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                        Introduction 

In present paper we study the Initial-Boundary Value Problem

at—du+Co(u)P+cl(at)4+c21vu12, = f
in S2 x (0,T)

u(x, 0) =u0(x)  ,au(x, 0) = ul (x) in 2 
at

u(x,t)I82 = 0for t E (0, T)

where 2 is a bounded domain in Rn, whose boundary aS2 is sufficiently 

smooth and T is some positive number, p, q, r are arbitrarily fixed positive 

integers, C,(i=0, 1, 2) are constants, and f(x, t), uo(x), ul(x) are given func-

tions. 

   In [1] J. Sather proved the existence of the global classical solution 

for the problem (1) in the case n=3, C0=1, C, =C2=0 and p=3, i, e.

(2) atu—du+ (u)3 = f .
After then, J. L. Lions [2] suggested a question if we could discuss the 

analogous argument for the equation

(3)       a2u  at' du+(at---)3f.
   We can easily verify the existence of the global weak solution but in 

the classical sense the argument is very difficult. 

   Quite recently H. Kato and T. Nanbu [3] obtained classical solution 
in the local sense under the same conditions of (1) for the equation (3) 

in the case n=3.



   Our main theorem in this paper states that there exist a positive 

number  a and u(x, t) which solves the Problem (1) classically in [0, 8) 

for the arbitrary spatial dimension n. 

   In section 1, we mention some lemmas and abstract propositions which 

are essential in this paper and in section 2, we prove our main theorem 

by the specialized Galerkin's method, in [Remark 1] made after the proof 

of the theorem we generalize our results for some non-linear evolution 

equations of the form

2 u +L(D)u+G(u , Du, ......, Dmu, Dtu) = f at'

here L(D) = E aaD" is uniformly elliptic and coercive on 11m(2) and 
Ials2m 

G=G(u, Du, ... , Dmu, Dtu) is a polynomial in u, Du, ... , Dmu, Dtu. In general we 

can not expect the global existence theorems for above equations, but for 

specialized equations the author believes the global existence of a classical 

solution by giving special initial data.

 § 1. Lemmas and Abstract Propositions 

   Throughout this paper we assume all function spaces are considered 

over real field and their notations and definitions are same as those 

Mizohata [4] and S. Agmon [5] etc. 

   Now we mention some lemmas which play an essential role in this 

paper. 

[LEMMA 1] 

If a function co(t) belonging to C1 [0, T] satisfies for given f(t), g(t) E Co [0, T]

{
co' (t) < f(t)go(t) +g(t) t E [0, T] 

cP(0) = Vo

then we have for t E [0, T]

      r(t co(t)<F(t)[Jg(r) [F(r)] -1dr+cool 

                 0

J t f(F)dF where F(t) = 

(proof) 

We put cp(t) the solution of



 {
 y'  (t) = f(t)y(t) +g(t) 

Y(0) = 4o

then we know

      r(~ (p(t) = F(t)[Jg() [F(r) ] -'dr +901 . 

                  0

   Now if we assume that there exists to E [0, T] such that cp(to) =g'(tu) 

and co' (t0)>cb'(to), then we have from the latter relation, 

f(to)0(to)+g(to) <f(to)c9(to) +g(to) 

that is f(to)0(to) <f(to)C0(to) 

this contradicts the former. (q. e. d) 

[LEMMA 2] 

If (p (t) E C' [0, T) satisfies

cp'(t) <C. (co(t))N for t E (0, T) 

co (0) = Coo

for given positive constants C, goo, N with N .�1,  then it ho.'ds

go(t)<42,  
      [1—C(N-1)cpo-1t]N-1

for any t E [0, T), where

To= min{ T' C(N--------------11)cot -'J
   Proof of this lemma 2 is obviously obtained by a similar way as the 

proof of lemma 1. 

[LEMMA 3](SOBOLEV'S IMBEDDING THEOREM) 

                                                                                                                                  0 

   Let 2 be an open set in Rn with C"-class boundary and u EHn(S2) then we 

have

(1) if 0 <m< 2 u should belong to L^(2) and it hods

Hull ',Pub<C(n,m,2)IluIIHm(9)

where P=2—n ,



(2) if m = [2] + 1 + r, u should belong to Or(i2) and  it holds
u I I sr(~) < C(n, m, r,12) I I u I I Sm(2)

Obviously we have, from (2) of this lemma, if u, v EH+1                                            2] (S2), then

for any positive integers p, q, up • v4 E H [ z ] +1 (S2) and it holds

Iluk.vglIkun+1(Q )<C(p,q,n,S2)IIuIIH[2I+1 (n)IlvH .[2]+1(.4)

   Next lemma 4 plays most important role to verify regularity of weak 

solutions defined in this paper.

[LEMMA 4] 

  Le H be a separable Hilbert Space, and (up0 (t)) be a sequence of mappings

upo(t): [0, T] — ' H

satisfying next two conditions;

(1) sup sup I I upo (t) 1171 < + CC 
PO t ECO.T]

(2) for any t1, t2 E [0, 71, there exist positive numbers K, a with 0<a  < 1, 
  such that the following inequality holds independently of po

I l upo(t)) —up0(t2) I I tt < Kl t1—t21 a

       then (upo(t)) has a weakly convergent subsequence (upk(t)) and its weak 

       limit u(t) belongs to 62o,T][H] and the convergence is uniformly in t. 

   (proof) 

   Since H is separable, there exists a countable set (cpk) whose finite 

linear combinations is dense in H. 

   First we put Fpo(t, Y'1) = (upo(t), cp,),t (P0=1, 2,......)• 

   Then from our hypotheses (1) (2) we can easily verify that the func-

tions (Fpo(t, cpl)) is uniformly bounded and equi-continuous in [0, T] . 

   Therefore by Ascoli-Arzela's Theorem, we have a subsequence (up1(t)) 

of (upo(t)) such that (Fp1(t, (pi)) is uniformly convergent in [0, T] . 

   Next let us set Fp1(t, v2)— (up1(t), ~2),t • Then by an analogous arguement 

we obtain a subsequence (u ,,,(t))of (up1(t)) such that (Fp2(t, cp2)) and 

(Fp2(t, p')) are uniformly convergent in [0, T] . 
   By continuing these procedure, we can see that (Fpm(t, co)), (j=1, 2, 3, 

 . , m) are uniformly convergent in [0, T] .



   Consequently, by taking diagonal element of  these subsequences, we 

have for any cphE (cpk) , (Fpp (t, coo)) is uniformly convergent in [0, T] . 

   Therefore we can conclude that (Fpp(t, co)) is uniformly convergent in 

[0, T] for an co E H0, where H° is the totality of finite linear combinations 
of (cpk) 

   Now we set for each cp E Ho

L, (co) = lim Fp(t, co) 
              pp-.a

then we see L1(49) is linear functional on Ho for each t E [0, T] , and we 

have by Schwarz inequality, 

IL,(49)I<M114911H for coEH° 

where M =sup sup I I up0(t) I I H. 
PO tEC°.T] 

   Since H° is dense in H it must follow that L, ((p) is continuous linear 

functional on H. 

   Therefore by Riesz Theorem, there exists a function u(t) in H such 

that L, (co) = (u(t), co)„ for each co E H and t E [0, T] . 

   And since 11u(t)11„ < lirn I 1 upp(t) I I , we may assert that u(t) E 5°C0.T] [H] 

from our hypothesis (2) as pp 3 oo. 

   The uniform convergence is obvious from the above arguement. This 

completes the proof of lemma 4.(q, e, d, )

[LEMMA 5] 

   If the linear partial differential operator L(D) =aaDa is coercive on 
                                                                        I00S2m 

                                                                                                                             0 

11(2), that is there exists C(> 0) satisfying for anycoEHm (S2) n H2m (S2)

<L(D) co, co>L2(9) >CIIcp112 
Hm(.Q)

and uniformly elliptic in 2, 

                                                                                                                                    0 then for any positive integer p the operator LP(D) is coercive onHm(S2) and the 

                                                                                                                        a eigen functions (co), of LP (D) consists of a complete base inHpm (2) . 

   (proof) 

   Coercivity of LP(D) is easily verified by induction and the remaining 

part of this lemma is a direct conclusion of Riesz Theorem. 

    Now, we consider abstract problems. Let H, V,, V, be separable Hilbert 

Spaces with 

     (1. 1) Vl C V° H where the inclusions are contiuuous



 (1. 2)  V, is dense in H. 
Here we treat the abstract second order equation

(a)at2u(t) +Lu(t) +G(u(t)) = 0

where

(1. 3) u(t) be an unknown function from (0, T) --> V°, and dt u(t), dt2 u(t) 
     mean usual strong derivatives of u(t) in H, and 

(1. 4) L be a densely defined self-adJoint operator in H with

_°IIuIIV°< (Lu,u)H=[u,u]<c° I I u I IV°for u E V),

IIvIIV1sIILviIH_<clllvHv1 for vEV,

where the constants co, c1 are positive constants independent of u, v respectively, 

(1. 5) G(u) be a nonlinear operator satisfying 

(1.5. 1) G(u)EH if u E V° and 

      (1. 5. 2) (G(u,), (P)H (G(u), (p)H for each cp E V1 
               if u,--> u weakly in V° and moreover 

(1. 5. 3) for u, v E V° 
G(u) —G(v) I I H C(u, v) I I u—v I I V°

where the constant C(u, v) depends u, v continuously. 

   Now we formulate the abstract Cauchy-Problem. We call a function 

u(t) a solution of the problem (A) when it satisfies

(A)

dz 
d2(u(t),co)H+ [u(t),(P]+(G(u(t)),~)H = 0

for every t E (0, T) and any cp E V1 

u(0) = u° , u' (0) = u, (u°, u1: given)

Here we have

[THEOREM 1] (UNIQUENESS). 

  Let u(t), v(t) E 5°[O, T, [V1] n £',°,T, [V°] n 620.7.3[H] be solutions of the problem 

(A) with initial data u,,, u1, v°, v1 E V° respectively,. then it follows

(1.6) I u' (t) — v' (t) I I H +c oI Iu(t)— v (t) I IV°

sk(t)(Ilul—v11111+ ollu°-v°IIv°~



      for any t E [0,  T  ]  , where the function k(t) depends on u(t),  v (t) 

        continuously. 

(proof)

   By setting w(t)=u(t)—v(t) and F(t)=(w'(t), w'(t))H+ [w(t), w(t)] then 

F(t) should satisfy 

F'(t) = 2((w"(t), w'(t))H+ [w(t), w'(t)1) 
           = 2(G(v(t))—G(u(t)) , w'(t))H .

Thus by utilizing Schwarz inequality and (1. 5. 3) , we have for t E (0, T) 

F'(t) s21Iw'(t) I I H I IG(v(t)) —G(u(t)) I I H 

� I I w'(t)11 H+ (C(u(t), v(t))) 21 Iu(t) —v(t) I I v° 

__.1114? (t)11 H + Co (C(u (t) , v (t))) 2 [w (t) , w(01 ] 

ko (t) (I l w' (t) I I H + [w(t), w(t)] 

                                   where ko(t)=max(1, C°(C(u(t), v(t)))2) • 

Therefore it holds F'(t) S ko (t) F(t) for t E (0, T), and by lemma 1, we 

have

ko(r)dr 

       F(t) _<e  ° F(0) 

                       St ko(r)dr and setting k(t) = e ° , (1.6) follows by (1.4). (q. e. d)

We make next assumptions for L and G. 

(1. 7) For the operator L there exists a countable sequence (ck) k-1 in V1 
       with the condition that it is L-invariant and totality 0 of its finite 

       linear combinations is dense in V1. 

Here we set V2 as a Hilbert space endowed with a norm

    11 

iiCoI I V2 = [140,L~v]2= (L'co,0P)H •

(1.8) G(•) satisfies 

 (1.8.1) [G(u), G(u)]  < const • I I u 11 V2 

         for u E V2 where m is some positive number independent of u, 

(1. 8. 2) for u(t) E 5 2c,,T, [ Vo] , it ho'ds 

        G(u(t)) E ~2[oT] [H] and,

N 

I I G(u(t)) I I H const (1+ I I u(t) J I v0 2 with N> 1,

dtG(u(t))H_<f(u(t)) u'(t)V0
here f(u(t)) is positive function of u E Vo satisfying



 sup f(u) =  k(M)<+  CO and 
IlutIVU M

dt2G(u(t))<g(u(t), u'(t)) u"(t)   It v°

here g(u, v) is a positive funktion of (u, v) E V° x V° satisfying

 sup g(u, v) = k (Ml, M2) ̀  + oo • 
h ull1,0 Ml.h ullvo M2

  Here we have a existence theorem for the problem (A) . 

[THEOREM 2]

   There exists one and only one function u(t) in £j °C0.T1J [ VI] 1151[°. T17 [Vol 11 62E0. Ti] 

[H] wh:ch solves the problem (A) for the initial data u° E V2, u1 E V1 where the 

number T (0 < T1 <T) depends on u°, u1f N and other given constants. 

(proof)

   By the usual Galerkin's method we shall make approximating solutions 

(up (t)) . That is, let (Ap,k (t)) (k = 1, 2, ... , p) be solutions of the Ordi-
nary Cauchy Problem;

(A')

0=lA"A.k(t) (co)            k, coK+AD.k(t)[cok,cod] 

1

+(G(Ap.o(t)o), co),,=0 (j=1,2,...,p) 
k=1

A.(0) = ak2'p.k (0) = e (k = 1, 2, ... , p)

where (cpk) be an L-invariant base in Vl and (a0), {~3k) be sequences of 

numbers satisfying

      E up(0)=!~~J akcok u0(s) in V2 
k=1

UP' (0) = LJ Nk(Pk ul(s) in V1 
k=1

It is well-known that one can find Tp> 0 such that the solution with the 

form up(t) = J Ap,k(t)cpk of the problem (A') exists in the interval [0, Tp), 
k=1 

i, e. for t E (0, Tp) the function up(t) satisfies

(1. 9) (up"(t), cp,)f+ [up(t), co], +(G(up(t)), co )rr = 0 (j = 1, 2,... ,p)

and

pp 

(1. 10) Up (0) =  akcok, ur (0) = E Qkco, 
k=10=1

From (1. 9), we have for t E (0, Tp)



 (up'(t),  uptt(t))H+ [up(t), up'(t)] + (G(up(t)), up(t))H = 0 

and therefore

d (I I up'(t)11 H+ [up(t), up(t)]) < I l up'(t) I I H+ 11 G(up(t)) I I X .

Hence by (1. 82) the following inequality holds for t E (0, Tp)

(I I up' (t) I I f + [up(t), up(t)1) < I 1 up (t)1 I H + const (1 + I I up (t) I I Vo) "

< const (1 + I I up I I X+ I I up 11 VO) N 

Therefore the function 

.fn(t) = 1+ 1Iup'(t) I I H+ [up(t), up(t)] 

should satisfy for t E [0, Tp]

fp(t)< fp(0) 1by lemma 2 . 
[1—c(N-1) (fp(0))N-1 t] N-1

Since fp (0) <1+ coast  I I u11 I H +const [uo, u0] , we have

fp(t)<c(uo, ul)for t E [0, Ti] 
                               1 [1—c(N, uO, u1)t] N_i

where the number T1 is the inverse of c(N, u0, u1). 

Consequently by fixing To (0<To<T1) arbitrarily, we have

(1. 11) sup sup [up(t), up(t)] < + o0 
            P tECO.Tn7

(1.12) sup sup I I up' (t) II H<+ oo 
           P tE CO. TOJ

Secondly by differentiating (1. 9) we have for t E [0, T0]

(1. 13) (up' CO, (Pj)H+ [up'(t), co ] +(dt G(up(t)), g ̂) = 0
(.i=1, 2, ... ,p) •

Therefore it follows

dt(II up"(t)iIH+[up'(t),up'(t)])<2dtG(up(t))IIup"(t) H

atG(up(t))H+ up"(t)  

                                 2 

By (1. 8. 2), we have

dr(IIup'(t)IIH+ [up(t), up(t)]) sf2(up(t))p' (t) IIVo+ 11 up'(t)1IH•



By (1. 11) and  (1.  4) it follows

sup sup f (u p (t)) < const . 
 P t E CO. TO

Thus we have for t E [0, To],

dt (II up ' (t) I I X + [u'' (t) , uP' (t)1) < const (II uP" (t) I I X + [up' (t) , up (t) ] )
Therefore, using lemma 1 we obtain 

(') I I up" (t) I I H + [up' (0, up' (t) ] < e` t (I I up" (0) 112H + [uP' (0) , uP' (0)1) 
                                           for t E [0, T] .

Now we show the boundedness of the right hand side of this inequality (*) . 

Since u'(0) > u, (s) in V, the boundedness of ([up' (0), /4'0)] ) is obvious. 

Secondly, in (1. 9) we have as t - 0 

(1. 9)' (u p" coJ)H+[uP(0), co j]+(G(uP(0)),cP,)H = 0 . 

From this wehave 

IIup"(0)IIH<IILuP(0)IIH+IIG(uP(0))IIH. 

Since u p (0) ---. u0 (s) in V2, 

we have

sup(I I LuP (0) II H) < + 00 

 P

and

N 

m
op (II Gu p (0)) II H)<sup(const (1 + I I up (0) I IV2)z)<+ co .

This shows the boundedness of (II up" (0) I I H) , and hence the right hand 

side of (*) is bounded. 

Consequently, we have by (*) 

(1.14) sup sup I I up'(t) II H<+00 
                   P t E CO.TO] 

    (1. 15) sup sup [up' (t) , up' (0] <+ oo . 
                   P t E CO. TO] 

   Now, by differentiating (1. 13) we have for t E [0, T0]

2 

(1. 16) (up) (t), cPi) + [uP"(t), sv,] + (--G(u(t))  go') = 0 .
Thus we obtain



 di (114' (0 II X+ [up I(t), up" (0)) < dt2 G(up(t)) H+ u(2)) (t) H .

From (1. 8. 2), it follows 

d (I I up' (t) I I H + [up" (t) , up' (t) ) 
g2(up(t), up(t)) I l up'(t) (011 vo+ IIup'(0112H 

From (1. 11), (1. 15), we have 

g(up(t), up(t)) < const . 

Thus we have for t E [0, T0] 

       d(I I up' (t)IIH+ [up"(t), up" (t)] ) 

           const (114' (t) I I H+ [up"(t), u "(t)] ) 

Applying lemma 1 again, we have

114) (t) 112H  + [U P" (t) , up" 0)] 
ect(Ilup'(0)IIH+[up"(0),up"(0)])for tE[0,T0] • 

Now we show the boundedness of (I I up' (0) I 1 H) and ([up"(0), u"(0)]) 

In (1. 13) let t tend to 0, we have 

    (1. 13)' (up' (0), co )H+ [up'(0), cc' ] +(G'(up(0)), coj)H = 0 

Therefore it follows 

I l up' (0) I I H< I l L up' (0) I I H+ I I G' (up (0)) II H 

            <— I I L up (0) I I H +f(up (0)) I I up (0) I I vo • 

Since up —p uo (s) in V2 

up'—.u1 (s) in V1,

the boundedness of the right hand side of this inequality is obvious. 

Now, since (q;) is L-invariant we can take Lco, instead of go, in (1. 9)' i, e. 

(up"(0), Lcc,) + [up(0), Lc + (G(up(0)), LCP>)H = 0 . 

Therefore, we have 

[up/(0), up"(0)] + [up(0), Lup'(0)] + [G(up(0)), up"(0)] = 0 . 

Thus it follows

[up" (0), up" (0)] z S [Lup(0), Lup(0)] 2+ [G(up(0)), G(up(0))] 

                                                          m             

I I up(0) I I v2+constl I up(0) I Iv2

from (1. 81) .



Since  up(0) - uo (s) in V2, we have the bounedness of the right hand 

side of this inequality. 

Consequently we obtain

(1.17) sup sup 114) (t) I I <+00 
           P tEC0.To] 

(1. 18) sup sup [up"(t), up'(t)] <+ . 
p t EE0.T0]

   By (1. 11) and (1.15) , there exist a subsequence (up, (0) of (up (t)) and 

u(t) E T, [ Vo] such that

    (1. 19) upk(t)  u (t) (w) in V° , 

and by (1. 15) , (1. 18) there exist a subsequence (up, (0) of (upk(t)) and 

v(t)E6°C0.T0] [V0] such that

(1. 20) up0'(t) - b v(t) (w) in V° 

and by (1. 14) and (1. 17) there exist a subsequence of (u „(t)) (t)) of (u pQ (t) ) 

and w(t) E 6° co. T°] [H] such that

(1. 21) up,."(t) w(t) (w) in H . 

And since the convergence of these sequences are uniform in t, we have

u'(t) = v(t) in Vo 

u"(t) = w(t) in H . 

Thus u(t) should belong to 

          5°[0.T07 [r0]I151C0.T0] [ r 0] 1 62E0. TO] [H] 

and satifies from (1. 52) 

(u"(t), s0,)H+ [u(t), 0 (G(u(t)), )H = 0 

for all co, E (cp;), and u(0)=u, u'(0)=u1. 

Therefore for each t E [0, T] u(t) satisfies, 

u" (t) +L u(t) +G(u(t)) = 0 .

Since u" (t) E 8°D, To] [H] , and G(14(0)  E 8 °Do. To] [H] and from our assumtion 

(1.4) , we have u(t) E -°[0. To] [ Vl] • 

   Here if we take into account of the arbitrariness of T0(0<To<T1) and 

the uniqueness of such solution (Theorem 1), u(t) is the only function 

which solves the problem (A) . This completes the proof of the Theorem 

2.(q, e, d)



[REMARK 1] We can easily verify that the function u(t) in the Theorem 
2  is a strong solution in the space H. 

Obviously, by reasoning of our proof of the Theoem 2, if we want to 

obtain a weaker solution, some of assumptions may be removed. 

[REMARK 2] For the equation of the form 

    (b) u"(t) +Lu(t) +G(u(t), u'(t)) = f(t) , 

we can prove the local existence of a strong solution under more strict 

conditions for the operator L and G(u, v).

   (Assumptiions for L) 

   For any positive integer n, D(L1') = (u E H; L2u E H) is a Hilbert 

space endowed with a norm 

                              I1~viln= (Co,~)n = (eVV, L2(19)H

and there exists L-invariant base (ck) in the space Hn whose finite linear 

combinations are dense in H. 

   (Assumptions for G (u, v) )

(A. 1) There exist positive integer n0 and N>O, c>0 such that 

I (v,G(u, v))nol <c(1+IIvII2no+I1u1110+1)N 
       for u E Hno+1, v E Hno

(A. 2) For u(t) E_j2E0T,[HnQ](~~1CO,T][Hno+1],we have 

I (DIu(t),DtG(u(t), D1u(t)))n0I 

          c1(u(t), Dtu(t)) (I I Diu(t)11 n0+1+ 11 Dtu(t) I I n0)

where

 sup c1(u(t), Diu(t)) = a(M1i M2)<+co , if 

sup 
   T]I1 u(t) II n0+1<Ml    tECO. 

1 sup I I Du(t)11 n0 < M2 tECO.T3

(A. 3) For u(t) E 63E0.T] [Hno] n 62E0. 7.3 [Hno+1] , we have 

I (Mu (t), DrG(u(t), D1u(t)))n01 

C2 (t), D u(0, D=u(t)) { 11 Mu(t)11 2.0+1+ IIDru(t)11 10)

where 

         sup c2(u(t), Dtu(t), Mu (t)) = (3(M1, M2, M3)<+00 , if



sup  l  l  u  (t)11  n0+  1  <  M1 
tECO.T] 

sup 11Dtu(t) IIno+1 <M2 
0000.T] 

sup I I Diu (t) I I no < M3. 
tE CO. T]

(A. 4) If un u (w) in Hno+1, vn ' v (w) in Hno then G(un, vn) ---. 

G(u, v) (w) in H .

   Our main theorem proved in the section 2 is a consequence of Remark 

2 by using our lemmas and theorems in this section.

§ 2. Proof of the main theorem 

 We consider the nonlinear mixed problem

(1)

  2 

at---—du+couP+ci atq+c214u12r=Jin Sz x (0, T)

u(x, 0) = uo (x) ,au (x,0)=u1(x) in S2               a
t

u(x,t)I0 ,g=0 for t>0.

Here p, q, r are positive integers and ci (i = 0, 1, 2) are arbitrary numbers, 12 

is a bounded domain in It' and whose boundary aS2 is sufficiently smooth 

(c[1] +3 —class) and u0i u1 and f are given data, and pu means gradient 
vector function for u. 

   Now we have

[THEOREM] .

If the data (f,uo, u1) satisfy, for m= [-2--]  +1 ,
(2. 1) f = f(x, t) E 52r0. 7'3 [Hn (S2)] and especially when t = 0 , 

     f(x, 0) belongs to Hnt+1(S2) 

                              0 (2. 2) u0(x) EH"'+3(Q) 

(2. 3) ul(x) EHm+2((12)

then we have one and only one function u(x, t) in C2(S2 x [0, 8]) which solves the 

problem (1) in a classical sense for some 8(0<8<T) which depends on f, u0, u1, 

p,q,r,n,2,c1. 

   (proof) 
   Since the operator (— d) is uniformly elliptic and coercive on H' (2), 

for any positive integer a, (-4)" is coercive on 11"(2). Therefore there 

exists a positive constant c" satisfying for any u E H"(12),



<(—d)au) 2u        t  u> = ((-4, (—d)au)L2(9) ? Ca 1I1I I o , 
Ha(2)

and the eigen functions (co,) of (-4)a consists of a complete base in 

1/"(S2). 

Here we put a=[1] +1+3= m + 3,  and from now on we fix ((pi) as the 
eigen functions of (—Q)m+3 and denote (•, •) as (•, •)L(2). 

And we set G(u, u', vu) =cou°+c1(u')9+c2I puI2' • 

From our assumptions (2. 2), (2. 3) there exist sequences of real numbers 

(as), fig 2) such that

                                                                                        o 

(2. 4) uk(0) =acP                ,J-•u0 (s) inHm+3(SZ) 
1=1

ko 

(2. 4)' uk'(0)—Q,co--ku1 (s) inHm+2(Q) 
i=1

   Now we construct approximating solutions uk(x, t) _ Ak,i (t) co (x) in 
i=1 

the following manner. (A,,(0) is the solution of the ordinary Cauchy 

Problem of the system :

(2. 5)

(uk", (—
(4) "pd,) + (—uk, (— zi)) mg9i)    +(G(uk, uk', puk), (—d)mco) = (f, (—d)mcPi) 

Ak., (0) = a, , A'k,, (0) = Q,(J = 1, 2, ... , k,

It is well-known that the problem (2. 5) is solvable for some interval 

[0, 8k] where a depends on k, and we know 

                                             0 uk(x, t) E 52E0.4] [Hm+ 3 (2) ] 

                                0 because ofcPiEH'm+3(andilk.,(t) EC2[0, &k} • 

Now, we have from/(2. 5), for t E (0, 8k) 

(uk", (-4)muk')+(—duk, (-4)muk') 
/ +(G(uk, uk', puk), (—zi)muk') = (f, (—zi)muk )

From this, it holds by Schwarz inequality

2 dt [ l (— d) 2 uk' 1,2+ I (— d)m21uk l,2 )

2 1 I (—d)2flL, +21 (—d)2uk'IL2 + (— 4)!- uk, puk) I L2 )
Here we have by lemma 3, after considerably tedious calculations,



 

I (— d)2m  G(uk,  uk', Puh) I L2

<- Icolc(P,n,9)1(—d)2uk1 2+1c1Ic(q,n,2)1(-4)214'122
m+1 

+1c21c(r,n,2)I (—d) 2 ukIL2

Thus we have for N= max (p, q, 2r)

1 (— 4)2 G(uk, uk', vuh) 1 L2

<c(p,q,r,n,2)(1+I (-4)m+1 lid  

                                         2 

 L2 +1 (-4)2uk'IL2)N
Consequently, it follows for t E (0, 8k),

21 t {I (-4)2uk'I L2 + I (—d)m21 uk112 )
 -Zc'(pr,n,2,f){1+1 (-4)2uk'112+I(-4)m21uklL2 

                                         }

Therefore by lemma 2, we have 

1+ 1 (- 4)2uk' (t) (L2 + I (- 4)-2-
                            .+1 

uk(t) I L2

            1+K-4)-7/4'0)112 + I (— 4)m21 u k (O )11,2 
                           m-2-m+12 

  [1—c'(N— 1) {1+ I (— 4)1uk'(0) 1L2 +I(— d)2uk(0) Iy2 } t1 N-1
for tE (0,8k) .

Here we know from our limit relations (2.4), (2.4)' that there exist posi-

tive constants K1, K2 such that

1(-4)m21----uk(0)IL2<K1(1+1(-4)m21 110 112 )

(-4)Zuk'(0)IL2<K2(1+I(—d)ZuiIL2)
independent of k. 

From this we obtain,

1 (- 4)m21 uk(t) I L2 + I (- 4)u21(t) I L2

                                                                             m4-3. 

           1+K1+K2+K11(-4)uolL2 +K21 (-4)2u1lL2 
------------------------------------------------------------------------m+1 2 m 2 1N-1[1-c'(N-1).(1+K1+K2+K1I(-4)2uoIL2d)2ullL2(t1-1-N-



The last inequality shows (uk(t)) exist and have meaning in the interval 

[0,  8] independent of k where 8 is a positive constant depending on f, u0, 

u1, p, q, r, n, S2, C,, more precisely,

m+1 2 8=[c'(p,q,r,n,S2,f)•(N-1)(1+K1+K2+Kll (-4) 2 u01 L2

+K21 (-4)zu11L2)N 1]-1
From above reasoning, we have

(2. 6)

                      m+1 

sup sup 1(-4)2uk(t) I L2 <+oo 
 k t ECO.r]

sup sup I (-4) 2u'k(t) I L2 <+oo 
 k tECO.r]

where r is an arbitrarily fixed positive number with 0 < r < a . 

   Secondly, by differentiating both sides of the first equality of (2. 5), 

we get for every t E [0, r]

(2.7) (uk', (—d)mc,,)+((—d)uk', (-4)mc9,)+(D,G(uk,uk',Guk), (—d)NP,) 
=(r, (4)m) •

From this, we have as in the preceding manner,

1dt(I(-4)2uk"1L2+I(—d)rn21uk'IL2)
<-1[1C-4)11'112  +2!(-4)2uk"IL2 +IDt(-4)2G(uk,uk',Vuk)112}.

Here we estimate the term 

                         rn 

     I

D,(— 4)2 G(uk, uk', Puk) 1 L2 •

At first we have

  _rn( 
I D (— 4)11(u k)I L2 = I(— d)2mf1puk9-luk') I L2

       n, ,2+) 1 (-4)2ukIL21 1 (—d)2uk'IL2

                                          0 

as uk, uk' belong toHm (SZ) respectively. 

Therefore as a result of (2. 6), we obtain,

1 D1 (— d) 2 (uk)p I L2 < cl (p, n, S2, r)

Followingly it follows by the same reasoning,



Dt(—d)2m(uk')g'L21(-4)m2lf                           q(uk')4-luk")IL2

                                       m 

<c2(q,n,S2)I (-4)uk'IL211 (—d)2uk"lL2

             /~   c2(q,n,S2, r)(4)2m                       uk"1 L2

For the last term we have,

 IDt(—d)Z  IVul2r IL2 = IC—d)2{rI vukL                              l2r2[-t2(uk)si(uk')xj11 1L2 
               111!=1 

< c3 (r, n,S2) I (— 4)m21uk IL21I (—d)
                                        m+11 

   ̀)uk' I L2

      //~'~m+1 c3(r,n,~`G,r)I(— d)2uk' I L2

From these facts, we can obtain

I Dt (— d) 2 G(uk, uk/, Pik) 12L2

S c (P , q, r, n,, r) (1+ I(— d)uk"I2+I(—d)2J G u k' I L 2)

Consequently it follows for t E [0, 21,

d m2
dtlIC—d)14"(t) I L2 +I(—d)m21uk' WI L2 1

<I (—.41)T r(t) 1 L2 +C -I- (1 (—d)2uk"(t) 1 L2 + 1 (—d) m21uk'(t) 1L21.
Therefore, by lemma 1, we have

IC — d) 2 uk" (t)1 L2 + I (— d) m2 1 uk' (t) I2L2

<e(2+c) [ I 121,24)-714" + 1 (— d) m2 1 uk'(0)112)

+fe-(2+C)r(I (—d)f'1L2 +C)dri 
 Jo

for t E [0, r] .

By this inequality, if we could show the boundedness of

{ I (— 4)-" uk'(o)1 L2} , 1 1 (— 4)-7-u„"(0) 1L2) ,
we can conclude that the following inequalities hold;



 (2.  8)

+I 

sup sup I (— 4)_ 2.. uk'(t) I J2 --f-00 
k t ECO,r]

 sup sup I (— a)2uk,t(t)1, .2 <+o k tECO,r7

m+1 Since the boundedness of { I (— d) _2__-u1/(0)172 } is evident from our assump-
                                                 m tion, it suffices to verify sup I (-4)2uk"(0) I /2 is finite. 

   Now, in the equality of (2. 5) by letting t tend to 0, we have 

(2.9) (uk"(0//~),(—d)mcP.)+((—d)uk(0), (-4)mco,)/              +(G(uk(0), uk'(0), Puk(0)), (—d)mc,) =(f(0), (—d)mco,)

and by substituting u," (0) for co) it follows 

(uk"(0), (-4)m uk"(0)) = — ((-4)uk(0), (-4)muk"(0))
/          —(G(uk(0),uk'(0),Puk(0)),(—d)muk"(0))+(f(0) , (-4)muk//(0)) 

Therefore we have by Schwarz inequality

 mm+2 

1 (— 4) Zuk"(0) 1 L2 

+I (-4)2uk(0) 1 L2     + 1 ( — 4) 2G(uk(0) , uk'(0), Puk(0)) I L2+ I (-4) 2f(0) I L2

Since the right hand side of this inequality is bounded from our assump-

tions (2. 4), (2. 4)', we have the boundedness of {1(— 4)2- uk"(0)1 L2 } . 
   In the next, by differentiating both sides of the equality (2. 7), we get

(2. 10) (up, (-4)m~
//P^^,)+((-4)uk", (—d)m~,)             +(~ tV(uk,uk/,Puk), (— d) m(o,) — (f",(-4)"V,).

From this we have for t E [0, r]

2 Ut l ((— 4) 2 uk hIJ2 + I (— d)m21uk// 1 L2 )

  2 1 1 (— 4)7 ./ // I L2 +21 (— 4)74) I L2 + I Lt (— 4)121 G(uk, uk', Puuk) I L2

Therefore by utilizing our results (2. 6), (2. 8) we get for t E [0, r]

tlt  t I (— 4) 
                 DI        24, (t) 12L2 +I(— d)m2luk"(t) IJ2 }

 const { I (— 4;21- uk' CO I L2 + I (— d) m21 uk" (0112) + const + I (— 4)7 i"(011,
where the constants depend on p, q, r, r, n, 2.



Thus it follows by lemma 1,

I (— d) 2 uk' CO 112 + IC— 4)±-'12—*1                       ) m2 1  uk"(t)  I  L2

S const { 1(— 4)74' (0) I L2 + 1(— d) m2 1 uk" (0)1L2} + const .

Here we show the boundedness of { I (— z1)-2 4)(0)1 L2 } • 
In the equality (2. 7), by letting t tend to 0, we get

(uk>(0), (—d)mca,) + ((—d)uk'(0), (—d)mC9J) 

+(D:G(uk,uk', ph) I t=p, (—d)mg9,)=(f'(0), (—d)mcpi) •

Therefore it follows by Schwarz inequality

      m+2m 

I (— d) 2uk' (0) 1 L2 I (— d) 2 uk' MI L2+ I (— 4)2 f' (0) I L2

+ I (— Q) 2 (AG(uk, uk', pule) I t=0) I L2 .

The limit relations (2. 4), (2. 4)' yields the boundedness of the right hand 

side of this inequality. 

Secondly we show that there exists a bounded subsequence

  m+1m+1  

{I(— 4)2ukt"(0) I L2) of {I(— 4)1 uk"(0) I L2) .
For this purpose by setting {c•kl, cpk2,..., Vizi) as the eigen functions of eigen 

value A,, we choose this last numbers k, and we consider the sequence 
m+1 (—d)--2 ukt"(0) 1 L2 ) • 

Here we know (—d)cpki also satisfies (-4)m+3(l-1)cpki=Ak(—d)cpk{ because 

of (ip; EC°°(S2). Therefore it follows that there exist suitable numbers (a1), 

such that

(—d)cki= }~aSPkj.

From this, we can substitute (—d)ukt"(0) for (Pia in the relation (2. 9), 

that is the equality 

(2.9)' (uk1"(00), (—d)m+luk1"(0))+((-4)uk1(0), (—d)m+luk111(0)) 

             + (G(uk1(0), u,,/(0), Puk1(0)), (—d)m+lukill(0)) 

               (f(0), (—d)m+luklll(0))

holds.



Thus again by Schwarz, we have

I (— 4)1.1" 1  uki" (0) 1 L2 —<— I (— d) m2 3 uk (0) 1 L2

m+1 

+ I (— 4)-- 2_G(uk,(0), uk1'(0), Puk1Co)) 11.2

m+1 

+ I (— d) 2 f(0)IL2

The boundedness of the right hand side of this inequality is the conse-

quence of (2. 4), (2.4)' and thus we obtain

         m+1 

(— d)uki"(0) I G2 < const <+00.

Consequently we get

(2.11)

m+1 

sup sup I (— d) 2 uki" (t)11,2<+00 kjtECO.r3l

m 

sup sup I (—d)z ukl'(t) I L2 <+00 k1 tECO.r]

   Consequently, by substituting (k) for (k1) and renewing (k1) to (k) 
in the results (2.6), (2. 8), (2. 11), we have by lemma 4 that there exist 

a subsequence (4 (0) of (uk (t)) and u(t) which belongs to 51CO.r,[Hm +1(Sl)] 

                0 n 62CO.r,[Hm (!2) ] such that
                                                                              0 

ua(t)—-u(t)(w) inHm+1(S) 

                                                                               0 1dk'(t)~=u'(t) (w) inHm+1(S2) 

                                                                         0 uk"(t) u" (t)(w) infin' (S2) .

And since m=[2]+1, we have
G(uk (t), u:' (t), puk (t)) G(u(t), u'(t), Pu(t)) 

              for each t E [0, 71, and x E S2, 

and furthermore from ellipticity of d and our results, u(t) should belong 

to

                   [11'non          °C°.r7 [Am +1(D) nHm+2(S2)]n81CO.r7+1(Q)]n82CO.r7[Am(S2)] 

   Consequently, (2) of lemma 3 yields 

u(x, t) E .r7 [c0 02) n c2 a2-5] n 51Co.r7 [c0 (t2) ] n 62Co.r7 [co (Y)] 

that is u(x, t) is a solution of the problem (1), in the interval [0, r]



On the other hand, we can extend its existence interval to [0,  8) from 

uniqueness (Theorem 1) and the arbitrariness of r(0<r<8)• 

This completes the proof of the [Theorem] . (q. e. d) 

[REMARK 3] 

If we consider the evolution equation of the form 

     (a) u"(t) +L(D)u(t) +G(u, Du, ...... , Dmu, u') = f(t) 

                                                                                                                                                      0 where L(D) =>ja"D" is uniformly elliptic and coercive ongm (S2), and 
a I s2m 

G is a multi-polynomial of u, Du, ...... , Dmu, u', we can construct a local 

classical solution by an analogous arguement. 

[REMARK 4] 

For the first order evolution equation of the form 

    (b) u'(t) +L(D)u(t) +G(u, Du, ...... , Dmu) = f(t) 

the local existence of a classical solution has already obtained, (Y. Ebi-

hara [6] .) 

(Outline of the proof of [Remark 3] ) 
   00 

   Since L(D) is coercive onHm(S2) ,Lp(D) is coercive onHnm (Q) 

(lemma 5) where p is a minimum positive integer with

mp>[ 2 ]+1 .
We construct approximating solutions in the following manner

(uk"(t), Lhc0,) + (Luk(t), IA 0 + (G(...), VC9)) 
 =(f(t) ,L°(p;)( j = 1, 2, ... , k)

  `kk/~ u (0) =LJa; 2, , uk (0) =  
   1=1i-1

where (cpi) are eigen functions of Lp+3(D) and

uk (0)uo(s) in Hm IP+3) (S2) 

                       io7l u,' (0)u1(s) inHm(A+2> (S) .

Then we have necessary estimates for (u;,"(t)) (i=0, 1, 2, 3) to obtain the 

conclusion by an analogous caluculation.
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