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Introduction.

   The Morrey-Sobolev type imbedding theorems in the <PO) spaces have 

played one of the most important roles in the study of partial differential 
equations. 1) These theorems were first studied by C. B. Morrey [8] and 

afterwards by various authors including S. Campanato [1], [2], [3], [4], [5] 

and G. Stampacchia [14], [15] who established the theorems. 

   While, Stampacchia introduced the - (2'2) spaces of strong type which 

are more general than thetp'2> spaces and the imbedding theorems in 

these spaces were proved by him [14], L. C. Piccinini [13], the author [10], 

[11], [12] and others. In [12] we have proved imbedding theorems analog-

ous to Stampacchia's theorem for the -- (P,a' spaces assuming that the strong 
~(p,A' spaces are imbedded in the Lipschitz spaces or their limiting spaces. 

In this paper, we shall prove a "genuine" Morrey-Sobolev type imbedding 

theorem concerned with the strong Holder spaces under suitable conditions. 

That is, the theorem is quite analogous to the Stampacchia's theorem and 

improves partially the theorem [12]. The main tools for the proof are 

theorems due to S. M. Nikol'skii [9] and the author [10], [12] (with Y. 

Furusho) .

§ 1. Preliminaries

  In this section relevant definitions which may be found in [10] and [14], 

theorems due to Stampacchia, the author, Ono-Furusho and main theorem 

in this article are stated. 

   We shall always consider real-valued integrable function u (x) = u (x1,

1) For the theory of ~(2),2) spaces see [13], [15] as bibliography.



 

•  •  •, x0 defined on the n dimensional Euclidean space En with compact sup-

ports. We consider an arbitrary parallel subcube Q of a fixed bounded cube 

Q0. (From now on by a subcube Q of Q0 we mean parallel subcube of Q0.) 

We denote the measure of Q by Q I and mean value of a function u over 

Q by uQ: uQ=1QI-1 fU(x)dx.

   DEFINITION 1. A function u is said to belong to the space.°r(p,d) 

= rp'A) (Q0) (the -~O(13,2' space of strong type r), where 1<p<oo, —oo«< 

oo, 1Cr<oo, if for any system of subcubes S= {Qj: U QjcQ0} , no two of 
which have common interior points, the relation 

(1.1) ssupsup I QIn-1(Qu(x) —uQ1 pdx}5_ [u]~(p,l)(Q>) =K(Q>) <00 
            J holds and, furthermore, there exists a constant L=L(u) such that

(1.2) sup _[E I K(Q,1)Ir]r=L 
              {Q1} =sets'

where S denotes the family of all systems of subcubes considered above. 

We denote L by [u] (p,,) (Q°) and define a norm of the space

   Yp,2) (Qo) by Cu](P,2) (Q°) +II uII Lp(Q0)•

(P,2) 

This norm renders the space (Q0) a Banach space. 

   DEFINTION 2. A function u is said to be Holder continuous of strong 

type 1r<oo with exponent 0<a<1 on Q0, if the following two conditions 

are satisfied: 

(i) u is Holder continuous with exponent a in Q0: 

(ii) there exists a constant L=L(u) such that, for any system of 

subcubes Qf belonging to S as in Definition 1 one has

(1.3) sup_[E I K(Q1)Ir]'=L 
            1Qj} =S®S >

where K(Q1) denotes the Holder coefficient with exponent a of Id Qj, the 

restriction u to the subcube Q,, We denote L by [u] ,W T (Q
0).

   DEFINITION 3. A function u is said to belong to the space Lip(a , p) 
on En, where 0<a<oo and 1<pCoo, that is u is said to satisfy a Lipschitz 

condition of order a in Lp=Lp(E"), if there exists a constant K=K(u) such 

that



 (1.  4) supnIh I-a+a[IEn IDu(x+h) —Dau(x) I pdx]l =K 
               heE

where a is the greatest integer less than a. We denote K by [u]Lip(a,p) 

and define the norm IIulJLip(a,p) by [u]Lip(a,p) +Ilull LP (En): endowed with which 

the space Lip (a, p) is a Banach space. 

   Now, as was stated in the introduction, the isomorphism and imbedding 

theorems of Morrey-Sobolev type due to Stampacchia [14] and the author 

[10], [11], [12] (with Furusho) are the following:

THEOREM A.

   1. [14] The Sobolev space Hi' 1  a is isomorphic to the space ,War9-Q 

with their corresponding norms, where 0<a<1.

2. [12] The Sobolev space Hi,p is isomorphic to the space

CP'P(r -1)) with their corresponding norms, where r <Min(1, *+). 
3. [10] The Lipschitz space Lip (a, a%)  is isomorphic to the space

,Waaawith their corresponding norms,where 0<a<1 and
n+1Ca

<1.

REMARK 1. 1, 2,3 of this theorem are generalization of 1.

   THEOREM B. 

   1. [14] Let u be a function such that u. belongs to the space 
(p,2) 

     (Q0), where lcp<oo and 0^1Cn. Then the following estimates 

hold for u. 

   (i) If p<A then the function u belongs to the space °' Go) (for the 

definition cf. [14]) and

(1. 5) [u] ./j~ (P,1>CCIluxll cp,a)

where p=-1-1 1 and C is a constant independent of u. 2)

(ii) If b=2 then u belongs to the space a

2) Throughout the remainder of this paper C denotes always a constant indepen-
  dent of function u.



(John-Nirenberg space  [6]) and

(1.6) Cu](1,°)<_C11uZII (p,d)

(iii) If p>A then u belongs to the space -(1,-f--1)=0,1-÷  and

(1. 7) Cu]c°'1-+<Cllull(I d)

2. [11], [12] Let u be a function such that ux belongs to the space

     (Q0), where 1<p<oo, 0<2<n and 1<r< p.

Then the following estimates hold for u.

(1) Ifp<Y<p+1 and
(i) p<A, then the function u belongs to the space , p" 7) and

(1. 8) Cu] cp, a) <Cl l U. II (P,A)

where 7p,1,1-1 are arbitrary constants satisfying p<p<  hp,---->A 

                                            p

and r1>- nA p respectively.

Z1 21 
(1,--1)1_ 

(ii)p>A, then u belongs to the space _2° 1'=Arl'and

21 

(1. 9)[u]~J~r
lp<CIluxll~(p,a) 

                                                   r

where Al, r1 are arbitrary constants satisfying A<A1<p and r,_>_----r p res-
pectively.

(2) If  y—p=1 and

(i) p<A, then u belongs to the space~°p~~p2) (px—np) and

(1. 10)[u]ip2,n—p~)CCIluxll (p,tl 
   p2

   (ii) p>A, then u belongs to the space(2P1) 

(Holder or John-Nirenberg space of strong type PA) and

(1. 11) [u] (1, A_1)ux (p ,,i) 
       z p

z Pz r

(3) Ify—--->1, then ux is a constant and therefore u is a linear



function. 
   Now, our main result which is an analogue to Theorem  B.  1(iii), 2. (2). 

(ii) and an improvement of 2. (1) . (ii) reads as follows: 

THEOREM. Let u be a function such that u„ belongs to the space

(Q0), where 1<p<oo, O<A<n, 1<r<oo,'i<n<---'i+1 and              prp

furthermore p is greater than A. Then u belongs to the space r

= cWr l P and

(1. 12) [u]i—p<C IIUXII(P 1) 
rl

where r1 is an arbitrary constant greater than n  p.

§ 2. Proof of the theorem 

  In this section the proof of the theorem and additional remark are given. 

  Before proceeding to give the proof, we need some lemmas.

LEMMA 1. This is same as Theorem A. 3. taking 1-4- in place
of a.

LEMMA 2. [9] For any positive a and p, q such that 1<p<q<oo

and a— (p—----q)n is a positive non-integer, we have 

(2.1) Lip (a, to c Lip (a—(
                    1—q) n, q)

with their corresponding norms.

   LEMMA 3. [12] After a suitable extention to En of functions belong-
              (P,1) 

ing to 9 r as functions with supports within a fixed concentric and 

parallel cube containing Q0, we have

            r1~,1)cLip (r—----p (2.2)n, r)

with their corresponding norms, where p, A, r are constants satisfying

1<p<00, —p<A<n, 1�_r<00 and O<n—---p<1.



   REMARK  2.1. This lemma is deduced by combining Holder's inequality 

and the following:

THEOREM C.[1], [7] (—p,l<0) [6] (2=0)112] (0<A<n)

(p,d)(1, ) 

The space is isomorphic to the space P

where 1<p<00,—P� 1<rCoo and----p<----r.
Now, we are going to give the

PROOF OF THE THEOREM.

As the space Lip (a, n  ) is isomorphic to the space 
                   a-1+'l P

~°1' by Lemma 1, if the constant a is less than and sufficiently close 

    a-1+p

to unity, we have

[u] p aC[U]LiP(a,ri) 
G r1

where a=1—---p and r1=    Next, applying Lemma 2 this is 
                      a-1+ 

SCIIuIILiP(1+ ;-- p ,r)

that is,

= CIl uxll Lip(r — P , r)

and by use of Lemma 3 we obtain

<{%Iluxll (P,2)

Finally, by taking the constant a almost equal to unity we may suppose 

that r1 is an arbitrary constant greater than n  p. 

   Hence, the proof of theorem is complete.
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