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§1. Introduction

The aims of this paper are to introduce the curvature of H-type on the
Hilbert manifold M and to derive the structure equation and the Bianchi’s
identity by means of the exterior covariant differentiation for the H(M)-
valued differential forms. A law of the exterior covariant differentiation
is axiomatized by a map on the C™ (M, R)-module 2,™ (M, H(M)) which
satisfies certain requirements. The connection form of H-type is introduced
by means of this exterior covariant differentiation and it is an assignment
of a matrix valued one-form to every moving frame 5(x) on M.

In §2 we perform the investigation of AH-valued differential forms on
M and obtain the same results as the case of real valued differential forms
on the differentiable manifold. The definitions of the exterior multiplica-
tion and the exterior differentiation are generalized.

In §3 we construct the moving frames on M and the fibre space H,(M)
at every point & of M which has the same structure as the Hilbert space H.
The H(M)-valued differential forms of class C™ on M are defined with
the help of the H-valued differential forms of class C™ on M and it is
showed that they are expressed in terms of the moving frame b(x). The
set 2,™ (M, H(M)) of all H(M)-valued differential forms of class C™ on
M is a C™ (M, R)-module. The exterior differential of 2, 2,™ (M,
H(M)) with respect to b(x) is defined with the help of the exterior dif-
ferential of H-valued differential forms on M and we obtain the familiar
properties of the exterior differentiation.

In brief, the exterior covariant differentiation is a linear continuous map
Dy 2,™ (M, H(M))—-2%:V (M, H(M)) such that Dg(we/\2p) =dw,+ (—1)%w,
ADy@2p for w2, ™ (M, R), 2,2, (M, H(M)). The connection form
wy of H-type with respect to 9(x) is defined by Dyb(x)=b(x)wgy(x) and
the curvature form Ry is defined by D?*,b(x)=58(x)R,(x). The structure
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equation Ry=dwy+wg/\wy is obtained and the Bianchi’s identity is derived
under a condition.

Throughout this paper it is assumed that the Hilbert spaces are separable
and by the base of the Hilbert space we mean the base Ae=(Ae,, -+ , Ae,,
------ ) made by an orthonormal base e and the bounded linear operator A
which has the bounded inverse operator A~
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§2. H-valued differential forms on the Hilbert manifold

1. C™-diffeomorphisms

DEFINITION.

Let E, F be two Banach spaces and let V, W be open sets of E, F res-
pectively. We say that a map f: VoW is C™-diffeomorphism if the
following conditions are satisfied:

(1) f is a bijection of V onto W,

(2) the maps f, f! are of class C™.

Let e=(ey, -+ ) €y eere ), =@y eeer s Ty s ) be bases of two Hilbert
spaces E, F. Giving a map f:E—F, we expand the map f in terms of
the base {:

fx) = 31 {01, for xE.

PROPOSITION 1.
Suppose that a function f is of class C™ in an open set V of E.
Then f has the continuous partial derivatives 9i,------ 0inf(x)(m<n; gy, - ,
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Fn=1,2, -eeee ) in V and we have

F™ () (9, oeee LY = ) i: B By 01y f(H) Yi1oe ooy, Im,

-] 0
where y1=121y{ej, ------ y Y= ;leief.

PROPOSITION 2.

Suppose that a map f:V—F is of class C™ in V. Then every func-
tion fi::V—R is of class C™ in V and we have

fm (x)=§1 £i™ (x)i, for xV.

These propositions can be proved by induction on . As an immediate
consequence from Proposition 1, 2,

PROPOSITION 3.
Suppose that a map f:V—F is of class C™ in V. Then we have

FP@ G =B 5 dne byl

=1

2. Vector fields

By M we denote a Hilbert manifold of class C"™ whose base space is
the Hilbert space E and we denote by T,(M) the tangent space of M at
xesM. By I, we denote the index set of all charts at x.

Given an index a<l, and a tangent vector X T,(M), there exists an
unique vector X€FE such that X,=(X,a)%X. Thus we identify a represen-
tative X. of ¥ with this unique vector X€FE and we can consider a map
¢a(x) of T,(M) into E such that ¢.(x)(X)=X.. We define an inner
product of X,9e T,(M) by <X, P>=<¢a., (x) (&), ¢a,(x) (D> where a, is
an arbitrary fixed index belonging to 7. Consequently we get a Hilbert
space T,.(M). Then a map ¢. (x):T,(M)—E given by X. =¢., () (%) is
an isomorphism where X, is the representative of ¥ identified with the
vector of E.

We shall denote the tangent vector at x&M by X or X, instead of %.

We shall go here to express the tangent vector by the derivation. Let
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(Uay @a), (Ug, ps) be two charts at xeM and X.,, X; be two representatives
of Xe T, (M). Let U be an open set containing x. By X(f) we shall
mean the real value given by X(f)=f.(x.)X. where feC™ (U, R), fo=fopa!
and X.=¢.(x). This definition is independent of the choice of represen-
tatives of X:

2.1) X(H=fi(x)Xa=Fi ()X,
We have clearly
X+(NH)=X(H+Y(f), for X, YeT,(M),
AX) (f)=1X(f), for 2€R.
By applying Proposition 1 of §2.1 to the formulas (2.1) and (2.2), we get

0 a @ o0
XN = EXGh = Z X550 (ap,
tgl (X: -+ Yﬁ) a-{z (xa) = ¢§1Xi 64{.!: (xa) + 2]1 Y;‘x ngl (xa),

i=1

where X%, X}, x%, x} are respectively components of X., X;, x., x; with respect
to the base e. These facts show that a tangent vector X may be ex-
pressed by X= ‘ilXi% and that X+ Y, AX may be executed as follows:
$x2 1 Sy
oxt

t=1 =1

0 LI 0
oxt = tgl (Xz—i- Y‘L) W’

= 0 L3 0
1121 XWF = ggl (ZX‘) ox**

Consequently we may identify a tangent vector X= ‘ElX‘e, with a correspond-

ing derivation ﬁ]lX‘ng.
Finally we shall define the vector field of class C™. Let us put

T(M)= UyTz(M) and let U be an open set of M containing an arbitrary
point x,& M.

DEFINITION.

By a vector field on M we mean a map X:M—-T(M) such that X(x)
belongs to T,.(M). By a vector field of class C™ on M we mean a vector
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field on M such that a map ¢.,(X):U—E given by ¢. (X)(x)=¢.,(x) (X))
belongs to C™ (U, E).

By ¥™ (M) we denote a set of all vector fields of class C™ on M.
X™(M) is a C™(M, R)-module.

Next, we define the bracket [X, Y] for X, YeX™ (M) as a map from
C™ (M, R) into C™ »(M, R) as follows:

[X, YI=X(Y()—TX(),

for X= iXt(x)% and Y=§‘,l Yi(x)—a%i—,

where X(x)=¢.,(x) (X(x))=§3l X(x)e, Y(x)=<zbao(x)(Y(x))=;_'21 Y, (e,
The bracket [X, Y] is a vector field of C"® on M and we have
LY, XI=-[X, Y],
(X, [Y, Z]1+[Y, [Z X11+(Z, [ X, Y]1]=0,
for X, Y, ZeXx™ (M).

3. H-valued differential forms

Let H be a Hilbert space. Let U be an open set containing an arbit-
rary point x,€M. We denote U (T, (M), H) by Yp(T(M),H)

where ¥ ,(T,(M), H) is the set of all p-linear alternating continuous maps
of T,(M) into H.

DEFINITION.
By a H-valued differential p-form on M we mean a map 2,:M—> ¥,

(T (M), H) such that 2,(x) belongs to (T, (M), H) for each point x&
M. By a H-valued differential p-form £, of class C™ on M we mean a
H-valued differential p-form such that a map 2,(X, - , Xp):U—H given
by 2,(X,, - , Xp) () =825 (%) (X (%), -+ , Xu(x)) belongs to C™ (U, H) where
X, e , Xo€X™ (M),

We write 2,(x:X,, -+ , Xp) for 2,(x) (X (%), - , Xp(x)). By 2,™
(M, H) we denote a set of all H-valued differential p-forms of class C™
on M. This £,™ (M, H) is a real vector space under the natural addition
and scalar multiplication and becomes a C™ (M, R)-module by the introduc-
tion of a multiplication (f2,) (x)=f(x)2,(x).
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PROPOSITION.
Let D=y, -+ s Dy weeeee ) be a base of H. A H-valued differential

p-form 2,2, (M, H) is uniquely expressed in terms of ) as follows:
2@ = Sos®D,
where w2, (M, R)(1=1,2, ------ ).

PROOF. We see readily by Proposition 2 of §2.1 that wi(¢=1,2, - )
are of class C™,

4. Exterior multiplication

Let H,, H, be Hilbert spaces and H,®H, be the direct product of H, and
H,. Let PO = (DD, orooe LDD ), PO = (PP, -veee LD e ) be the bases
of H,, H, respectively.

DEFINITION.

By the exterior product of @, 2,™ (M, H,) and ¥,< 2, (M, H,),
denoted by 9,A\¥, we mean a H-valued differential (#+¢g)—form such that

@A\ (x: Xy, oo y Xpid)

2213(0)@?(’5:5’%(1). """ y Xa ) QF g (: X, papyy » Xooer),
for xeM and X, ------ , Xose€X™ (M),
where the sum is done over all permutations ¢ of {1,2, - , D+q} satisfying
o) <ovre o (D), 6 P+ 1)<over- <o (P+q)
and

+1, for even permutation o,
e(o) =

—1, for odd permutation o.
The exterior product @, A%, is of class C™.

PROPOSITION.
For 0,=2,™ (M, H,),V,€82,™ (M, H,) expressed in the forms O,(x)
=§l<pz(x)2)i‘” and ¥q(x)= ii}gbé(:c)‘&“% we have

(@s\F o) (%)= ?_ @A) (0D, RD, 2.

i,9=1

PrROOF. This proposition can be proved by using the fact that the direct
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product is continuous with respect to each factor.

5. Exterior differentiation

DEFINITION.

The exterior differential d2, of 2, 2,™ (M. H) is defined by the follow-
ing formula:

P+1 ., , A
A2y(x: X, oo ’ Xp+1)=‘§l(—1)t“gp(x:Xn """ y Xy eeee » Xoo) (X2

(=190 (x:[ Xy X1, Xy ooy Xy ooeeey Xy voveey Xpon),

1<i<jgP+1

for X, - , Xp €XM (M),
where the symbol A means that the term is omitted and X, means Xi(x):m%
() (X;(x)). Henceforth we shall omit the symbol -.

PROPOSITION 1.

The exterior differential d2, of 2,€82,™(M,H) is a H-valued dif-
Sferential (p+1)— form of class C™™ on M.

PROPOSITION 2.

We have, for 0,=2," (M, H,) and ¥,=2,™ (M, H,),
A0 \¥ ) =(d0p) NV o+ (1) 0\ (@7 o),
dd2,=0, n=2).

5.1

We omit the proofs of the above two propositions, since those are merely
straight-forward calculations.

PROPOSITION 3.

Suppose that 2, is a H-valued differential p-form of class C™ on M
expressed in the form 2,(x)= glw,‘, x)9,. Then the exterior differential

dQ, of 2y is given by dgp(x)=‘§l dwi ()9,

PROOF. This is seen by using the definition of the exterior differentia-
tion and Proposition 2 of §2.1.
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§3. Connection form and curvature form

1. H(M)-valued vector fields

By an isomorphism on the Hilbert space A we mean a one-to-one linear
continuous map of H onto itself. By GL(H) we denote a set of all
isomorphisms on H. This GL(H) is a group and becomes a Banach space
by introducing the norm in a well-known manner.

Let (U, ¢o), (U, @5) be charts at an arbitrary point x,eM. By U. we
mean a set of all maps A.:U.—~GL(H) such that two maps 4., Az! are of
class C™ in U, where A.(x)Az'(x)=1 for x€U.. By &:, we denote a
family of all pairs (U., 4.) such that A,€ll,, acl;,. For A.€ll. and 4,
we define their product A.A4; by (A.4s) (x)=A.(x)As(x) for x€U.NU,
We denote by A.; the product 4.43". A map A.,:U.NU;—»GL(H) is of
class C™ and we see

Ap(x)=A31(x), for x€U.N U,

Aoy (x)=Aas(x) Ap, (%), for x€U.NUNU,.
Let 9=y, -+ D) PR ) be a base of H and let (U.,, Aq)), (U, 4s) be
elements of &, where a, is an arbitrary fixed index belonging to 7. We
consider a base PAa (%)= (AayaDs, -+ y AagaDay oo ) of H. By writing
bo () =P Aa,«(x) and b;(x)=4..Y, we get a base b.(x)=(bi(x), -,
b2 (%), -+ ) of H. We define the following operation: Ba(x) Aas(x) = (Aa a(x)
{Aaﬁ(x)‘yl}v """ ) Aaoa(x) {Aaﬂ(x)syn}) """ )' Thus we get

1.2)  ba(x) =0.(x) Aup(x).

a.n

DEFINITION 1.

A base 0,(x) of H is said to be a moving frame of H-type on the Hil-
bert manifold M.

The relation (1.2) gives the transformation law between two moving
frames b,(x) and b(x).

We denote by Z, an element (Z, a) e Hx I, and define the operation AZ,
by (AZ, a)e Hx I, for AcGL(H). We say that Z., Z;€ HX I, are equivalent
if there exist two pairs (U., 4.), (U, A;) €%, such that

(1.3) Zy=As.Z..

The equivalence thus defined satisfies the axiom of equivalence relation by
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a€.1). By a fibre element 3 at xM we mean an equivalence class {Z,}
of elements of HX/I,. We denote by H,(M) a set of all fibre elements
3 at x. We introduce the addition and the multiplication into H,(M) as
follows: 3,4+3,={(Z,+2,).}, 48:={(AZ)).} for 8:={(Z)).}, B:={(Z) .} €H,
(M) and A€R. Thus H,(M) is a real vector space.

DEFINITION 2.

The vector space H,(M) is said to be a fibre space of H-type at x=M.

Given ael, and B€H,(M), there exists an unique vector Z€H such
that Z,=(Z, &) 3. Thus we identify a representative Z, of 3 with this
unique vector Z€H and we consider a map 0.(x):H,(M)—H such that
0.(x)(B)=Z.. We define an inner product of 3,, 3, H,(M) by <3, 3.>
=<0.,(x) (3D, 0. l)(x) 3.)>. Consequently we get a fibre space H,(M)
which has the same structure as the Hilbert space H:

PROPOSITION 1.

A map 0, (x) is an isomorphism of H,(M) onto H.

We denote by Z or Z, the fibre element 3 H,(M).

We proceed to express a fibre element ZeH,(M) in terms of a moving
frame on M. This corresponds to express a tangent vector X T.,(M) as
the derivation. We consider a vector of H denoted by 5.(x)Z,.:5.(x)Z,
= 51Zt61(x) where Z,= 520, We see b.()Z.=5:Z from (1.2) and
(1.3). This shows that a vector b%,(¥)Z,€H is irrelevant to the rep-
resentatives of Ze H,(M). Therefore we may identify a fibre element Z
with the vector b.(x)Z,.

PROPOSITION 2.

oo

A fibre element ZcH, (M) is expressed in the form: Z= 3 Zip2(x)

i1=1

where Z,=‘ilZ§‘D,- for a representative Z, of Z.

Henceforth we write for Ze H,(M) in the form: Z= é}lZiBi(x).
By the fibre bundle of H-type we mean a set H(M )=}GJMH”(M)'

DEFINITION 3.

A map Z:U-H(M) such that Z(x)eH,(M) for x€U, is said to be a
H(M)-valued vector field on M. A H(M)-valued vector field Z on M
is said to be of class C™ on M if a map 0, °Z:U—H given by (0.,°Z)
®) =0, (%) (Z(x)) for xeU, is of class C™ in U.
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By 3™ (M) we mean a set of all H(M)-valued vector fields of class
C™ on M.  For Ze3™ (M) we write Z(x)=§l Zi(x)6,().

2. H(M)-valued differential forms
By the differential p-form bundle of H-type on M we mean a set &,
(T(M),H(M))=IIEJM N (To(M), H,(M)).

DEFINITION 1.

A map 2, U &, (T(M), H(M)) such that 2,(x) € & (T, (M), H,
(M)) for x€U, is said to be a H(M)-valued differential p-form on M.
A H(M)-valued differential p-form 2, on M is said to be of class C™
on M if a map (Do ,000) (X, --oen , Xp):U—H given by (0a,02p) (X, +oe , Xp)
(®) =0, (%) (2p(x: X, oo , Xp)) is of class C™ in U where X, -+ , XpeX™
(M).

We denote by 2,™ (M, H(M)) a set of all H(M)-valued differential
p-forms of class C™ on M. A set 2," (M, H(M)) becomes a C™ (M, R)-
module.

PROPOSITION 1.

A H(M)-valued differential p-form Q,€2,™ (M, H(M)) is uniquely
expressed in terms of 6(x) in the form Qp(x)=‘ilw,‘,(x)f)i(x) where whe
2, (M, R).

PROOF. This is derived from Proposition of §2.3 and Proposition 2 of
§3.1.

Let H,, H, be Hilbert spaces and Hi(M), H:(M) be fibre spaces of H,,
H,-type at x M. Let us consider H=H,QH,, H,(M)=HL(M)QH:(M).
An isomorphism @, o ®) :H,(M)—H is introduced as a linear map such that
0., (%)(Z2)=0; (x)(Z,) ®D: (x)(Z;) for Z=Z,RZ, where 0; (%), 0% (x) are
the isomorphisms of H}(M), H3(M) onto Hy, H,. Let H,(M), H,(M), H(M)
be fibre bundles of H,, H,, H-type on M respectively. The exterior pro-
duct 2;A2% of R1e,™ (M, H/(M)) and 222, (M, H,(M)) is defined in
the same manner as in the definition of §2.4.

PROPOSITION 2.
For 2,2, (M, H(M)), 2:=82,™ (M, H,(M)) expressed in the forms
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21(x) = i &L ()b} (%) and 92(x)=1§;1 163 (x), we have QINDLe 2L, (M,
H(M)) and (2; \2%) (x) = 2 (o o/\ 1) ()b} (x) RB3(x) where b,(x) = (b}(x),
------ ,Ba(x), ), B, (%) = (52 (x), e, B2(X), o) are moving frames on M
which are the bases of H.(M), H:(M).

We shall discuss the exterior differential of H(M)-valued differential
forms with respect to a. moving frame on M. For 2,€2,™ M, H(M))
written in the form 2,(x)= glm;(x)ﬁi(x), we consider the differential form
8,(%) =§xw,‘,(x)‘yi. We see £,€2,™ (M, H), since 3,(x)=A"1(x) @.,°
20)(x) where A(x)eGL(H) such that 6,(x)=Ax)Y,(¢=1,2,------ ). We
get dﬁ,,(x):tg‘.ldw;(x)?)i by Proposition 3 of §2.5 and we see d2,=927"
(M, H). Hence we have (Ade)(x)=‘ildm§,(x)ﬁi(x) and Adf,e987V
(M, H(M)) where we mean (Ad@,)(x) (X, - , Xpi) =A@ AP (x: Xy, - ,
Xpir) for X, eeeee y Xp €X™(M).

DEFINITION 2.

For 2,€82,™ (M, H(M)) written in the form 2,(x)= Ew,(x)m(x), the
exterlor differential d@2, of 2, with respect to b(x) is defmed by d2,(x)
= ‘gl dob(x)5,(x).

PROPOSITION 3.
d(QINRE) = @) NQL+ (—1DPRINAQE,  d*2,=0.

PROOF. The exterior differential of H(M)-valued differential forms
with respect to a moving frame on M is determined by the exterior dif-
ferential of real valued differential forms. Therefore this proposition is
derived from Proposition 2 of §2.5.

3. [Exterior covariant differentiation

DEFINITION 1.

The exterior covariant differentiation of H-type is a linear map Dy:
2, (M, HM))—>2527V (M, H(M)) (over R) satisfying the following require-
ments: (A;) a map ¥y given by F,(2p(x: X, -+ , X)) =D gfp) (x:X,,
Xpi1) is continuous, (A,) Dy(wiA\@p)=dwe\2»+(—1)’wsADgfl, for wqg
€2, (M, R), (A;) DyC=0 f{for constant C.

If there is no posibility of confusion, we omit the symbol of the type.



40 M. Iyanaga

DEFINITION 2.

The exterior covariant differentiation Du,ou, of H\QH,~type is defined
by Dui@ua(2;/\2%) = D@3 NQs+ (DN (D28 for 2;€2,™ (M, H,
(M)), 85€2,™ (M, H,(M)).

PROPOSITION.
For 2,€82,™ (M, HM)) expressed in the form .Q,,(Jc)=‘§‘.1 wl(x)b,(x),
we have D2,(x) = gl dwb (%)6;(%) + (—1)1’1%1«,;, (x) ADb,(%).

PROOF. From b, (x)=1Ab;(x), we see Qp(x)=‘§lw},(x)/\5i(x) where 1
denotes a base of R. In virtue of (A4,) and (4,), we have

B D2(®)= 3] dub Wb +(~1? 0t ®AD@).

4. Connection forms

We shall introduce the connection form by means of the exterior co-
variant differentiation.
We have in virtue of (4,)

4D Dh(x)= 3 of @)@,

where w/€2," Y (M, R) and the matrix w(x:X)=(w;’(x:X)) is a bounded
linear operator on H,(M) where XeX™ (M). We write (4.1) in the
form Db(x)=b(x)w(x). For 2,€2,™ (M, H(M)) expressed in the form
2,(x) =j"2,1 w*(%)b,(x), we get from (3.1) and (4.1)

4.2) D2 =3 {du'(2) + 3 0f®) ! (D5,

Inserting dwi(x) =§1 0r0i(x)dx* and wji(x) =‘§1 I't.(x)dx* into (4.2),
we obtain

D@y(x: X)= 3 Pxf(®)a! ®)bi(x), for XeX™ (M),

i,/=1
where

4-3) Pxi(®)= 3 d2 Q0 @50u+T4(0).
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DEFINITION 1.

We say that w=(w/), '={"/), Fx=Fx’) are respectively the connec-
tion form, the comnection, the covariant derivation in the dirvection of X
of H-type with respect to b(x).

PROPOSITION 1.
For 9}, @12, (M, H(M)) expressed in the forms @}(x)= 3 &*(®)b,
(%) and 22 (x)=‘§‘,1 & (x)b,(x), we have

Vxiy@=Fxo+Fy,

Vi (+&) =P x+7 xo,

Pixd =iFy®, for AR,
Px(f&)=fV o+ X(f) w, for f€C™ (M, R),

1 1, 1 2 2 2 2
where w= (0!, ®? - , " e ) and o= (&}, &% - ;T e ).

PROOF. The above formulas are derived easily from (4.3).
We consider the dual space H%¥(M) of H,(M) which is said to be the
fibre space of H*-type at x=M and get the dual fibre bundle A*(M)=U

reM
H:(M) of H(M). For XeH, (M) and X*<H%(M), we denote by <X*|X>
the value of the bounded linear functional X* at X. We denote by 2,9

(M, H(M)) a set of all exterior products 232, where 232, (M, H*
M), 2,82, (M, HM)).

DEFINITION 2.

The contraction C is a map C: 2o (M, HM))—->C™ (M, R) given by
CQEN2Y) (x: Xy, woeee y Xprg) =<85(x; X, -0 » Xp) 8o (x: Xpyyy oo » Xp+g)>Tfor
Xy veeeee » XoeeEX™ (M),

We set up the following requirement:

(R,) the exterior covariant differentiation commute with the contraction.

PROPOSITION 2.

Let 5*(x)=("(x), »-+-+- L7 (x), -»e--- ) be the dual moving frame of H(x)
= (6, (%), «++-+- , B, (%), oeeeen ) 1 <B(x) | B5(x) >=4". Assume that Dgzb(x)=b6(x)
wgr(®) and Dg,0* () =0*(X) wgz(%). Then we have wgy(x)+ wgy(x)=0.

PROOF. By (4;) and (R), we get CDyu@x('(x) A\bj(%)) =D yeesC
B () Ab(%)) =D gxxudt =0. By the definition of Dyxgy, we see
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CDa@n (8 () \By () =C({ 5} o (0B (1)} by (x)
DA S ont (D8N
= 3 0mat(®) <E @) 6, >+ 3 wps(0) <) [, (0)>
=wgrs' (¥) T ons' (2.
Consequently we have wg#s# (%) +wgsf(x)=0.

DEFINITION 3.

Let wy be a connection form of H-type. The connection form wyy
of H*-type such that wgy+wgys=0, is said to be the dual connection form
Of Wi

EXAMPLE: For 2,€2,™ (M, (HYH*)(M)) expressed in the form £2,(x)
= 3 wp i WBHRF (1), we get

i,7=1

A9  Duem(®= 3

L)

{do () + 5 omAws} (2

1

— S wut () Aot (D)) O ().

By a matrix differential p-form A we mean a matrix such that its all
elements are real valued differential p-forms. By the exterior differential
dA we mean the exterior differential of all elements of A. The exterior
product AAB of two matrix differential forms A, B is defined in the same
manner in the matrix multiplication where the product of matrix elements
must be replaced by the exterior product.

PROPOSITION 3.

Suppose that b.(x),b,(x) are moving frames of the same type joined
by b, (%) =b.(2)A.s(x) and that w., ws are connection forms with respect
to b.(x),5,(x). Then the transformation low of commection forms is
given by wp(%)=Ap. ()dAc (%) +Apa (D) 0o (x) Aps (%).

PROOF. We have Dbs(x)=b,(x)dA,.,(x)+Db,(x) A.s(x). By using
Db, (x)=b.(*)w.(x) and Dby(x)=b,(N)w,(x), we see Hs(x)w,(x)=b,(x)
dA. (%) +5. (X)) wa (%) Aap(x) and hence B, (x) A () ws(x) =0, (x)dA,,(x)+
be (R (2) A, p(x). Thus we get ws(¥)=As.(*)dA. s (%) +Ap. (%) w,(x)
Aap(x).

EXAMPLE: In case! A, (%) =(0x%/0x) y1-1,2 ++ , we obtain the trans-
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formation law of connections:

0x7 0xp 0x% = = 9%l 0x}

8 0
Pi® =, 2 oxf x5 xi TP+ X xjoxs oxb

where f’=(1a"f,,), ]”;,z(.;’jik) are connections with respect to b,(x)=(0/0x},
0/0x2, +eeet ), b(x)=(0/0x},0/0x%, ------ ). This is the generalization of the
transformation law of affine connections.

5. Curvature forms and structure equation

DEFINITION.

By the curvature form with respect to b(x) we mean the matrix dif-
ferential 2-form R such that D(Db(x))=b(x)R(x). In case Db(x)=%(x)
w(x), the curvature form R is said to be the curvature form of the con-
nection form w.

THEOREM 1 (Structure equation).
Let w be a connection form and R its curvature form. We have
R=dw+o\w.
PROOF. By (4,) and (4,), we get
D(Db(x)) =D (b(x)w(x))
=b(x)dw (%) +Db(x) Aw(x)
=b(x)dw(x) +5(x) w(x) Aw(x)
=b(x) (do (x) + o () Ao (x)).
Therefore we have R(x)=dw(x) +ow(x) Aw(x).

LEMMA.

Let wi(i,j=1,2, - ) be real valued differential 1-forms of class C™
on M such that 5} |w}(x:X)|*<oo, 3 |w}(x:X) |*<co for xeU and XX

(M) where U is an open set of M. Then we have d(ki‘,1 wi(x) N\wb(x))

= Sid(wi@ A5 @).

The proof is a straightforward calculation.

Let R} be the (7, j)-element of a curvature form R with respect to b(x).
We set a condition for R such that i |Ri{(x:X,, X;) |20 for x€U and

t7=1

X, X,€X™(M).  The differential form 9 given by ()= 31 Ri(®)bi(x)

i,7=1
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XV (x) is a (HRQH*)(M)-valued differential 2-form of class C™™2,

THEOREM 2 (Bianchi’s identity).

We have D=0 under the above condition.
PROOF. By (4.4) we see readily

D2 = 31 {dR}(x)+ S os (D ARYH ~ 5o @O ARL @I LH B @).

By structure equation and Lemma, we get

dR (@) + S oD AR ~ Do @ AR
=d{dof®) + B od Ao @)
+ B oA dof () + 3ot @ Aot (@)}
= ZoF @A doi(®) + Tl () Aof (2)}
= Do (@) Aof @ — 5 o0 Aot ()

k=1

+ kg wi (X)) Ndwi*(x) — kglek () Adwgi (%)
+ k%——-]wki(x)/\wlk(x) Nwi(x)

o0

DI VEC IV CIVAVTRICIP

k=1

Now the 1st and the 4th terms, the 2nd and the 3rd terms, the 5th and the

6th terms in the righthand side of the above formula cancel respectively.
Thus we have

dR} (%) + 30 (1) ARY(®) = 3wt (D ARE (%) =0,

This completes our proof of Theorem 2.
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