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§ 1 Problems and notations

J. Sather proved the existence of a global classical solution for the
initial-boundary value problem for Diu— du-+u® = f([5]). For the equation
considered here, will be able to verified the results analogous to the ones
that J. Sather established ? This problem was proposed by Lions in his
book ([2]). In this paper we will show the existence of the classical but
local solution u = u(x, t) satisfying the following equation and conditions:

1.1 Dy — du+(Du)* =10, xX€L2,t >0
1.2) u(x, 0) = uy(x) xX€eR

(1.3) Du(x, 0) = (Du)o(x) x€2

1.4 ulx, ) =0 X €28, t > 0.

Here u,(x), (Du),(x) are the data of the problem, and £ is a bounded
domain in R® with a sufficiently smooth boudary 9%.

In this paper we shall use the following notations:

@, ) = [ w(o) dx,  fuil =@ @)
(7o) =33 [ S Sldx,  pull = (u, pu)
uunﬁ{g;ul” dx} " (p>1, p#2).
Sobolev space Wi(£2) ’12 the Hilbert space with the inner product (u, v)+
(pu, pv). The space Wj(£2) is the closure of Cy(£) in Wi(2).
§ 2 A priori estimates

We have the following a priori estimates.
@1 | D |+ || pu < || (D), [P+ || pu, [IP=C.
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2.2 I Diw |1+ || p D [P |} (D), [P+ || p (Dote), |1P==C.
2.3 | Diu |i*+ || p Diu | =<

| o | (D), 11+ || 7 (D), I |
{1-6(4/ 3 ) TCI (D, 12+ 11 7 (Dan)s 19 CIl (Diwds |12+ I (D), 112

C.,

Il

where a positive number T is chosen sufficiently small to hold the inequality

1-6 (4// 3‘)3T( | (Di), 1P+ 1| 7 (D)o | Il (D), 1P+ || 7 (Diw) o [P)*>>0.

@4 | Diu >+ || pDiu [P {CT+ || (D), |IP+ || p (D), ||*}eSsT=C,,
where C, and C; are constants depending only on C, and C,.
(2.5) | Diu |I* 4 || p Dy P {CT + [[(Diw), |+ || 7 (D), [P} €4 ™=C,,

where C, and C, are constants depending only on C,, C, and C,.
In the above (Dfu), denotes the function Dtu(x, 0).

Proor. Inequalities (2.1) and (2.2) are easily verified. Now, differe-
ntiate the equation (1.1) two times with respect to 7, multiply by Dju and
integrate over £. Then it follows that

(Diu, Diu) —(4Dju, D)+ (Di(Du)’, Diu) = 0.

Hence we have

d a ' 2 2 2
4 Ly pwyr ipDm) +6 [ (Dwy D) dx
:_12LDlu(Dfu)2 Diu dx

<12 || D s || Diu g 1| Diw ||

<12 (4//3‘)3 | 7D || || pDiu | || Diu |

<12(4// 3 ) (| (D), 1+ 1| 7 (D, 1)l it [+ 1| 7 (i) [,

In the above we integrated by parts, since u vanishes on the boundary,
and applied Holder’'s inequality and Sobolev’s imbedding theorem ([3]).

We set C=12 (4/v/3) (Il (D, I+ 1|7 (D, )" and y()= || Dl

4+ | pDu |2 Then it follows that ..‘;{_ <C(1))*, which implies
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- v y(0)
Vy® =y CTVy(0)

This inequality gives (2.3). Next we show the inequality (2.4). Differe-
ntiate the equation (1.1) three times, multiply by Dz and integrate over
2, then it follows that

(Diu, Diu) — (4D}, D) + (Di(D,u)*, Diu) = 0.

Hence we have

S {1 D+ I p D) 6] (D (D) ax
<12 | Dju || Dfu || +36 | Do s | Diw [ | D] o | Dl |

3 B
<12(4/3) (N pDw P Diu | +3 1 pDau| || pDiw | | P Dl | Din |}

< 6(4/3) (IpDm |+ I Diu|* | Diu

+31 7Dl 7D Cil p Dy |I*+ || Dt ||)}.

These relations give (2.4). Finally, an argument analogous to the above
gives the inequality (2.5).

§ 3 Estimates of approximate solutions

Consider the eigenfunctions {¢,} for the Laplace operator 4 with zero

boundary conditions; ¢, € VI‘}é(.Q),
Adp, = pp Y in £ (k=1,2,...... ).

With respect to the regularity of the eigenfunctions ¢,, it is well
known that {¢,} is involved in the space Wi(&2) for the bounded domain
2 with sufficiently smooth boundary. {¢.: k=12,...... } is a complete
orthonormal system in L?(2)

Next we introduce the spaces of admissible initial data.

{de: B =1,2,...... } = orthonormalization of {(¢,) in W3i(2).
{xe: B =1,2,...... } = orthonormalization of {¢.} in W;(£2)

V, = closure of {Zma,,qb,,: o, is a real number] in Wi(£2)
k=1

V, = closure of {Zm Bixr: Be is a real number} in Wi(2)
k=1

For any element u, belonging to the space V, it holds that
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= g(uo, ¢ Wiy s

where ¢, is a linear combination of ¢,(j=1,2,...... ,k). Hence there exists

the linear combination of ¢,(k = 1,2,...... ,m) such that
” k2=l)\'z¢'k — Uy Hw‘é(m*"o (m——»m)

By the argument analogous to the above it follows that for any element
(D), belonging to the space ¥V, there exists the linear combination of
oe(k=1,2,...... , m) such that

I kZ:IV'L’dfk* (D), ”w';xy)_"o (m—> o)

V, and V, are Hilbert spaces, and are dense linear subsets in L?(2).
We turn to estimate the approximate solutions;

Uy = (%, ) = SO (M=1,2,.....0,

which are determined by the following system of differential equations.

3.1 (Dittay )+ (Pl PP +((Dty)?, §) =0, (k=1,2,.....m),

or

3.2) SO, reo+ (1290 o) =0, k=12.m).
Here, initial date A2(0), D,A?(0) are chosen in such a way that as m-—co
we have

3.3 g = (¥, 0) = MO ¢4 () — (%) in WHD),

3.9 Dittr)o = Dita(x, 0) = SDAFO)1(X)>(Da)o(x) in W)
3.5 U, € Vo, (D), € V.

As is indicated later, we have

(3.6) dl»

]zx, OWen 7w |,

[eakcamrs

where C is a constant independent of %k, m and :.
Hence A7(t) (k=1,2,...... ,m) are defined in [0, T] for any T>0.

We have the following estimations.
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@D I (DF** un)olly | 7 (Dittn)o | <C, (k£ =10,1,2,3,4),

where C is a constant independent of m.

Proor. Denote by P, the orthogonal projection onto m dimensinal
subspace of L?(2) with basis {¢,, ¢.,...... s D) -
Since un—u, in Wi(£) and (Du,),—>(Du), in Wi(2), we have

(3' 8) ” (Dlum)o “, ” Vuac H _S:C,
(3.9) | DSty (x) | ZC || hyo || w2 =C, X€Q |a|<4,
(3.10) | DDyt (x) |<C | (D)o Iyt =C, X€Q |al2.

Here C is a constant independent of m. To prove (3.7), we will freque-

ntly use (3.9) and (3.10).

The differential equations (3.1) give the following equality.
(D?un)o'“Aumo'i‘Pm(Dzum)g = 0.

Here we applied the equality P,dw = 4P,w for any element w € Wi(2)
Pf/z‘(ﬂ). Hence we have

GID I Dol <1 s | + | D <C+(4//3) 1 7D I £,

3.12) | 7 (D)o fl =C.
Also, (3.1) gives
(Diun)o — 4(Disty) o +3P, (D)} (Ditty)s = 0

and hence we have
(3.13) I (D)o | <Ml A(Ditn)o | +C || (Diutn)o || < C
(38.14) | 7 (Dun)o | <C || 4(Diun)o || =C || 4({dttns—Pn(D,u,)3)} |

SOl Ltto || + | ADu)3 | YSCHC( || A(Dittn) o} (Dettn)s |l

+ || (Dittn) o {7 (Dittn)o}* || <C.
In (3.14) we applied the relation ||pw| <C| dw]| for any element wE€
Wi NWi(2).
Similarly, (3.1) gives the following relation

(Dittn)o— A(Ditty) o+ 6Py (D) o (Ditin)§+ 3Py (D)5 (Ditty)o = 0.

Hence we have

@.15) || (Diun)o | < |1 A(Dltw)o || +C {1l (Dittn)o(Diwa) || + | (Dettn)5(Dithn)o | }
SCHC{ (Dauni Il + | (Dia)o | }SC+C |l 7 (Diug), || *<C,
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(3.16) Il 7 (Dun)o | <C | 4(Dittn)o |l
<C|l 4{4(Dut)o—3Pu(Diin)§(Dittn)o) |l
SCU £*(Datn)o || + | A[(Dittn)i(Ditn)o] )
<CH+C{| {4d(D.utn)o} (Dettn) o (Dittn)o |l
+ || (Daun)id(Diun)o || + || (Dettn) {7 (Dittn) o (Dittn)o) |l
+ I (D)o (7 (Ditn)o)* | }
=C+C{ || (Diun)oll + | 4(Dtun)o | + 1| 7 (Dittn)o || }=<C,

Finally, (3.1) gives the equality;
(Dity)o— Ad(Ditty) o+ 6Py (Ditty)§+ 18P, (Dytty) o (Ditt) o (Dith) o
+3Pm (Dtum)g(Dgum)a = 0'
Hence we have firstly

3.17) | (Ditm)o Il < || A(D3un)o || +C{ 1| (Diua)i i
+ || (Dettn) o (Ditt) o (Dittn)o || + || (Dyttn)5(Dittn)o |l }
ZCH+C{ | pDiua)o | || 7 (Diug)o I || P (Diuy)o ||
+ | 7 (D)o [I°+ || (Dtug)o |l } < C.

Secondly we have

(3.18) | 7 (Diun)o || SC || (4Djuy)s ||

LC{ |l 42(Diun)o || + || AP, [ (D)o (Diuy)i] l| + || AP, [(Dyutn)i(Dittn)o] | }
Here, each term of the right side is estimated as follows.
Noting that

A(D )3 = 3(4(Dita)o) (Dty)i+6(Ditt)o (7 (Ditta)o) € WHER) (| Wi(L),

we have

1 42D | || Bt || + || 4P (D) || SC+ || 42(Ditt)i |}
LC+C| (Dittn)o ”wgm) <C,
| 4P, [(D#tn)i(Dittn)o] | Z |1 4[(Dn)5(Dittn)o] || <C,

and by an application of Sobolev’s imbedding theorem:
| 4(Diun)o l=C || P (4(Diun)o} I3 1| 7 (Dittm)o [=C || 7 (Dittn)o llwyiar »
we have

| 4P [(Ditn) o(Diun)i || < || 4[(Dttn) o (Dinn)i] |l
SH{4Den)o} (Diun)3 | +2 || (Dithn) o (Dithn) o4 (Dithn)o |
+2 1| (Dittn)o{7 (Dittn)o}* || +4 || (Dittn)o (7 (Dithw) o7 (Dittn)o} ||
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SCUI P Diun)o [+ 1| 7 (Dittn)o || || 7 {4(Dittn) o} |l
+ 17 (Diun)o [ior+ 1l 7 (Dittn)o || }
SCHC( | £2(Diun)o || + || (Diun)o 32 <C+C || 4(Diug), || * < C.

Consequently estimates (3.7) are established.

Moreover, we have

[ (Ditn)o= Aty — Py (Duty)s—> duy— (D)} in L*(2),
7 (Ditty)o—p (D)o in L*(2),
(Diun)o=A4(Ditt) o~ 3Py { (D)3 (Dittn) o}
— 4(Du),—3(Dw)i{du,— (Du)i} in L*(2),
and
\ 7 (Dip)o=p {dtye— P, (D)3} —>p (du) —p (D)} in L2(2),

(3.19)

Let’s verify (3.19)

| (Ditn)o— (duts— (Da)i} || = || dityo—Pp(Dittn)}— {duo— (D)3} |
Sl dugo—dug || + || Pu(Dittn)i— P (D)3 || + || Pp (D)} — (D)3 || .

Here, | Pa(Duatn)i—Pu(Daill =<C || (D)o — (Do), || .
I (Dittn)o— [ (Do) o —3(Da)i{ duo— (D)t} ] ||
S A(Dyaty)o— A(D)o || +C || Pu((Dittn)§(Dittn)o) — (Dyt)3{ duy— (D)3} |
S 4(Duy)o— A(Dt)o || +C{ || (Dtn)i(Diutn)o— (D) duy— (D)3} ||
+ It P [(Da)i{du,— (D)5} ] — (Da)§{ dus— (D)3} |l }.

Here,

| (Dyun)s (Dittn)o— (Du)i{ duo— (Du)i} ||

<M {(Dtup)o— (due— (D)} (D) || + || {(Dettn)s— (D)3} (dute— (Du)3)} |

<C{ |l (Diun)o— {due— (D)3} || + || (Dettn)o— (D)o || }.

|| P (Diun)o— {p (dus) —p (D)3} |l

LN P (dup—duo) || + || PPu(Dittn)i~p (D) ||

S 7 (dupe—duo) || +C( || AP, (Dyun)i—A(Du)i |

S P (dupe—du) || +C{ || Pu{34(Dtty)o(Dettn)i+6(Dyttn)o {7 (Dithy),}*

—34(Dyu)o(Du)i—6(Dt) o (F (D)o} || + || Pu{d(Da)3) —A(D )3 | }.
Estimates of the above give (3.1S).

By a priori estimates in § 2, estimates (3.7) and relations (3.19), the
approximate solutions are estimated as follows.
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ProposiTION 1. It holds that for k=0,1, 3, 4
| D u |17+ || p Dy IPSC{ |l (DF'up)o [+ | 7 (Diun)o 17} +C < C
and specially for k = 2
|| Diun |1+ || 7 Dittn |*

| (D)o |2+ || 7 (Dittw)o |I*
(1 6<4/x/3 2 To(ll (Ditw)o 24 1|7 (Do) o D) (Nl (D7 urn> ||2+||VDZM,.) 1532,

where a positive number T, is chosen sufficiently small to satisfy the inequality
3
1—6<4/x/§) To( || duy— (Da)s 1>+ || 7 (D)o [19)"*

X (|| 4(Dw)o—3(Dw)i{duy— (D)t} |*+ || 7 (dus) —p (Daw)i | > 0.

ReMARK. As is explained before, in the differential equations (3.2) 4%(#)
(k=1,2,...... ,m) are determined in [0, T] for any finite T >0, from the
following boundedness

‘“ (’)‘ — | Dy |2<C, 1€ [0, T], (m=1,2,......, k=12, ......, m),

if§a$<r> P 700 = Pty P9I duty | 1194 ]
< Dl | + | Pa(Dit)* | C+C 7 (D) [ <€

and

(S50}, o) =1 (Da)s oIS Dutn)* | 1]l =C.

i=1

Here, we applied the proposition 1 for £ =0 and 1.

§ 4 Compactness of approximate solutions and some properties of the limit

function

Now we introduce some conceptions. Let & be a separable Hilbert
space. Here L?(2), Sobolev spaces Wr(£)(m=1,2,3,...... ) are considered.
We denote by w: [0, T] —# the function defined in [0, T] with values
w(t) in 2. The function w is said to have the strong derivative in [0, T]
if there exists a function v: [0, T] — such that |1 (w (t+8)—w(D)—
v(?) &=— 0 for any t€ [0, T], as ~—0. The function w is said to be in
the class C*([0, T]: s#) if there exist strong derivatives D*w (k=1,2,
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m) and they are continuous i.e. || D*'w (1+h)—D*w(s) |l=. —0 for any t€ [0,
T], as h—0. In this section we will apply the following relations. ( (11,171,191
t
If w €C([0, T]: &) it holds th (B) Lw(s)ds=w(t) for any t€ [0, T), which
. . v h
implies |1 (B) j | w(s)ds—w(@) [0, as h—>0. Here, (B) denotes the Bochner

integral,

In the first place we have the (ollowing convergence:
(4. 1) Dtu,——>Dfu in L2(R2x [0, T,]), as m-—>co(0 - k L 4),

where D'u is the generalized derivative.

In fact, the proposition 1 gives the boundedness:
I| Dfu,, 1120 0.m0m » | Pe(Diua) liocaroryn > | 7 D7) | racowrorgy =<C (0 =0k -14).

Hence by Rellich’s theorem it is possible to extract a subsequence which
is Cauchy sequence in L*(£x [0, T,]).

In the next place we have the following relations.

Diu, (-, ) —Diu(-, ©) in L*(2), uniformly for t€ [0, T,]. (0-_k~3)
4.2
B b, 0 DW= ®) [ Drvac., 9ds @k ).
0
Here, Diu(-, t) denotes the strong derivative in 1>(2) and (B) denotes
the Bochner integral in L*(82)
Dtu(-, 1) € W (2) for any t€ [0, T,], (0=k=<3)
(4.3) {VD’;u,,,(-, t)—pDiu(-, t) weakly in L*(£2), (0=Xk=3)
7D, H—pDiu(-, ©) | <Clt—7], (0=2k <3).

4.4) Di(Du,)*——Di(Dw)* in L*(£), uniformly for t€ [0, Ty] (0<1k<12).
Diu, (-, t)—> Diu(-, t) weakly in L*(2), as m—co
| Diu(-, ) —Diu(-, ) | < Clt—7|

Diu(-, H)—Du(-, 0) = (B) J;Dfu(-, s) ds

(4.5)

Proor. From the equality Du,(x, t)=Diu,(x, 0)+ J; D*'u,(x, s) ds
it follows that
Jg | Dtu,(x, 1) —Diu,(x, )| dx;;zjg | Du, (x, 0)—Dtu,(x, 0)|* dx
+T0J0T0Jg | Df*u,(x, $)—Df'u,(x, 5)|* dxds.

Here, by (3.19), (D%u,), (k=0,1,2,3) converge in L>*(2) as m—>co. The
second term of the right side converges to zero as m,n——soco, by (4.1)
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when 0 ~lk -<3.
Hence, there exist functions v,(0 -k -2 3) such that
Diu, (-, ) — v, (-, 1) in L*(2), uniformly for t€ [0, T,].

If we set v, = u, then it follows that v, = Diu. In fact

u,(x, t)—u,(x, 0) :J:D,um(x, s) ds,
or |

u,(-, 1) —t, = (B) f:D,u,,,(-, s) ds.
Here

| ®) [ Dy 9ds—B) [ 0)ds |
1 Dt (9~ 0,(-,5) [ ds—0, as m o,

It gives that u(-,t) — u, = (B) L’vl(-,s) ds. Moreover, D,u = v,. Similarly
(4.2) is shown. With respect to (4.3), we apply the foliowing Lemma:

If w is the weak limit in L*(2) of a sequence w,€ Wi(2) (m=1,2,...... )

with bounded norm || w, |
Lr(2) ([4]) .
Since, || Dfu,(-,0) I, I PDfun(-,0) || =< C(0< k =23) and Dfu,(-,5)—> Diu(-,1)
in L*(&), uniformly for #€[0, To] (0<k=.3) it follows that Dtu(-,t) € Wi(£2)
for t€[0, T,] (0-Xk<3), and pDiu,(-,f) —> pDiu(-,t) weakly in L:(Q)
(0<%k=I3). By the result of the above, it holds that Dfu,(-,t)—> Dtu(-,t)
weakly in Wi(82), as m—oo. Noting that Diu,(-,f) € ffV;(.Q) for r€ [0, T],
we have Diu(-,) € Wi(@) for 1€ [0, To] (0< k< 3) and

L C, then w € Wi(&) and pw,—> pw weakly in

Wi

| (7Dt (-0 = Dl (-,5), )| = | ([ Dlua(-,5) ds, )]
<[ N pDua ) I dsw |
<Cllwl] |t—1| for any we€ L:(2), 0 Ck <3,

which implies || pDfu(-,t) —pDiu(-,7) | < Clt—1].
To prove (4.4), we verify the boundedness:
| Db, (x, )| < C in £x [0, T,],
where C is a constant independent of m,x,¢.
From (3.1) it follows that

Di**uy— 4Dy + Py Di(Ditty)’ = 0 (0 <k £ 3).
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Here, | (Deu)® | =< C I 7 (Dytn) °2 C,
| D,(Dun)* | . C |l gDy |I* || pDiuy || -~ C,
| DX Dan)* | =< C{ | pDun || || P Diuy >+ | p Dty ||* || Dty ] 3+ C,
| D (D) | 2C{ || Dy I*+ | p Dy || || p D2y || 1| P Diuty ||
+ Dy || * || Diuy ||} =2 C.
Hence
| Diu, (x, )| =2 C Nl Diu, (4,0 vz =< C Il 4D%u,, (-,0) ||
< CUIDfF "uu (-0 || + [| P.Df (D) | } <CO-Z k< 3).
Consequently,
Il (Dyun)*— (Du)* | = || (Dyt—Dyu) (Dyu,)*+ (D) Dt 4- (D) ||
=C||Du,—Du|
| D.(Duy)*—3(Dw)*(Diw) || <= C{ || (Dyu,)*{Diun— Diu) ||
+ || {((Diptn)*~ (Du)?} Diu || }
= C{| Dlu,—Du|l + | Du,—Dul )}
|| Di(Du,)*—6(Dwu) (Diu)*—3(D,u)*Diu ||
<C (| Dup((Diu)*— (Diw)*) || + || (Dyun— D) (Diu)? ||
+ | (Do) *{Djun—Diu} || + || {(Dyu,)* — (Dyu)*) Diu | )
= C (|| Diug—Diu|l + || Datn—Duu || + || Diu,—Diu | }.

These inequalities give (4.4) by application of (4.2).
Finally, we will show (4.5).

(Dt (-,1), w) = ((Duy)o, w)+(J'D§um(-,s> ds, w)
0
= ((Ditly)o, W)+ Jz (Diuy (-,5), w)ds for we L} (D).
1]
Here, | (Dlu)o |l < C
I| Diuy || L2(2) x[0,ToD) <C.

Hence, it is possible to choose convergent subsequences of ((Diu,), w),
t(D?u,,(-,s), w)ds, which implies the subsequence Diu,,(-,f) converges
0

weakly in L*(£). Denote the limit function by v,: [0, T,]— L2(2), then

(Dita(-18) = Dita)ey w) = ([ Diten(-15) ds, w) = [ (Dlua(-,9), w) ds
—_— J: .(+,5), w) ds, as m—co, for any w € L*(2),

Since it holds || v,(-,?) || < C for any €[0,T,], v,(-, t) is a Bochner integrable

function. Hence we have
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(Diu(-,0) ~ (Do, w) = (B) [ 0.C:,8)ds, w).

Consequently (4.5) is completely shown.

§ 5 The existence of the classical solution
First, we show equalities

(5 1) (D‘;Jr'yu('vt)’ w)+(17D§u(-,t), Vw>+(Dti(Dtu)3('»t)1 W) =0
Jor any w€ WiR). (te[0, To], 0=<j<<2)

Here, u(-,t) is the limit function in § 4.
In fact, for approximate solutions u,(x, ) it holds

(D%Hum('ut)7 ¢)k)+(VD{um('9t)1 V¢k)+(D{(Dlum):’<'1t)v ¢k> =0
for m=> k.

Hence, there results

(D¥u(-,0), ¢+ (pDiu(-,0), pgo) +(Di(Dw*(-,0), ¢p) =0
(k=1,2,3,....).

by the convergence relations (4.2), (4.3), (4.4) and (4.5).

Here, WE(.Q)OI/%/;(Q) is dense in IjVé(.Q), and finite linear combinations of
eigenfunctions(¢,} is dense in W3i(@2) N Wi(Q).

Consequently (5.1) is shown.

Next we have properties of u as follows,
(5.2) Diue C([0, To]: Wi@)NCW@x [0, T,]) (j=0,1,2).
Indeed, set j= 0 in (5.1), it follows that for any w€ VI(}Q(Q)
—(pu(-,0), pw)=Du(-,0)+Dw)*(:,0), w).
Hence, u(-,0)(€ V?/;(Q) for t€[0, T,]) is a weak solution of the equation
dv = Du(-,0) + (Du)*(-,)EL} ().
Consequently
u(-,t) € Wi(2)
and

I u(es0) vz =< C{ Il Diu (-, | + I (Pa)*C,0) || + [ uC0) 1)
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Moreover it holds

(.0 —u(-,7) wza== C{ |l Diu (+,8) —Diu(-,7) |

+ | P, ) — D)ooy |+ a0 —uCo) ).

Since u, D and (Du)® € C([0, To] : L*(£2)) by the convergence relations (4. 2)
and (4.4), we have ue C([0, To]: Wi(£)). Also the inequality

lu(x, D —u(€, )= lulx, )—u&, D) +Clul-,0—ul-,7) [we
gives the relation u(x, 1) €C(2x[0, T,]) by the notice of u(x, £) € C(2)
for fixed t€[0, T,]. Similarly, set j=1,2 in (5.1), then we have (5.2),
since Diu+ D,(Du)?, Diu+ Di(Du)* €C([0, T,]: L*(2)).

Finally, we have the following properties of u;

(5.3) Du)*eC([0, To]; Wi@)NC0, T.]; Wi(2))
(5.4 ueC([o, Tol; Wi(2)
(5.5) DueC(lo, T} Wi2)

Proor. Relations Du€e C(2x [0, T.]), pDu€eC([0, To]; L*(2)) and Du
€C([0, To]; Wi(£)) imply that equalities D, (Du)* = 3(Du)*D+ (Du) and
D, D, (Du)* = 6(Du)D,; (Du)D,, (D,u)+3(D,u) 2Dx/ D,, (Du) hold. Here, we
applied the fact that if f, pfe L’ (2) and g pg€L'(2) (A/p+1/9=1) it
holds p(fg) = (Ff)g+/(Fg). Noting that fge C([0, T]: L*(2)) for feC(L
x [0, T}) and geC([0, T]; L*(£2)) we have (5.3).

If we set j=0in (5.1), u(-,©) is a weak solution of the equation 4v
= Du(-,0) + (Du)*(-,t), where Diu+ (Du)® € C([0, T,]: Wi(£)). Hence, ueC
([0. To]: Wi(2)). Also we set j=1 in (5.1), then Du(-,t) is a weak
solution of the equation 4v = Diu(.,0)+D,(Du)?*(-,t). Here D,(Du)® =
3(Du)* (D)€eC([0, To]; L*(2)) and D, (D,u)*Diu=2DuD,, (D) Diu+(Du)*D, Diu
€ C([0, T,]: LX(2)), DlueC([0, To] : Wi(2)). Hence, Du€eC([0, To]: Wi(£2)).

Now, we take notice of the following relations (5.6) and (5.7).

(5.6) If u belongs to the space C"([0, T]: L*(£)) and the strong derivatives
Diu in L*(2) (k=0,1,2,...... ,m) are belong to the space C([0, T]: Wi(2))
it follows that u€ C*([0, T]: Wi(2)) and

f }; (DE'u(e, t+h)—Dfu(-,0) —Diu(,) |wiao— 0 as k-0, (k=1,2,

...... ,m). )
We verify for m=1. From the assumption Du€e C([0, T]; Wi(2)),



24 H. KaTto and T. NANBU

there exists the Bochner integral (W!, B) Jl Dau(-, s)ds in Wi(2). Hence,
0

the Bochner integral (L%, B) rDsu(-,s)ds in L*(£) exists, and
0

(L*, B) J:Dsu(-,s)ds= W, B)J:Dsu(-,s) ds
as an element of L*(£). On the other hand
(L*, B) J:Dsu(-,s)dsz' w0 —u(-,0). (See [7])
By the above equalities we have
u(e)—u(-,0) = (W B) J:Dsu(-, s) ds,

as an element of Wi(2) or

H%—(u(-,H-h)—u (-, D)= Du(, 1) e, >0, as h—0.

5.7) 0. (0, T1: wir@)c c@x (o, T1)

This relation is given by Sather [5] or Wilcox [8]. We give an outline
of the proof. Since u€ C([0, T]: Wi(£2)), we have

|Dgu(x’ Z)IS:C“ u('!t) ”W%(ﬂ)) (ialézl (x7 I)E!?X [0’ T])
and
| Dsu(x, )—Dsu (§, ©) = C|lu(-,0) —u(-,7) llwawy + | Diu(x, 7)—Du(§, 0)I.

Hence, D2ueC@x1[0, T]) (Ja|<2). The relation u€C'([0, T}: Wi(2))
gives Du€eC([0, T]: Wi(2)) and D% DueC@x[0, T]) (la|<1).

Hence Du, D, Du€eC(@x[0, T}). The relation u€e C*([0, T]: Wi(®2)) give
DiueC(®@x [0, T]). Moreover

| ”’1{ {Dgu(x’ t+h)_Dgu (x1 t)} —D?Dtu(x’ t)l
S C g (Gt +1) =u(-,0) =D(-,1) g0, as A0,
| L Datxt+m—Dacx, ) ~Diux, 1|

<C| 71{ {Du(-,t+k)—Du(-,0)) —Diu(-,0 ”W%(m"oy as h—0.

Consequently, (5.7) is verified.
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We attain the following existence theorem of the classical solution:
THEOREM. Let 2 be a bounded domain in R® with a sufficiently smooth boundary.
Suppose that the initial data u, belongs to the space V,, and (D), belongs to the
space V,, where V; (i = 0,1) are defined in § 3. Then there exists a function u
belonging to the class C* (2x [0, T,]), which satisfies the equation (1.1) in £ x
(0, T,) and conditions (1.2) — (1.4). Here T, is a positive number depending on
u, and (D,u),.

Proor. The equation (5.1) gives the equality

(Dfu('vt)v w)—"(Au(’vt)! w)+((Dtu)3('!t)y w) =0
for any w¢€ LOV;(Q), telo, To].
On the other hand, ue€ ﬂ CH([0, T, : Wir(@)cC*(@x [0, T.]).

Indeed, u€ C'([0, T,] : L*(2)) by (4.2) and u, Due C([0, To] : Wi(£)) by
(5.5). Hence ueC'([0, T,]; Wi(2)) by noting (5.6). Also, u€C2([0, T,]:
L (2)) by (4.2) and u, Du, Diue C([0, To]: Wi(2)) by (5.2). Hence u€C?
([0, To] s W5(82)) by noting (5.6). u€ C([0, T,]: Wi(£2)) was shown in (5. 4).

Consequently, Diu—du+ (Du)* =0 in £x (0, T,), since ﬁ/;(!z) is dense
in L*(£). By virtue of (4.2) it holds that u (x, 0) = u,(x), Du(x, 0) =
Du)(x), x€L. u(~,t)61/<f/§(!2) (C'(2) implies that u vanishes on the boun-
dary in the natural sense.

College of General Education,
Kyushu University.
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