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Introduction

Let H be a real Hilbert space and V, W be real Banach spaces with
VcWcH. We assume V is dense in W and H, and the natural injections
from V into W and from W into H are both continuous. We identify H
with its dual H* (i.e. VCWcHcW*cV*). Pairing between V* and V is
denoted by ( , ).

Let us consider the nonlinear evolution equation

w'(t)+B®u' () +Au()=0 (sR*=[0, )) (E)
where A is the Fréchet derivative of a nonnegative functional F,(%) on V
and B(?) is a bounded operator for each ¢ from W to W*

Regarding the operators A and B(t), we make the following assumptions:

H,. For each d>0, the set {#ucV | F,(u)<d} is bounded, and (Au, u)
=k, (u) for ueV with some k,>0.

H,. B(t) satisfies the inequalities;

kb ()| lvll#* =] B(@#)vllw* and

(B@)v,v)=h@®)|v||5*? for veW
where £,(=0), r(=0) are constants and 4(¢) is a function on R* with A(¢)
=h>0.

Recently in [5], one of the present authors has investigated the decay
property of solutions of (E) in the case of B(#) being independent of ¢, and
subsequently, in [6], the case that both of A and B depend on ¢ has been
treated. In [6], however, we are interested mainly in the case A(#) and
(or) B(?) tend to 0 as f—oo in a certain sense, and little attention is paid
to the case that they are unbounded with respect to 2.

The object of this paper is to prove that the solutions of (E) approach
to 0 as t—oo in the energy if we make some restriction on the growth of
h(t) appearing in H,. As simple examples show our result is best possible
in a certain sense (see section 3).
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Though our method and result are related to those of [5], [6], they are
essentially generalizations of a recent work [1] by Artstein and Infante,
where the second order ordinary differential equation

I +h@2) +Ex(@)=0 (£>0)
is mainly discussed.
In section 3 we give some typical examples.

1. Preliminaries

Here we state our definition of solutions of (E) and a lemma due to
Artstein and Infante [1].
DEFINITION. A V-valued function #(#) on R*=[0,o0) is said to be a

solution of (B) if ueC(R'; V), weC(R; HYNL  (R*; W), w'eL (R';
V*) and the equation (E) is valid in V* for a.e. teR*.
Let #(#) be a solution of (E). Then we have formally

%E(u(t))-i—(B(t)u'(t), ' (1))=0 (a.e.) 1.1

where we set
E(t) = (Dla+Fa(u()).

Moreover we have formally, by integration by parts,
(W' (8, w({#))— @' (L), u'(tl))+J:{1|u'(t)|I§+

+(B®u' (), u())+(Au(®), ()} dt=0 1.2)
for ¢, t,eR".
Throughout the paper we consider only the solutions satisfying (1.1) and
(1.2), which does not seem to be so restrictive in practical problems.
For our argument the following lemma is essential.

LEMMA ([11). Let aya,,..... be a sequence of positive numbers with
the property that, for some N, éaigNonz, Then i ; =00,
i=1 =1 a;

2. Result

Our result is the following:
THEOREM. In addition to H, and H,, suppose that the function h(t)
in H, satisfies the growth condition
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| BOAZN,  for any T>0, @1
with some N, >0.
Then, for any solution wu(t) of (E) such that || (t)||y is uniformly con-
tinuous for large t we have
l,iIE E(u(t))=0.
PrROOF. By (1.1) and the definition of solution, E(x(#)) is continuous

in ¢ and
E@u(®)=lim sup E(“(H’O});E(u(t))

=—(B®Ouw®), ')
=—hrOlw®OlF*? <—hllw' @2 2.2)

Therefore, by a standard argument of stability (see, Lasalle [2]), we have
l:im E (u(t))=c,(const.) and I‘imllu'(t)]|H=0 2.3)
We claim that there is a monotonic increasing sequence of integers #n, #.,,,

...... , m;—c0 as i—»oco, such that

j"*‘“(B(t)u'(t), #(£))dt—0 (n,—00). (2. 4)

Suppose that it were false; then there would exist a >0 and #, such that
0<o=([BOW®, uw) dt) for nzn,

Then we have, by H, and H,,
sr 2 =([ kW @ 5 lu®)lndt)

<kee([Tn@ar) ([hayiw @l we 1Fa)

<const. (r“h(t)dt) (j:”h(t)nu'(t)H&Hdt)’”.

"

41 1
Thus, setting an=(J h(t)dt)fﬂ, we have

L <const. ["“h(t)ﬁu'(t)nw dt

»

<const. r”(B(t)u'(t), w @) dt. (2.5)

Hence, again by (1.1),
aigconst. (E@@n)) —E@n+1))

and
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) —al—gconst. E (u(ny)) <oo. (2.6)
However, by our assumption on 2(¢), we have
n n i+l 1
p— 7+1
Sa=3(]] he ar)

< wrii([ e dt)r‘i’x‘gzv.;na

which means, by Lemma, (2.6) is a contradiction.
Now, by (1.2) and (2.5), we have

limr“‘cAu(t), u(®)) dt=0
g

i =00,

which together with H, rules out the possibility ¢,%0. The proof of Theorem
is now completed.

3. Examples

In this section we give two typical examples.
EXAMPLE 1. Consider the ordinary differential equation
F@) AW 2@)|72@) +R2@) |“x() =0, 3.1
t=0, (>0, a, r=0).
In this case we can take V=W=H=R (real line) and
Au=Fk|ul*u, B@®)u=h()|u|"u.
The equations (1.1), (1.2) are, of course, valid for any usual solution x(#)
and |£(¢)| is uniformly continuos on R*. Therefore, if h(f) satisfies the
growth condition (2.1), we have

E)=1limi+

|x£(¢)|=0. This is a direct generalization of the result of [1].
Analogeously as in [1], we consider for any >0

bty =t QEVEID 55110724 4177, where 5= 5.

|x(t)|***—0 as t—co, that is, ltimlx(t)|=1im
->00 t—00

Then

1 Irh(t) dt=~const. and x(#)=1+1+¢t)"&/"*D
0

Tz+7+e

is a solution of (3.1). Since x(#) does not approach to 0 as #—oo, this
shows that condition (2.1) is sharp and can not be replaced by

rh(t) dt<N,T?"*.
0
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EXAMPLE 2. Consider the nonlinear wave equation

0* 0 _ +
—Wu—du+h(t) p(x, T;{‘“)JFB("’ u)=0 on OXR
and 3.2)
#]ao=0,

where 2 is a bounded domain in the »# dimensional Euclidean space R" and
042 its boundary.

Regarding ¢ and @ we assume:
0=B(x, s)s<const. (1+|s])=*?
and
Cols|™2<p(x, s)s<C,|s|™** (Cy, C,: const.)
with
2

<
0=a r< pry;

if n>2 and 0<a, r<<oco if n=1,2.

Then, under some additional conditions of measurability, continuity, and
monotonicity on 8(x, s) and p(x, s), the existence of (generalized) solutions
u satisfying

ucsC(R*; H\(2)), weC(R; L*(@))NL**(R*; L™**(2))
is well known (see e.g. Lions and Strauss [3], Nakao [4], etc.). In this
case we can take

H=L*(2), V=H,(2), W=L"*(%2),

Au=—du+B(x,u) and B({)v=h()p(x,v).
Moreover, the equations (1.1)— (1.2) are known to be valid (cf. Strauss [7]).
Thus if #(¢) satisfies (2.1) and ||#’(¢) ||z is uniformly continuous on R*, we have

U (3,t)

E@®)=5lw®l, +gladly +[ [ 8 s)dsdz
— 0 as {-»o0,

In particular, let us consider the linear equation i.e. p(x, %u)=76t—u,
and B(x,u)=u and let ¢#(x) be an eigen function of —4+17 in I?l(.Q). Then

u@)=10+A+t)"%¢(x)(e>0) satisfies the equation (3.2) with

B(H)=(e+1) A+ + %(14—0 +-1—(1+t)1+€
This example (due to essentially [1]) implies that the condition (2.1) with
r=0 cannot be replaced by

1 j:h(ndtho for T>0.

“TevE
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4. Remark on first order equation

In a similar and simpler manner it is easily seen that the assertion of
Theorem in §2 is valid also for the first order equation with E(u(?)) re-
placed by F,(u(?));

B@®)u'(t) +Au=0.
This result can be applied, for example, to the equation

hO-g = F g

#|s0=0
where £ is a bounded domain in R®. We omit the details.

0 """ 0 _4y=0 on QxR (p=2
Gxiu m:u)—— on 2x (p=2)
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