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   § 1. Introduction. 

   First the concept of parallel displacement was formulated by Levi-

Civita. But he considered the Riemannian space R„ as a surface in a 

n(n +1)/2-dimensional Euclidean space. 

   Weyl showed later that this concept can be defined in Rn directly 

without a support of the Euclidean space. Furthermore he succeeded to 

define axiomatically the concept of parallel displacement in a manifold 

and built up the concept of affine connection. 

   In the usual textbooks of general relativity the covariant differenti-

ation of any vector field is introduced by using the concept of parallel 

displacement. 

   On the other hand, Cartan arrived at the concept of a more general 

affine connection than the Weyl's affine connection by extending the 

notion of the equivalent systems of reference of Galilee. 

   From this point of view, the concept of parallel displacement and the 

covariant differentiation are introduced by the help of this affine connec-

tion. 

   Utiyama obtained "the covariant differentiation" from the invariance 

postulate of the Lagrangian under the Lorentz transformation and deduced 
the covariant differentiation of any tensor field on the pseudo-Riemannian 

manif old. 

   Hayashi attained to the same result as Utiyama by starting from the 

invariance postulate of action integral under the Lorentz transformation. 

   The main purpose of the present paper is to investigate the following 

problem: (1) to obtain the gauge covariant differentiation by starting 

from the invariance postulate of action integral under the affine transfor-

mation, (2) to formulate the assumptions in the gauge theory, (3) to 

deduce the Cartan's affine connection and the connection of spinor fields



in the Weyl's geometry as a special case, (4) to show that vierbein can 

be considered as a gauge field. 

   The solution of these problems will be state in  §4 , §3, §5' -§7 and §4 
respectively.

   § 2. Manifold with vierbein. 

   Let be a Hausdorff space. A local chart on .Yir is a pair (U , co) 
where U is an open subset of .-' and cp is a homeomorphism of U onto an 

open subset of the Minkowski space M. A global chart 0 on .- is a 

homeomorphism of .4' onto M. 

   A four-dimensional differentiable manifold .7, with vierbein is a Haus-

dorff space with the collections of local charts (U„, cpa),,EA and global 

charts 0, E B such that the following conditions are satisfied: 

(4i) =U Ua. 
aEA 

(-12) For each pair (a, Q) the mapping go, o cpal is a differentiable 

mapping of cpa (Ua (1 UU) onto cp9 (Ua (1 UU) and the mapping cbao0a' is a diffe-

rentiable mapping of M onto M. 

(-4) For each pair (a, Q) the mapping cp,io~ial is a diffeomorphism of 

0a(UF) onto cp,(U,). 
   If peUa , coa(P)=(x"(P)) (,a=0, 1, 2, 3) and Od(P)=(Xh(P)) (k=0 ,1, 2, 3), 

then the numbers x" (p) and Xk(p) are called the local coordinates and the 

global coordinates of p respectively. 

   A vierbein hk"(p) at a point pE.,r is a Jacobian Jp(coa a ~~ 1) . The vier-
bein hk"(p) is transformed contragradiently under the transformations of 

local coordinate systems and cogradiently under the transformations of 

global coordinate systems. 

   Let us introduce the fields h u (p) which are defined by the orthogonal 

relations :

hk"(P)hi"(P)=3i , hk"(P)hk°(P)=au, 

where cS, , 8Y are the Kronecker's a. Then we have a"=h u ak and d4X=h 

d4x, where we have put h=det (h u). 

   If we represent a vector field X(p) on .- as follows 

X(P) X"(P)(a")p=Xk(P)(ak)p, 

we have X(p)=h(p)Xk(p).



   § 3.  PostuIate and requirements. 

   Let us consider an infinitesimal affine transformation in M: 

Xk —UXk+UXk,UXk=co; X'+Ek,(3. 1) 

and a set of fields Q" (X) (a=1, 2, 3,......, N) defined on M, with the Lagra-

ngian density 

     naa          L Qa, (2",k,X), Q,k=akQ• 

Under this transformation (3. 1), these fields Q"(X) are assumed to be 

transformed as 

(2"(X)--. Q"(X)+8Q"(X), 8Q"(X)=cv"aQ9(X),(3.2) 

where we have put co ,—c&k, T'k", . The constant coefficients T'k % are the 

(a, Q) element of (N, N) matrices T',, and the matrices T'k are subject to 

the following commutation relations :

[Tk3 ,T1m] =Cim4 T'.(3. 3)

These constants, C;m4, have the following properties:

Ck1A C9r1+C1rAC7C              ,%+;'C'41tC'klA=  ~mqAsumsaAius1q= OAmu,—cime—;,iq

   Now let us postulate that the action integral I referred to an arbitrary four-

dimentional domain DE M,

I=1 L(Q",  Qa,k, xk)d4x,
is invariant under the transformation (3. 1) . 

   From the invariant character of I under the transformation (3. I) and 

the fact that this invariance is always preserved for an arbitrary domain 

D, we have 

8L+ (8Xk),k L — O. 

By using the explicit expressions BXk, 8Q" and 8(Q",k) = (8Q"), k— (8X1),kQa,1 

we get the following conditions for L: 

I•,k = 0,(3. 4)

aQ"`''a8 Q8+ a(QL--------k) {Waa Qa,k—CO'k (2",1) +wkk L = O. (3. 5)
   For each point p~ €, let Ua(p) be a neighborhood of p and D an 

arbitrary domain contained in Ua(p). Putting D= (Sa (T) , a(Z) and



considering the conditions  (3.  4), the action integral I becomes as follows

I= Jh(x)L*(Q"(x), Q",0(x))d4x,(3. 6)
where we have put

L*(Q", Q",")=L(Q", hk" Q","),

3Q" Q"—=hk   ,"—axuaQ",„ •

   Replacing the parameters c?k, and E" by the differentiable functions 

cok,(x) and E4(x) of a local coordinate of a point pE.-€, we consider the 

extended transformations of infinitesimal affine transformation (3. 1) : 

x"+Ox", ox"=E"(x),(3. 7) 

Xk —BXk+BXk, BXk=cok,(X)X',(3.8) 

where E"(x) and cok,(x) are the infinitesimal parameters. Under these 

extended transformations (3. 7) and (3. 8), the fiields Q"(x) and hk"(x) are 

transformed as follows 

Q"(x)--. (2"(x) ±42"(x), 

aQ"(x) =co"a(x)Qi(x),(3. 9) 

hk"(x) hk"(x) +3hk"(x), 

cShk"(x) = E",Y (x)hk ° (x) —w`k(x)11,"(x),(3. 10) 

where we have put 

(0"8(x) =oki(x)T'k"a •(3. 11) 

   Now we require three assumptions. 

   1. Replacement of Q", „(x) by p"Q"(x). 

   We replace the differentiations Q","(x) in the Lagrangian density L* 

(Q"(x), Q","(x)) by the gauge covariant differentiations p"Q"(x). Then 
the action integral (3. 6) becomes

I= Jh(x)L*(Q"(x), p"Q"(x))d4x,(3. 12)
where we have put 

L* (Q" , p-"Q") =L(Q" , Ilk" p"Q") • 

   2. Covariant character of p"Q"(x) . 

   Under the extended transformations (3. 7) and (3. 8), p"Q"(x) are



transformed as  follows 

p"Q" p"Q" +80 7.Q"), 

S(p"Q") _ —Ey:"(x)pyQ"+cv"a(x)puQa.(3. 13) 

   3. Introduction of the new fields b' (x) and Al (x) . 

   We introduce the new fields b'(x) (I=1, 2, ......, n1), A'(x) (J=1, 2, ......, 

nl) which are transformed under the transformations (3. 7) and (3. 8) as 

follows 

+Ob', 

Sb' = EY,„(x)h"  y" (x) +c&kl(x) B'k' (x),(3. 14) 

Al , 

eA'=Ey,"(x)C'?(x) +,uk1(x)C'k'(x) +cokt ,u(x)C' (x),(3. 15) 

where B'y"(x), k'(x), y'(x), C'k'(x) and C'klt`(x) are the fields defined 

on. 

   In addition, we require that p"Q" depend on the fields Q"(x), Q","(x), 

b' (x) and A' (x) : 

p"Q"=.fu"(Q", Q"," , it A1). 

   The first fact which is deduced from a postulate and three requirements is that 

the action integral (3. 12) is invariant under the transformations (3. 7) and (3. 8) . 

   In fact, the transformation character of h=det (hk") is obtained from 

the orthogonal relations for hk" and the transformation character (3. 10) 

of hk": 

oh= —E","h+wiek h.(3. 16) 

   Thus we have 

~(hL*) + x"),"hL*=h (a L* +(vkkL*) . 

From L*(Q", p,,(2.2)= L(Qa, hk"p"Q"), L* is transformed as follows 

       *= 8L 8Q" aL o(pkQ") ,(3.17)        c~L—3Q"+a(p kQ") 

where we have put pkQ"=hk"p"Q". By using (3. 10) and (3. 13), the trans-

formation character of pkQ" becomes 

      8(pk(2") =w"a pkQ —CU k p1Q".(3. 18) 

Inserting (3. 9) and (3. 18) into (3. 17), we have



  3L az  
UL* = aQacoa$Q8+a(P Qa)(oPkQ8—G)'k P/Q").

By considering the identity  (3.  5), it follows

aL*+cokkL*=aQaco", Q8

+a(P Q")((ü"6Gk(2Se)+cvkkL=O.

   Therefore we have obtained the following condition for the invariant 

character of action integral (3. 12) : 

cS(hL*) + (ax")„ahL*=h(8L*+cokkL*)(3. 19)

ws that 

riQc 

wing con

§ 4. Gauge covariant differentiation. 

From (3. 19), we obtain the following identity :

Qa 
  8Q"+ 30 7L.(20taf;              aQ"aQ"+aQ",y~(Q",Y)+ab1Y8b'}aAY~A~J

+wkL*-0.

Inserting O(Qa,y) = (OQa),y— (Ox°),, Q",p , (3. 9), (3. 14) and (3. 15) into the 

above identity, and taking account of the arbitrariness of choosings of 

cok; , cok1,, and E8,,, , we see that each coefficients of co'; , co' J,, and 6°,Y must 

vanish independently. Namely, we have the identities

 Q" T'k"8 Q8+---------a(P Qr) faafia: T'k"8 Q8+T ik"8 Q,,y
+ a"lB'k'+ C'k+OkL*=0,(4.1)

afrT'k"aQ8+afu;  C'k'=0 ,(4.2) aQ8A

 aJr __aJisrDIv—aJt,r. C-1;—0 . aQa
,vQapab'l7p3A;(4. 3)

   Now, in order to be able todetermine the A'-dependence of hr, the 

number of the components ofA' should be equal to the number of 

equations (4. 2), namely, J=1, 2,......, 12 should hold. In addition, the 

matrix C'k'° must be nonsingular. Thus there is the inverse of C defined 

by

C1 k1 ClKkJv=UK ,C-1; Ju C'Jl,xv=U1 Vj 0 .



By the similar consideration to the above, it is obtained from the equat-

ions  (4.  3) that 1=1, 2,......, 8 should hold. Then (4. 2) can be rewritten as

where we have put 

Ak,y=c-1,k,y A.(4. 4) 

Thus Ak;v should be contained in f"r through the combination 

.fur=Qr,u—ArQ"QB,(4. 5) 

where we have put 

Arau=T'kre Ak;" .(4. 6) 

   Next, we consider the fields B, k"(x) so that the matrix I3, %(x) is 

nonsingular at each point Let us make the new fields b' "(x) from 

the fields bf (x) as follows 

b`u(x)= Big u(x)b'(x)•(4.7) 

In addition, we introduce the fields bk"(x) which are determined by the 

orthogonal relations 

bk"(x)b`"(x) =ok , bk"(x)bky(x) =(y , 

and let us put 

Qr,k-bk" Qr,u , ;,=b," Aft,„ .(4. 8)

Thus (4. 5) can be rewritten as 

fur=b'"(Qr,1—Ara,(4. 9) 

where we have put

Ara1—T'kr ;, .(4. 10)

   Before the considerations of the identities (4. 1) and (4. 3), we shall 

calculate the following derivatives by using the relations from (4. 4) to 

(4. 9) .

of" r =— AT
-of" r=87i,                      aQarau,aQau,                                       ,y

af rr  ~l=/' ab'yably =b,y vy Qr b,'" ,



 Cro„ of„r aAxay --QarkraC—',i„• aA1 — aA'
„ 3A'

   Now, inserting the above relations into (4. 1) and using the commu-

tation relations (3. 3), we get

aQ” T'k"a Qa+ a(Pxr) (Tiler 8 v„ Qa+bty vv Qr B11„ B,ki

           -4 T4pra(Ca, Am i„—C-'. C'k')Qa) +3k L = 0. 

If we select the fields B'k'(x) and C'k' (x) as follows 

B,`„ B'k'= —81 bi„ ,(4. 11)

C'k' =CI p”„ Ckra, Am l„ ,(4. 12) 

then the above identities become

aL*  T'
k'aQa+3L*  (T'krav„Qa—bky b'„vvQr) +okL*=0. aQ"a(v

„Qr)

(4.13)

Using the relations which are obtained from a relation L*(Q", p„(2")= 

                                                                 L(Q", hk„p„ Q"), namely,

aL*  _ aL31.*  _  aL  
aQ" aQ” ' a(p„Qr)a0kQr)hk

and multiplying col' to the both sides of (4. 13), and taking the sum for 

k, j, we have the following identity :

aQ""aQa+ a(p Qr) (ora pk Q9-0- k pt (2r) +cvkk L

aL*  + 
a(p„Qr) (Oki(hk" h'—bky b'„)pv Qr = 0.

Because of a condition (3. 5) for L, we get the conditions for the new 

fields bk#(x): 

hky h'„ —bky b'„ = 0.(4. 14)

   Next, let us discuss the identities (4. 3) . According to the same 

insertion with case of the consideration of identities (4. 1), the identities 

(4. 3) become

     Sv rQv1'J—1lv—             Q ,P—blpy QrBI„BPv+QaTkra~,k i„ C P — O. 

If we select the fields B'0 (x) and C','(x) as follows 

   B,`„ ii',Y b`P ,(4.15)



 C'py=—CJkJvAkia ,(4. 16) 

then the above identities are satisfied. 

   Finally, let us go to a consideration of the transformation character 

of fields "„(x) and bk"(x) under the extended transformations (3. 7) and 

(3. 8). For this purpose, we shall use the requirement of the covariant 
character of p" Q" 

   If we use the relations p Qa=Qa,u_AaPu QR, 8((2",u)=(8Qa),"—(8xv),a 

Q' , and if we utilize the transformation characters (3. 7) and (3. 9), 

then we obtain the following transformation character of A'Rp from the 

covariant character (3. 13) of p" Qa : 

A' A"R,+ OA" Ru , 

8A"Ru=—E",1,A"Rv+ War ArRu—tor1A"ru+t~"R .(4. 17) 

   On the other hand, from (4. 6), (4. 4) and the transformation character 

(3. 15) of A', we get the following infinitesimal transformation of A' : 

8A"P"=8(TJka$ C l,kju)AJ 

                 +TjaC-1k(EvC`Jp+COlCJm1C'J")                 kR7ju,pvm[+tdm,viJ 

By taking the use of the relations (4. 12) and (4. 16) for C's" and C'I/ 

respectively, the above transformation becomes as follows 

         8A"=8(Ti"C'-1k)A'—E"Aa+tvl7'i"C'mAv+~a          PukRJiu,uRvmkRlapkjpuR,u • 

                                                 (4. 18) 

   Comparing (4. 17) and (4. 18), we getthe conditions for the fields 

C' ft" u (x) : 

         8C-1a—coaC-1r—wrC-1a—Tia(a)lC'm             JRur!RuR!rukPmtvpkjC-1!9 p#), 

where we have used (4. 4) and (4. 6), and we have put C-1,"Pu=TJkaoC 1,k," . 

   If we consider the transformation character of TJk"R : 

cT'k"R=(Oar TjkT$_ (Or R TJkar 

we obtain the following transformation character of C-1,k,„: 

8C-1,kju=—Q)`m Cmi/ C-i,Qpu • 

Namely, the fields 

kC'ki"(xS) must be transformed as follows 

         (WYCJk'+UC'ki",     UC'k7 =colm C k4 C'pqu(4. 19)

Next let us go to discuss a transformation character of bk" . From



 (4.7) and the transformation character (3. 14) of b', we get the following 
infinitesimal transformation of b: 

          Ubku=(8B,kp)b'+EP,pB1k„ BIvp+col B1kµ B's'. 

Using the selections (4. 11) and (4. 15) for B',l and B'„p respectively, the 

above transformation becomes 

k ( k ) I+ v k k i 

Here let us remember the conditions (4. 14) for bk„ . For these conditions 

are satisfied, it is sufficient if we make the fields b%(x) to identify with 

vierbein hk„(x) locally. If the fields B,k„(x) are transformed as follows

UB/k„=2(—E°,„ B1k,+rc)k, B,`„),(4. 20) 

the fields bk„(x) are transformed in the same way as vierbein hk„(x), 

namely,

bk<, bktt+r~bk,t , 

3b',=—Ev,„b"Y+rvk,b`„.(4. 21)

   Consequently, if we select suitably the fields B'y„(x), B'k'(x), B,k,"(x), C'y"(x), 
C'k'(x) and C'k""(x) on then the new fields bk„(x) can be identified with 

vierbein h,r' (x) locally. 

   The transformation characters of new fields bk„(x) and A"a„(x) under 

the extended infinitesimal transformations (3. 7) and (3. 8), are given by 

the following: 

bk” 

     b1",(4. 22) 

A"a, A"a,"+aA"„ , 

A"ay+ry"r AYa„—(oYa A"Yn+ry"a,F" . (4. 23)

   We call p„ Q", which is given by (4. 5), the gauge covariant differentiation of 

fields Q"(x) and the new fields bk„(x), A"a„(x) are called the gauge field. 

   We can think so that a connection FL= —A",„(x) have been introduced on 

the manifold which was made by the fields Q"(x), where the fields Q"(x) have the 

transformation character (3. 9) under the extended infinitesimal transformations 

(3. 7) and (3. 8) .

§ 5. Connection on a manifold .~! 

When the field Q" (X) is a vector field Q'(X) on M, the transformation



character of  Q'(x) under the extended transformation (3. 7) and (3. 8) 

must become as follows 

Q1(x)+421(x), 

&Ql(x)—coki(x)Tiktm Qm(x)=cotm(x)Qm(x),

where we have used (3. 9) . 

Hence we get

Tiktm= ,Cim4—Um 8Q 8i— U: Ui Uqi •, (5. 1)

   Thus the gauge covariant differentiation p„ Q1 of a vector field. Qt (x) 

becomes 

p„ Qt=Q1,„—Atm„ Qm• 

   Now we introduce a covariant differentiation p„ Qy of a vector field 

Q' (x) as follows 

p„ Qy—b1 p„ Qt,(5. 2) 

where we have put 

Qy(x) =bty(x)Q1(x).(5. 3) 

   From this definition, we obtain the usual formula of covariant differe-

ntiation 

p„Qy=Qy,„+T Qr,(5. 4) 

where we have put 

     I'r„= — (btr bty,„+A'r„),(5. 5) 

Ayr„ = bkyb'r Aki„ .(5. 6) 

   The covariant character of p„ QY under the extended transformation 

is obtained easily, if we notice the following transformations of p„ Qt 

and bky : 

80p„ Qt)=—Er,„prQt+cvtm p„ Qm, 

          Obk,ry=Eybkr—Cvtby  k t 

   Thecovariant differentiation of a mixed tensor of rank n with k 

covariant and j contravariant indices is obtained through the same process 

as the above discussion, namely, 

             17.Qyl......yi—Qyl......yi              Pl......pkpl......pk,„



 +L  Tu Qr102......Y Pj......Pk+......+Lzu 
...... TfrQY1......Yf 

 LPlarP2......PkLPkaPl......pk _lr •

(5. 7)

   We call r% which is given by (5. 5) the connection on a manifold .~'. 

   The covariant differentiation has the following properties : for the 

tensor fields Q1 and Q2 , 

   (1) pp(a1 Q1+a2 Q2) =a1 pa Q1+a2 pa Q2 

where a1 and a2 are constants, 

   (2) pp(Q1 Q2) = (pa Q1)Q2+Q1(7u Q2). 

   (3) pa Q=Q,,, for the scalar field Q(x). 

   Next we proceed to discuss the transformation character of connection 

   ra 

   From the relations (5. 5), we have 

BFra= — (8(b', b1Y,a) +8A'ra) .(5. 8) 

Paying our attention to the relations (5. 1) and the transformation (4. 23), 

we get 

VAkju=—Er,. Akjr+cokm Amj— co' j Akmu+ co' j,u . (5. 9) 

Hence it is easy to deduce the following formula : 

A' „=EP APr„—E°,r AYPU—E°,a Avrp+bkY b' j,a , (5. 10) 

if we use the relations (5. 6) and the transformation character (4. 22) of 

bk'. Further, from (4. 22) and 8(b,Y,a)_(Bb,Y),a—EP,abLY,p, we have 

         8(1)1biv)=EYbLb°—EPYYEY,ra—bkYb'Wkj.                rl,prL,a,rbL bL,„—EP,,b' brL,p+ 

(5. 11) 
Inserting (5. 10) and (5. 11) into (5. 8), we obtain 

    S'YppPY          UI ru=E,pv`ra—E,rpu—E,u—EP,.0 • 

   The result is that the transformation character of connection r is 

given by the following : 

rr rra+8rra, 

BFra=EY,p I'Pa—E°,r Fpa—EP,a Ftp—EY,ra .(5. 12)

   This transformation character coincides with the infinitesimal transformation 

character of affine connection. 

   Finaly we shall investigate a relation between the connection I'ra and



the Christoffel symbol  tv  } .  rp 
   For this purpose we must introduce a metric tensor g"y(x) on ,Ar. 

   Let U be a neighborhood of a point pe. ( and Xk a global coordinate 

of p and x" a local coordinate of p. 

   The square of the invariant length of the infinitesimal line element 

in the Minkowski space M is given by

ds2 ='7k; dXk dX',

where 72k, is a covariant tensor of degree 2 and when q is a Lorentz coor-

dinate system, we have 

'700—'711—'722-7733-1, '7ki=0 for k j. 

By the transformation formula dXk=hk"(x)dx", we get 

ds2=7/k; hk„(x)11/ v(x) dx” dxy. 

Since the vierbein hk"(x) could be identified with the gauge field bk"(x) 

locally, the above formula becomes 

ds2 = g" y (x) dx" dx",(5. 13) 

where we have put 

g ,) (x) ='7k; bk" (x) b'Y (x) .(5. 14) 

The field g",,(x) is obviously a symmetrical covariant tensor of degree 2 

on .~ . 

   We accept that the tensor field g"y(x) is utilized as a metric tensor 

on .~'. 

   Now we proceed to discuss a relation between the connection Ft , and 

the Christoffel symbol triltel 
   From the definition of the gauge covariant differentiation and the 

covariant differentiation, we get 

Png"v=bk" b11)(7711 A1k,+77k1 A'10),(5. 15) 

where we have used

PO 77ki=77)1 A1k,+'7ki A'10 • 

On the other hand, by using the formula (5.7), the covariant differenti-

ation of g0, (x) becomes as follows

Pn g"y=g"Y,0—r~o g„—I'° g0, .



Thus we have the following ing rel

vations :      guv,A l aP gav—1 vA guQ=K 0  ,(a) 

where we have put 

 KPy0=bku  b'Y('i1 A1kP+via A'10).(5. 16) 

Exchanging ,u for p and y for p in the formula (a), we have 

      oAv,t~—r'pu S~y—j'y~ SPU—KPVU ,(b) 

      SuA,v—I'uv SQA—rpv guo=KuPV -(c)

Carring out (b) + (c) — (a) and some calculation, we obtain the familiar relation 

between the connection 1' , and the Cristoffel symbol {I) } : 
r,u

y uv= {pry} +gTA(r[0P7v+a CvA7k+.1%93P) A O P(KPav+KPVU—K„v0),
(5. 17)

where we have put

r[uAw=gvo FLO] ,(5.18)

  2 (ra. — FL) .(5. 19)

   § 6. Weyl's reine infinitesimalgeometrie. 

   First of all, we shall show that if the infinitesimal affine transfor-

mation (3. 1) is an infinitesimal Lorentz transformation: 

UXk=& Xi+Ek, coki+CJ'k=O,(6. 1) 

then the gauge fields Ak;,.(x) are the antisymmetric fields : 

Aki,2(x) +Aik„(x) =0, 

where we have used COk1=72iick, and Akiµ(x)=ii`Ak,0(x). 

   In fact, under this transformation (6.1), the fields Q"(X) must be 

transformed as follows 

       Q"(X)—. Q"(X)+8Q"(X), 

             S 

        (Q"(X)=CDki TC1k7"8Qs (x), 

where we have put

T[ki7 a=2(Tki"s—Tik"e),



 Tk,ae=Vkl  T`,a8 •

   Thus the extended transformations of infinitesimal Lorentz transfor-

mation become

x"--~x"+Ox", (x

S"=E"(x),(6. 2) Xk--+Xk+aXk ,UX"=a)k,(x)X',co" (x)+&"(x)=0,(6. 3)

Under this extended transformations (6. 2) and (6. 3), the fields Q" (x) are 

transformed as follows

Q"(x) . Qa(x) +OQ"(x), 

OQ"(x) =o '(x)T[ikC"B Q'(x).(6. 4)

In addition, the new fields b' (x) and A' (x) have the following transfor-

mation character :

Ob' (x) = E",„(x)11' ,,"(x) + co' (x) B'[k,, (x), (6. 5) 

OA' (x) =E”,„(x)(,'„"(x) +(ok'(x)C'[e,](x) +COk'+"(x)Cuk,]"(x). (6. 6)

   Therefore if we assume T' k" , B'k'(x), k' (x), C'k'"(x), as the antisy-

mmetric quantities T[fk3"8 , B'[k;,(x), C' ' (x) respectively, all 

discussions in § 4 are valid. 

   Thus we have the antisymmetric fields Ak'„(x) from the formula 

(4. 4) :

Ak, =C--1 1-"1AI 

           I

   At the starting point, we shall consider a special case of the infinite-

simal affine transformation (3. 1), namely, the following infinitesimal tr-

ansformation :

Xk Xk+sX”,OXk=AXk+a)k, X'+ Eft ,(1)k,+co'k=O .(6. 7)

   Under this transformation (6. 7), the fields Q`(X) are assumed to be 

transformed as

(2` (X) +8Q`(X), 

OQ` (X) =AQ`(X) +co`mQm(X).

Thus the constant coefficients T'k`m and the constants C;,,;Q are given by 

(5. 1) and the extended transformations of infinitesimal transformation 

(6. 7) become as follows

x"-}-ax", „ $x"=E"(x),



 Xk  -Xk+oXk,SXk=A(x)Xk+wk,(x)X',wki(x)+coie(x)=0. (6. 8) 

Under these extended transformations, the fields Q'(x) are transformed

as

Q` (x) - Q` (x)Q`+O(x), 

8Q 1(x) = A (x)Q1(x) + (OkJ (x) TC1k7i m Q m (x) .(6. 9)

where we have

     1 T~~o~ 
 [ki] m—A(~krn1—~imk

Therefore the gauge fields Ak;,,(x) satisfy the following relations: 

Aki#(x) +Aik„(x) =0 for k ,j,

—A00u(x)=A11u(x)=A22„(x)=A33M(x)=— g9„(x).

   In addition, if we take into account the relations p„gu„=Ku„P and the 

formula (5. 16), the covariant differentiation of metric tensor g„„(x) be-

comes as follows

vaguv—K„,vP —g„„ (PP .(6. 10) 

   Further if we append the conditions of the symmetric property for 

the indices p, v of connection T;„ , namely, 

Arav—Arvu`bkr(bkµ,v—bkv,te), (6. 11) 

then we obtain the following formula for the connection Ft-my:

ru„_2 g”{D„ gP„+Du g0V—DP gu„),(6.12)

where we have put D„=B„+cp„ . 

   The connection T~„ which is given by (6. 12) agree with the connection in the 

weyl's infinitesimalgeometrie. 

   Next we investigate the transformation character of qp,(x). 

   By using the transformation character (5. 9) of Ak;,,(x), we obtain the 

transformation character ofcp„(x) :

co (x) --->co (x) +oco (x), 

Ocp„(x) = —E„, ,(x)cov(x) —2 2, ,2(x).(6. 13)

The second term of (6. 13) gives the Weyl's infinitesimal gauge transformation. 

Finally, by using the formula (5. 17) for T;,, and the formula (5. 16)



for  K,  , it is easy to show that (1) if we start from the infinitesimal Lorentz 

transformation (6. 1), we have p p g„, = Ki,„ = O, namely,

rz;_r   ,„~v} +gtp(1 „„,„+l „„,,+l E„,„),
(we no have only the transference of distance, therefore we have the torsion and 
the transference of direction), and (2) if we give additionaly the symmetric condi-

tions (6. 11) for r,„„ , we have 

rip=r
pv ,

(we have only the transference of direction) .

   § 7. Covariant differentiation of semi-spinor fields. 

   We shall start with an infinitesimal transformation of the same type 

as the transformation in § 6:

Xk - Xk+BXk, 

UXk=AXk+COkj Xi+Ek,coki+w,,k=O.(7. 1)

   Under this transformation, the fields Q"(X) (a = 0, 1, 2, 3) are assumed 

to be transformed as

Q"(X) --.Q"(X)+8Q"(X), 

8Q" (X) =AQ"(X) +cok'Tc,kJ' 0Q5 (X),(7. 2)

where T[;k, are given by

T[,kJ=4(r; (7. 3)

and rk are the Dirac's matrices which satisfy the following relations : 

rk r;+r, rk=272k, •(7. 4) 

   Under the extended taansformation (6. 8), the fields Q"(x) are trans-

formed as

Qa(x) ' Q"(x) +8Q"(x), 

8Q" (x) =2(x) (2"(x)-1- co' (x) T[,k]"F QF(x).(7. 5)

   We call the fields Q"(x) the semi-spinor fields which have the transformation 

character (7. 5) . 

   This transformation is obtained from the transformation (3. 9), if we 

consider in (3. 9) as follows



 —CJ00(X) =C)11(x) =CV22(X) =G)33(x)  =  A  A(X),Tki= 2 7-k Ti .

The matrices Tk; satisfy the commutation relations:

       1 [Tki , Tim]=Z('7km Til—'7mk T11+'7i1 Tkm—'71i Tmk-71k1 Tim

+'71k Tmi-71im Tkl+'7mi Tlk)•(7. 6)

Thus the constants Cikg are given by 

           C1ma—21 ("/km vi4 U1p m 814 8,p+'711 Vka amp-'71i vma ukp 

Vk1 &a Ump+771k ma vip '7im uka O1p+'7mi 814 okp)• (7. 7) 

   The new fields Ak;„(x) satisfy the relations: 

Aki„(x)+Aik„(x)=0 for k j, 

—A°0„(x) =A11„(x) =A22„(x) =A33„(x) = —124 o ,,(x), 

                                              and the gauge fields A",,4(x) are obtained from (4. 6) : 

A"a„(x) —TCik]",A"u(x) —8 cou(x).(7. 8)

   Thus we have the following gauge covariant differentiation of semi-spinor fields 

(2"(x):

P„Q"(x) =D„Q"(x) —T,„", Aki„(x)Q5(x). (7. 9)

In § 6 we introduced a connection (6. 12) into a manifold .-K by starting with 

the infinitesimal transformation (7.1). Therefore we may consider so that the 

spinor fields in the Wely's geometry had a connection (7.8).
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