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§ 0. Introduction

Let 2 be a smooth bounded domain in R”. Points in £ are denoted by
x={(x;, Xy, X,) and the time variable by ¢.
In this article we consider the Initial-Boundary Value Problem;

¢)) ' —putu (r+ @+ @He 4+ ()M =0
v = Av+ @)+ W)+ ()7=0
x&8, t>0

&) u(x, 0)=uo(x), w'(x, 0)=u,(x), v(x, 0)=v,(x)
xef

©) Ulso=0lse=0 t=0

where A\ is the Laplacian in R*, '= ‘gf' P, 4., T, are positive integers

and 7y is a positive constant.

A question of a global existence of a classical solution of (1) -(3) is
investigated in this article.

Previously, B. K. Kalantarov [3] has obtained classical solutions for
more complicated equations with some growth restrictions to nonlinear
terms.

It seems to be impossible to obtain a global classical solution for (1)
-(3) with no conditions of initial values u,, #,, v, if we do not put such
restrictions to nonlinear terms but here we can see that if the initial va-
lues are sufficiently smooth and have small norms then it admits a global
classical solution.

The aim of the article is to give such sufficient condition under which
(1)-(3) is globally solved.

The method is the analogous one used in Y. Ebihara [2] to obtain
classical solutions for systems of equations;
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u'—putu 1+ @7+ @)+ W)+ (v)) =0
{v” ~ A0+ (1+ @)%+ @) 2+ (W) 2+ (v')*2) =0
u — Autut+y=0
{v’——Av +u?+p2=0

§ 1. Auxiliary Concepts

Notations of function spaces are as usual.

n

Let us fix positive integer m as mz[ 3

]+

we know from the positivity of —A in ﬁ‘(ﬂ),
11 Code=<(=2)*, >, [ [i=Cy 0
defines equivalent inner product of the space I;”(.Q) where k is a positive
integer and <., -> is the duality bracket of H-*(2) ><I?1”(12).
In this article we identify this space equipped with the inner product as
HY D).
Then we have by Sobolev lemma;

LemMa 1. It holds for u = H* () that
) 4] Buo(2) < c(n, m)|uln (m=[g-]+1+mo)

@ [ @) (@)1 < c(n, m, p, @)|uls|v|s
where p, q are positive integers.

Now, we consider a system of differential inequalities;

1. 2) [fﬁ'(t) =@, ¢ (—r+e? () +¢°(D)
¢ <gle(®, ¢@O) (—¢@) +e () +¢*(®)
te [0, )

where ¢(2), ¢(t) are unknown nonnegative functions and 7, p, g, r, s are
positive numbers with s>1 and f(-, -+), g(-, --) are given functions which
are nonnegative, continuous in R?.

This plays an important role to the Problem (1) -(3) and the following
Lemma 2 is a key estimate to obtain our theorem in § 2.

LeMMA 2. For ¢(¢), ¢(t) in (1. 2), there exists a positive number & such
that if ¢(0)+¢(0) <8, then @(t) should be decreasing and it holds that ¢(t)+
¢(O<K@) (<]0, =)

where K(0) is some constant depending only on §.
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PRrOOF.
At first we consider the curve:
y(a, x)=x*—x+a

where 0<a<la,= (%)ﬁr (1——_1) (a,: depth).

Put x,, x,’ as minimum and maximum root of the equation y(a, x)=0

y

R

s
N

& o

Now we divide into two cases.
@ If we assume
. 3) e?(0)+¢°(0) <7, ¢ (0) <a, x.=<¢(0) <x,
then ¢(¢) should be decreasing and
d)<x,' for r&[0, =)
that is,
o) +¢(1) <) +x..
In fact, for some neighborhood of r=0, it holds from (1. 3)
¢'(0) <0, ¢ <0
that is, ¢(1), ¢(t) are decreasing.
Therefore for some ¢,>>0 we have
(@7 (t), ¢(2:))=0
a 49 ]W(t) +PP () = *(0) +¢°(0) <71 (=t0)
¢' (1) =0, ¢'(1)<0

At this time, since ¢(#,) < ¢(0) < a’t', it should hold ¢(2,) < x,.

And moreover since ¢’(2,) <0, the curve y(¢’(#), x) goes down.

Therefore for every t =1, we have

¢ = o) < xa.

Thus observing these considerations we can conclude for t€ [0, o)
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¢'(1) <0, ¢ <xd.
® If we assume,

@?(0) +¢7(0) <¢?(0) +xi <71, ¢7(0) <o,
(This is possible by taking « sufficiently small for 7.)
then ¢(¢) should be decreasing and

¢(8) < x, that is,
e +¢ (@) <¢(0)+x, for t[0, ).
In fact, since ¢’(¢) <0 for a neighborhood of r=0, the curve y(¢"(), x)

should get down, so even though ¢'(¢f) >0 in this neighborhood ¢(¢) can
not cross over x, i.e. ¢(t) < x,. Therefore it holds that

O+ () <.
This shows that the situation continues for any ¢ in [0, o).
Thus we have

¢’ (1) <0, ¢ < xa.
Consequently, from @, @ we have the statement of the lemma.
(q. e. d.)

§ 2. Theorem.

In this section we prove the following theorem by the aid of the pre-
liminary concepts of section 1 and the theorems in [1], [2].
THEOREM. If the initial values u,, u, and v, satisfy the following conditions:
. 1 Uy, 0, EH" (),  we H™(Q)
(2 2) Iu0[n+1+lvolm+IHXIM<5
for some ¢ >0,

then we have a pair of solutions {u(x, t), v(x, 1)} of (1)—(3) satisfying

2. 3) (X, £)E B [H*(2) N H"2(2)] N

Elo.os [H™* 1 (D] N £ [H"(D)]
2. 4 2(X, D)E By [H*1(2) 1V H ()] N Elyoy [H"(D)].
ProoF.

Put {¢;} as a system of eigen functions of (—~A)"*® considered in the
space I?I”‘”(.Q).
Then since, u,, v, E};“”(.Q), uIEHO"”Z(Q) we have sequences of numbers
(4}, {B)} and {D,) with
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t, =310, — Uy () in H*3(2)
§=1
& [«
. 5 Uo.k=§B:¢i — v, (8) in H"*3()

® o
\ux.n=§D:¢i — u, (8) in H**(2).

k k
Here we put u,,(t)=]§l,,,»(t)<p;, vk(t)=§#w(t)¢:

where {2.,(8)}, {(u:(#)} are solutions of the systems of ordinary different-
ial equations:
W’y @)t ey @) mert+ ' (4 @)+ ()24 (@)™, @,)a=0
@'y @)t @ @)mir+ ()2 + )2+ (00)% ¢)n=0
(2. 6) j=1, 2,-, k
k k k
uk(o)ng;(ﬂh ”k’(0)=j2=1D;¢j, vh(0)=§B;¢j-
It-suffices to verify the following:
@ 7 sup~-sup {|#x(D)[wert [’ O ]at+|22(1) [ 2) < C(T)

kzko 1€00.T

for large &, and for every fixed positive number T.
(The remaining part of the proof is done by the quite analogous reason-
ing of the proofs of the theorems in [1], [2].)
Now we prove (2. 7).
From (2. 6), we have for each ¢ in existence interval [0, &),

d
5 g {115 i)+l [t

(e’ ()" + () + @)™, ') n=0
1 d 2 2 ». ’
5 ar [V 100l %s + ()24 () 24+ (02)72, 00)a=0.
Moreover from (2) of Lemma 1, it follows that
d
o (e i)
=2|u, B (—7+c1|uy e w24l i)

d
dr ouls < Mvela{—cilvrl mtcslun| 220+ cslu | @+ o 0] 2) .

Therefore if we put
e =|u (O i+ |ue (D) %
(O =1v:(t) | m

then they satisfy:
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{w’(t) < 2w W (— 1+t (D) A+ (D) + i (D)
G (1) < ero{ — e + @i (O A+ 07 (1) + et (D)}
for some positive numbers ¢;~c;, and p, g, 7, s, p’, .
Here we note these numbers are independent of k. Thus from the anal-
ogous way of Lemma 2 (taking no account of the difference of coefficients
of equations), there exists ¢ >0 such that,
if,
@£ (0) +¢,(0) <9
then, ¢,(t) is decreasing and ¢,(t) < K,(d)
that is,
() +¢s (1) < K(3)
for some positive number K(§). This shows the existence interval [0, &)
can be extended as far as desired.
Here, if we set for the number § such that
[#o| s+ 11| 54 00| n <O
then from the continuity of the functionals |-|., |*|s:1 and the conditions
(2. 5), we obtain for &>k, that
[ .1 14 [ Uil 5t [Voe|
=¢x(0) +¢:(0) <.
Therefore we can conclude that u,(?), v,(¢) (k= k,) exist globally and sa-

tisfy
sup  sup {|up(®) | mir+|u’ (O |n+ 1020 [2) = €(0, T).
k2k0 t€[0,T)

This completes the proof. (q.e.d)
Cor. If, m= [ %]+1+m0, then the solution u(x, t), v(x, t) of the theorem
belong to

Elo.) [Cﬂon(ﬁ)] N Elo.e [Cmoﬂ(—g)] N Ef.e [cmo(ﬁ)] ’
Bl [™*2(@)] N Ely.o [™(2)]
respectively.

REMARK. Though it seems that we can not hope a global solution of the Initial
Value Problem for (1) for any initial values, if g, g, are non-zero constants then
we have a global solution by the method introduced here for the equations of the

form:
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[ A (o W 0D 0
v — w4+ g+ @)+ (W) 2+ (v)2=0
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