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§ 1 Problems and notations 

   J. Sather proved the existence of a global classical solution for the 

initial-boundary value problem for Au— du+u; = j ([5] ). For the equation 

considered here, will be able to verified the results analogous to the ones 

that J. Sather established ? This problem was proposed by Lions in his 

book ([2] ). In this paper we will show the existence of the classical but 

local solution u = u(x, t) satisfying the following equation and conditions : 

(1. 1)Au — du+(Dtu)3 = 0, x 2, t> 0 

(1. 2)u(x, 0) = ua (x) x E Sl 

(1.3)Au (x, 0) = (Dtu) a (x) x E Sl 

(1. 4)u(x, t) = 0x E 32, t 0. 

Here uo(x), (D1u)a(x) are the data of the problem, and 2 is a bounded 

domain in R3 with a sufficiently smooth boudary a2. 

   In this paper we shall use the following notations:

(u, v) = Ju(x)v(x)  dx, !! u {! =,/ (u, u)

(vu, vv)_Jau _av dx,II vuII =^(pu, pu) 
          ~_~ax=ax;

11u!Ip=lIu1p dx} "1' (p>1, p72).
Sobolev space WZ(S2) is the Hilbert space with the inner product (u, v)+ 

                                      a (vu, vv). The spaceWZ(Q) is the closure of C7(2) in Wz(S2).

§ 2 A priori estimates 

   We have the following a priori estimates. 

(2. 1) II Au II 2 + II vu II 2 II (Dtu) o II 2 + II vu0 II 2=Co.



 (2.  2) II Diu 112+ H VDlu II 2' , H Au), 112 + II v (D1u) 0 112=-=C1• 

(2. 3) H Diu H2+ H vDHu II

H (Diu)0  112+ II FAO, 0 112  

{1-6(4/^ 3 )3T( II (D[u)0 112+ II v(Diu)0 112)1/2(11 (Dtu)0 112+ Ilv(D7u)0 112)1/2}
  C2,

  where a positive number T is chosen sufficiently small to hold the inequality 

 1-6 (4/1/3 )3 T( II (Diu)0 112+ 11 v(Diu)0 112)1/2(11 (Diu)0 112+ 11 17 (Mu) 112)12>0. 
(2.4) II 1)41 112+ II vMull 2 (C3T+ I I (Mu) 0 112 + 11 V(Du)0 II 2} e°3'T —C3, 

       where C3 and C/ are constants depending only on C1 and C2. 

(2. 5) II Diu 112+ 11 VDtu I I21(C4T+ II (Mu) 0112 + I I v (Dtu) 0 112) ec4'T=C4, 
      where C4 and C4" are constants depending only on C, , C2 and C3. 

In the above (D1u)0 denotes the function Dku(x, 0).

   PROOF. Inequalities (2. 1) and (2. 2) are easily verified. Now, differe-

ntiate the equation (1. 1) two times with respect to t, multiply by DIu and 

integrate over S2. Then it follows that 

(Mu, Diu) — (d Diu, Diu) + (D'H (D2u) 3, Diu) = 0.

Hence we have

dt - C II Diu 112+ II 1Diu 112} + 6 J~ (D1u) 2 (Dju) 2 dx 

_

—121.  Diu(Mu)2 Dlu dx

<12II Diu 11611DiuII611Mu11 

<12 (4/)/-3-Y II VDru 11 II vDiu 112 11 Diu 11

<12(4/ 1/ 3)3( II (Diu)0112+ II v(D1u)0112)1/2(II Mu 112+ II v(Diu) I12)3/2.

In the above we integrated by parts, since u vanishes on the boundary, 

and applied Holder's inequality and Sobolev's imbedding theorem ([3]) .

We set C=12 (4/v') (I I (Mu)0 112 + 11 17(Diu)0 112)1/2  and Y (t) = II Diu 112
+ 11 VDiu 112. Then it follows that dt <C(y(t))312, which implies



^y(t)1/y(0)-       11/2 CT^y(0)

This inequality gives  (2.  3). Next we show the inequality (2. 4). Differe-

ntiate the equation (1. 1) three times, multiply by D;u and integrate over 

Sl, then it follows that 

(DIu, Mu) — (4Dlu, DIu) + (Di(D,u)3, Mu) = 0. 

Hence we have

—dt— (II Diu 112 + 11 PD=u 112 } +61.  6J (D1u) 2 (Mu)2 dx
<12IIDiuII6IIDluII +36II Diu 116IIDiu116II l uII6IID,uII

<12(4/^3)3(II17-MuII31IMuII +311 PAIL ll 11PDZu11 11gII II Mu j

<< 6 (4//)3  (II PDiu I1 + II Mu 112 II Mu 112

+3 II PDiu 11 11 VMu 11 (11 PDiu 112+ 11 Diu 112))

These relations give (2. 4). Finally, an argument analogous to the above 

gives the inequality (2. 5).

§ 3 Estimates of approximate solutions 

   Consider the eigenfunctions (cl'k) for the Laplace operator d with zero 

boundary conditions ; cbk E W2 (SQ) ,

dcbk = ,-k (Pk in S2 (k = 1, 2, ) 

   With respect to the regularity of the eigenfunctions (Pk, it is well 

known that (0k) is involved in the space 141(S2) for the bounded domain 

S2 with sufficiently smooth boundary. (Y'k : k = 1, 2,......) is a complete 

orthonormal system in L2 (S2) 

   Next we introduce the spaces of admissible initial data.

(ck : k = 1, 2,......) = orthonormalization of (cl'k) in WZ (S2) . 

(xk : k = 1, 2,......) = orthonormalization of (cfik) in W2 (S2) 

1/0  = closure of ta,q5,: ak is a real number} in 141 (9) 
k=1 

V1 = closure of (k=1QkXk :(3k is a real number} inM(Q)
For any element uo belonging to the space Vo it holds that



where  0k is a linear combination of cb; (j = 1, 2,......,k). Hence there exists 

the linear combination of %,(k = 1, 2,......,m) such that

u0 = E(u0, ~k)W6(2) `NIt, 

(

II±270        k — u0 II q.(2) 0 (m —C/3). 
k=1

By the argument analogous to the above it follows that for any element 

(Diu), belonging to the space V, there exists the linear combination of 

cbk (k =1, 2,......, m) such that
  m

'/' IILkck—(Dtu)0 IIWZ(2)— O (m—.)

V0 and V, are Hilbert spaces, and are dense linear subsets in L2(S2). 

   We turn to estimate the approximate solutions;

um = um(x, t) = ZA (t)0k(x) (m=1, 2,......), 
                         k=1

which are determined by the following system of differential equations.

(3. 1)(Dlum, Cbk) + CGum, P~k) + ((Dtum) 3, yhk) = 0, (k = 1, 2,......m), 

or

        &Ahm ,/,(3. 2)+ EA(t)CP~t,p) + ({-4cbi }3, ybk) = 0, (k = 1, 2,......m) . 
                                   i=i

Here, initial date A (0), DA (0) are chosen in such a way that as m-- oc 

we have

(3. 3)umo= um (x, 0) — >Ak(0)4'k(x) .u0(x) in W2(S2), 
k=1

(3. 4)(Dtum) 0 = Dtum (x, 0) = AA: (0) ~k (x) —> (Au), (x) in HI (S2) 
                                                                 k=1

(3.5)uo E V0, (Dtu)o E V1.

As is indicated later, we have

(3. 6)adr, ,E A7(t) (vsl'f, vslk),CEdi~;,(Pk)<C,
where C is a constant independent of k, m and t. 

Hence 4(0 (k = 1, 2,......,m) are defined in [0, T] for any T>0.

We have the following estimations.



(3. 7)  II (Dr' um)o II, I1 G(Dium)o II <C, (k = 0, 1, 2, 3, 4),

where C is a constant independent of m. 

   PROOF. Denote by Pm the orthogonal projection onto m dimensinal 

subspace of 1,2(2) with basis (0„ 02,......, o.)• 

Since umo->uo in I41 (,Q) and (Drum) o-* (Dtu) o in Wz (S2) , we have 

(3. 8)11 (Dtum)o 11, II rum. N <C, 

(3. 9) l M14.0(x)1�C II um 11 4,9) <C, x E Sl I a 1 <4, 

(3. 10) I Dz (Dtum) o (x) I <C II (Drum)0 II w2ca) <C, x E S2 I a 1 <2.

Here C is a constant independent of m. To prove (3. 7), we will freque-

ntly use (3. 9) and (3. 10) . 

The differential equations (3. 1) give the following equality.

(Dtum)o-dumo+Pm(Dtum)o = 0.

Here we applied the equality Pmdw = 4Pmw for any element w E W?(SQ) (1 

0 WZ (S2) . Hence we have

(3.11) 11 (DNm)o II < 11 dumo it + II (Dtum)o 11 <C+ (4/1/-3-I it V(Dtum)o lI3 C,

(3. 12) II v (Drum) o II _<_C. 

Also, (3. 1) gives

(Dium)0 - d(Dtum)o+3Pm(Dtum)3(Dium)o = 0

and hence we have 

(3. 13) II (Drum) o II < II d (Drum) o11 +C II (Dlum) 011 < C 

(3.14) II P(Dium)o II <C II d (Drum)o II =C II d (dumo-Pm(Drum)o) II 
<C( II 42umo II + II d (Dtum)o II ) <C+ C( II d (Drum) o) (Dtum)o II 

         + II (Dtum) o (V (Drum) o) 2 II <C.

In (3. 14) we applied the relation (I pw II <C II dw II for any element w E 

Wz(S2) n 

Similarly, (3. 1) gives the following relation 

(Dium)o-4(D7um)o+6Pm(Dtum)o(D7um)o+3Pm(Dtum)o(Dium)o = 0. 

Hence we have 

(3. 15) II (gum)0 II < II 4(D2um)o II +C( II (Dium)o(DZum)o II + II (Dtum)o(D=um)o II ) 
<C+C( II (Dium) I1 + II (Dlum)o II )<C+C II v(Mum)0 II 2<C,



 (3.  16) H P (D1um) o 11 <c Hd(Drum) o II 

             `C
r1d(d (Dtum)0-3Pm(Dtum)0(Dtum)0) II               ~C( II 42 (Dtu m) 0 II + II 4 { (Dtum)0(Dtum) 0] II ) 

_~C+C( II (d (Dtum)0) (Dtum)0(Dtum)0 II 

              + 11 (Dtum)04
((Dtum)0II+II(Dtum)o(P(Dtum)01 (Dtum)0) II              + II(D tum) 0(P(Dtum) o) 2 11 ) 

<C+C( II (Mu.). 11 + II 4 (Drum) 0 II + H P (Drum) 0 II

 (3. 1) gives the equality ; 

(Mum)o— d (Dzum) o + 6Pm (Mum)o+ 18Pm (Dtum) o (D7um) o (Dium) o 
+ 3Pm (Dtum) o (Diu.) o = 0.

Hence we have firstly 

(3. 17) 11 (gum)0 II < II d (Dium)o II +C( II (Dium)o H
1        + II (Dtu m)0(Dtum)0(D7um)oII+II(Dtum)0(Dtum)0II) 

�C+C( II P(Dtum)o II II 17(D44)0 II II P(D7um)0 11 

        + II P (Drum) 0 113+ II (Drum) 0 II ). C. 

Secondly we have

(3. 18) II P (Dzum) o II <C II (d Dium) o II 

`-C( II 42(Drum)0 II + II dPm [(Dtum)o(D:um)o1 11 + II 4Pm [(Dtum)o(D7um)o] II )

Here, each term of the right side is estimated as follows. 

Noting that 

                                                                                                             a d(Dtum)o = 3(4(Dtum)0) (Dtum)o+6(Dtum)o(G(Dtum)o)2 E Wz(Q)(1Wz(Q), 

we have

II d 2 (Mum)0 II ̀  II 43umo II + 11 42Pm (Dtum)o II <C+ H 42 (Dtum)o 11 
+C II (A1100 41(2) <C, 

II dPm [(Dtum)o(Dium)o] II < II d [(Dtum)o(Dium)0] II

and by an application of Sobolev's imbedding theorem : 

11 d (Drum) 0 116—<_C 11 P (4(1)41.)0) II; 11 G (Mum) 0 116<C I1 P (Drum) o II wZCta) , 

we have

II dPm [(Dtum)o(D:um)o II < II [(Dtum)o(Dium)o] II 

< II (4 (1)111.) 0) (Dzum) i II +2 II (Drum) o (Dium) od (Dium) o II 

     +2 11 (Dtum) o (P (Dium) o) 2 II ±4 II (Dtum) o (P (Dtum) oP (Mu.) 0) II



 =c( II 17 (1)41.)112+ II 17(DtUm)0 II II p(d(Dtum)o) II 

+ II pMu.) o !jwP(Q)+ II 17 (Mu.)II ) 

+C( II 42(Mum)0 II + II (Dtum)0 Ilwztn)<C+C II d(Mum)o II 2 C.

Consequently estimates (3. 7) are established.

Moreover, we have

(D:um)o=dumo—Pm (Dtum)3--->duo—(Dtu),1 in L2(2), 

V(Dtum)o 'V(Dtu)o in L2                          (2), 

(3. 19)(Dtum) 0 = d (Au.) 0 — 3Pm((Dtum)0(Dtum)0 ) 
d (Dtu)o-3(Dtu)n(du0— (Dtu)o) in L2(2), 

        and 

p(Dium)o=p(dumo—Pm(Dtu»m)o) --'p (AO —p(Dtu)o in L2(2),

Let's verify (3. 19) 

  II Au.) 0—(duo— (Dtu)o) II = II 4u„,—Pm(Dtum)o— (duo— (Dtu)o) II 

II dumo—duo II + 11 P.M tum)0—Pm(Dtu)0 II + 11 Pm(Dtu)fl—(Dtu)0 II •

Here, II Pr(DtuN II C II (Dium)0— (AO 0 II • 

  II (Dium)0— [d (Dtu)0-3(Dtu)o(du0— (Dtu)o) ] II 

       II d(Dtum)o—d(Dtu)0II +C Pm((Dtum)Mum)0)—(Dtu)o(duo—MOO) II 

II d(Dtum)o—d(Dtu)0 II +C( II (Dtum) (Dium)0—(Dtu)o(duo—(Dtu)o) II 

        + it Pm[(Dtu)o(duo—(Dtu)o)] —(Dtu)o(du0—(Dtu)o) II )•

Here, 

   II (Dtum)o (D=um)o—(Dtu)u(duo—(Dtu)o) II 

5 }I ((Dium)0— (duo— (Dtu)o) (Dtum)o II + {I ((Dtum)o— (Dtu)o) (duo— (Dtu)o) {1 
C( II (D7um)0— (duo-- (Dtu)0) II + II (Dtum)o— (Dtu)0 II) • 

II Pr Au.) (duo) —V (Dtu)o) II 

    II 17(dum0—duo) II + II VPm(1)tum)o—p(Dtu)o II     

II 17 (Juno—II +C( II 4Pm(Dtum)0—d(Dtu)0 II 

     II 17 (Juno—II +C( II Pm(34(Dtum)0(Dtum)0+6(Dtum)0(V(Dt14m)o)2 
—3d(Dtu)0(Dtu)o-6(Dtu)0(p (DA o)2 ff + II Pm(d(Dtu)(1)—d(Dtu)o II ). 

Estimates of the above give (3.19s) .

By a priori estimates in § 2, estimates (3. 7) and relations (3. 19), the 

approximate solutions are estimated as follows.



PROPOSITION 1. It holds that for  k  =0, 1, 3, 4 

II Drill. II2+ II IDkum II2<C( II (Dk+lum)0 II2+ II P(Dkum)0 1I2)+C<C 

and specially for k = 2 

II Mum II 2 + II Mum II 2

 _--  _  II (Mum)0 112 + II v (Mum)0 11 

  (1-6 (4//3 T0(I1(Dtum)0 112+ 11 V(Dtum)O 112)1/2(11 (Drum)0 112 + 11VDium)0112)1,2) 2,
where a positive number To is chosen sufficiently small to satisfy the inequality

1-6(4/i/ 3)3T0(11 4u0-(Dtu)o 112+ II v(Dtu)0 1I2)1/2

x (II d (Dtu)0-3(Dtu),;(4u0- (Dtu)o) II2+ II V (du0) -V (DtuN II2)" > O.

REMARK. As is explained before, in the differential equations (3.2) ,t(t) 

(k=1, 2,......,m) are determined in [0, T] for any finite T > 0, from the 

following boundedness

dA~t) 2 = IIAu. 11 2<c, t E [0,T], (m=1, 2,......,k=1, 2, ......,m),
~ m 

jA7 (t) (vgi, Pcbk) =I(vum, 17(1,0 1 < II aum 11 11 cbk II 
i=1

II Mum II + II Pm (Dtum) 3 II < C+C II v (Dtum) II 3 < C

and

({:4.!_`ti}3,~k)I = I (ADtum)3, Y'k) I _ II (Dtum)3 II II (Pk II c C.
Here, we applied the proposition 1 for k = 0 and 1.

§ 4 Compactness of approximate solutions and some properties of the limit 

    function

   Now we introduce some conceptions. Let r be a separable Hilbert 

space. Here L2(SQ), Sobolev spaces WI' (2) (m=1, 2, 3,......) are considered. 

We denote by w : [0, T] --^~ the function defined in [0, T] with values 

w(t) in '. The function w is said to have the strong derivative in [0, T] 

if there exists a function v: [0, T] ,,e° such that II h (w (t+h)-w(t)) - 
v(t) IIZ-^ 0 for any t E [0, T], as The function w is said to be in 

the class Cm( [0, T] : a') if there exist strong derivatives Dkw (k =1, 2, ......



m) and they are continuous i.e.  II Dkw (t+h) —Dkw(t) Il~°. --*0 for any t E [0, 
T] , as h-0. In this section we will apply the following relations . ([1] , [7] , [9] .) 

  If w EC([0, T] : a) it holdsdt(B)ft                                w(s)ds=w(t) for any t E [0, T], which 

1   implies 11
h(B)tt+h w(s)ds—w(t)  II--30, as h--0. Here, (B) denotes the Bochner 

integral.

   In the first place we have the following convergence: 

(4.1)Dhun, Dku in L2(S2 x [0, To]), as (0 k 4), 

where Mu is the generalized derivative. 

In fact, the proposition 1 gives the boundedness : 

II Dlunr HL2(9,Co.Th) , H D1(Diu„) H1,2(9.,0.Tn2 , II V (Mu„,) II L2(9/Lo.  (0 k ` 4). 

Hence by Rellich's theorem it is possible to extract a subsequence which 

is Cauchy sequence in L2 (Sl x [0, Top. 

   In the next place we have the following relations. 

Dr u,,, (• , t) --.Diu (• , t) in L2(9), uniformly for t E [0, To] . (0 < k -_ 3) 

(4.2) Dku(, t)—(Diu)o=(B) TotD' "u( s)ds (0`k 2) 
        Here, Mu(., , t) denotes the strong derivative in L2 (S2) and (B) denotes 

       the Bochner integral in L2 (S2) 

        Du(., t) EW2 (S2) for any t E [0, To] , (0 k < 3) 

(4. 3) pDtum(•, t) _ pDIu(-, t) weakly in L2(S2), (0 < k 3) 

II PDtu(•, t)—PDetu(., r) II <Cl t—TI , (0 < k <3).

(4. 4) D'I (Dtum) 3 M (Dtu) 3 in L2(2), uniformly for t E [0, To] (0 k 2) .

Dtum(•, t)— *Dtu(•, t) weakly in L2(S2), as m—›oo 

(4.5)II.M11(., t)—Dtu(•, r) II<CI t —rI 
Diu(•, t)—Mu(•, 0) _ (B) JtDu(., s) ds 

0

PROOF. From the equality Di um (x, t) = Di um (x, 0) + Dk+1u (x, s) ds 

0

it follows that

J I Dl um (x, t) — Dr un (x, t)12 dx ̀ 2 J I D1 um (x, 0) — D! un (x, 0) 12 dx 

n

+To Jo J 12 I Dt +lum (x, s) —Dt +1un (x, s) 12 dxds.
Here, by (3. 19) , (Dium) o (k = 0, 1, 2, 3) converge in L2 (S2) as 171---).c/a.  The 
second term of the right side converges to zero as m,n-- co, by (4. 1)



when 0 k  3. 

Hence, there exist functions vr(0 <- k - 3) such that 

Dku,n(•, t) - =.v0(•, t) in L2(9), uniformly for t E [0, To] . 

If we set vo — u, then it follows that yr = Dlu. In fact

um (x, t) __, um (x, 0) — ft Diu m (x, s) ds, 

                               0

or

                f:Dtuunl(•, t)—u,„„=(B)m(•, s) ds.
IIere

II (B) J Du,(., s)ds—(B) Jtv,(•,^)ds

I: II Dtum(• as m
It gives that u(•,t) — uo = (B) Jvi(.,^)  ds. Moreover, Dtu = v1. Similarly 
(4.2) is shown. With respect to (4.3), we apply the following Lemma: 

   If w is the weak limit in L2 (S2) of a sequence wm E WZ(S2) (m = 1, 2,......) 

with bounded norm II wm II41«, C, then w E Wz(SZ) and pwm pw weakly in 
Lz (S) ([4] ) 

Since, II Mum(- (• , t) I , II PDkum (• ,t) II <C(0< k _< 3) and M um (• , t) Dku(• ,t) 
in L2 (S2), uniformly for tE[0, To] (0<k<3) it follows that Dtu(•,t) E W;(Q) 

for t E [0, To] (0 < k <3), and pDlum(•,t) pDtu(•,t) weakly in L2 (S2) 

(0<k 3). By the result of the above, it holds that Dlum(•,t) Dtu(•,t) 
                                                                                           0 weakly in WZ(SQ), as m-ooc.Noting that D~um(•,t) EWZ(SL) for tE [0, To], 

we have DIu(•,t) E WZ(S2) for t E [0, To] (0 < k < 3) and

I (v m(•,t) —pDium (•,r), w) I — I (J'rDUm.,s ds, w) I
 Jt II pDtum(•,^) II ds II w

<CIIwII It for any wEL2(S2), 0<k<3,

which implies II pDlu(•,t) —p ,r) II < CI t— I • 

To prove (4. 4), we verify the boundedness : 

Yet/4(x, t) I < C in S2 x [0, To] ,

where C is a constant independent of m,x,t. 

From (3.1) it follows that 

Dr+zum-4D1um+PmM(Dtum)3 = 0 (0 <k <3).



Here, II  (Dtum)  3 II C II P (Dtum) II C, 

it Dt (Dtum) 3 it C II PDtum II 2 II P1Xum II <' C, 

       II Di(Mum)3 II ' C( II PDtu,. II II FM/4 112+ II PDtum II2 II Mum II) C,        

II DI`(Dtum); II ̀C( II FM/4 II 3+ II PDtum II II Mum II II PD/um II 

+IIPDtumII LII Mum Ii) C.

Hence         

I Dtum(x, t) C II Dtum(•,t) I111(2) C II JD1um(•,t) II 

C( 2t1„,(• ,t) II + II P.M (Diu .)3II) < C(0 < k 3).

Consequently, 

II (Dtum)3-(Dtu)3 II = II (Dtum—Dtu)((Dtum)2+(D1um)D1u+(D1u)2 II 

SC II Dtum—Dtu II 

        II Dt(Dtum)3-3(Dtu)2(Dtu) II ̀  C (II (D1um)2(Dtum—Mu) II 

                         + II ((Dtum)2—(Dtu)n)Dtu II ) 

C (II .Mu„,— MuII + II Dt14m—D1u II ) 

II D!(Dtum)3-6(Dtu) (D`u)2-3(Dru)2Mu II 

`C (II Dtum ((Dium) 2 — (MO') II + II (Dium — Diu) (MO' II 

                  + II (Dtum) 2 (1)44,— Diu) II + II ((Dtum) 2 — (AO') Mu II ) 

C (ii Mu.— MuII + II Dtum—Dtu II + II D7u,n-D7u Ii )•

These inequalities give (4. 4) by application of (4. 2) . 

Finally, we will show (4. 5) .

(Dlum(•,t), w)=((Drum)o, w)+(JoDtum(•,^) ds, w)
= ((Mum)°, w)+ Jo(Mum(•,^), w)ds for w E L2(9).

Here,II (Mtum) ° II < C

II Mum II L2(g) x[°.T°]) ` C.

Hence, it is possible to choose convergent subsequences of ((Dtum)°, w), 

J(DUm(S)            w)ds, which implies the subsequenceDtum,(•,t) converges 

weakly in L2(2). Denote the limit function by v,, : [0, To] - L2(2), then 

(D714,(•,t)—(Dium)°, w) = (ft Dlu„,(• ,^)  ds, w) = Jt (Dium(•,^), w) ds °°
Jo(t),(• , s) , w) ds, as m---)co,for any w E L2 (S2) , 

Since it holds II v4 (• ,t) II < C for any t E [0,To] , v4 (• , t) is a Bochner integrable 

function. Hence we have



 (Dru(•,t)—(Dru)0, w) = ((B) J v,(•,^)ds, w).
Consequently (4. 5) is completely shown.

§ 5 The existence of the classical solution 

First, we show equalities 

(5. 1) (D ;+ u(• ,t), w)+(pDiu(•,t), pw)+(D:(Dtu)3(•,t), w) = 0 

             for any w E WL(S2) . (t E [0, To] , 0 < j < 2) 

Here, u(. , t) is the limit function in § 4. 

In fact, for approximate solutions um(x, t) it holds 

(Dr'u,„(•,t), (Pk)+(PD`um(•,t), P`Yk)+(Dt(Dtum)`(•,t), Pk) = 0 

                            for m > k. 

Hence, there results 

(Di'iu(•,t), (Pk)+(PDiu(•,t), PPk)+(Di(Diu)"(.,t), cbk) = 0 

(k=1,2,3,......).

by the convergence relations (4. 2), (4. 3), (4. 4) and (4. 5). 

                                                          0 Here, WL(S2) n WZ(Q) is dense inWz(SQ), and finite linear combinations of 

                                                               0 eigenfunctions(cyk) is dense in Wz(SQ) nWZ(S2) • 

Consequently (5. 1) is shown.

   Next we have properties of u as follows, 

(5. 2)D'u E C([0, To] : Wi(Q)) nC(S2x [0, To]) (j = 0, 1, 2). 

Indeed, set j = 0 in (5. 1), it follows that for any w E WZ(Sl) 

— (pu(• •t), pw) _ (Dju(•,t) + (Dtu)3(•,t), w). 

Hence, u(• ,t) (E Wz(SQ) for t E [0, To]) is a weak solution of the equation 

dv = DIu(•,t)+(Dtu)3(•,t) EL' (S2). 

Consequently

u(•,t) E WZ(S2)

and 

II u(.,t) IIWZ«><—C( II Mu(. ,t) 11 + 11 (Dtu)3(•,t) II + II u(- ,t) II )



Moreover it holds  

II  u(•,t)—u(•,r) IIWZ« C( II (.,t)—Dzu(•,r) H 
            + II (D1u)3(•,t) — (Dtu)3(•,r) II + H u(.,t) -u(.,z) II J. 

Since u, Mu and (Dtu)3 E C([0, To] : L2(9)) by the convergence relations (4.2) 

and (4. 4), we have u E C([0, To] : WZ(S2)). Also the inequality 

114(x, t) -u(, r) I ̀ 111(X, t) -u(~, t)) I +C II u(•,t) -u(•,T) IIK1,,, 

gives the relation u(x, t) E COX [0, To]) by the notice of u(x, t) E C(S2) 
for fixed t E [0, To] . Similarly, set j = 1, 2 in (5. 1), then we have (5. 2), 

since Diu+ Dt (Dtu) 3, Dtu+ Dr (Dtu) 3 EC([0, To] : L2 (S2)) .

   Finally, we have the following properties of u; 

(5. 3)(Dtu)3EC([0, To] ; WZ(2)) fl C([0, To] ; Wz(Q)) 

(5. 4)u E C( [0, To] ; W1(2)) 

(5. 5)Diu E C([0, To] ; Wi(Q)) 

   PROOF. Relations Diu E C(SZ x [0, To] ), VDtu E C([0, To] ; L2(9)) and Mu 

E C([0, To] ; WzCS2)) imply that equalities Dxk (Dtu)3 = 3(Dtu)2Dxk(Dtu) and 

Dxj Dxk (Dtu)3 = 6(Dtu)Dx; (Dtu)Dxk (Dtu)+3(Dtu)2Dx, Dxk (Diu) hold. Here, we 

applied the fact that if f, p fE L° (9) and g, pgE L°(SQ) (1/p+1/q = 1) it 

holds p(fg) = (pf)g+f(pg). Noting that fgE C([0, T] ; L2(9)) for fE C(S2 

x [0, T]) and gEC([0, T] ; L2(9)) we have (5. 3) . 

   If we set j = 0 in (5. 1), u(•,t) is a weak solution of the equation Qv 

= Mu(•,t)+(Dtu)3(•,t), where Dtu+(Dtu)3 EC([0, To] : Wz(S2)). Hence, uEC 

([0. To] : WZ(9)). Also we set j = 1 in (5. 1), then Dtu(•,t) is a weak 

solution of the equation 4v = Mu (• , t) + Dt (Dtu) 3 (• , 0. Here D(Du)3 = 

3(Dtu) 2 (DIu) EC([0, 7'0] ; D(9)) and Dxk (Dtu) 2Dtu=2DtuDxk (Dtu) D=u+ (Dtu) 2DxkD2tu 

E C([0, To] : L2(9)), Diu E C([0, To] : W1(9)). Hence, Dtu E C([0, To] : WZ(9)).

Now, we take notice of the following relations (5. 6) and (5. 7). 

(5. 6)If u belongs to the space Cm( [0, T] : L2(9)) and the strong derivatives 

Mu in L2(9) (k=0, 1, 2„m) are belong to the space C([0, T] : WZ(S2)) 
  it follows that u E Cm([0, T] : Wz(S2)) and 

         IIh (Dl-lu(•, t+h)—De-°u(•,t))—D1u(,t) IIWZC.2,-->0 as h 0, (k=1,2, 
......,m).

We verify for m = 1. From the assumption MILE C([0, T] ; WZ(S2)),



there exists the Bochner integral (W.`,, B)  JDu(., s)ds in WKS2). Hence, 

 0

the Bochner integral (L2, B) J Du(.,^)ds in 12 (2) exists, and 

0

(L2, B) JDsu(.,^)ds =(WziB)JIDsu(•,^) ds
as an element of 12(Q). On the other hand

(L2, B) J Du(,^)ds = u(•,t)-u(•,0). (See [7])
By the above equalities we have

u(•,t)-u(•,0) = (W2i B) Jt0Dsu(•, s) ds,
as an element of W;,(S2) or

II h (u(•, t+h)-u (•, t))-Dtu(•, t) 11w,(2)-->0as h-*0.

(5. 7)(1 Ck ([0, T] : W"- k (Q)) C C2 (Q x [0, T] ) 
k=0

This relation is given by Sather [5] or Wilcox [8] . We give an outline 

of the proof. Since u E C([0, T] : Wz(S2)), we have 

I D"u(x, t) I< C  u(•,t) (IaI 2, (x, t)EQx [0, T]) 

and 

I Dxu(x, t)-Dxu (E, r) I <C II u(•,t)-u(•,r) wa(2)+ I Dzu(x, r)-Dzu(E, T) I • 

Hence, Mu E C(S2 x [0, T]) (I a I <2). The relation u E Cl ([0, T] : WZ(S2)) 

gives Dtu E C([0, T] : Wz(S2)) and Dx Dtu E C(-S-2 x [0, T]) (1a1� 1). 

Hence Dtu, DxDtu E C(Q x [0, T]) . The relation u E C2( [0, T] : WZ(S2)) give 

Dxu E C(S2 x [0, T]) . Moreover

I -h (Dzu(x, t+h) -Dzu (x, t)) -DzDtu(x, t) I

<  ClIh (u(•,t+h) -u(•,t)) -Dtu(•,t) IIw3u2)-->O, as h->0,

h(Dtu(x,t+h) -Dtu(x, t)) -Dlu(x, t) I

<  ClI -h (Dtu(•,t+h) -Dtu(•,t)) -Dtu(•,t) IIw2(Q)-30, as h--->0.
Consequently, (5. 7) is verified.



   We attain the following existence theorem of the classical solution: 

THEOREM. Let  2 be a bounded domain in R3 with a  sufficiently smooth boundary. 

Suppose that the initial data uo belongs to the space V0, and (Diu), belongs to the 

space V1, where V, (i = 0, 1) are defined in § 3. Then there exists a function u 

belonging to the class C2 (2 x [0, T,] ), which satisfies the equation (1. 1) in S2>, 

                                                               (0, To) and conditions (1. 2) — (1. 4) . Here TO is a positive number depending on 

uo and (Dtu) o.

PROOF. The equation (5.1) gives the equality 

(Mu(•,t), w)—(du(•,t), w)+((D1u)'(•,t), w) = 0

for any w E WZ(2), t E [0, T0] . 

On the other hand, u E n Ck ([0, To] : W;-h (2)) C'2 (2 x [0, T0]) . 
                               k _0 

   Indeed, u E C ([0, To] : L2 (2)) by (4.2) and u, Dtu E C([0, To] : WZ (2)) by 

(5.5). Hence u E C'( [0, To] ; W1(2)) by noting (5. 6) . Also, u E C2( [0, To] 

L2(2)) by (4. 2) and u, Dtu, E C([0, T0] : WZ(2)) by (5. 2). Hence u E C2 

([0, To] ; W2(2)) by noting (5. 6). u E C( [0, To] : M(2)) was shown in (5. 4). 

                                                                                                             0 

   Consequently,Mu-4u+ (Dtu)' = 0 in S2 x (0, T0), sinceW2(2) is dense 

in L2(2). By virtue of (4.2) it holds that u (x, 0) = uo (x) , Dtu (x, 0) = 

                                            0 (Dtu)o(x), x E,Q. u(•,t) EW(2) nC'(t2) implies that u vanishes on the boun-
dary in the natural sense.

College of General Education, 

Kyushu University.
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