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§ 1. Introduction.

First the concept of parallel displacement was formulated by Levi-
Civita. But he considered the Riemannian space R, as a surface in a
n(n+1)/2-dimensional Euclidean space.

Weyl showed later that this concept can be defined in R, directly
without a support of the Euclidean space. Furthermore he succeeded to
define axiomatically the concept of parallel displacement in a manifold
and built up the concept of affine connection.

In the usual textbooks of general relativity the covariant differenti-
ation of any vector field is introduced by using the concept of parallel
displacement.

On the other hand, Cartan arrived at the concept of a more general
affine connection than the Weyl’s affine connection by extending the
notion of the equivalent systems of reference of Galilee.

From this point of view, the concept of parallel displacement and the
covariant differentiation are introduced by the help of this affine connec-
tion.

Utiyama obtained “the covariant differentiation” from the invariance
postulate of the Lagrangian under the Lorentz transformation and deduced
the covariant differentiation of any tensor field on the pseudo-Riemannian
manifold.

Hayashi attained to the same result as Utiyama by starting from the
invariance postulate of action integral under the Lorentz transformation.

The main purpose of the present paper is to investigate the following
problem: (1) to obtain the gauge covariant differentiation by starting
from the invariance postulate of action integral under the affine transfor-
mation, (2) to formulate the assumptions in the gauge theory, (3) to
deduce the Cartan’s affine connection and the connection of spinor fields
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in the Weyl’s geometry as a special case, (4) to show that vierbein can
be considered as a gauge field.

The solution of these problems will be state in §4, §3, §5~§7 and §4
respectively.

§ 2. Manifold with vierbein.

Let # be a Hausdorff space. A local chart on .# is a pair (U, ¢)
where U is an open subset of .# and ¢ is a homeomorphism of U onto an
open subset of the Minkowski space M. A global chart ¢ on .# is a
homeomorphism of -# onto M.

A four-dimensional differentiable manifold .# with vierbein is a Haus-
dorff space with the collections of local charts (U,, ¢.).ca and global
charts ¢,¢p such that the following conditions are satisfied:

(2 A =aLEJA U,.

(#,) For each pair (a, 8) the mapping ¢,c¢;' is a differentiable
mapping of ¢.(U.NU,) onto ¢,(U,NU;) and the mapping ¢,0¢3' is a diffe-
rentiable mapping of M onto M.

(#;) For each pair (a, 8) the mapping ¢so¢;' is a diffeomorphism of
$.(Us) onto ¢,(Uy).

If peUs, ¢u(p)=(x*(p)) (#=0,1,2,3) and ¢,(p)=(X"(p)) (k=0,1,2,3),
then the numbers x“(p) and X*(p) are called the local coordinates and the
global coordinates of p respectively.

A vierbein 4/(p) at a point pe# is a Jacobian J,{¢,0¢;'). The vier-
bein 4/(p) is transformed contragradiently under the transformations of
local coordinate systems and cogradiently under the transformations of
global coordinate systems.

Let us introduce the fields k*, (p) which are defined by the orthogonal

relations:
hk#(p)h,"(p):sf ) h*ﬂ(P)hk”(p) =5: .

where ¢f, 0; are the Kronecker’'s d. Then we have 9,=k* 9, and d*X=h
d‘x, where we have put A=det (#%).
If we represent a vector field X(p) on .# as follows

X(p)=x(P)(3),=X*(p) (3w,

we have X“(p)=h(p)X*(p).
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§ 3. Postulate and requirements.
Let us consider an infinitesimal affine transformation in M:

Xkt—s X*+0X5, OX* =@ X' +€*, G1n
and a set of fields Q*(X) (a=1,2,3,---+- , N) defined on M, with the Lagra-
ngian density

L(Q% Q%k, X*),  Q%,=0,0%

Under this transformation (3.1), these fields Q%(X) are assumed to be
transformed as

Q*(X)—Q*(X) +0Q*(X),  0Q“(X)=0% Q*(X), (3.2

where we have put 0%=0*;T,% . The constant coefficients 7% are the
(a, B) element of (N, N) matrices T’ and the matrices T’ are subject to
the following commutation relations:

(74,7 =Cha T . (3.3)
These constants, C¥%, have the following properties:
Cith Ol +Cuty Cili+ CUL Cty =0, Cith=—Clth.
Now let us postulate that the action integral I referred to an arbitrary four-

dimentional domain DC M,
1=[L(0e, 0%, ¥,
D

is invariant under the transformation (3.1).

From the invariant character of I under the transformation (3.1) and
the fact that this invariance is always preserved for an arbitrary domain
D, we have

OL+(0X*),, L=0.

By using the explicit expressions X%, 6Q% and 8(Q%.)=(30%), .— (0X*),.0%:,
we get the following conditions for L:

I';k = 0, (3. 4)
aL a 8 aL a a —_
é‘é’&w s Q%+ a(\Q“,_,,) (0% Q°,,— ' Q%)) + % L= 0. (3.5)

For each point pe.#, let U,(p) be a neighborhood of p and D an
arbitrary domain contained in U,(p). Putting D=¢,(%), Z=¢,(¥) and
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considering the conditions (3.4), the action integral I becomes as follows

1= [RGOL* (@), 0%, ())d'x, 3.6)

D

where we have put

L*(Qa, Qa”‘) =L(Qa’ hkﬂ deu)’

« _90% v o
Qm"axa "huQ "

Replacing the parameters *, and €“ by the differentiable functions
o*(x) and €“(x) of a local coordinate of a point pc.#, we consider the
extended transformations of infinitesimal affine transformation (3.1):

xXt—x“4-0x*,  Ox*=€*(x), 3.7
X— X*+0X*, 0X*=0* (X)X, (3.8)
where €#(x) and @*;(x) are the infinitesimal parameters. Under these

extended transformations (3.7) and (3.8), the fiields Q%(x) and k,“(x) are
transformed as follows

Q%(x)—> Q*(x) +0Q*(x),
00%(x) =% (x)Q*(x), 3.9)
b () — by (x) +0h"(x),
Ohy*(x) =€*,, ()" (%) —~ @' () B * (X)), (3.10)

where we have put
0% (x) = ()T % . 3.11)
Now we require three assumptions.
1. Replacement of Q%,,(x) by p.Q%x).
We replace the differentiations Q% ,(x) in the Lagrangian density L*

(Q%(x), Q%.(x)) by the gauge covariant differentiations p,Q%(x). Then
the action integral (3.6) becomes

1= [AOLHQ (), P.Q*(x))d'x, 3.12)
zZ
where we have put

L*(Qa ’ VuQa) =L(Qa ’ hku V#Qa)'

2. Covariant character of g ,Q0%(x).
Under the extended transformations (3.7) and (3.8), p.Q%x) are
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transformed as follows

p.Q%— VﬂQu'l'a(VuQa)v
0(F .0 =—€,.(0)p.Q%+w*(x)p.0°. (3.13)
3. Introduction of the new fields b'(x) and A’(x).
We introduce the new fields b'(x) (I=1,2, <+ , 1), A(x) (J=1,2, oo ,
n;) which are transformed under the transformations (3.7) and (3.8) as
follows
bl—s b +0b’,
8b! =€, (x) B, *(x) +0* (x) B/ (x), (3.19)
A —s A +5A]'
04 =€,,(x)C7 2 (%) + 0" () Ty () + 0, () CT (%), (3.15)

where B!, “(x), B"/(x), €’,*(x), €’,/(x) and C’,’*(x) are the fields defined
on £,
In addition, we require that p,Q% depend on the fields Q%(x), Q%.,.(x),
bi(x) and A’ (x):
VllQa=fﬂa(Qa7 Qa,u7 bl’ A,)'
The first fact which is deduced from a postulate and three requirements is that
the action integral (3.12) is invariant under the transformations (3.7) and (3.8).
In fact, the transformation character of A=det (#*,) is obtained from
the orthogonal relations for A*, and the transformation character (3.10)
of h,»:
Oh=—¢€*, h+w*, h. (3.16)
Thus we have

S(AL¥) + (8x), AL* =h(SL* + 0", L*}.

From L*(Q¢% p.Q%)=L(Q% h,"p.Q*), L* is transformed as follows
oL oL
Ko a a
oL aQ"‘aQ + a(VkQ“)-s(V"Q Y (3.17)

where we have put p.Q*=h,4p,.Q0% By using (3.10) and (3.13), the trans-
formation character of p,Q% becomes

07 Q) =0% p.Q"—o, Q" (3.18)
Inserting (3.9) and (3.18) into (3.17), we have
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oL* = aa—é'aw“gQ'q-i‘ a—(Va—kLQ—;)—(CO“a FiQf—0' 7.Q%).

By considering the identity (3.5), it follows that

oL
0Q¢

OLF 0"y LF= 2= 0%, Q°

) '
+Wj(waa PeQf—o', P, Q%) +0*, L=0.

Therefore we have obtained the following condition for the invariant
character of action integral (3.12):

S(hL®) + (8x%), hL* =h(SL* +w* L¥) = 0. (3.19)

§ 4. Gauge covariant differentiation.

From (3.19), we obtain the following identity:

a;Li a oL* af o ! a af “ ! 3 _Q[_“_r I .a._f_'":
507°%" 507,07 {BQ"‘ 00+ 5ga-3(0%) + 5y 06!+l o'}
+ o, L*=0.

Inserting 6(Q%4,)=(0Q%),,—(0x"),, Q%,, (3.9), (38.14) and (3.15) into the
above identity, and taking account of the arbitrariness of choosings of
o*;, o*,, and €°,,, we see that each coefficients of w*, ®*;,, and €, must
vanish independently. Namely, we have the identities

+ Yo B+ 2 O} roy =0, 4.1)
a%f;_ T/,%, Q% + —g-fﬁ,f—cu“ =0, 4.2)
é%j% 0% ,— _gfg;_* By gf;;} ¢’y = 0. (4.3)

" Now, in order to be able to determine the A’-dependence of f,”, the
number of the components of A’ should be equal to the number of
equations (4.2), namely, J=1,2---, 12 should hold. In addition, the
matrix C’,” must be nonsingular. Thus there is the inverse of C defined
by

C» Cigty =0k, CYy L, C\w=0td7adn.
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By the similar consideration to the above, it is obtained from the equat-
ions (4.3) that I=1,2,-.---- , 8 should hold. Then (4.2) can be rewritten as

a ar i a a IAT
5g5, T Q' o, =0,

where we have put

Ak, =C1* A4, (4.4
Thus A4*,, should be contained in f,” through the combination

Lt =0 — A%.0%, (4.5)
where we have put

A, =T A%, . (4.6)

Next, we consider the fields B,*,(x) so that the matrix B,*,(x) is
nonsingular at each point p&.#. Let us make the new fields #',(x) from
the fields b/(x) as follows

b, (x) =B, (x)b' (x). 4.7)

In addition, we introduce the fields 6,“(x) which are determined by the
orthogonal relations

by ()b (X)=0%, b (x)b*,(x)=03,
and let us put

Q" =b0",,, A =bn 4%, . (4.8)
Thus (4.5) can be rewritten as

S =b'(Q7, — A% @), 4.9
where we have put

Ay =Ty, A%, . (4.10)

Before the considerations of the identities (4.1) and (4.3), we shall
calculate the following derivatives by using the relations from (4.4) to
4.9):

Of _ _ 4 Ofu _ & s
aQa - Aiau 9 —aa 6/1 )

o _ BT O, _,, o
afbl = aily Y =b"p,Q b/,
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afu — afg 78‘43” BT r 1k,
A" =4, o — QT C

Now, inserting the above relations into (4.1) and using the commu-
tation relations (3.3), we get

L
aaQaTk BQ +a(aVQ){Tk BVuQE‘*‘b V QrBJ BI’

+T9,7,(Clit, A", —C'2,, CT)Q) +84 L=0.
If we select the fields E’,.’(x) and €',/ (x) as follows
B/, Bl=—8.b,, (4.11)
Cli=C 0 Clt A, (4.12)
then the above identities become

gléa kEQ +a(aVQ){TkBVﬂQB b b’VQ}—l_ajL*:O

(4.13)
Using the relations which are obtained from a relation L*(Q% p,Q%) =
L(Q%, h*p . Q%), namely,

aL* _ oL aL* oL, .,
oQ® °Q* ’ I SR GO

and multiplying *, to the both sides of (4.13), and taking the sum for

k, j, we have the following identity:

oL
Sor Q" a(SLQ y @y Qi g Q) ot L
_aLx )
(R B, — by , Q07 =0.

Because of a condition (8.5) for L, we get the conditions for the new
fields b,#(x):

By b,—by b, =0. (4.14)

Next, let us discuss the identities (4.3). According to the same
insertion with case of the consideration of identities (4.1), the identities
(4.3) become

62 Qrso_blva QTBIIM 23lay—l"Qa T}krﬁ Allkiu C_J r=0.
If we select the fields B',*(x) and C7,*(x) as follows
B!, B =010, (4.15)



Invariant variation and covariant differentiation 139

C':/av= —-C A, , (4.16)
then the above identities are satisfied.

Finally, let us go to a consideration of the transformation character
of fields A4%,(x) and b*,(x) under the extended transformations (3.7) and
(3.8). For this purpose, we shall use the requirement of the covariant
character of p, Q%.

If we use the relations p, Q*=Q¢%,— A%, Q% 8(0%.)=(00%),.—(5x*),.
Q%,, and if we utilize the transformation characters (3.7) and (3.9),
then we obtain the following transformation character of 4%, from the
covariant character (3.13) of p,Q<:

Aaﬁu"'_) Aaﬁu‘*'aAaﬁﬂ ’
0A%,=—€",, A%, + 0% A, — 0"y A%, ,+ 0%, , . 4.17)
On the other hand, from (4.6), (4.4) and the transformation character
(3.15) of A4’, we get the following infinitesimal transformation of A4%,:
0A%,=0(T/* C 1k, ) A
+T7,2, -1]km<€vw@yo+wzm 6/[»!_{_(01’"” ™y,
By taking the use of the relations (4.12) and (4.16) for €’,* and C’,°
respectively, the above transformation becomes as follows

0A%, =0T C " ) A —€,, A%, + @' T, % CliE A%y, + 0%, , .
(4.18)
Comparing (4.17) and (4.18), we get the conditions for the fields
C7pe(x):
6C‘llaﬂu=war C—l/Tﬁn—mrﬂ C_Ilwru_T}kaB<wlm C;:l;k C—l/un)i
where we have used (4. 4) and (4. 6), and we have put C-1,%,,=T%,2%,C-1,*,. .
If we consider the transformation character of 7%,%,:
0T =0% T y—w', T',%, ,
we obtain the following transformation character of C-1,%,:
8C- Yk, = —w', mRC-1,
Namely, the fields C’,/“(x) must be transformed as follows
Clkin_) Clkja+3clkin,
8C! * =g, Cli# C! oo, (4.19)

Next let us go to discuss a transformation character of #*,. From
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(4.7) and the transformation character (3.14) of &', we get the following
infinitesimal transformation of b*,:

6bku= (5Blhu)b1+6vm Blku Elvo‘l'wjl Blku BA’I!l-

Using the selections (4.11) and (4.15) for B’y and B, respectively, the
above transformation becomes

Bbku= <8Blku)b1+6yyu bkv —wki bju .
Here let us remember the conditions (4.14) for »%,. For these conditions

are satisfied, it is sufficient if we make the fields 6*,(x) to identify with
vierbein A*,(x) locally. If the fields B,*,(x) are transformed as follows

BBlkuzz(—qEvyuBlky'i‘mkl Bllu)! (4' 20)

the fields 6*,(x) are transformed in the same way as vierbein A*,(x),
namely,

bk/t > bkﬂ+abk” )
ob*, = —¢€",, bt +awt b, . (4.21)

Consequently, if we select suitably the fields B',*(x), B',’/(x), B/.(x), C’,*(x),
E’k’(x) and C’,*(x) on A, then the new fields b,*(x) can be identified with
vierbein h,"(x) locally.

The transformation characters of new fields 6,#(x) and A4%,(x) under
the extended infinitesimal transformations (8.7) and (3.8), are given by
the following:

byt —— bk "+ 6bk “
0b =€, b’ —w', b*, (4.22)
Aaﬂ/t—_) Aaﬁ/x+5‘4a

Bus
0A%, =—€,, A%, + 0% Ay, —w'y A, + 0%, , . (4. 23)

We call p, Q% which is given by (4.5), the gauge covariant differentiation of
fields Q*(x) and the new fields b,*(x), A%;.(x) are called the gauge field.

We can think so that a connection I'§,=—A%,,(x) have been introduced on
the manifold which was made by the fields Q*(x), where the fields Q*(x) have the
transformation character (3.9) under the extended infinitesimal transformations
(8.7) and (3.8). '

§ 5. Connection on a manifold .7,

When the field Q*(X) is a vector field Q'(X) on M, the transformation
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character of Q'(x) under the.extended transformation (3.7) and (3.8)
must become as follows

Q'(x)— Q' (x) +3Q' (%),
0Q' (x) =", () T'» Q"(¥) =’ n (1) Q™(x),

where we have used (3.9).
Hence we get

Tn=0n0r,  Clhi=0,0,07—070;0x. (B

Thus the gauge covariant differentiation g, Q' of a vector field Q‘(x)
becomes

Vau Ql=Q‘m_Alma Qm.

Now we introduce a covariant differentiation p, Q® of a vector field
Q’(x) as follows

V;A Q":bl” Vu Ql’ (5. 2)
where we have put '
Q' () =b(x)Q'(x). (5.3

From this definition, we obtain the usual formula of covariant differe-
ntiation

V.Q'=Q".+1I,Q", (5.4
where we have put
Iiy=—0" b’ +42:., (5.5)
Ao =bbl A%, . (5.6)
The covariant character of p, Q* under the extended transformation

is obtained easily, if we notice the following transformations of p, Q!
and b,”:

5(7# Ql)=_6f’MVf Q‘+wl"1 Vll Qm!

ob=¢€,. b, —w'. b’.

The covariant differentiation of a mixed tensor of rank n with &
covariant and j contravariant indices is obtained through the same process
as the above discussion, namely,
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I Q7 gyt + I Qrrrri-rT
=I5 Q" gyt =I5, Q"™ g e
.7
We call I'’, which is given by (5.5) the connection on a manifold ..
The covariant differentiation has the following properties: for the
tensor fields Q, and Q,,

QO rlai+a.Q)=a,p,.0:+a,7.Q;,
where @, and a, are constants,

@) r.(C1Q)=F.000:+0Q:(F.Q:).
3) r.Q=0,, for the scalar field Q(x).

Next we proceed to discuss the transformation character of connection
I;,.
From the relations (5.5), we have

oI, =—{8(b' . b,,)+64.,). (5.8)

Paying our attention to the relations (5.1) and the transformation (4.23),
we get

8Akju= "‘Er,,. Ak;r+wkm Amin_wmi Akmu"‘wk!m . (5- 9)
Hence it is easy to deduce the following formula:
OA ., =€, A —€° A, ,—E°,, A+ b b0y, , (5.10)

if we use the relations (5.6) and the transformation character (4.22) of
b,*. Further, from (4.22) and §(6/,,)=(00b"),.—€",. b",,, we have

a(bl.’ bluyu) =E"a0 blr b[p”‘_el)”blﬂ bl”vn—Epulb‘r blvip+6yvrﬂ—bky bir wkhu .
(5.11)
Inserting (5.10) and (5.11) into (5.8), we obtain
61—1:#:6”70 Fgu*epn- FZM—E‘J$H F:a—‘E"y:‘p .
The result is that the transformation character of connection I, is
given by the following:
r,—I,+ol",
81—’:;4:6”;0 Fgu_epn FZA—ED’A F:H—Eyvnt . (5' 12)
This transformation character coincides with the infinitesimal transformation

character of affine connection.

Finaly we shall investigate a relation between the connection I'%, and
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the Christoffel symbol {: u} .

For this purpose we must introduce a metric tensor g,,(x) on .#.

Let U be a neighborhood of a point pe.# and X* a global coordinate
of p and x* a local coordinate of p.

The square of the invariant length of the infinitesimal line element
in the Minkowski space M is given by

dst=y,,dX* dX’,
where 7,; is a covariant tensor of degree 2 and when ¢ is a Lorentz coor-
dinate system, we have

— P00 =711=722=7%33=1, 7.,=0 for k=<,
By the transformation formula dX*=#h*,(x)dx*, we get

dst=m,,; h*,(x) B, (x) dx* dx,
Since the vierbein A*,(x) could be identified with the gauge field b*,(x)
locally, the above formula becomes

ds?=g,,(x) dx* dx”, (5.13)
where we have put

8ur (X) =74, ¥, (x) &', (X). (5.14)

The field g,,(x) is obviously a symmetrical covariant tensor of degree 2
on A,

We accept that the tensor field g,,(x) is utilized as a metric tensor
on .4,

Now we proceed to discuss a relation between the connection I'%, and
the Christoffel symbol [:ﬂ} .

From the definition of the gauge covariant differentiation and the
covariant differentiation, we get

Vo8u=b0%0,(7;0 Ao +701 A'}p), (5.15)
where we have used
Vo= Aro+7m Ay .

On the other hand, by using the formula (5.7), the covariant differenti-
ation of g,,(x) becomes as follows

Vo guv=guw0_r20 ga»_Pza 8uo -
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Thus we have the following relations:

Cuvro—T %080 —T"%% 8ue=Koo (a)
where we have put

Kowo=0*, 6", (7 A'vo 7 A'5p). (5.16)
Exchanging u for p and v for p in the formula (a), we have

8ovu— L5480 —1'3, 80s=Kouu s (b)

8uosv—T 0 8s0—T5) 8us =Koy - ©)

Carring out (b)+(c)—(a) and some calculation, we obtain the familiar relation

between the connection I, and the Cristoffel symbol {: ,u} :

T T - 1 T
I'm::{f }+g a(r[ua]u'*'rcwju"‘rtuv]p)_Eg D(Kpuu'i‘pr‘—‘ u»o),

7
(.19
where we have put
FEup]v=gva I-'Eun] ’ (5. 18)
1 .
FEun]=—2—(FZD~FD.u)* ‘ (5. 19)

§ 6. Weyl’'s reine infinitesimalgeometrie.

First of all, we shall show that if the infinitesimal affine transfor-
mation (3.1) is an infinitesimal Lorentz transformation:

6Xk=ﬁ)k; Xj+6k, wk!_*_wjk.:o’ (6. 1)
then the gauge fields 4*,,(x) are the antisymmetric fields:
A, () + A%, (x) =0,

where we have used o*’=7"'0w* and A4%,(x)=7"4*,(x).
In fact, under this transformation (6.1), the fields Q*(X) must be
transformed as follows

0*(X)— Q%(X) +9Q*(X),
00%(X) =™ Ty Q° (X)),

where we have put

1
ijas ='2"(Tkiuﬂ - jkaB) »
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Ty % =7 T%.

Thus the extended transformations of infinitesimal Lorentz transfor-

mation become

XA X“ 4 X, Ox*=€4(x), (6. 2)

XF— X* 4+ 0X*, X =0k, (x) X7, ®*(xX) +w'*(x)=0, (6.3)
Under this extended transfdrmations (6.2) and (6.3), the fields Q*(x) are
transformed as follows

Q%(x)—> Q*(x) +3Q“(x),

0Q%(x) =™ ()T % Q4(x). (6.4)
In addition, the new fields #'(x) and A4’(x) have the following transfor-
mation character:

b’ (x) =€, (x) B, (%) + 0" (x) Bix s (%), (6.5)

oA’ (x)=¢€,,(x) C","(x) +o*(x) C’cm(x) + ", , (X)C 4y (%) (6.6)

Therefore if we assume T%%, B',/(x), C'/(x), C’,/*(x), as the antisy-
mmetric quantities Tyun%, Blun(x), Clun(x), Clun“(x) respectively, all
discussions in § 4 are valid.

Thus we have the antisymmetric fields 4*,(x) from the formula
(4.4):

Aki“=c--lltkijA!.

At the starting point, we shall consider a special case of the infinite-
simal affine transformation (3.1), namely, the following infinitesimal tr-
ansformation :

X*— X +0X*, 0Xr=AX*+o*; X' +€*, ot +w*=0. (6.7

Under this transformation (6.7), the fields Q'(X) are assumed to be
transformed as

Q'(X) +9Q' (XD,
00'(X)=2Q0'(X) + @', Q" (X).

Thus the constant coefficients 79}, and the constants C!f are given by
(5.1) and the extended transformations of infinitesimal transformation
(6.7) become as follows

X#—s X# 4 0X*, | OX*=€4(X),
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XP—X*10XF,  SX*=A(0)X*+ 0% ()X, o¥(x)+w*(x)=0. (6.8)

Under these extended transformations, the fields Q'(x) are transformed
as

Q' (x) — Q' (x)+9Q' (%),
9Q' (%) =2(x) Q' (x) + " () Tesuy' n @™ (X). (6.9

where we have
1
T[ki:':u:'z (7km 0i— 7in 6;)

Therefore the gauge fields 4*,,(x) satisfy the following relations:

AM (x)+A*,(X)=0  for k=<,
A9, (X) = A (X) = A, () = A, () = — £ 9.2,

In addition, if we take into account the relations p,g.,,=K.,, and the
formula (5.16), the covariant differentiation of metric tensor g,,(x) be-
comes as follows

Vaguu=Kuvo= —8&uv Po - (6. 10)

Further if we append the conditions of the symmetric property for

the indices u,v of connection I'%,, namely,
Ay — AT = by (D5 — 85,0, (6.11)

then we obtain the following formula for the connection I'%,:
T= 587 (D, out D gov— Do 810). 6.12)

where we have put D,=9,+¢,.

The connection I'%, which is given by (6.12) agree with the connection in the
weyl's infinitesimalgeometrie.

Next we investigate the transformation character of ¢,(x).

By using the transformation character (5.9) of 4*,,(x), we obtain the
transformation character ofg,(x):

¢A(x)—>¢u(x)+3<p#(x)9

(')\(PA(X) =—€, u(x)‘pu(x) -2 L ,,(X). (6 13)
The second term of (6.13) gives the Weyl's infinitesimal gauge transformation.
Finally, by using the formula (5.17) for I'%, and the formula (5.16)
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for K,,,, it is easy to show that (1) if we start from the infinitesimal Lorentz

transformation (6.1), we have y,g,,=K,,,=0, namely,
FLV= {Z‘V} +grp('r’[u0]v+P[uﬂju+rtuv]0)’

(we no have only the transference of distance, therefore we have the rorsion and
the transference of direction), and (2) if we give additionaly the symmetric condi-
tions (6.11) for I':,, we have

(i)

(we have only the transference of direction).

§7. Covariant differentiation of semi-spinor fields.

We shall start with an infinitesimal transformation of the same type

as the transformation in §6:

Xk_)Xk_*_(‘)‘Xk,
0X*=AX*+ w*; X' +€*, 0" +@’*=0. (7.1)

Under this transformation, the fields Q*(X) (a=0,1,2,3) are assumed
to be transformed as

0%(X) — O*(X) +0Q%(X),
0Q%(X) =20%(X) 4+ &* Tp*, Q° (X ), (7.2)

where T, are given by
1
Teipy = 4 (rs1e—7s 75)s (7.3)
and 7, are the Dirac’s matrices which satisfy the following relations:

TeTi T Te=2%;. (7. 4)

Under the extended tiansformation (6.8), the fields Q%(x) are trans-

formed as
0%(x) —Q*(x) +0Q%(x),
0Q%(x) =A(x) Q*(x) +@*(x) Tt;m"s Q°(x). (7.5)

We call the fields Q*(x) the semi-spinor fields which have the transformation
character (7.5).

This transformation is obtained from the transformation (3.9), if we
consider in (3.9) as follows
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—0"(0) =" () =" (D=0 W =FA®),  Tu=srat.
The matrices T,; satisfy the commutation relations:

1
[Tm' v Tim) ::‘2‘(’7” Tsi=me Tis4 %5 Ton—20 T — 701 Tim

705 T =7 im Tht+7my Tin)- (7.6)

Thus the constants C}2 are given by

CHt= % Chum 10 81— s B1a 315+ 711 Ora D=7t B O
781 010 OmpF 71k Oma 055~ im Oka O1p +7m; 014 Orp). 7.7
The new fields A4*,,(x) satisfy the relations:
A (X)) + A% (x)=0 for k=<,
— A () = A () = A, () = A = = 50,09,
and the gauge fields 4%,(x) are obtained from (4.6):
A% (X) =T AV, (%) — 05 @ (X). (7.8
Thus we have the following gauge covariant differentiation of semi-spinor fields
Q*(x):
7.Q%(x) =D, Q%(x) = Ti;u" AV, () Q*(x). (7.9

In §6 we introduced a connection (6.12) into a manifold # by starting with
the infinitesimal transformation (7.1). Therefore we may consider so that the

spinor fields in the Wely’'s geometry had a connection (7.8).
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