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 1. Introduction

   In this paper we are concerned with the existence and an asymptotic 

property of solutions of a semilinear parabolic equation:

       8u 

(1. 1)—du+Q(u) +f(x, t) =0 inR" x (0, 00)        8t 
u(x, 0) =uo(x), xER",

where d is the Laplacian and (3(u) is a function satisfying du8(u)>0 at 
u=0. 

   Recently Chafee [1] has proved the existence of solution of (1.1) and 

a stability of the trivial solution in the case f(x, t) = 0 and n = 1. He 

used the method of the Liapunov functional and the theory of dynamical 

system. His method, however, does not apply in its original form to the 

case f 0. 

   Here, using the methods of our previous paper [4] , [6] (see also [5] ), 

we shall prove the existence as well as a decay property of solutions for 

the problem (1. 1) with f 0 and n > 1. In [6] a semilinear parabolic 

equation in a bounded domain has been considered and in [4] a decay or 

stability property of solutions of a semlinear wave equation has been ob-

tained. 

   We treat the equation (1.1) in the same framework as [1] and our 

result can be regarded as an extension of the one in [1] . 

   When du < 0, a bifurcation of solution may occur. This problem 

has been investigated by Chafee and Infante [2] .

2. Preliminaries 

Following Chafee [1] , we introduce some fuction spaces. 

Let Zo denote the set of all integer 1>0. For any IEZ0 , we let XL (R")



be the space of all  /-times continuously differentiable function cb: R"—oR 

such that all derivatives of 0 up to order l are uniformly continuous in 

Rn and tend to 0 with order o(I x I'-n) as I x I --->co. (*) 

   We define a norm JI 11T on X. by setting

(2.1) 11011T= supiDx~(x)I (cbXL(R"`)) 
                    i=0xERn

   For any pE [1, 00), we let Xp(Rn) be the space of OEX;,(R11) such that 

all derivatives D'q (x) (j=0, 1, • • •, l) are p-th power Lebesgue integrable in 

R. We define a norm II IIp" on X¢(R') by setting 

(2. 2) II0II¢"=11011T+ [JRnID'q5(x)1'dxj(OE Xp(Rn))•• 
   For brevity, we will write Xp(XL) instead of Xj,(Rn) (X!(Rn)).

   DEFINITION 2. 1. 

   A function u(x, t) defined in Rn x (0, s) (0<s<co) is called a solution of 

the Cauchy problem (1. 1) in Rn x (0, s) if : 

   ( i ) u(•, t)eX° for every tE [0, s), 

(ii) the map t-->u(. , t) from [0, s) into XZ is continuous on [0, s), 

   (iii) the partial derivative u, (1=1,2, •••, n) and ut exist and contin-

uous on Rn x (0, s), 

   (iv) u satisfies (1. 1) in It" x (0, s).

 Now we state our hypotheses. 

(H1) le(s) is defined, real valued and C2-smooth on R, and satisfies 

[ (0) =0. 

(H2) There exists a positive number To such that 
u,3 (u) > Kou2 (I u I <ro) 

 where K0 is some positive constant. 

(Ha) f(., (0 <_ vt<oo) and f(x, t) satisfies 
     sup I f(x, t) I <Korn 

Rnx[0,00) 

 where K0 and To are constants appeared in (H2). 

(H,) There exist positive constants 0 and Kl such that 

IIf(•, t)IIL2 < Kl exp (—et). 

(H;) u0(x)EEX2 and Iluo112' <ro with To in (H2). 
 By a standard argument (see [3] ), we have

( ") When n = 1, this property may be replaced by the boundedness condition,



   LEMMA  2.  1. Let u be a function defined on Rn x [0, s), 0 < s< co, such that 

   ( i) u(•, t) EXz for every tE [0, s), 

(ii) the map t--->u (-,t) from [0, s) into AT(2) is continuous on [0, s) ; then u 
is a solution of (1. 1) if and only if 

(2.3) u(•,t)=T(t)uo—Jo(t-7)[19(u(•,r)+f(•,7)]dr (0<t<s),
where we set

(2. 4) [T(t)O] (x) _ (/---)r  Rnexp(— I ~I2)(P(x+2721/t)ck
(C9EX„!, , xER", tE [0, oo)).

   On the basis of Eq. (2. 3), we can prove the following lemma. 

   LEMMA 2. 2. For any uoEX2 , Eq. (1. 1) has a unique noncontinuable solution 

u(x, t; u0), defined on R" x [0, s(uo)), where 0<s(u0) < co. Furthermore, if there 

exists an rE (0, co) such that 

Hu(., t; u0)II2 <r (0 —<  t < s(uo)), 
then we may take s(uo) = co.

   Now we shall state some regularity properties of the local solution 

u(x, t; uo) due to Chafee [1] . 

   LEMMA 2. 3. For any u0EX2 and any tE (0, s(u°)), we have; 

   ( i) u(., t ; uo) E XZ and the map t--->u (• , t ; uo) from (0, s(u°)) into XZ is 
continuous (j=0, 1, 2, 3), 

   (ii) u1(., t ; u°) E X2 and the map t--->u, (• , t ; uo) from (0, s(u0)) into XL is 

continuous, 

   (iii) ux,t (•,t; u°)EXZ (i=1, 2, •••, n) and the map t--)14,t (.,t; uo) from 

(0, s(u0)) into X2 is continuous (i=1,2, • • •, n) .

   The following lemma is easily proved and is useful in analyzing the 

behavior of solutions. (See Nakao [3]) . 

   LEMMA 2. 4. Let cp (t) be a bounded nonnegation function defined on [0, co), 

satisfying

Max so(s) < Ko [c9(t) -cp(t+1)] +g(t) 
SECt.1+1]

for some positive constant Ko and a nonnegative function g(t) with 0 < g(t) K1 

exp (— A0t) (K1 , AO are positive constants) . 

   Then there exist constants C2 and Al which depend on Ko , K1 and Ao such that



0  (p(t) C2 eXp(—A1 t) (t ? 0).

3. Theorem

   Now we are ready to state and prove our theorem. 

   THEOREM 3. 1. Under the hypotheses (111)—(115), the problem (1. 1) has a 

bounded solution u(x, t) with the following estimates; 

(3. 1) sup I u(x, t) I To (0 S t < co) ; 
xERn

(3.2) J(IVxu(x t) 2+ ju(x,t)12)dx~ C1 exp(-01 t) (0<t< co) ,
and

            t+1 (3.3) tJRnI ut(x, s) 12 dx ds<C2 exp(-01 t)(0< t < CO),
where C1 , C2 and 01 are positive constants, depending only on uo , f and To . 

   PROOF.For the proof of theorem, it sufficies by Lemma 2.2 to verify 

the follwing estimates ;

(3. 4) sup I u(x, t)1 < To(tE [0, s(uo)), 
xERn

(3. 5) fRn (I Fxu(x, t)12+ 1 u(x, t) 12)dx < C1 exp(-01 t) (0 < t< s(u0)),
where C1 and 01 are positive constants, depending only on uo , f, and To . 

   First, suppose that (3. 4) is false. 

Then there would exist the smallest time tE [0, s(uo)) such that 

(3. 6) sup I u(x, t-)1 =ro and sup I u(x, t) I <ro if t<t. 
xERnxERn 

   Let xo be a maximum point of I u(x, t) I . 

Then we obtain

2 dt u2(xo , t)C [— (u(x., t)) +f(xo , t)] u(xo , t)

< —K0u2(xo , t) +MI u(xo , t) I <0. 

   This implies that the function Max I u(x, t) I of t begins to decrease 
xERn 

just before it should reach to the value ro from below. This is contradi-
ction to (3. 6). Therefore we have (3. 4). 

   Now, we define the mappings F: R-->R and E: K?- .R by setting

(3.7) F(z) =Jo Q(s)ds (zR),
(3. 8) E(cb)=J Rn (2 I Pxcb(x) I2+F(0)(x))dx(cbEX2).



   Multiplying  (1.  1) by ut(x, t), integrating over R" and using Lemma 

2.3, we have 

(3.9) JRNut(,,, t)dx+ dE(u(t))=JR"f(x,t)ut(x, t)dx 
lII At) 1112 III u(t)1112 (0<t<s(uo)) . (**) 

From this, integrating it over [0, t) c [0, s(u0)), we have

s(uo) E(u(t)) < E(ua) + 1/4foIII.f(t)IIIZdt.
Since I u I <To , the right hand of above inequlity has a lower bound

illvxu(t) Ill2+k0/2 II! u(t) II12

and for t C Min (1, s(uo))

IIIvxu(t) IIIz+ III u(t) IIIz <_ C(E(u0) +Max III f(s) IIIz) 
                                                Usssl

Hence we may assume s(ua)>1. 

   Next, integrating (3. 9) over [t1 , 12] c [0, s(u0)), we obtain

(3. 10)(12IIIut(s)IIIZds+2(E(u(t2))—E(u(t1)))cJt21(s) IIIZ ds. 
 tltl

Now, taking 12=1+1 and t1=1, we have

(3. 11) 0 < (t+1 III ut(s) IIIz ds < 2 [E(u(t))—E(u(t+1))] + 1.t+1 IIIf(s)111z ds
2 [E(u(t)) —E(n(t+1))] + 32(t) = D2(t).

Multiplyiug (1. 1) by u, integrating over R" x (t, t+1) and using Lemma 

2. 3, we have

Jt+1 [ Ill vxu(s) IIIz+Ko 111 u(s) ds

C Jt+1 III vxu(s)II2ds+Js+1                 JR"Q(u(x, s))u(x, s)dxds
    t+1 

  t Rx [ — ut (x, s) u (x, s) — f(x, s) u (x, s) ] dxds
   1+11/211/2 cD(t)(tIIIu(s)IIIzds)+o(t)(Jt+1Ill u(s) ds) .

Therefore we obtain

   f:+1        III (3. 12) u(s)1112 ds C (2/Ko)2(D2(t)+(32(t))•

(**) For brevity, we will use notation III v(s) III i instead of Jv(x, s)2dx,



From  (3.  11) and (3. 12), it follows that

rt+1 
[Ili17xu(s)IIIz+Ka III u(s)IIIZ+IIIut(s)1112]ds

4/Ka(D2(t) +82(t)) +D2(t) 

C (4/Ka+l) (D2(t)+82(t)) 
= C3(D2(t)+82(t))

   Therefore we see that there exists t*E [t, t+1] such that 

III ru(t')IM +IIIu(t*)IIIZ+IIIut(t*)IIIZ<c3(D2(t)+(32(t)). 

   Using (3. 8), (3. 10), (3. 11) and above inequality, we have easily 

      sEct < 2 E(u(t*)) + 82 (t) +l+lIIut(s)III2ds 
< (C3+1)(D2(t)+82(t))• 

   Applying Lemma 2.4 to the above, we obtain (3. 5) immediately. The 

estimate (3.3) follows readily from (3.5).Q.E.D.
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