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Introduction

In present paper we study the Initial-Boundary Value Problem

ot
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u(x, 0)=1,(x) , Q‘ig;ﬁ?ﬂl(x) n 2

u(x, )50 = for t€(0,T)

—

where 2 is a bounded domain in R* whose boundary 9f£ is sufficiently
smooth and T is some positive number, p, q, r are arbitrarily fixed positive
integers, C,(i=0, 1,2) are constants, and f(x, 1), u,(x), u,(x) are given func-
tions.

In [1] J. Sather proved the existence of the global classical solution
for the problem (1) in the case n=3, C,=1,C,=C,=0 and p=3, i, e.

@ T —qurwy—s.

After then, J. L. Lions [2] suggested a question if we could discuss the
analogous argument for the equation
o _ ( ou_ )3 _
)] e du+ 31 f.

We can easily verify the existence of the global weak solution but in
the classical sense the argument is very difficult.

Quite recently H. Kato and T. Nanbu [3] obtained classical solution
in the local sense under the same conditions of (1) for the equation (3)
in the case n=3.
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Our main theorem in this paper states that there exist a positive
number & and #(x, £) which solves the Problem (1) classically in [0, §)
for the arbitrary spatial dimension a.

In section 1, we mention some lemmas and abstract propositions which
are essential in this paper and in section 2, we prove our main theorem
by the specialized Galerkin’s method, in [Remark 1] made after the proof
of the theorem we generalize our results for some non-linear evolution
equations of the form

o'
or

+L(D)u+G(u, Du, ...... ,D*u, D) = f

here L(D)= 3> a,D* is uniformly elliptic and coercive on 1‘}”‘(.9) and

| @] s2m
G=G(u, Du, ..., D®u, Du) is a polynomial in u, Du, ..., D"u, Dau. In general we
can not expect the global existence theorems for above equations, but for
specialized equations the author believes the global existence of a classical
solution by giving special initial data.

§1. Lemmas and Abstract Propositions

Throughout this paper we assume all function spaces are considered
over real field and their notations and definitions are same as those
Mizohata [4] and S. Agmon [5] etc.

Now we mention some lemmas which play an essential role in this
paper.

[LEmMaA 1]
If a function ¢(r) belonging to C'[0, T] satisfies for given f(t), g(?) € C°{0, T]
{ AOESIOI1OET10) te [0, T]

¢(0) = ¢,
then we have for t€ [0, T]

0@ <FO[[ 4@ F©1 drtor]

j; ferde

where F(t) =¢€

(proof)
We put ¢ () the solution of
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{ Y@ =@y +g@
y(O) = ¢

then we know

0 =FO[ [ (@ IF@ e

Now if we assume that there exists ¢,€ [0, T] such that ¢(%)=¢(,)
and ¢'(t,)>¢'(t,), then we have from the latter relation,

F@)P ) +e(t) <f(t)e(t) +8(2)

that is  f(t)¢(t) <f(t)e (L)
this contradicts the former. (g.e.d)

[LEMMA 2]
If o) €eC'[0, T) satisfies
') = C-{e(O)}" for 1€(0, T)

¢(0) = @,

for given positive constants C, ¢,, N with N> 1, then it holds

) < ©o T
[1-CN—1)g}-e] 71

for any t€ [0, T), where

o= min{ T, o= 1307

Proof of this lemma 2 is obviously obtained by a similar way as the

proof of lemma 1.

[LemMmAa 3] (SosoLEV’s IMBEDDING THEOREM)
Let  be an open set in R" with C"-class boundary and u¢€ H"(2) then we
have

A1) if 0<m <% , u should belong to L"(2) and it holds

ull b < C(n,m, 2)||ul] gmeg,

1 _m

1
here — = - ,
where =5 —



46 Yukiyoshi EBIHARA

@ i m=[%]+1+r,u should belong to B7(2) and it holds

Hullorm < Cln,m,r, 2) ||ul]ime, .

Obviously we have, from (2) of this lemma, if #, vEI;V[Z]“ (2), then

for any positive integers p, g, #*-v*€ H[31+ () and it holds

lut-vl] () S C@an DIl e 10130

2)

Next lemma 4 plays most important role to verify regularity of weak
solutions defined in this paper.

[LEMMA 4]
Le H be a separable Hilbert Space, and {u,,(t)} be a sequence of mappings
up(): [0, T]— H
satisfying next two conditions;
@™ Szpti{)‘g: Ntpe ()]0 < + o0

(2) for any t,t,€[0,T], there exist positive numbers K, o with 0 < a <1,
such that the following inequality holds independently of p,

Hopg(2) —up () || 0 < K|t —1,5]®

then (u,,(?)} has a weakly convergent subsequence {u,,(t)} and its weak
limit u(t) belongs to £ [H] and the convergence is uniformly in t.

(proof)

Since H is separable, there exists a countable set {¢,} whose finite
linear combinations is dense in H.

First we put F,,(t, ¢.) = U@, ¢)r (Po=1,2,...... ).

Then from our hypotheses (1) (2) we can easily verify that the func-
tions {F,,(¢,¢))} is uniformly bounded and equi-continuous in [0, T].

Therefore by Ascoli-Arzela’s Theorem, we have a subsequence {u,,(#)}
of {u,(#)) such that {F,(t,¢)} is uniformly convergent in [0,T].

Next let us set F,,(t, ¢.) = (u,,(¥), ¢.)». Then by an analogous arguement
we obtain a subsequence {u,,()} of {(u,()} such that {(F,(¢,)} and
(F,,(2, )} are uniformly convergent in [0, T].

By continuing these procedure, we can see that (F,.(t ¢,)} (j=1,2,3,
..., m) are uniformly convergent in [0, T].
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Consequently, by taking diagonal element of these subsequences, we
have for any ¢.€ {¢+}, (F,,(t, ¢x)) is uniformly convergent in [0, T].

Therefore we can conclude that {(F,,(¢,¢)} is uniformly convergent in
[0, T] for an ¢ € H,, where H, is the totality of finite linear combinations
of {¢.).

Now we set for each ¢€ H,

L,(p) = }im F,, ¢
jsen

then we see L,(¢) is linear functional on H, for each z€ [0, T], and we
have by Schwarz inequality,

[L (o) | < M|[@|l|a for ¢€H,

where M = sup sup ||u,0(®)||x .
PO tE[0,T]

Since H, is dense in H it must follow that L (¢) is continuous linear
functional on H.

Therefore by Riesz Theorem, there exists a function u#(¢) in H such
that L (¢)= (), ¢)n for each ¢ € H and € [0, T].

And since [ju(®)|lx g}}pirg [u,,() 1], we may assert that u(?) € £°%.[H]

from our hypothesis (2) as p, — .

The uniform convergence is obvious from the above arguement. This
completes the proof of lemma 4. (a,e,d,)

[LEMMA 5]

If the linear partial differential operator L(D)= >} a,D® is coercive on

lal s2m

H: (), that is there exists C(C>0) satisfying for any ¢€ H~ @ NH™(L)
LL(DY@, ¢> 100y = Cll@}|?

()
and uniformly elliptic in 8,
then for any positive integer p the operator L*(D) is coercive on Hm (2) and the
eigen functions {¢;} of L*(D) consists of a complete base in 121”’(.9).

(proof)

Coercivity of L?(D) is easily verified by induction and the remaining
part of this lemma is a direct conclusion of Riesz Theorem.

Now, we consider abstract problems. Let H, V,, V', be separable Hilbert
Spaces with

(1.1) V, <V, H where the inclusions are contiuuous
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48
(1.2) V, is dense in H.
Here we treat the abstract second order equation
dz
(a) i u@®+Lu(t)+Gu(@)) =0
where
(1.3) u(?) be an unknown function from (0,T)—V,, and‘i u(®, ':11;2_ u(t)
mean usual strong derivatives of u(t) in H, and
(1.4) L be a densely defined self-adjoint operator in H with
Dl < @u = 1w Saliullh, for wevy,
[
for veV;

,cl,l,Hy”vlgHLan_S_CIHUHVL

where the constants c,, ¢, are positive constants independent of u, v respectively,

(1.5) G(u) be a nonlinear operator satisfying
(1.5.1) G)EH if ucV, and
(1.5.2) (G),¢)x — (G), @)

if u,~>u weakly in V, and moreover

(1.5.3) for u, veEV,
[1Gw) ~G@)||xs < Cu, ) [lu—vlly,

for each @€V,

where the constant C(u,v) depends u,v continuously.
Now we formulate the abstract Cauchy-Problem. We call a function

u(?) a solution of the problem (A) when it satisfies
2
[ ), @)+ 0,91 + (G®), 9 = 0

t€(0,T) and any ¢ €V,

(4) | for every
L (uy, u,: given)

u(0) =u,, w0 =u

Here we have

[THEOREM 1] (UNIQUENESS).
Let u(), v() € E%.r1[V1] 0 E'wo.r1[ Vol N E*o.1a[H] be solutions of the problem

(A) with initial data u,, u,, vy, v, € V, respectively, then it follows

1.6) [w®O—-v'OIli+ %;Hu(t)_v(t)lﬁ/o

<k@{llm—nlli+ Dilm—oilit)
Q
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Jor any t€[0,T], where the function k(t) depends on u(t), v(®)
continuously.
(proof)
By setting w(®)=u(®)—v() and F) =’ (@), w’ (1)) z+ [w(t), w(?)] then
F(#) should satisfy '
FI() =2{w"®), w®)s+ [w(@), w®]}
=2G®)-Gw(®), w ) .
Thus by utilizing Schwarz inequality and (1.5.3), we have for t€ (0,T)
FoZ2llw®la IG@)—Gu®) ||«
S N O +{C@@®, v@))}*] @ —v®) 113,
SHw' @15 +Co{Cu@), v()}* [w(@), w®]
SEO(Nlw 17+ [w®), w®])}
where k,(f)=max ({1, C,{Cu(®), v())}?},
Therefore it holds F'(¥) < k,(t) F(¢) for t€(0,T), and by lemma 1, we

have

_[t ko(r)dt
0 F(0)

t
ko(r)dT
fow

FH<e
, (1.6) follows by (1.4). (q.e.d)

We make next assumptions for L and G.

and setting k@) =e

(1.7) For the operator L there exists a countable sequence {¢,)r., in V,
with the condition that it is L-invariant and totality @ of its finite

linear combinations is dense in V,.

Here we set V, as a Hilbert space endowed with a norm

el = Lo, Lol* = (Lo, )} .
(1.8) G(-) satisfies
1.81) [Gw), Gw)] < const-||u]l¥,
for u€V, where m is some positive number independent of u,
(1.8.2) for u(t) € %, 1, [Vs], it holds
Gu(®)) € EnnH] and,

L4
2

160 |10 < const (L+ 1[4 13
| swan|, < s v,

with N=1,

here f(u(?)) is positive function of u€ V, satisfying
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sup f(u) = k(M)< + o, and

Hully,sM

“ ;[i;z G(“(O)Hﬂg gu(), ()

o]

Vo

here g(u,v) is a positive funktion of (u,v) € Vo XV, satisfying
g(u,v) = kR(M,, M,)< + co..

Sup
el o< M1 vl yos M2

Here we have a existence theorem for the problem (A).

[THEOREM 2]

There exists one and only one function u(t) in %, ri1[Vi] ) E'w.rial Vol N Exorpn
[H] whch solves the problem (A) for the initial data u,€V, u, €V, where the
number T (0 < T, <T) depends on u, u,, N and other given constants.

(proof)

By the usual Galerkin’s method we shall make approximating solutions
(w,(®}. That is, let {,.()) (k=1,2,..., p) be solutions of the Ordi-
nary Cauchy Problem;

/

:jl A OI2X DT +Xp..k(t) [¢s @]}
@1 1 (6(Sha®ed @) =0 G=12 ...
‘ A (0) = i 5.:(0) = B (k=1,2,...,p)

where {¢.) be an L-invariant base in ¥, and {«.}, {B8.} be sequences of

numbers satisfying

b

14,(0) = 2 atwps — o () in V,
?

U/ (0) = 23 Begp —> 1y () in V,

It is well-known that one can find T,>0 such that the solution with the
»

form u,(t) = >\ 2,.()@, of the problem (A’) exists in the interval [0,7},),
k=1

i,e. for t€(0,T,) the function u,(t) satisfies

(1- 9) (up”(t)v (0))11"_ [up(t)’ <p1] + (G(uk(t))r (/71‘)11 =0 (j = 1» 21-'- vp)

and
P b
(1.10) u,(0) = kz:_‘{a/ﬂ’ky u,/'(0) = éﬁk‘ﬁk .

From (1.9), we have for t€ (0, T,)
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@, (@), u," () n+ [4,(0), 4,/ (O] + (G, (), 4/ () = 0
and therefore

%{llu»'(t)ll%r [, (@, u,(D]} <N’ O Na+ 111G (D) 115
Hence by (1.82) the following inequality holds for #€ (0, T,)

i {1’ @ i+ (4,0, u,(D]) =N, (D) |15 +const(L+ [[u, (8) [[3)

Zconst(1+ ||u, |5+ [us 150"
Therefore the function

£ =1+ /O |1} + [4,(0), u, (D]
should satisfy for t€ [0,T,]

HH <L £>(0) 1 by lemma 2.
[1—c(N=1) {f,(0)} V- e] 71

Since f,(0) < 1-+const||u,||%+const[uy, u,], we have

AGES clot) for 1€[0, T,]
[1—c(V, ug, u,)t] #-1

where the number T, is the inverse of ¢(N, u, u,).
Consequently by fixing T,(0<T,<T,) arbitrarily, we have

(1.11) sup sup [u,(O),u,()]< +
? €0, T03

(1.12) sup sup |lu,/(O|lz < +
P LEC0.To]

Secondly by differentiating (1.9) we have for 7€ [0, T,)

L1 @ O, eu+ /@, 0 +( G Gw®)0), =0

51

(=12, ....p) .

Therefore it follows

A (CROTA R ONIONES A RON M ICY

<ldewo]s|uol,

By (1.8.2), we have

"%{ " (@) o+ [, (@, 4,/ (D)) < 2 @) 'O [+ Nu" @ 11
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By (1.11) and (1.4) it follows
stzp sup i Sf(u, () < const .

t €00, T

Thus we have for t€[0,T,],

d
¢ Ul O i+ [,/ (0, w D]) < const([1u," @) |15+ [,/ (0, 1,/ (D])
Therefore, using lemma 1 we obtain

GO Nw " O+ [u, @, u ()] < et {|u,”(0) |15+ [#,/(0), #,'(0)1)
for t€[0,T].

Now we show the boundedness of the right hand side of this inequality (3%).
Since u,/(0)—>u, (s)in ¥V, the boundedness of {[u,(0),%,’(0)]) is obvious.

Secondly, in (1.9) we have as t— 0

1.9 @"0),¢)a+ [4,(0), ;] + (G, (0)), 9D =0 .

From this we have

Na," ) [ n < N Lup(0) ] e+ |G (0)) 1w
Since u,(0)— u, () in V,,

we have
SI:P (I Lu,(0) || s} <+oo

and
sup (11 Gy (0)) 114} < sup {const (1111, (0)113)7) <+ oo

This shows the boundedness of {||#,”(0)||#), and hence the right hand
side of (5%) is bounded.
Consequently, we have by (5%)

(1.14) sup sup ||u," (D] <+
4 t€L0,7Tol
(1.15) sup sup [u,(®),u/(®)]<+oo.
F t€0,Tod
Now, by differentiating (1.13) we have for t€ [0, T,]
dZ
(L16) 40 (), 9+ "), @:] + (-G Cw, (D), 1) = 0.

Thus we obtain
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201 O 11+ 1170, 1,7 D]) ng}G(u,«o) [+

up (1) “2 .
J:4
From (1.8.2), it follows

2 Ul O 15+ [0 @, w7 ®)])
S & (0, u, O |u" O | vot a1 -
From (1.11), (1.15), we have
glu,(t), u,/ () < const .
Thus we have for € [0, T,]

‘% {(Nu O Na+ [w," (@), u,"(®])
Zconst {||up (O%+ [w," (@), u," (D]} .
Applying lemma 1 again, we have
[ D1 E+ [u," (@), u," ()]
et {([u (0 1%+ [u,(0), u,"(0)]) for 1€[0,T,] .
Now we show the boundedness of (][4 (0)||»} and {[u,”(0),u,”(0)]} .
In (1.13) let ¢ tend to 0, we have
(1.13)" (uf (0), ¢;) 5+ [1,/(0), @,] + (G’ (4,(0)), ¢)x =0
Therefore it follows
Nu? @) lx < L u/ (0) |2+ |G @, (0)) ||
< L uy' ) ||+, (0)) [0,/ (0) | v
Since uy,—su, (5) in V,
u»’ —> U (S) in Vl N
the boundedness of the right hand side of this inequality is obvious.
Now, since {¢,} is L-invariant we can take Ly, instead of ¢, in (1.9)’ i, e.
(u,"(0), Lp)) + [u,(0), Lol + (G(MP(O)), Lo)pr=0.

Therefore, we have
[0, (0), 4, (0)] + [#,(0), L,”(0)] + [G(,(0)), u,"(0)] =0 .
Thus it follows
[, (0), 1,” ()] < [L2,(0), L, (0)]+ [G(1,(0)), G(w,(0))]*
< 11,00) [ vy const |, (0) ||

from (1.81).
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Since u,(0) —u, () in V,, we have the bounedness of the right hand
side of this inequality.
Consequently we obtain

(1.17) sup sup |jup® () ||x <+o0
4 t€00,Tol
(1.18) sup sup [u,'(t),u,""()]<+oo.
» t€£0,To]
By (1.11) and (1.15), there exist a subsequence {u,,(#)} of {u,(¢)} and
u(t) € E%.7a[Vo] such that
(1.19) 4, (t) — u(t) (w) in V,,

and by (1.15), (1.18) there exist a subsequence {u,,(#)} of {(u, ()} and
v(t)Eg%Hoj[Vn] such that

(1.20) /() —> v(D) (W) in V,

and by (1.14) and (1.17) there exist a subsequence of {u,,(¥)) of {(u,,(£))}
and w(r) € £%.rn[H] such that

(1.21)  u,,”' () — w(t) (w) in H.
And since the convergence of these sequences are uniform in ¢, we have
u () =uv(@ in V,
uw (@ =w() in H.
Thus u(t) should belong to
E%.1a Vo]l N E'co.10 [ o] N Eco.raa [H ]
and satifies from (1.52)
@@, ¢+ (@), 0} + (G@(@®), ¢)n =0

for all ¢; € {¢,}), and u(0)=u, u'(0)=u,.
Therefore for each r€ [0, T] u(¢) satisfies,

W) +Lu() +Gu@®) =0.

Since u”(£) € E%.7n[H], and G () € £%.rs[H] and from our assumtion
(1.4), we have u(®) € E%. rn[V:].

Here if we take into account of the arbitrariness of T,(0<7,<T,) and
the uniqueness of such solution (Theorem 1), u(¢f) is the only function
which solves the problem (A). This completes the proof of the Theorem
2. (g, e,d)
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[REMARK 1] We can easily verify that the function #(¢) in the Theorem
2 is a strong solution in the space H.
Obviously, by reasoning of our proof of the Theoem 2, if we want to

obtain a weaker solution, some of assumptions may be removed.
[ReEMARK 2] For the equation of the form
() w"(@)+Lu() +Gw(@®), w(D) = (1),

we can prove the local existence of a strong solution under more strict
conditions for the operator L and G(u, v).

(Assumptiions for L)
For any positive integer n, H,=D(L")=(u€ H; Liu €H)} is a Hilbert
space endowed with a norm
lells = (e, ¢)n = (L2¢, L7p)

and there exists L-invariant base {¢,) in the space H, whose finite linear
combinations are dense in H.

(Assumptions for G(u,v))
(A.1) There exist positive integer n, and N>0, ¢>0 such that

[, G, 0)) | K1+ [[0]15+ a2} Y
for u€H,., veEH, .

(A.2) For u() € E%.ny [Huw] N E'%o.r3[Huor:], we have
|(Diu(®), DG u(t), Dau(t)))
< e(u(@®), D)) (|| Dau(@® |5+ 1 Diu(@) |12,

where

sup ¢;(u(), Du(®)) = a(My, M)+ , if
{’ sup _ |[u(D) || ngrr < M,

€00, T

z\ Aty?t{n HDu(2) N < M, .
(A.3) For u(®) € E%.19[Huol N E4ors[Hoo-1], we have
| (D(0), DIG@(), Dau(t)))
=< @), Du(t), Diu(0)) (|| Diu(®) |5+ || Diur) [1%,)
where

sup ¢,(u(®), Dtu(t)rth"(O) = (M, M,, M;)<+4co, if
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[ sup Nu (@) [} ngsr < My

! 1€C00,T]
Sllp ||Dlu(t)||n0+l<M2
t€efo,T]
sup || Diu(®) || ny < Ms.
t€f0, 172

(A4 If uy— u (w) in H,py, v, — v (W) in H,, then G, v,) —

G(u,v) (w) in H.

Our main theorem proved in the section 2 is a consequence of Remark
2 by using our lemmas and theorems in this section,

§2. Proof of the main theorem

We consider the nonlinear mixed problem

82u —_— 4 au q 27 — 3
"é?‘ Au+cou +cl('—§—) ’f‘CzlAul f in .QX(O, T)
W u(x, 0) = u(x), 3"—%’;;0)— = u,(x) in 2
u(x,6)|ea=0 for t=0.

Here p, q, r are positive integers and ¢,(i=0,1,2) are arbitrary numbers, 2
is a bounded domain in R” and whose boundary 98 is sufficiently smooth
(c["] * _class) and u,u, and f are given data, and pu means gradient
vector function for u.

Now we have

[THEOREM].

If the data (f u,, u,} satisfy, for m= ]}2{]-’_1 ’

2.1) f=f(x,1)€E* nH"(2)] and especially when t =0,
f(x,0) belongs to H"*1(L2)

2.2) u,(x) € H3(Q)

(2.3) u,(x) € H*2((Q)

then we have one and only one function u(x,t) in C2(2x[0,8]) whick solves the
problem (1) in a classical sense for some §(0<0<T) which depends on f,u, u,,
p.q.rn&c.

(proof)

Since the operator (—4) is uniformly elliptic and coercive on ﬁ’(.@),
for any positive integer a, (—4)? is coercive on ﬁ“(ﬂ). Therefore there

exists a positive constant ¢, satisfying for any u€ I:I“(.Q),
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<(=Dwu> = (=D, D) e Zeallully,
and the eigen functions {¢,} of (—4)* consists of a complete base in

He (D).

Here we put a=[%]+1+3=m+3, and from now on we fix {¢,} as the

eigen functions of (—4)"+* and denote (-, ) as (s, )L
And we set Gu, W', pu)=cu®+c,(W)+c,|pul* .
From our assumptions (2.2), (2.3) there exist sequences of real numbers

{a;}, {B;} such that
2.9 u.(0) =:Zla](oi—-_>u0 () in f{mﬂ(‘g)
@4 WO =380 —u () in H(0)

k
Now we construct approximating solutions u,(x, )= > 4i.;[®e¢,(x) in
=1
the following manner. {4.;(t)} is the solution of the ordinary Cauchy

Problem of the system:

[ @ (=d)"g) +(—duy, (=D)"¢)

@.5) + (G, ue, pur), (—D"p;) = (f, (—4)"p,)
\ A (0) = a;, Xy ;(0) =B, (j=12 ..,k

It is well-known that the problem (2.5) is solvable for some interval

[0,8,] where 8, depends on &, and we know

u.(x, 0 687[0_“][}?"'”(‘{2)]
because of ¢; €I§’“3(.Q) and 2,.;() €C?[0, d:].
Now, we have from (2.5), for t€ (0,6:)

(", (—d)"u) + (—du,,, (—D™uw,")
+ (Gl we', pu), (—D"u) = (f, (—D™u')

From this, it holds by Schwarz inequality
d no, m+l 2
Sl R, w10 w),)
< M=%, 21 (- u)” D% Gy uls pue) |
<3 {1 DI, 20 - DI, +1 (= DF Gl w1}, )

Here we have by lemma 3, after considerably tedious calculations,
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| (= )2 Gl u, pu) |,

< lelen @) | (=Dl +leilelan ) (2w,

4r
L2

m+1
+lele(r,m @) (—4) % ul
Thus we have for N=max {p, g, 2r}

| (—4)? G wd, pu) |,

"‘tl, 2 n 2 N
<e(p.arm @11 (= wll, + (- DTuI}, )
Consequently, it follows for t€ (0, dx),
m m+l
Ldf i/l + 10w,
1 ” 2 mil PR
<letarnn (eI D u 1, +1 -0 i, )
Therefore by lemma 2, we have
m 2 m+l
1+ (= D/, +1(— D w®],
mn m+l 2
T+ (=D2u/ @1, +1(—4) 2 w (],
¥ B 7; n ’ 2 .’ﬂ 2 N-1 .__L._.
[1-¢N-D{1+1(= DI O, +1 (= DT @I, | ¢
for t€(0,0:) .

Here we know from our limit relations (2.4), (2.4)' that there exist posi-

tive constants K;, K, such that

[SREROIHES ACEAICHR AN

L2 == L2

| (= DI/ @1, < K141 (- DFwal}, )

L2 =

independent of k.

From this we obtain,

(=D w1, + (= DD,

m+l -

1+K,+K,+ K1|(—A)'Tu(,|zL2 +K2[(_A)'z’u1|2m

si"" m+1 ] No1 —
l—cr(N—-l).{14—K1+K2+K1|(_A)TMZL2 +KZI(_A>EH112LZ} t]n’:
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The last inequality shows {u,(¢r)} exist and have meaning in the interval
[0,6] independent of & where § is a positive constant depending on f, u,

u, p,q rn 2 C, more precisely,

8=[¢(p.arn W=D (1+K+K+Ki| (—d)Fu, %,

n o, \N-17-1
+El (— Dy, )]
From above reasoning, we have

sl
sup sup |(—A) % up ()|, <+oo
k t€L0.7]
@.6) .
Sup sup l(_A)Eu’k(t)|L2<+00
k tero.rl

where 7 is an arbitrarily fixed positive number with 0 <y <{d.
Secondly, by differentiating both sides of the first equality of (2.5),

we get for every € [0, 7]
Q2.7 @@, (—DHre)+((—=Du, (—D"@) + (D.G(uy, u, pitr), (— "))
=\ (= D) .

From this, we have as in the preceding manner,

1d LI 2
LAl niut, w10l )

< L1 D771, +21¢- DI, + D=0 Gl ut ) 1, )
Here we estimate the term
| D,(—4)7 GQaw, i, Pu) |,
At first we have
ID.(— )7 )? 112 = | (— )7 (pu>u/) | 12
<ealpn DD’ (- Diu/],

as 4, u, belong to I%’"(L)) respectively.
Therefore as a result of (2.6), we obtain,

1D~ )], < e(pm2,7) .

Lz ==

Followingly it follows by the same reasoning,
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ID.(= i@, = | (= D (@) u") |,
<ea@n®|(—Hu | (- D],
<ea@nlD(-DHin"],

For the last term we have,
D= DF pul” |, = 1= D ripm ][ 52 @@},

Ml g mil
Ze(rnn (=D F w7 (=477l

m+1
g 03(” n, ‘Q! T) | (_A)Tuk’l L2 °
From these facts, we can obtain
| D (— 4)7 Gty ey Pu) I,
n 2 M+l 2
<crann 1+ Diu T, +1- HF T, )
Consequently it follows for € [0, 7],
m mil
2T o, + 10w, )
mn L] m+1
SIEDT O 1, +e+ @+o (| —DF O, + (= DT WO, ).
Therefore, by lemma 1, we have
m mil
[(—D2u" O, + (=D u’ @,
n mil
e [{| (= DI @1, + (=D w1}, ]
t
[ eerer (| (—ar1}, +Chr |
0

for t€0,7].

By this inequality, if we could show the boundedness of
me1 n
(lcoFwol, (ICotwol,),

we can conclude that the following inequalities hold;
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/ _m+l /
sup sup |[(—4) 2 w/(O)],, <+
3 LEL0,r3 -

(2.8)

i

sup sup | (= D¥u(0)], <o

t€E0,y]

m+1

Since the boundedness of {i(—A)“ 2 u,,'(O)ILz} is evident from our assump-
tion, it suffices to verify sup |(~.4)£;‘u,,”(0)l,2 is finite.
u .
Now, in the equality of (2.5) by letting ¢ tend to 0, we have
2.9) @0, (—H"e)+ (= Due(0), (—DH"e)
+ (G (0), u'(0), pur(0)), (—DH"p,) = (f(0), (—DH"p))
and by substituting #,”(0) for ¢, it follows
@"(0), (=™ u"(0)) = —((—=Du(0), (—AH"u"(0))
—(G(u:(0), u'(0), Fu.(0)), (—A)"uy"(0)) + (f(0), (— ) "u,"(0)) .

Therefore we have by Schwarz inequality

|~ D5 (0] 12 S (— D)% (O
(= D)% G (0), 1/ (0), P (0)) | ca [ (—4)7 £(0)] 12
Since the right hand side of this inequality is bounded from our assump-
tions (2.4), (2.4)’, we have the boundedness of {f(—A)%uk"(O)lu}

In the next, by differentiating both sides of the equality (2.7), we get

(2.10) @, (=D"e) + ((—Du, (—DH"e,)
+ (DiG(ue, uy', pt), (—d)"p;) = (f", (=)™, .

From this we have for ¢€ [0, 7]

l1d

n mrl
ya{lCotup i, w10 ),

Sy (DT, 21 - DL, +1DH— D G )1}, )
Therefore by utilizing our results (2.6), (2.8) we get for 7€ [0, 1]
" m+1
Dt o, 10T wor,)
< const {| —DTuP D, +1(— DT u @), } +const+| (—4)F () |,

where the constants depend on p,q,r, 7, 1, 2.
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Thus it follows by lemma 1,
[~ DTup O, +1 (— DT w1,
< const {l (—A)gu,?’ ()] |sz + (- A)E{iu,,”(()) liz} +const .

Here we show the boundedness of {[(—A)g'u,‘f’(O)lm} .
In the equality (2.7), by letting ¢ tend to 0, we get
@ (0), (=D p;) + ((—Du (0), (—DH"p)
+ (DG (ue, w!, Pt | 120, (— D)"0) = (f7(0), (—D"y) .

Therefore it follows by Schwarz inequality

(= D220 |12 < | (=)™ w12+ [ (— D 1(0) |12
+1(— 4% (DG Wy 'y k) | 1m0} | 12+

The limit relations (2.4), (2.4)’ yields the boundedness of the right hand
side of this inequality.

Secondly we show that there exists a bounded subsequence
mtl il
(1D u/ @l of {I-0™ w @1} -

For this purpose by setting {@u, @u,..., ¢} as the eigen functions of eigen

value 2, we choose this last numbers k, and we consider the sequence
mil

(0™ u/©1,] -

Here we know (—d4)¢,; also satisfies (—4)"*3(— )¢y = A (—4d)¢. because
of ¢, €C(2). Therefore it follows that there exist suitable numbers (a,),
such that

.
(=D = ; APk, -

From this, we can substitute (—4)u,/(0) for ¢, in the relation (2.9),
that is the equality

(2.9) (" (0), (=)™ 'uy," (0)) + ((— D, (0), (— D™, (0))
+ (G, (0), u,,/(0), P14, (0)), (— )™ 'uy," (0))
= (f(0), (—H)™""u,,"(0))
holds.
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Thus again by Schwarz, we have
|- u O, <1 -5 0,01,
(= ) G, (0), ) (0), P, (O |,

(=) O e

The boundedness of the right hand side of this inequality is the conse-
quence of (2.4), (2.4)’ and thus we obtain

I (— A) uk"(O)l < const < +co.

L2 ==

Consequently we get

[ sup sup | (— T w1 (@), <+oo
|k telo.r L2

2.11D)
sup sup | (~ )P u(D)] , <+oo

B t€L0.

Consequently, by substituting (k) for (k) and renewing (k) to {k)
in the results (2.6), (2.8), (2.11), we have by lemma 4 that there exist
a subsequence {u}(#)} of (u,(¥)} and u() which belongs to 51[0,,][ﬁ”+1(9)]
N E%o.n [ﬁ“(ﬂ)] such that

uf () — u(r) (w) in H'(2)
up (1) — w' (1) (w) in H*(@)
wE(f) —> ' () (w) in H"(2) .

And since m= [%] +1, we have
Gux @, ul' (O, puf (@) — G, w' (@), pu(®))
for each t€[0,7], and x€ £,

and furthermore from ellipticity of 4 and our results, #(¢#) should belong

to
E%rs [H* 1 (2) N H**(D)] N E'o.rs [H* (D] N Bars [H(2)] .
Consequently, (2) of lemma 3 yields
u(x, 1) € E%.[CHE) NC* (@] N E'e0.n[CiED] N Eo.n [CI@D)] .

that is u(x,¢) is a solution of the problem (1), in the interval [0,7].
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On the other hand, we can extend its existence interval to [0,0) from
uniqueness (Theorem 1) and the arbitrariness of ¥(0<7<d).
This completes the proof of the [Theorem]. (g.e.d)
[REMARK 3]
If we consider the evolution equation of the form
(a) w'(@+L(D)u()+Gu,Du, ...... , D™u,u) = f(2)
where L(D) = 3} a,D® is uniformly elliptic and coercive on fi’”(.Q), and
la| <2m
G is a multi-polynomial of u, Du, ...... ,D"u,u’, we can construct a local
classical solution by an analogous arguement.
[REMARK 4]
For the first order evolution equation of the form

() u'(t) +L(DYu(t) +Gu, Du, ......, D"u) = f(£)

the local existence of a classical solution has already obtained, (Y. Ebi-
hara [6].)
(Outline of the proof of [Remark 3])
Since L(D) is coercive on 1?'”(.9), L?(D) is coercive on IOP”‘(Q)
(lemma 5) where p is a minimum positive integer with

mp Z[‘g‘}” .

We construct approximating solutions in the following manner

| " (), L*e) + (Lup (1), L*¢,) + (G(-++), L*@;)
=D, L) (=12 ...,k

H L3 k
i u,(0) = ?_.‘{051% » w/(0) = Enﬂ)%
where {¢;} are eigen functions of L***(D) and

u,(0) — u, (5) in H*+(Q)
u/(0) —> u, () in Hro+u(Q) .

Then we have necessary estimates for {#{’(#)} (i=0,1,2,3) to obtain the
conclusion by an analogous caluculation.
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