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Introduction

   The Morrey-Sobolev type imbedding theorems, that is the theorems in-

troducing the regularity of function u defined on the n-Euclidean space when 

the gredient u belongs to some normed space of functions, have been studied 

by various authors and have proved to be very important tools in the study 

of partial differential equations. 

   We have proved theorems of this kind in the previous papers [5], [6], 
(PO)(),z) 

[7] and [8] concerning the spaces r (thespaces of strong 

type r, where 1<p<oo, —p<A<n and 1<r<oo) which was introduced by 

G. Stampacchia in [11]. These results are closely analogous to Stampac- 

chia's theorem for the space(P'a)'A). However, in the case of u;;e 

, where 1<p<2<n andp<r (---= p—----), the analogous es- 
timate of u is still not obtained. 

   In this paper, we shall prove at first that an analogous result holds for 

=---p r. Furthermore, although in the case of 1<p<oo, O<A<n, 1<r<oo 

andn =--- the estimates of u was given, these are different forms from the 

theorems in [8]. Therefore, we shall give the estimates of same form 

which improve the results in [7]. 

   This article is organized as follows: 

   In § 1, the definition of the space M2' (the weak LP space) and main 

results are stated. 

   The proofs of the results are given in § 2. For the proof, we make use 

of theorems due to John-Nirenberg [3], Stampacchia [11] and the author 

[7] (with Furusho), [8]. 

   § 3 is devoted to state the version of the theorems in the unified forms



with the results of  [8].

1. Preliminaries

   We always consider subfamilies of integrable functions defined on a fixed 

bounded cube Q, in the n-Euclidean space En and call subcube Q of Q0 if it 

is a subcube Q of Qo with parallel edges to those of Q0. In addition, we 

denote the measure of Q by IQ and the mean value of function u(x) = u (xl, 

•••, x,,) over Q by uQ: uQ= IQI -1 Jo dx.
   Now, as for the definitions of the spacesS',p'~),1,-.)(0<a 

<1) and Lip (a, p) (0<a<oo), we refer [7], [9] and [11]. And, although 

the following space is defined in [11], we state the definition of it because 

of its important roles in this paper. 

   DEFINITION. A function u is said to belong to the space M2' (the weak 

L' space) if there exists a constant K=K(u) satisfying the following in-

equality:

(1.1) meas. {xEQ0: I u(x) I >c}(K  ) 

P

We denote min. K for which (1.1) holds by IlullAiP(Qo), endowed with this 

norm the space M' is a Banach space. 

   REMARK 1. 1. We note that the following inequality holds: 

(1. 2) II uII L4(Qo)<(P, q) Ilull,~p(Qo) 

where q is an arbitrary constant satisfying 1 <q< p. Moreover, we make 

the following: 

   REMARK 1. 2. By a suitable extension to En of an arbitrary function u 

belonging tocp'a)(Q0) u belongs to the space2(p'x) on the concentric and 
 rr 

parallel cube Qo with twice edge lengths of that of Q0 and has a support 

contained in a fixed cube Qo such as Qo Qo Qo• 

   Now, our main results read as follows: 

                                THEOREM 1. Let p, A, r are constants satisfying 1<p<A<n and r= 

  A-(p----_1—1).Suppose that u is a function such that the gredient 
   s to the space(p'a)`5'2' u,; belongs p(Q0). Then u belongs to the space ..~ 

r and



(1. 3)  [u] (P,2) <C IluXI !(P,.() 

                                                       r

where C is a constant independent of u.1) 

   THEOREM 2. Let u be a function such that the gredient u1; belongs 

to the space '(Q0) (p2=----p). Then, the following estimates hold 

for u:

   (1) 1<p<A<n, then u belongs to ,P'2) and 

(1. 4) Cu] YP'2'<CIl ua:ll(P,A) 

where r1 is an arbitrary constant greater than PA. 

   (2) 1<p=A, then u belongs to 9(1,0)and 

(1. 5) Cu] 1'°)<_CIlu0ll 
                                           P2 

where r1 is a constant as in (1). 

   (3) 0<A<p, then u belongs to1-' u4-1) and 
r1 

rl 

(1. 6) [u)Y—p<CIluxl!(P,2) 
T'a 

where r1 is a constant as in (1).

2. Proof of the Theorems

  We need some lemmas for the proof of Theorem 1. 

   LEMMA 1. The space`P'Z) is isomorphic to the spaceco'p' and 
  rr 

(2.1)C (n, p, A, r) [u] (P,1) C [u] (l,p)<[u](P,i) 
      rrr

where 1<p<00, —p<A<n andpn.
   REMARK 2. 1. This lemma is proved in [2] and [41 independently (—p 

<A<O), [31 (A=0) and [7] (O<A<n) respectively. 

   LEMMA 2. [3] Let p be a constant greater than unity and u be a 

function belonging to the space. `1'111) =N(P'°' (for the definition see [11]).

1) Throughout this paper C denotes always the constant independent of u and some-
times we indicate the arguments on which C depends.



Then u belongs to the space  MP and

(2.2) Ilu—uQoIIMP(Qo)CIIull~ 'p (Qo). 

p

Now, we are going to give the

PROOF OF THE THEOREM 1.

   Let {Q,} be an arbitrary system of finite disjoint subdubes of Q0. As 

the gredient u, belongs to the LP space, u belongs to the LP* space by So-

bolev's lemma (p*= p— 1 )•And, we have (see [10] Chapt. 6, § 6)
Ilu(x) —uQiIILp*(Qi)=C(n)Iid*------------Ix~~-Z*u(x)— (d*----------I x~n-Z*u(x))QJIILp*(QJ)

=C (n) IIE  I x ' n*uxk (x) — (Ex~m*uxk (x))Q; II LP*(Qj)
While, it is well-known that the Sobolev's constant depends on I Qf I in ge-

neral. However, in this case the constant may be supposed to depend on 

IQ,' in place of IQfI by precise investigation of [1], 5.7-5.10. Hence, we 
have

<C(n, p, I Qo I) Il u(x) — (ux)Qi II Lp(Q3l

On the other hand, if we put  ''  =  A — n that is  u  =  '~  —1, then P* p p* p

yp*=---—p+1=0
Hence,

 _>i 

C!(IQ,InP.>EIIu—uQJIILp*(Q!))rl 

                                                r                 J 

                                                                      r <C(n,p,IQoI)C~1IQfITPIlux—(u.)QJILp(Qi)r)r 
     i ll1!1 J 

<C(n, p, I Q0 I) [ux] (2',1) 
(Qo) 

r

As the system {Q5} is arbitrary, this means that u belongs to the space 
p*'P)

p* Y         On the other hand, we have verified that the equality ----- 
(7,,a) ----- h

olds.Therefore,u belongs to the space by Lemma 1. 

r 

   This completes the proof of Theorem 1. 

   COROLLARY. Under the condition of Theorem 1, u belongs to the 

space 111-1P (Q 0) .



 (P2) 

PROOF. By Lemma 1 the space is isomorphic to the space

a 
   c1,P)

=(1,-0 and the conclusion is immediate by Lemma 2. 
rr 

  Before proceeding to give the proof of Theorem 2, we state the following: 

  LEMMA 3. [11] Let p, A, r and r1 be constants satisfying 1<p<oo, 
—p<A<n and 1<r<r1<oo. Then, we have 

(2.3) [u]rp,2)C[u]~,(P 2) 

1 

  LEMMA 4. [8] Let u be a function such that the gredient ux belongs 
(P,2) 

to the space ~ (Q0), where 1<p<00, 0<2<n and pa<r<oo. Then 

the following estimates hold for u. 

                                                                   (P,a) 

  (1) p<2 and p1<r< np, then u belongs to22and
(2. 4) [u]~ (P,a><Cll u.11 (P,2) 

   rr 

   (2) p=2, then u belongs to.2(1,0)and 

(2. 5) Cu]~ (1,0>-<CII uxII(9,2) 
rr 

             aa 
                                                    1—p 

   (3) p>2, then u belongs toA°:r(I,p1)and
a 

    Yr

   PROOF OF THE THEOREM 2. 

   We can deduce the conclusion directly by taking r=p1 and r1 arbitrarily 

close to pa in Lemma 3 and applying Lemma 4. 

   REMARK 2.2. In [7], we have stated a theorem in the different form 

from Theorem 2, that is "Under the same condition as in Theorem 2, u 
                      (r1,n—r1) 

belongs tor(Q0) and similar estimates hold for u, where r1 is an 

                  1 arbitrary constant such as 1<r1<pa. ". Therefore, we can easily verify that 

Theorem 2 is an improvement of the former one, considering for example 

the cases: (i) n=pa(p=2) and (ii) n<pa (p>2).

3. Comments on the imbedding theorems

In this paper, we have proved two imbedding theorems for special r,



that is  r=----p and r=p2. However, in the previous paper [8], we obtained 

results in more general situations. Combining these results, we would like 

to mention them in the unified form.

   THEOREM A.Let u be a function such that the gredientuxbelongs 

to the space(p'2) (Q0). where 1<p<oo, 0<,<n and p---< n< p+1. 
Then, the following estimates hold for u. 

   (1) p<2, then u belongs to the space . :iv') and 
(3.1) [u]~ Tp,cCll u~ 11 (P,2) 

1r 

where r1 is an arbitrary constant greater than p2. 

                                    :1'0) (2) p =2, then u belongs to the space~° and 
(3. 2) Cu]  (l'°)Cllua;ll, (P,2) 

1r 

where r1 is a constant as in (1). 
                                                                  A x 1- p (1

,p-1) 
   (3) p>2, then u belongs to the space=and 

rlrl 

(3. 3) [u](2,2)              rp<CIIu~11 
                           1 where r1 is a constant as in (1).

  THEOREM B. If we assume " n < j" in place of the condition " p 
n <  p+1" in Theorem A, similar estimates hold for u. 
  (1) p<2, p2<r<---p and r1 is replaced by r. 

   (2) p=2, p2<r<oo and r1 is as in (1). 

   (3) P>2, p2<r<oo and r1 is as in (1).

   REMARK 3.1. As was mentioned in the introduction, these results are 
(12,2) 

closely analogous to Stampacchia's theorem in [11] for the space(_ 

(92) 

     ). Therefore, it seems to us that improvement of Theorems A and 

B is very difficult.

  REMARK 3.2. In the case of p<2 and  n p<r, we do not obtain an an-
alogous result to the above theorems. The difficulty to solve the problem 

is caused by the fact that to attain the supremum the constants depend on 

Q51 and may tend to infinity as 1 Qf1 tend to 0.
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