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Let (x,¢) be a variable in R"X[0,c0) (n=3).
Consider the Initial-Value Problem for the equations of the form:
Q) u,—du+gu+ G, Uny, Ungny) +F (0, ) =f(%, 1),
(x, ) ER*% (0, o),
with the initial condition
@ ux,0)=u,(x), x€R",

2
where ut=a_”%’_’l, “m=‘g%r ““"”Fa%iaux,_’ 4 is the n-dimensional Lap-

lacian, g is a nonnegative constant and G, F, f are the followings:
B3) G (W, s, hiny) = Crott?1(1+Cyy | Pu|*1+Crru"re™) té, QiyUzizg,

@  F(u, tz;) =CogutP2 (14 Cyiut™26™) + Cpp | Pt | 2%2 (14 Cpsut™s + Criu™4€™), where ayy,
C.; are constants and p,, q,, 7; are positive integers with p,>1,

(5) f=f(x,¢) is a given function satisfying some smoothness and smallness
conditions described below.

Previously, in [1] the authors obtained a global smooth solution for
the problem (1)-(2) when »: arbitrary, g>0 and f=0 and showed the ex-
ponential stability of the trivial solution #=0. In [1], the positivity of the
operator (g—4)* on L?(R™) played the essential role.

And quite recently in [2], the authors established to obtain such solu-
tions in the cases involving »: arbitrary, g=0, f=0 and F,(«)-#=0 where
F,(u) = CyuP2(1+ C,,u"2¢*) which is a part of F(u,us) in (4). The technical
point is the application of the positivity of the operator 1+ (—4)* on L*(R").

However, we did not succeed to cases without such monotonicity condi-
tion on F,(#). But we can report here that in the special cases, using the
general version of Sobolev Lemma by L. Nirenberg the problem (1)-(2) will
admit global solutions with small data.

We use the usual notations concerning -the function spaces as L?, HF,
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L 0, T3 H), & o (H), etc.
LEMMA 1. (L. Nirenberg [6]) Suppose u=H v with n=>3. Then ucL”

with r= 2n and

n—2

© [[grlul”axy == 202D pupant

where Pu is a gradient of u.
Now, as in the previous manner (cf. [1], [2]) we use:
G =<(=Dh,..>, | 1E=(C,0),,
(e =< A+ (DY, 2> 1 1E= (L0,
for each positive integer 1.

LEMMA 2. Suppose uEH' (I2[—5-1+1,#23). If p1t—-,  then
we have
(0) [ gnlul™dx=Const. jul 3z~
where the constant depends only on n,l, p.
PROOF. We have by Hélder Inequality that
JRn]ulp“dx:jRnlulz-]ul"“dx

2 _r_ _2
<t pluldl ([ alul *97Fdx)',  where r=-20

Here we can see that

2n

(p_]-) ’,12 z%'ﬂ=27

n—2
and therefore we can put,

(p-DL5=2+a (a=0).

Thus we get,
2 L2
IRnlul””dxg[JRnlul'dx]’ [J-Rnlulzlul“dx] v

With the use of Lemma 1 and the standard Sobolev Lemma we should have,
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[erlulPrar=Clultiulzo—Dr [ alulda]=+
and further we have,
IR"l“l"”deCIul%|1u||7(1-%>uumu-%>
=Clu|fllull?.

This completes the proof. (g.e.d.)

LEMMA 3. Suppose that the number p, appeared in F (u) in
(4) satisfies
ngl‘*'%‘,
then there exists an increasing continuous function ¢,(s) (s=0) with
$:(0)=0 such that for ucH* (K=[—5-1+3),
® | (G, tzs, Uyag), 1) o+ (F (0, Uy), 1),
<|u|igp(llulle).

PrROOF. For the first term, we have,
(G(ua ua:ir u-ﬂi-”j)v u)o

= CIOJRﬂup1+1(1+ Cll { |4 I M+ Clzurleu) ?.;. Qijlhzing dx

=Cy iij _a”JR"’u"i' [u?1*1 (14 Cyy | Pu|*14-Cou"1e™) 12, dx,

and hence it suffices to know that

I_[Rnumu"-u,,,dﬂgConst. |2¢] 2|u)|2,
I'[Rnuzi(ux,)“ua,,zidx[gConst. loe] 3]lullg,

IjRnum(upe”)ux,dxlgConst. |26 2]|2e|| 2" * k.

These are true because that |#|e, |#a;|ws |#z52:| are bounded by |l#ll;. For
the second term, we also have,

IJR"F(”’ Uz udx|

S [t (ot Corse) |+ [ Conl | oL+ Cot's ey |
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<[ Cul |1+cuu*ze“|ijn|ulf’z+*dx

+ | Cop| | (14 Coqtt”s+ Cy t674€™) | oo |Vu|2q2—2|“jR"|7u|zdx-
Thus applying Lemma 2 we should have
|[ 2P, waudx]

<Const. ||} {llullfz"t (1+ |||l z2€° ") 4[| aal| 292~ (1 + ||oe] |55
+lullzee®t ™ 'x)}
Thus, adding these estimates we will get a function ¢k(s) which satisfies
the properties of this lemma. (q.e.d.)
Then we have our statement in this note.

THEOREM.  Suppose that k is larger than ky+3 (ky=[—5-1+2),
u,CH**, and
FEDE N &ty YN0, 00 HE),
Then there exists a positive constant 8, such that if,
[T lewadt + gl era<000, |
the problem (1)-(2) will have one and only one solution in the class
& oy (HON & oy (H*?).
SKETCH OF THE PROOF.

The details will follow from the arguments in §2 in [2].
A priori, we have two equalities,

5118+ 4l G+ F, wo=(f w00

(LD + 4 B354+ (G+F )=, ),

by multiplying #’ to both sides of the equation (1). And adding these equ-
alities we get,
Ul + (ul 1+ e £y

SIAlllnlle+ | (G+F, u) | + | (G+F, %) |.
Therefore, using Lemma 2.3 in [2] and Lemma 3 in this note, we will have

an increasing continuous function ¢,(s) (s=>0) with ¢,(0)=0 such that
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%(Hulli)'é{—1+$k(llullk)}(Iul 1+ 1wl )+l

Thus, by integrating, it follows that
Ilu(t)llﬁs[luollﬁ+ZID(|uI 2k u) 2en) {— 1+ (llull)}at

t
+2[ 1Al

From this inequality, the conclusion will follow. (g.e.d.)

REMARK 1. Though we treat the equations in the cases #=>3, p,=>

1+% in this note, one can see that there exist bounded smooth solutions

in the semi-linear cases when #=3, p,=2. (This is well known by H. Fujita
£33

REMARK 2. When p,=1 and C,,<<0, we get a global solution without
such restrictions to # and nonlinearities. (See [1],[2].)

REMARK 3. For equations (1) we can not always obtain a global
solution when the norm of the initial value is growing. (cf. H. Fujita [3],
S. Kaplan [4], H. Levine [5], etc.) In particular, S. Portnoy [7] showed
the instability of #=0 to the equation

u,=du+u* (n=2).
This means that we can not obtain the global solution for any non-zero
initial values. However, in the case of initial-boundary value problem in
the bounded domain for these equations we can show the stability of #=0
for any »n. (See [1].)
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