) A a (X) CO p (x) =ba (x) dAa a (X) + 

ba (x) W a (x) A a p (x) . Thus we get w p (x) = A fl a (x) dAa p (x) + A p a (x) W a (x) 

A 49 (x) . 

EXAMPLE: In case! A ft a (x) = (8x1 /8xa) i, j=l,z„ ......, we obtain the trans-



 formation law of connections:

ax: ax" axi  a02xa axi  1'/k(X) =Z ,m= 1ax~axk axQI'mn(x) +1=axfaxpaxQ

      P whereP=(P/k),= (P>ik) are connections with respect to ba (x)= Wax!, 
0/84,......), by (x)= (a 184 818......). This is the generalization of the 

transformation law of affine connections.

5. Curvature forms and structure equation

   DEFINITION. 

  By the curvature form with respect to b(x) we mean the matrix dif-

ferential 2-form R such that D (Db (x)) = b (x) R (x) . In case Db(x) =b(x) 

                                                          w(x), the curvature form R is said to be the curvature form of the con-

nection form w. 

   THEOREM 1 (Structure equation). 

   Let w be a connection form and R its curvature form. We have 

R=dw+wAw.

   PROOF. By (A1) and (A2), we get 

D (Db (x)) = D (b (x) w (x) ) 

=b(x) dw (x) +Db(x) /\w (x) 

= b (x) dw (x) + b (x) w (x) A w (x) 

=b(x) (dw (x) +w (x) Aw (x)) . 

Therefore we have R(x) = dw (x) + w (x) A w (x) .

   LEMMA. 

   Let w (i, j=1, 2, ......) be real valued differential 1-forms of class C"> 

on M such that E I (0'./  (x:X) 12<00, E l w j (x:X) 12<0o for xE U and XE (") 
i=11=1 

(M) where U is an open set of M.Then we have d( E (x) N0'5 
k= 1 

= E d (w ik (x) A(0> (x)) • 
k=1 

   The proof is a straightforward calculation. 

   Let be the (i, j)-element of a curvature form R with respect to b(x). 

We set a condition for R such that E I R((x : X1, X2) 12<oo for x E U and 
i,I=1 

X1, X2EX (n) (M). The differential form 2 given by 12(x)= E R, (x) bi(x) 
t,1=1



Qxb'(x) is a  (HOW.) (M)-valued differential 2-form of class C("-Z). 

   THEOREM 2 (Bianchi's identity). 

   We have D12=O under the above condition. 

   PROOF. By (4. 4) we see readily 

DS2 (x) = E {dR, (x) + E wki (x) AR, (x) — E w jk (x) ARk (x) } bi (x) C YY (x) • 
i,J=1k=1k=1 

By structure equation and Lemma, we get

dR; (x) + ki1wki (x)ARk(x)—iE1wjk(x) AR k (x)              ==

= d {dwji (x) + E wki (x) A wjk (x) } 
k=1 
  00

/ \oo00t  + Ewki (x){dwi(x) +L~wlk(x)//~\w/ (x)}                           (x) } 
k=1l=1 

wjk (x) A {dwki (x) + (x) Au)/ (X)} 
k=1l=1 

0000 

= dwki(x) / \wik(x) — E wk%(x)Adwlk(X) 
k=1k=1 

 + wki (x) /\ dwjk (x) — E w jk (x) Adwki (x) 
k=1k=1 

E (Oki (x) / \wlk (x) / \wjl (x) 
k,1=1 

wik(x)/ \wli(x)/ \wkl(x) 
k,1=1

Now the 1st and the 4th terms, the 2nd and the 3rd terms, the 5th and the 

6th terms in the righthand side of the above formula cancel respectively. 

Thus we have

dR; (x) + E wki (x) AR';(x) — E wik (x) ARk (x) =0. 
k=1k=1

This completes our proof of Theorem 2.
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