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   Denote by D the dihedral group {g'it'l g'=t2=gtgt=e}. Let Dp(l, m) 

be an orbit manifold of a principal Dp- manifold S"" x S71' with an action 

gzt'(z, x) = (p c'(z), (-1)'x), 

where p=exp -1/p and c(z) denotes the conjugate point of z [12]. 

The structure of the complex K-groups K(D2(l, m)) are determined in [8] 

and [9]. In this paper we use the Atiyah-Hirzebruch spectral sequence to 
                ti 

determine the real K-groups KO(Dp(4m+3, 8n+7)), and the result is applied 

to determine the structure of J-groups J (D p (4m+3, 8n+ 7)) . Furthermore 

we discuss Thom complexes over D (1, m) and the stable homotopy type of 

the stunted spaces Dp(n, k) /Dp(n', k) and Dp(n, k) /Dp(n, k').

            ti 

1. The structure of KO(Dp(4m+3, 8n+7)), p: odd prime.

   Let L'm(p) =S2,m+'/Zp be the standard lens space and Sk the k-sphere. 

Dp(m, k) is homeomorphic to an orbit space of a principal Z2-manifold Lm(p) 

x Sk with an action 

t ([z], x) = ([2], — x), t the generator of Z2, 

where 2 denotes the conjugate point of z. In [12] and [13], we have shown 

that the cochain groups C * (D p (m, k) ; Z) are generated by {(c, 0, 1, 

... , 2m+1; j=0,1, ... , k, dim(c'°, d') = i+ j} and the coboundary operations 

are given by 

s(c2i", d') =p(c"+2' d>) + {(-1)i+ (-1)>} (c2i+i, di"), 

(c217 d0= {(-1)'+ (-1)'+1} (c2z, di") 
and that the chain groups C* (D p (m, k) ; Z) are generated by { (C1, D1)11=0, 

1, ... , 2m+1; j=0,1, ... , k, dim(Czf D,,) =i+j} and the boundary oprations 

are given by 

0(C21+1, D1) = {(-1)i+ (-1)'+'} (C2i+1, DJ-1),



 (C21, D1) =p (C2i-1, D.O + {(-1)i +  (-1)J} (C21, D1-1). 

   THEOREM 1.1. H*(Dp(m, k); Z2) is isomorphic to a polynomial ring 

of x= (c2m+', d°) and y= (c°, d1) truncated by an ideal generated by yk+1 and 

x2: 

      H*(Dp(m, k) ; Z2) =Z2Cx, Y]/(Yk+l, x2). 

   PROOF. We obtain the diagonal chain map 

d : C*(Dp(m, k) ; Z2)-C*(Dp(m, k) ; Z2) ® C*(Dp(m, k) ; Z2)

defined by 

4(C2i+1, D1) = E (C23+1, Dt) ® (C23', Dt') 
                            t +

~t '1= 1             L                  + (C23, D1) ® (C23'+1, D1') 
3+3'=i

and

d (C2i, D1) _ E (C23, Dt) ® (C23', D3') . 
3+3'=8 

H*(Dp(m, k) ; Z2) are generated additively by { (c°, di), (c277+1, di) I j= 0, 1, . , 

k} and H*(Dp(m, k); Z2) are generated additively by {(C2?i,,+1, D,), (Co, D,) 

j =0,1, ... , k}. Observe that 

<(c2m+1, d°) U(c°,di), (Co D1)> 
=<4*((c2m+1, d°) co,®( d')), (C1, D1)> 

=<(c2m+1, d°) ® (co, d'), d*(Ci, D1)> 

_ 1 if i=2m+1, l=j, 
0 otherwise. 

Hence, we obtain (c2m+1, d°) U (c°, di) = (c2"t+1' d'), and by same procedure, 

(c°, di) U (c°, d') = (c°, di-FP) and (c2m+1, d°) U (c2m+1, d°) =0. q. e. d. 

   PROPOSITION 1. 2. (i) Sg2(yi) _2 )yi+2 for y= (c°, d'). 
(ii) Sq2 (x) =0, for x= (c4m+3, d°)~H4m+3(Dp(2m+1, 4k+3) ; Z2). 

   PROOF. (i) is clear. (ii) : Suppose to the contrary that Sq2 (x) O. 

The differential d24'+n+3'° of the Atiyah-Hirzebruch spectral sequence is repre-

sented by the cohomology operation Sq2 [6]. Therefore the assumption implies 

that d247Th+3,° for KO*(Dp(2m+1,4k+3)) is non trivial, and the rank of KO4m+3 

(Dp(2m+1, 4k+3)) ® Qc1, for the free part of II* (Dp(2m+1, 4k+3); Z) is 

isomorphic to Z(c4m+3, d°) Q+ Z (c°, d4k+2) O Z (c4m+3, d4k+3). On the other hand, 
                       ti 

it follows from the Dold theorem [5] thatKO47Th+3(Dp(2m+1, 4k+3)) ® Q-Q 

Q+ Q. Therefore Sq2(x) = 0.q. e. d. 

   Recall that H*(Dp(4m+3, 8
7n+7); Z) is isomorphic to Z(c°, d8'~+7)Q+Z (c8m+7

, d°)O,t           Z(c8m+7, d8+7)U+EZ2(c°, d2') ®+ Z2(c8m+7, d2'i) (DE  Zp(c4i, d°) O



E  Z2)(c4z, d"+7), where 0<2jC8n+7 and 0C2i<4m+3, ([13]). 
In the spectral sequence {Ef,q,dfiq} for KO-theory, the differentials dz,-Bt, 
dp,-Bt-1 and d3,-Bt-2 are known as follows [6]: 

d2,-8t _ sg2 : EZ,-8t_,,E2 +2,-8t-1 

      (*)d2,
3,--8t-1=•q2: EZ,-8t-1_,Ly`2+2,-8t-2          /d8t-2_{o2Sg2} : E3,-86-2_),E +3,-8t-4 

Let KO' =KOz(a point). We now investigate the Atiyah-Hirzebruch spectral 

                   KOsequence{Ep,q,dp,q} for KO(Dp(4m+3, 8n+7)). 

(i ) EZ t,-Bt is generated by (c°, d81) ©K° and (cst, d°) O ,c°, where E F,-8t 
171Bt(Dp(4m+3, 8n+7); KO-Bt) and K° is a generator of KO-8t-Z. 

    (ii) EZt+1,-8t-1 _ H8t+1(Dp(4m+3, 8n+7) ; KO-8t-1) is generated by y8t+1 
0 K, and x8 7yBt-Bm-6 Ox,cf where K1 is the generator of KO-8t-1=Z2. Using 
(*) and Proposition 1.2, we find that 

d8t+1,-8t-1 (x8m+7y8t-8m-6 0 KO _x8m+7y8t-87M-4 © K2, d26+1,-8t-1 ll(y8t+l O KO_0, 
where K2 is the generator of KO-at-2=Z2. Hence, Er',-"-' is generated by 

y8t+l O K1. 
   (iii) EZt+2,-Bt-2_HBt+2(Dp(4m+3, 8n+7) ; KO-8t-2) is generated by y8t+2 

0 K2 and x8m+7y8t-8m-5 © K2. 
The differential 

d2t,-at-1: E.t,-8t- 1..H8t(Dp(4m+3, 8n+7);Z2)-*EZt+2,-8t-2 
is trivial and Ezt+4,-8t-3=0. Therefore E3t+2,-8t-2_E8t+2,-8C-2. From (*) 
and Proposition 1.2, 

dlt+2,-8t-2(x8m+7y8t-8m-5 © K2) _ (c8m+7, d8t-8m-2) © K4 

where K4 is a generator of KO-8t-4~Z. This implies that E4t+2,-8t-2 is ge-
nerated by y8t+2 O K2. 

     (iv) EZC+3,-8t-3..,E8t+5,-8t-5-E8t+6,-8t-6'..E8t+7,-8t-7_0. 
( v) E Zt+4,8t-4 is generated by (c8t+4, d°) ®x K4 and (c°, dst+4) ©K4. 

                     ti 

   PROPOSITION 1.3. The order of:kb O(Dp(4m+3, 8n+7)) 2# (87z+7) p2m+1, 
where p(s) is the number of integers s with 0<s<8n+7 and s=0,1, 2, 4 
modulo 8. 

                                                  I-0    PROOF. From the above observation of the spectral sequence forKO 

(Dp(4m+3, 8n+7)) it follows that E;'-j is generated by 

(co, d8t) O K°, y8t+1 O K1, y8t+2 ®K2and 

      (c°, (18t+4) Ox K4 which are order of 2, 
and



   (c8t, d°)  ®x tc°f and (c8t+4, d°) Ox K4 which are order of p. Therefore, Pro-

posion 1.3 follows.q. e. d. 

   According to [7], there is an injective homomorphism 
  tititi 

     0 :KO(L4m+3(p))O+KO(RP8"+7)--KO(Dp(4m+3, 8n+7)), 

0(x,y)=i, (x)+p! (y), 

where i  is a homomorphism defined from the induced representation with 

respect to ZpcDp and pi is a ring homomorphism induced from the natural 

projection 

  p : Dp(4m+3, 8n+7) p([z, /41)=[u]. Note that the order of 
ti 

KO(L4m+3(p)) = p27/t+1 [10], and the order of KO(RP8"+7) =2' (812+7) [1]. Finally, 

we obtain
           ti 

THEOREM 1. 4. 0 :KO (L4m+3 (p)) O+ KO (RP8"+7) -* 

KO(Dp(4m+3, 8n+7)) is isomorphic.

2. The structure of J(Dp(4m+3, 8n+7)), p : odd prime.

   We use the important result due to Adams [2], [3] and Quillen [14] : 
  titi 

J(X) is isomorphic to KO (X) /V(X), where V(X) = fl E ke(sbk-1) KO(X), 

Ok : Adams operation. `i' 
Denote by the canonical real line bundle over the real projective space 

and 17 the canonical complex line bundle over the lens space. Put 6=72—lc 

in KO (L' (p)) and let r be the real restriction homomorphism. 

   The following is well known.

   THEOREM 2.1. (Adams [3], Kambe, Matsunaga and Toda [11]) 

(i) J(RP") is isomorphic to a cyclic group of order 2# (") generated 
by .I (6-1). 

(ii) J(L'(p)), lx0 mod. 4, is isomorphic to a cyclic group of order 

p Cl/ cp-1)] generated by J(r(a)). 
   We use maps i : Lt(p) , Dp(l, m), i ([z]) _ [z, e], j : RPm —> Dp(l, m), 

j ([x]) =[e, x] and p: Dp(l, m)-8.RPm, p ([z, x]) =[x], where e= (1, 0, ... , 0). 

   LEMMA 2.2. The following diagram is commutative:

KO(L4m+33(p))~KO(Dp(4m+3, 8n+7)) 

    W`1ki I~V ~j k 
KO(L47Th+3(p))—KO(Dp(4m+3, 8n+7)).



   PROOF. According to Proposition  2.2 of [7], i 1 i 1 =2, and it (Pki  = 
                                  ti 

it i 10. Therefore Oki  (x) - i 10k (x) belongs to the kernel of it : KO (D „(4m 
       ti 

+3, 8n+7))-*KO(L4" 3(p)) and giki 1 (x) -i  sbk(x) =0, for Oki (x)- i 1 ~k(x) 

is contained in the p-group and Keri 1 is the 2-group from Theorem 1.4. 

q. e. d.

By Lemma 2. 2 we see that i , induces the homomorphism 

i, : J(L4-+3(p))---->J(Dp(4m+3, 8n+7)).

   THEOREM 2.3. There exists an isomorphism 

        0 : J(Dp(4m+3, 8n+7))-->J(RPB"+7) O+ J(L4-+3(p)), 

which is defined by 0(a) = (j 1 (a), it (a)).

   PROOF. From Theorem 1.4, we have the exact sequence 

p1                                          •i1 
 KO(RP3"+')—>->               KO(Dp(4m+3, 8n+7))—KO(L4m+3(p))_>0 

Since pj is the identity, p1 :J(RP8"+---                           ')>J(Dp(4m+3, 8n1+7)) is injective 

and there exists a split short exact sequence

piii 0-->J (Dp(4m+3 , 8n+7))-->J (Dm+3(p))--->0. 
j1

Then we obtain an isomorphism 

8 : J(Dp(4m+3, 8n+7))—>J(RP"+7) (L4-+3 (p)) 

defined by 0(a) _ (j 1 (a), it (a)) with the inverse 6 defined by 

(Q, r) =p1 (Q) +i1 ((1/2)r)•q. e. d.

3. The stable homotopy type of Dp(n, m) IDp(n', m) and Dp(n, m) IDp(n, m'). 

   Considering dihedral group actions on S2a+1 x S'" x R and S2a+1 x St' x C 

by 

t(z, x, y) = (2, - x, - y), g(z, x, y) = (pz, x, y), (z, x, y) E S21+' x Sm x R 

and 

      t(z, x, u) = (2, -x, u), g(z, x, y)= (pz, x, py), (z, x, u) E S2c+' x Sm x C, 

we have a real line bundle 

E1 : (Szti+1 x S'n x R) /Dp-->D,(1, m) 

and a real 2-plane bundle



 (S2'+'xS7ThxC)/Dp--  >Dp(l,m), (cf. [7]). 

Denote by X' a Thom complex of a vector bundle over X. Then we obtain 

   THEOREM 3.1. Dp(l, m)kV1 ©nf i is homeomorphic to 

Dp(l+k, m+n)/(Dp(k-1, m+n) UDp(l+k, n-1)). 

   PROOF. Taking spaces D(10210  ne'1) = S2'+' x Sm x D2k x Dni -- and S(kv1 

O+ n1) = S2`+1 x Sm x (S2k-1 x Dn U D2k x Sn ') /-,,, where(z, x, u, y) (Pz, x, pu, y) 

and (z, x, u, y) -.- (2, — x, u, — y) , we see that Thom complex D p (l, m) k n 1 o "1 

is homeomophic to D (kv10+ n$1) /S(k-,10+ n$1). Consider a map 

      f : D (kv1 O+ n$') >S2 c'+k> +1 x Sm+n 

given by f(z,x,u,y)=((u,A/1—Ilull2•z), (y,-^1—I1y112•x)). Then f(S(kviCD' 
ne*1)) c D p(k —1, m + n) U D p(l + k, n —1) are the f induces a homeomorphism 

D1(l, m)k'J' ©ne'-Dp(l+k, m+n)/(Dp(k-1, m+n) U Dp(l+k, n-1)). 

q. e. d.

COROLLARY 3.2. There are following homeomorphisms: 

( i ) D,(l, n)/Dp(l, n-1)=Sn/~D,(l, 0)+, 

(ii) Dp(k, m) /Dp(k-1, m) =SkADp(0, m)kF'.

   PROOF. (i) Taking k=0  and m=0  in Theorem 3.1, we have that 

Dp(l, 0)nf1 is homeomorphic to Dp(l, n)/Dp(l, n-1). Since H1(Dp(l, 0) ;Z2) 0 

from Theorem 1.1, any line bundle over Dp(l, 0) is trivial and (i) follows. 

   (ii) Taking 1=0 and n=0 in Theorem 3.1, we have that Dp(0, m)' 1 

is homeomorphic to Dp(k, m) /Dp(k-1, m). Making use of Proposition 3.1 (ii) 

in [7], E/, we obtain (ii).q. e. d.

   PROPOSITION 3.3. Let ,1 be the bundle over Dp(4m+3, 8n+7). Then, 

J(71-2) has order of 20(Sn+7>pCc4m+3>i(p-1)3. 

   PROOF. From Theorem 2.3, it follows that 

0(J(v1-2)) _ (j 1J(,j1-2), 0J(v1-2))•

By making use of the fact that :11  721=1C+E (Proposition 3.1 (iv) of [7]) and 

i11=v (Proposition 3.1 (i) of [7]), we obtain 8(J(,71-2))=(J(E-1), J(-

-2)) .  And Theorem 2.1 completes the proof.q. e. d. 

   PROPOSITION 3.4. Let SI be the bundle over Dp(l, m). Then, J(61-1) 

has oder of 2# (m). 

   PROOF. The natural dnjection j : RP-- >Dp(l, m), j ([y]) =[e, y] and 

the natural projection p : Dp(l, m)--->RPm, p([z, y])=[y], satisfy pj= iden-



tity. Therefore  p  : J(RP')—>J(Dp(l, m)) is injective. q. e. d. 

   THEOREM 3.5. 

(i ) Dp(l, 2# ('n-1)q+n)/Dp(l, n—m+2# Dp(l, n)/Dp(l, n—m). 

(ii) If 1-1-3 modulo 4 and m--1 modulo 8, then Dp(n+rq, m)/Dp 

(n+rq—1, m)—S Dp(n, m)/Dp(n—1, m), where r=2# (7720pc(1-1)/(p-1)3 

   PROOF. (i) Let t---=2'('-"q. From Theorem 3.1, Dp(l, t+n) /Dp(l, n—m 

+t) is homeomorphic to Dp(l, m-1) t1Z-m+t+1)F1 Proposition 3.4 and [4] 

implies that Dp(l, m-1) (n-m+t+1)F1_s Dp(l, m-1) ("-'+1) E1 and (i) follows. 

(ii) From Theorem 3.1, Dp(n+rq, m)/Dp(n+rq—1, m) is homeomorphic 

to Dp(l-1, m)(1"-r1-1+') '1. Proposition 3. 3 implies that J((n+rq—l+1)771) 

J((n—l+1)771) and Dp(l-1, m) ("+r4-1+1)'1—s Dp(l-1, m)('-1") '1 [4]. Using 

Theorem 3. 1, we can see that Dp(l-1, m) (n-t+1) °1 is homeomorphic to 

Dp(n, m) /Dp(n—1, m) and (ii) follows.q. e. d.
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