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Introduction

   Recently the characterization of the L").'' spaces have been done by many 

authors including S. Campanato [1] , A. Ono [6, 7, 8] , J. Peetre [9, 10] , L. 

C. Piccinini [11] and G. Stampacchia [12, 13], and with the aid of them the 

regularity of the solutions of the partial differential equations in the L")." 

spaces have been studied by S. Campanato [2, 3, 4], J. Peetre [9], and 

others. Among them S. Campanato ([2]) treated the Dirichlet problems for 

the elliptic equations with principal part only ;

(1) i-1x(a{i(x)ax;):i8x,+ f
and he proved the regularity of solutions in the L(2•2) spaces (05A<n+2). 

In this paper we shall study the regularity of solutions of the Neumann 

problems for the elliptic equations in the ( (2.2) spaces with the following 
form :

(2)x t (iax az,+ ai (x) u) + a (x) u =8x,+ f .
As (2) is more general than (1), we can apply a similar device to that of 

S. Campanato ([2]) only for the case of 0«S n. 

We organize the paper in the following manner. In § 1, we state the 

preliminaries. We give the interior estimates in § 2 and the boundary 

estimates in § 3. With the aid of these results, in § 4, we shall study the 

regularity theorem of solutions of the Neumann problems. 

Here, the authors wish to express their sincere thanks to Professor 

Akira Ono for his valuable advices and constant encouragement during the 

preparation of this article.



 §1 Preliminaries

   Let .Q be a bounded open domain in the n-dimensional Euclidean space 

R", 8.Q be its boundary, and S2 be a closure of .Q :.Q=.Q U8 S2  .
                                                          k 

We shall use the notations D,=a xDaxk ,i-1, ...,n,forx=(x,, 

                                                             {

                                                                   " 

x2,...,x") and Dm =Dlm1D2m2...D„"I m I =};m, for each n-tuple m= (m1, m2, 

..., m") of non-negative integers. 

   We denote by Ilk (12) the Banach space which is obtained as the comple-

tion of Ck(S2) with respect to the norm

}1/2 111411 Hk(.Q) =II Dmu 112L2(2) 

               

Imisk

where k is a non-negative integer, and we denote by Ho (Q) the completion 

of Co (2) with respect to the above norm. 

   We denote the set (x ;lx—x0 I <r) by I(xo,r), simply 1(0, r) by I(r) and 

the set I(x0 ,r) n S2= S2 r). 

The spaces which we shall use in this paper are the following. 

DEFINITION 1. 1. (Morrey space L(2." (Si)) A function u is said to belong 

to Morrey space L(2.') (S2), where 0«<n, if u belongs to L2 (Q) and the 

relation

(1. 1)I lull L(2. 2)(s2)=SUP (r_x I u(Y) 12dY) 1"<00 
x0E9.r>0 ,g(x0.r)

holds. The spaceL(2.1 (,Q) with the above norm is a Banach space. 

One can verify that the following relations hold : 

L(2.°) (S2) =L2 (2) ; L(2.x) (,Q) CL2 (Q) (O<A<n) ; L(2.") (.Q) =L%(D) , 

furthermore 

L(2.2) (S2) L(2.'') (.Q) and II u I I L(2.,,)(.2)-‹C I I u I I L(2.2) (9) if /2A. 

   If a function u is integrable on 12, we shall denote the mean-value of 

u over 12(x0f r) by ux0,r or simply u,. :

u(Y)dY ur=uxo.r= I.Q(xo,r) I j 

where I12(x0, r) I is the measure of the set S2(x0, r) . 

   DEFINITION 1. 2. (the space L (2.x) (S2)) A function .0 is said to belong to 

the space L (2.x) (S2), where 0«<co, if u belongs to L2 (S2) and the relation



(1. 2) [u],(2,2)(12)—xosp~(r-z I u(y)—url2dy)112<co                                                         2(xo.r)

holds. [u]  L(2„1) (D) is a semi-norm in the space L (2.1) (9) . We define a norm 

of the space L(2.1)(9)  by

(1. 3) IIuII ,(2.x) (.Q) = L2(a) + [u] .6(2.2)(12)

This norm renders the space L(2.1)(9)  a Banach space. 

   It is well known that the following isomorphism theorem which cha-

racterizes the spaces L(2.2)(2)  holds. (See [6] , [9] , [11] , [12] ) 

   ISOMORPHISM THEOREM 

   We assume that the domain 12 is of type (A)1), then the following isomorphic 

relations hold: 

   (i) (S. Campanato) If 0«<n, then the space i, (2•1) (Q) is isomorphic to the 

Morrey space L(2.2) (9) with the equivalent norm. 

   (ii) (F. John - L. Nirenberg) If A=n, then the space L (2.') (2) is isomorphic to 

the John-Nirenberg space en. 

   (iii) (S. Campanato - G. N. Meyers) If n<A <n+2, then the space , "m(12) 

is isomorphic to the space Co•"(S2), a= —A72-1  with the equivalent norm.

   (iv) If A>n + 2, then the space L (2.2) (9) consists of constant functions. 

   It is well known that the space L(2•n)(9) =L'(9) is a proper subspace 

of the space /,(2.n)(9) (See [5]) . 

Between the space C (2•1) (9) the same inclusion relation verified between 

Morrey spaces holds, that is, if ,u<d then

(1. 4)L(2.1) (S2)c L (2. ,a) (12)  and [u] (2.1,)(g)<_C[u]L(2.1))a)

   DEFINITION 1. 3. (The space Hk•2(12)) A function u is said to belong to 

the space Hk.1(9), where k is a non-negative integer and 0«<n+2, if u 

belongs to Hk(S9) and D'"u belongs to L (2•2)(9) for each m, I ml =k. The spa-

ce Hk.1 (9) with a norm

(1. 5) 11uII gk.1(9)= IIuII H(2)+ .k[Dmu] )2.2)(Q)

1) A bounded domain S2 is said to be of type (A), if there exists a positive constant 
   K such that for any x E S2 and any r>0 the following relation holds : 

2(xo, r) I ?Krn . 
   A domain S2 is of type (A) if it has a cone property,



becomes a Banach space. 

   The following inclusion relation holds. 

(1. 6)  Hk.2  (Sl)  CHk-1.x+2  (32) and I I u +2 <C IIuII Hk.A(.0) if 0«<n , 
k>1. 

   Finally, to prove the theorems we need the following Fundamental 

Lemma due to S. Campanato.

   FUNDAMENTAL LEMMA. (S. Campanato [2] ) 

   Let c (t) and B (t) be non-negative functions defined for t>0 and t>1 re-

spectively, A be a constant >1, a and 8 be real numbers satisfying the relation 

0<Q<a. 

   Suppose that, for any p>l, there exists a constant t (p) >0 such that the in-

equality

c(p)<A(p)acb(r)+B(p)p8

holds for any pair of numbers p, r E(0, t(p)1  satisfying 1< r <p. 

   Then for arbitrary e E (0, a-8) and p,r satisfying 0<p<r<t(A"'') , the fol-

lowing inequality holds:
                                               a—d 

                    a—s cs(p)<A(p) 95(r) +B(Ai")  a—BPe • 
A a —A

§ 2 Interior estimates 

   Let S2 be a bounded open domain Rn with cone property. 

   In this section, we shall treat the uniformly elliptic differential ope-

rator E of the second order:

Eu—EDi (±aii(x)D1u+a(x) u) +jb,(x)Dfu+a(x)u.
   We set the following assumptions for E. 

(A. 2. 1) There exists a positive constant v such that the following in-
      equalities hold for any x E Sl and any non-zero real vector =($„ 

e2, ..., sn) E Rn

(2. 1)1)-IIel2< aii(x)$i i<vi$12.

(A. 2. 2) a„ (x) are symmetric : a„ (x) = a„ (x) . 

   We denote the homogeneous differential operators with constant coeffi-



cients by  E,

D, (a„ (x0) D,u) for any fixed xo E Sl . 
. -1

   In this section we shall estabilish the interior estimates for a "weak 

solution" of the equation

(2. 2) Eu=ED,f;+f

where we set the following assumption (A. 2. 3) for the functions f, and f: 

(A. 2. 3) f, (1=1, 2, ..., n), f are given functions in L2(2). 
Here, the definition of a "weak solution" of the equation (2. 2) is the 

following 

DEFINITION 2. 1. A function u E H1(Q) is said to be a weak solution of 

the equation (2. 2) in 2, if u satisfies the following equality for every qS E 

Ho (2)

(2. 3) A19 (iaii(x)Diu(x)+ai(x)u(x)}Di5(x)dx
— {bi(x)D1u(x)+a(x)u(x)}(x)dx 

= ; f,(x)D,cb(x)dx—f(x)¢(x)dx . 
A9

   LEMMA 2. 1. Let u E 111 (2) be a weak solution of E0u= L, D, f, + f in 2, that 
i=1 

is, u satisfies for every c5 E H(Q)

(2. 4)a„(x0) D,u(x) D,95 (x)dx 
.1-1 £2

= Z f, (x) D,4)(x) dx —f(x) cb (x) dx 
'=1s9

Then for arbitrary real vector r= Cr., r2, ... , rn)E Rn the following inequality holds

                                                        n 

(2. 5)IID,uII~2«>_<<C(±f(f{—r{H2(9)+ 11.111 12,z) 
f=1i 1

where C is a positive constant depending only on v, 2, but not on u. 

   PROOF.Putting cb=u particularly in (2. 4), we have for any real vector 

r = (r1, r2, • • •, rn)



     a„(xo) D,u (x) D,u (x) dx 
i.l=1 s

 = ,(x)—r,)D,u(x)dx— f(x)u(x)dx 
 i=1

By using (2. 1), Schwarz's inequality and Poincare's inequality, we obtain

y-1 I D,u l 2dx 
    f=1 

         22

 n1/2n1/2   tiI.fi—rt H22)(~II Diu I IL2(Il)) ___
{=1,=1 

+ C(S2)IIflIL2(~)~iI I Diu I I i2(22) )" ,                             f=1

The inequality (2. 5) follows from this. 

   To state the lemmas we assume that the coefficients a,I(x), b,(x) are 

continuous functions on I(r) and we put

a)2 (r) = max (sup I a(I (x) — ail (0)12, sup I b, (x) —b, (0) 12) 
     i f xEI(r)xEJ(r)

   LEMMA 2. 2. Under the conditions that a,,, b, E Co(I(r)), and a,, a E L°°(j(r)), 

(i, j=1, 2, ..., n), if u E H'(I(r)) is a weak solution of the equation (2. 2) then for 
any number p E(0, r] the following inequality holds

n 

i I D,u 12dx 
i=1 

I(P)

(2. 6) C{[(p)n+cv2(r)] ID,ul2dx+ lul2dx+ 
1(r) 1(r)

+ If{ 12dx+ I fI 2dx} 
   i=1 

    1(r)1(r)

Where C is a positive constant depending only on v and the coefficients of E but not 

on u. 

   PROOF. This lemma is proved by the same argument as the proof of 

Lemma 8.I of Campanato ([2]) . 

   We shall decompose the function u to the sum u=v+w where the func-

tions v and w are weak solutinos of the following Dirichlet problems in 

I(r) respectively :



v —u E Ho(I(r)) 

E°v=0

and

 {
 w  E Ho(I(r)) 

          n E°w =>,D, [ f, + >j (a,l(0) —a,I(x))D,u— (a,(x) +b,(0))u] +

+ f— J (b,(x) —b,(0))D,u—au 
        t=~

where E°u— D, (a„(0) (0) Diu) .

   Applying Corollary 7. I of Campanato ([2]) to the function v, we ob-

tain for any p E (0, r)

(2. 7) i'ETI D,v 12dx<C(v) (12--)")ID,v 12dx 
I(0) 1(r)

where C(v) is a positive constant depending only on v. 

While, we apply Lemma 2. 1 with r=0 to the function w, so we have for 

any p E(0, r]

                                                           n 

(2. 8)ID,w12dx<C(m2 (r)YiIAu12dx + I u 12dx+ 
{°1 I(p)i-1I(r) I(r)

       

If,I2dx+ Ifl2dx) • 
 t°1 I(r)1(r)

The inequality (2. 6) follows from (2. 7) and (2. 8). 

   When we consider the equation (2. 2) in 2, we shall put for x° E 2, 

r>0

U)2 (x°, r) = max { sup  I a,, (x) — atj (x°)12, sup   I b, (x) — b, (x°) 12 } 
                                                                                                                                                                                                  • xE12(x°,r)xEI2(x°.r)

   THEOREM 2. 1.We assume that as,, b, E C°(12), a,, a E L-(2), f,, _f E f (2.1)(S ) 

0« <n. 

Let u E H'(SQ) be a weak solution of the equation (2. 2), then D,uE L(2m(S20), i=1, 

2, ..., n, for any subdomain D° c c S2, and the following estimate holds:

(2. 9) IIDiu 112L(2. x)(~°) <_c(Ilull 20(2( +~ iif1 II2~(Z,x>c~)+ IlfIl 2, (2.1),)}
Where C is a positive constant depending only on the coefficients of E, S20, and A 

but independent of u. 

   PROOF. Let 2° CC SZ and $° be a distance from 32 to D°, x° E P° and 0



 <r<2 .

 At  first we shall give the proof of this theorem of the case 0«<2. 

By Lemma 2. 2, for any p E(0, r)

(2. 10)I Diu 12dx< C { [(p)n+w2(xo ,r) ]I Diu 12dx+ 
       I(xo.p)i°11(xo.r)

            /)+IuI2dX+~;IArdx+Ifl2dx 
1(xp.r)!=1 I(xo.r)1(xp.r)

where C is independent of p, r, and u. 

Since u EH'(Sl) and 0«<2, by (1. 4) and (1. 6),

n 

[u] 24(2,1)(Q)<C[u] 2, 2.2)(Q) <Cj I 'Au I I12cQ)

and hence

(2. 11)I u 12dx<Crz I I u I 12 (2.1) (Q) Cr1 I I u IIN1(Q)            f!(xo.r)
Moreover, f1, f being in the space Z, (2.1) (SQ), from (2, 10) (2. 11) we obtain

iI Diu l 2dx<__ C[ (—P-) n+ m2 (xo,r) ] i I Diu l 2dx + 
i=1I(xo

.p)r)°1 1(x0.r)

n (2. 12)+C{ I l u I I ;11(Q) + E I Ifi 112,L(z.,0 (Q) + I l fI 12L(2.1) (Q) r1 
i=1

Since the coefficients ail(x), bi(x) are continuous on S2, for arbitrary fixed 

number p>1 there is a positive number r(p) <2° such that for any xo E Slo 
and for any pair of numbers p, r satisfying the relations

0<p<r<r(p) ; 1<p 

P

the following inequality holds :

(02 (xo, r)<Mp) 

                         n 

             r

Consequently, from (2. 12), for any xo E Do and for any pair of the numbers 

p, r satisfying the above relations we obtain

      

I D,u 12dx<C(rnEI Diu12dx+ 
i°1I(x0 .0)r,=1I(xo.r)

  /~ +Cp1IIuII X1 (Q) + I Ifi 112L(2.1) („)+ I I f 112h(2.2) (2) p1 • 
                              i=1



Here we may apply Fundamental Lemma, so we can show that there ex-

ists a positive number r(A)S-80such that for any  xo E P° and any number 

p E (0,r(A)] the following inequality holds

p-2 tII D,u 12dxSCFIID,uIIL2(9)+ 
  fmlJ I(xO.P)/=1

+COO [ 11u11 R1(9} + V 11f;112L(2.x'(9) + IIf 112,,(2.2) (9) ] •

(See Campanato [2] in detail) . 
  On the other hand, if p>r(A) we obtain immediately

p-~ I Diu 12dx<r(A) -z ~_ !Diu l 2dx . (=1 9(xj .P){ 1 9

From these two inequalities we complete the proof of Theorem 2. 1 of 

the case 0�A<2. 

   Next, we shall give the proof of the case 2SA<n. 

   Let h be a positive integer such as 2h«<2ht1, and let's take subdo-

mains D' (i=1, 2, ..., h) of 2 which satisfy

2,CC24cc2" 1Cc ... cc2' cc2 .

   Because f,, fE (2M(Q)2.2)(2), by the preceding result for 0«<2, 

D,u E or, (2.2) (Q1) and

IlDtu 112L(2.2)(91) <C f liull 81(9) +1lfill 2(2.A)(9)+ 111112,(2.2)(9'} 

                                                                                                                                                                              •

Since u EHl•2(D1)C0(2.4' (21),f,,fE(,(2.1) (2) C(2.4) (D1\'in the same way 

for the ease ofIOSA 2, it follows that D,u E t (2.4' (S22)Jand

  IlD,u11 2,,,(2.4)(92} SC{ IIuII 81(9) +E IIfill 2L(2.A)(9)+ Ilfil 24(2..1)(9))
By repeating this procedure h-1 times, we know that D,u E d i (2.2h) (2 ) and

  

IID,u 1124(2,2h)(9h) <C(Ilu ll g1(9) + it 1 11 fi 112L(2.x)(9)+ Ilf ll 2,(2.,0(9)}

Thus, noting that f,, f E c2.1' (Sl) C oV (2• l' (Slh), and u E L(2.2") (2h) C L (2.x) (ph), 

finally we arrive at a conclusion of this theorem.l 

   LEMMA 2. 3. We assume the same hypothesis as the preceding lemma for u 

and for the coefficients of E. 

Then for any p E (0, r) and for any real vectors 8 = (8,), r = Cr), the following



estimate  holds:

      Diu— (Diu)pI2dx<C {E(pIn+z!Diu — Pa 12dx+ 
i=11(p)-i=1 rJ1(r)

(2. 13)

+ (02 (r)I Diu l 2dx +I u12dx + I fi — ri 12dx +I f 12dx) 
   i-1 1(r)1(r)i=1 1(r)1(r)

Where C is a positive constant depending only on v and the coefficients of E but 

independent of u. 

   PROOF. We decompose u=v+w, where v and w are same as in the proof 

of Lemma 2. 2. 

   By applying Corollary 7. II of Campanato [2] to the function v, we have 

for any p E (0, r) and for any $ = (0,)E R"

(2. 14) ifI Div— (Div) a 12dx<_C(v) (-PITY+2I Div— Qii°1 1(0)i1(r)
On the other hand we may apply Lemma 2. 1 to the function w, so we ob-

tain

LJ I Diw 12dx.0 {~I fi —ri 12dx+ c02 (r) EIDiu 12dx+ 
(°1 1(r) i-, 1(r)i°11(r)

(2. 15)+ f Iul2dx+ lfl2dx} 
1(r)1(r)

From (2. 14) and (2. 15) we obtain (2.13) . 

   THEOREM2. 2. We assume that ai,,biE C°•"(S2) (0<a<1), a„a E L"(S2), 

 L(2°1) fi E02°1) (2) and f E L(2.n) (i1Ci) . 

Let u E H1(S2) be a weak solution of the equation (2. 2), then Diu EI, (2•") (S2°) (i= 

1, 2, ..., n), for arbitrary subdomain 120 c c:9, and the following estimate holds:

(2. 16)  [Diu] 2,(2.n)(420)~ C { I l u I I 2H1(9) I ̂ fi 112,(2.n)(9) + I I f I l L(2.n) (9) } .
Where C is a positive constant depending only on the coefficients of E and S2° but 

independent of u. 

   PROOF. Let c c 2, 80 be a distance from 8S2 to S2°, 80=dis (S20, 312), 

and S2, be a subdomain of S2 such that S2°CCS21c S2, dis(S20, 8521)=dis(21,

a2)=2°
     f E ,C ('• n-2a) (S2) since fi E L, (2. ") (S2) and f E L2"(12). Therefore by 

Theorem 2. 1, Diu El (2•"-2") (S2,) and



1 11 D;u II (2.n-2a>(A1) s c{ I (u I I H1(2) +:  II fi 112,(2.n-2a)(2) + II f I 12,(2.n-2a)(Q)}

<c{ Hull H1(0) + IIfill 2(2.n)(0)+ IIfll 1.(2.n)(Q)}
                                                           n Hence for any xo E Po and for r E (0,2] we obtain

nn 

(2. 17)I Diu I2dxsC(IIuIIHl(Q) +EIIf~112,~(2.n)($)+IIfIIi(2.n)(0))rn-2a 
i'1I(x0 .r)i'1

If we put M=max{ [aii] co.a(,Q,, [b,] 2co.c j ), then obviously cv2(x0, r)<Mr2". By 
i.1 

Lemma 2. 3 with 8,= (Diu),, ri= (A) r  we have for any x0 E Do and for any 

p E(0, r)

      

ID,u— {D,u} p 12dx 
i'1I (x0 .p)

(2. 18)

<C {(p1n+2ID,u— (Diu) r l 2dx+Mr2" I D,u 12dx+I u 12dx 
   \rJ~'1I(x0 .r)1'1I(x0.r) I(x0.r)

+~;I f{— {f,}rI2 dx+ I.fl2dx} 
i=1i(x0 .r) I(x0.r)

<c{(pry+2I Diu— (Diu) rl 2dx+ [IIuIIH1(~)+~IIf~112,(2.n)(.)+       t'1JI(xo.r){'1
+ 11f11 1(2.n)(9)]rn + IuI2dx} 

I(xo.r)

Next we shall estimate the integral I u 12dx.Because Diu EL (2.n-2a) 
I(xo.r)

(21) and n<n+2-2a<n+2, by the inclusion relation, we have u E (,(2'n+2-2a) 

(S2,) and

Ilul12~(2.n+2-2a)(Ql)<C IIuII H1,n-2a(o1)

                           n <C{ Hull 2H1(0) + Il f, I12,(2.n>(Id)+ IIf1I1(2.ri)(Q) 
Furthermore by Isomorphism Theorem in § 1, u E C°"(S21) and

II u I I co. awl) <c I l u I l ,(2.n +2-2a) (Ql)

Consequently we obtain



 

I  u 12dx< I I  u l I C°.a(p1)dxs C I I u I 12L(2.n+2-2a) (n1) • rn 
1(xo.r) I(xo.r)

(2. 19)

n <C{ Hull + IIfII 2„(2.n)(2)+ IIfII /(2.n)(2) }r” •
Inserting (2. 19) into (2. 18), we have

;IDiu— (Diu), 12dxSC {(P)n+2nIDiu— (Diu)/.1 2dx+ 
i=1I(xo .P)\ri~L=11JI(xo.r)

+[ Ilull f1(9) +~ Ilfill 2~(2.n)(9>+IIfII L(2.n>(9)jrn 
                         i=1

Hence, by using Fundamental Lemma, we obtain the following inequalities

for any p, r E (0,2—°), where 0< p<r , 

p-n 'Diu— (Diu) p I2dx<C(A)8o-nao I Diu— (Diu) ao 12dx+  i°1JI(xo 0)i=1 I(xo. 2)2
+C(A) [ 1lull i1(9) + Ilfill 2L(2.2)(9) + IIfII 2.,(2.t)(2,
<c[ Ilull Hica, +Ilfill 24(2.1)(Q)+ II ft! (0)]

While if p>2 , x° E: o , then

p-nI Diu— (Diu) p 12dx<Ca0-nnI Diu 12dx . 
9(xo.p)i°190

From these inequalities we conclude the proof of this theorem.

§ 3 Boundary estimates

   In this section we denote the set I(r) (1(x= (x1, ...,xn) ; xn>0) by I*(r) 

and 8I*(r) n (x; x, —0) nI(r) by Fr. We denote by V (I*(r)) the completion 

of the class of the functions, which are of class C1(I*(r)) and vanish on 

aI*(r)—l'r, with respect to the norm I• Ilf (1•(r))• 

   To state the lemmas, we set the assumptions 

(A. 3. 1) We asume that ai, (x) E C° (I* (r) ), ai, a E Ly (I* (r)) and fi, f E 

L2 (I* (r)) . 

(A. 3. 2) We assume that a,,,,(0) =0 holds (k=1, 2, ..., n —1) .



   LEMMA 3. 1. We assume that the condition (A. 2. 1) holds and  f,, f E L2 (I* 

(r)) . Let u E V (I* (r)) satisfy the following equation for every 0 E V (I* (r)) :

                                                                 n 

(3. 1)ja„(0)D,u(x)D,c6(x)dx =j,A(x)D,0 (x)dx —  f (x)q(x)dx. 
i•I=1 I•(r)i-1 I•(r) I•(r)

Then there is a positive constant C depending only on v such that

(3. 2) r~ I I D,u I I L2(I•(r))<C { II fell L2(I•(r)) + II fI I L2(I•(r)) ) 

•

PROOF. Ifwe take 0=u in (3. 1), by using Poincare's inequality, we 

obtain

       ID,uI2dx<C, HMI L2(I•(r)) + IIfI I L2}tt                                           (I•(r))IIDiuIIL2(I•(r))~1/2I(r)J
The conclusion follows immediately from this.

  LEMMA 3. 2. We assume that the condition (A. 3. 2) holds and u E C°° (I* (r) 

U I'r) n L2 (I* (r)) satisfies

Eou = 0 in I* (r) and Du(x) = 0 on "r •

Then there is a constant C depending only on v such that for each p E (0,r)

(3. 3) I Diu 12dx<C 1 2l u l 2dx          t-1I•&') (r—p)I•(r)

   PROOF. By (A. 3. 2), for every 0 E V(I* (r)), u satisfies the following 

equality

a„(0)D,u(x)D,¢(x)dx=0 . 
J.I-1 I•(r)

   Now we shall take qi _ (0*) 2u, where 0* (x) is the restriction to I* (r) of 

the function 0(x) which is a function belonging to the class Co`°(I(r)) with 

the properties

0_<_0(x)�1; 0(x) =1 on I(p) ; I D10(x) I <  (
r Kp)  (1=1, 2, ..., n) .

Then, for any e>0, we obtain

v-1 }_; I D,u l 2dx< eJ I Diu I2 (0*) 2dx+ Ci,ID,6* 12u2dx . 
 r-1I•(0) r-1 I•(r)0-1I•(

r)

Using the properties of 0*(x), we obtain (3. 3) .



   LEMMA 3. 3. We assume that the condition  (A.  3. 2) holds and u E C`° (I* (r) 

U T r) n L2 (1* (r)) satisfies 
Eou=0 in I*(r) and D„u(x)=0 on Tr. 

Then there is a positive constant C depending only on v such that for each p E (0, r]

(3. 4)l u i 2dx<C (!°) n I u (2dx 
              I•(P)r 1•(r)

holds.

   PROOF. Since Dhu (x) satisfies E,(D hu)  = DhEou = 0 in I* (r) and D„ (Dhu) = D 

(D„u) = 0 on Tr(h=1, 2,..., n-1), we may use Lemma 3. 2 for Dhu, so 
that, for each p E(0, r), we obtain

     

ID,Dhul2dx<--------    Po)(r—p)2fp(r2p) IDhul2dx {1

<  4C(v) C(v)2 (r— p)2X(r— p)2 I•(r)(uIdx.

Hence we have

(3. 5) EI D,Dhu 12 dx< (r-1))4C(v2 I uI Zdx . 
t-1 h-1 1'(0) r(r)

Now if we return to the equation Eou=0 and use (3. 5), then we have

(3. 6)

   

I Dnu 12dx<C4I u l 2dx 
I•(P)Cr—p) I•(r)

From (3. 5) and (3. 6) it follows that

~mE2 f IDmui2dx C(v)(r1p)'u 12dx .  1(P)Mr)

Repeating above procedure, we may conclude the following estimate

(3. 7) IlulI Hk(I.(_Z))<C(v, r, k)IuI2dx I (r)

where k is any positive integer. 

   If we choose k sufficiently large and use Sobolev's Theorem and (3.7),

we know that for each p E (0, Z]

(3. 8) l u l 2dx<Cp„ max I u(x) 12<C(v, r) pn I u 12dx . 
1•(P)x E I'(P) 1'(r)



Now we shall investigate the dependency of r of  C(v, r) . If we consider 

the function v(x) =u(Ax), where A is any positive number, we can see that 

v(x) satisfies Eov=0 in I*(z )and D„v=O on I' , . Specially taking A=r, from 

x (3.8) we obtain

    

I v 12dx<C(v, 1) (±-1)"1 I v l 2dy , 
 I I•(1)

so that

   IuI 2dx<C(v) (p)„ IuI 2dx 
1•(0)r I•(r)

Moreover above inequality for any p E (Z , r] is obvious .
   COROLLARY 3. 1. We assume that the condition (A. 3. 2) holds and u E C-

(1* (r) U T r) (1 H1(I* (r)) satisfies Eou = 0 in I* (r) and D„u = 0 on Tr. Then there is 
a positive constant C depending only on v such that for each p E(0, r] the following 

inequalities hold:

(3. 9) j I D,u 12dx<C (p) „ ~1   !a1rI Diu 12dx           I•(P)t1I•(r)

(3. 10)    fID„u12dx<C(p)„+2 I D„u 12dx . f        MP)rMr)

   PROOF. Since the function D,,u satisfies the hypothesis of our Lemma 

3. 3, we have (3. 9) . 

   On the other hand, since D„u satisfies the conditions of Campanato's 

Lemma 11. I (See [2] ), (3. 10) is verified quite analogously to it. 

   LEMMA 3. 4. We assume that the conditions (A. 2. 1) and (A. 2. 2) hold 

and u E H1(1* (r)) satisfies the following equality for every 0 E V(I* (r) )

(3. 11) a,l(x) D,u (x)DIc6(x) dx +~a, (x) u (x) D,~(x) dx — 
            'I•11„,c,i1I'(r)

— a (x) u (x) 0 (x)dx= (x) Di (x)dx— f(x) 0 (x)dx . 
 I•(r)i°1 1•(r)1•(r)

Then there is a positive constant C depending only on v, I I a, I I Land I I a I I L. such 

that for each p E (0, r)

(3. 12)I D;ul2dx<C{L(pI„+C°2(r)1~;I D,ul2dx 
       I•(P)_r{_1Mr)

+Iul2dx+E1If~I2dx+Ifl2dx} 

• 

  P(r))I'(r) I•(r)



   PROOF. We shall decompose the function u to the sum u=v+w where v 

and w are solutions of the following  problems  ;

(3. 13)

 u—v E V(I*(r)) 

a„ (0) D,vD, dx= 0 for every c E V(I* (r) ) 
  i.i=1 I•(?)

and

w E V(I*(r)) 

(3. 14) „"J1a"(0)D,wD,cbdx={~,[~,(a11(0) —a1,(x))D,u+ 
          I•(r)I'V) i=11=1

+f1—a,u] D,cb— (f—au)c} dx for every E V(I*(r)) .
  It may be easily verified that v is of class C°' (I* (r) U T r) n 111(1* (6) ) 

and v satisfies Eov=O in I*(r) and D„v=0 on Tr. Since v satisfies the hypo-

thesis. of Corollary 3. 1, we have

(3. 15)i I I Div I I 1.2(I'(o)) SC (p)„I I D,v I I 12(I•(r)) •
Moreover we may apply Lemma 3. 1 to the function w, so that we have

                 n 

(3. 16)A',Awl'    L2(t•(o)) 
                 1_1

SC(a)2(r):  I I Aril I 12(I•(r)) + I I u I 12(1.(r)) + i I J i I I 1,2(I•(r)) + I I f I I L2(I•(r)) }.
From (3. 15) and (3. 16), we have (3. 12) . 

   With the aid of above lemmas, we can prove the following theorem. 

   THEOREM 3. 1. We assume that the condition (A. 2. 1), all E C((I* (1) ), a1. 

aEL°°(I*(1)), f1, f E L')(I*(1)), 0«<n, and a„k(x)=0 on T1(k n), and for 

every 0 E V(I* (1) ), u E H1(I* (1)) satisfies the following equality:

(3. 17){~a„D,u-}-aiu} D, dx— audx= 
       i_1 I'(1)Im1I•(1)

     fiDi 0 dx— f 0 dx . 
1-1 I•(1) I'(1)

Then D,u E oG (2•a) (I* (R)) , for cach RE (0, 1), and there is a positive constant C de 

pending only on v, A, R and I I a, I I L °' + I l a l l L- such that



(3. 18) I I  Diu I 12L(2.1)(1•(R))«'lIIuIIRl(I•(1))+.0I Ifi I 12,(2.A)(1.(1»  
  1-1lisl

+ I I fl l 2L(2.1)(I•(1)) )
   For the proof of this theorem, we refer to that of Theorem 13. I of 

Campanato ([2]) and our Theorem 2. 1.. 

   LEMMA 3. 5. We assume that the condition (A. 2. 2) holds and u E C°(I*(r) 

Ur r)  (l Hl (I* (r)) satisfies 

Eou=0 in I*(r) and Dnu(x) =0 on T, (0<r<1) . 

Then there is a positive constant C depending only on v such that for each pE (0, r]

(3. 19)II Dhu— (D0)01  2dx<C(p)n+2I Dhu— (Dhu) r 12dx 
I•(0)I•(r)

(h=1, 2, ..., n-1)

PROOF. Let p be any number of the interval (0, 2 ] .

   Carrying out the elementary calculation, and using (3. 7) and Sobelov's 

Theorem, we have

I Dhu— (Dhu)ol2dx<4 I Dhu—D0(0) I2dx 
1•(0)1•(0)

<4 f 0)12 + I Dhu(z, 0)—Dhu(0) I2)dx 
       1•(0)

<4cvnpn(map)I Dn2D2(x) 12p4+iEmaxI DiDhu(x', 0) 12p2)
<Cpn+2l max I D2fDhu(x) —D2n (Dhu) r 12 + 

x El' (0)2

+ ~, max  I Di (Dhu(x) — (Dhu),) 121 
ialxE!'( r)J

<Cpn+2 II Dhu— (Dhu), I I Rk (.. (r ))

<C(v, r) pn+2 II Dhu— (Dhu),-!!2L2(I•(r)) •

Here we have used the notation x=(., 0) = (x1f x2, ..., xx_1 , 0). 

   By the same argument of the proof of Lemma 3. 3, we obtain, for each

pE(0, 2],



(3. 20) I Dhu— (Dhu) 0 12dx<C (A)n+2fDhu—  (Dhu)r12dx. 
I•(P)rI•(r)

Moreover it is easy to verify that the above inequality (3. 20) holds also

for each p of the interval (—r r]
   LEMMA 3. 6. We assume that the conditions (A. 3. 1) and (A. 3. 2) hold, and 

u E H1(I* (r)) satisfies (3. 17) for every 0 E V(I* (r)) . Then there is a positive con-

stant C depending only on v and II a, I I L°O+ II a II L", such that for each p E (0, r)

                    n 

(3. 21) I Dtu— (Diu) 0 12dx 
t=1 1•(P)

<—C {w2 (r)EI I D,u l l 12(I•(r))+ (7)pn+2'ID,u— (Diu)rl 2dx+ 
                   p (r)

n 

+ Hull 12(I•(r)) + E., I I f, I I L2(I•(r)) + i I fi I LZ(I•(r)) 
t=1

(3. 22)I D„u 12dx 
1•(o)

<C{(--)n+2D„uI'dx+(02(r)i(ID ju Idx+IIuIIL2(I•(r))+ 
    1•(r)i-11.09

    n 

+I I f{ I I L2(1•(r)) + I I .fI I L2(I•(r)) 
   i-1

   PROOF. Let's verify similarly to Lemma 3. 4. 

   We decompose u to the sum u=v+w, where v and w satisfy (3. 13) and 

(3. 14), respectively. 

   We may apply Lemma 3. 1 to the function w, so we obtain (3. 16). 

Using Lemma 3. 5 and (3. 10) of Corollary 3. 1, we have the following 

estimate for the function v, for each p E(0, r),

(3. 23)V , Div— (Div)012dx<C(p)n+2L1 I Div— (Div) r 12dx ,           1•(0)r1i=1 I•(r)

             (_--P--)n+21D„v12dx<CI Dnv 12dx 
I1(0)r 'I•(r)

Thus we obtain, using (3. 23),

n-1n-1n-1 

_;I Diu— (D,u)PI2dx<EIDiv— (Div)0I2dx+4jID,w12dx 11•(P)i=11•(P)i=1 I•(P)

<C I (!° 1 n+2I Div— (D,v)rl 2dx+4E,I Diw12dx) 

— 

    rr-1I•(r)i"111(r)



 <C 7(n)n+2 n-1ID{u—CD ,u) r 12dx+ (02 (r)LJ11 DfullL2(I•(r))+ 
    llJL~J1I,(r)

n 

+ Hull L2(1•(r)) + II fi I I L2(1•(r))+ I I fl I L2(1•(7.)) 
i-1

and

    Dn14I2dx`C('_\n+2IIDnuI2dx+(C+1)ID,wI2dx 
I•(P)rJ1•(r)t`11•(r)

<C{(p)n+2I Dnul2dx+co2(r)~(ID,ul2dx+ 
    11•(r){~11•(r)

                     in 
+ I l u I I L2(J•(r))+~.,I Ifi I IL2(1 •(r))+I I f I I L2(I•(r)) 

                     1

   THEOREM 3. 2. We assume that a{1 E C° "(I* (1) ), ai, a E L—(/*(1)), f{, f E 

L'2•"1(I* (I)) and ank (x) = 0 (k n) on l'1f and that u E H' (I* (1)) satisfies (3. 17) 

for every 0 E V(I* (1)) . Then Diu E Z, (2. n) (I* (R)) for each RE (0, 1), and there is 

a positive constant C depending only on 11, n, R and I a{ H I L- + I I a I 1 L- such that

(3. 24)[Diu]2I,c2.n)(1•(R))_<_ C { I I u I I X1(1.0)) + LJ I I I~ I I ; c2.n)(1+(I)) + 
  1-1isl

+ II fl I 2/.(2. n)(l•(1)) } .
PROOF. Let R fix, 0<R<1, and set 8o = 12 R . Let xo be any point of

I* (R) and p be any number of (0, a,) . 

   We may consider the following two cases ; 

   The first case is that the sphere I(xo, p) is contained in I*(1), and 

the second case is that xOEl'R and I(xo, p) n I* (1) = I* (xo, p) . 

   To the first case, we may apply Theorem 2. 2, so that we have

(3. 25)  1I D,u— (Diu), 12dx i=1 p J(xp.P) (ll+(R)

<L l Hull H111•(1)) + L1 11 fi l l L(2.n)11,11)) + I I .1 I I 2L(2.n) (1`(1))) • 
i=1

Now we shall consider the second case. 

Since Lc2.n) (I* (1)) C L (2.n-2a) (I* (1)) = L(2.n-2a) (I* (1)) holds, we may apply

Theorem 3. 1, so that Diu is of class L'2.n-"' (i*())) (i=1, 2,..., n) and we
have

(3. 26)  I l D{u l I L12.n-2a) (i.. (1+2R))COI, a, R) {1~II Diu I I 12u•(1))+



    ~n1 f{  + IIuII111(I'(1))+IIfillL(2.n-2a)(I'(1)) + 1 I.fI 1L(2. n-2a) (I'(1)) 
i=1

Using Lemma 3. 6 and the condition ai, E CO.a(I*(1)), we have

                     n-1 

(3. 27)nIDiu — (Diu) P 12dx 
i=11*(P)

  {('—\n+2EI Diu— (Diu) r 12dx+ I I u I I i2u.cr)) +                i=1I•(r)

nn 

+ rn [E I I Diu 1 I 2L n-2a)(i./1R)1+HMI fi I I L (2.n) CI'(1)) +

+ IIfII L(2.n)(I•(1))l } •
Furthermore, just as we obtained (2, 19), we obtain

                                                                  n 

(3. 28) I u l 2dx<C  L(2 n)(!'(1)) 
     I•(x0.r)i=1

+ IIf11 L(2.n)(I•(1)) }r"
Inserting (3, 26) and (3, 28) into (3, 27)

n-1 

(3. 29) E IDiu— (Diu), 12dx 
i-1 I•(xo.P)

<l. { C P\ n+2 EIDiu— (Diu) r12dX       r i=1II*(xor)•
n 

+ [IIuII N1(I•(1>> + L(2•n2(I'(1)) + IIf!I L(2•n)(I'0.))]rn

Thus using Fundamental Lemma, we have

1 n-1 sup!D
iu— (Diu), 12dx 

x0EI•(R).0>0 P i-1 I•(xo.P)fl1'(R)

n <C I I u 11 2. (!•(1), + I l fi l l L (2• n)(!•(i)) + I l fl l L(2• n)(!.(1)) }.
Therefore we conclude that Diu is of class 0C,(2.n)(I*(R)) (i=1, 2, ..., n-1). 

   While, by (3. 22) of Lemma 3. 6, (3. 26), and (3. 28), we have

     Dnu 12dx<C{ (p)n+2I Dnu l 2dx+ I IuI IL2u.(x0.r)) + II*(Xo.p)•r JI•(Xo.r)
+ I I I Diu I I 1(2. n-2a) (I. (12R)) + I I fi l l L(2.n)(I'(1))      i-i



 +  1  1  f  l  I  ,(2.n)(I•(1))  ]rn)  <C t(A)"+2IDnu2dx+ 
 I•(x0.r)

       n 
I/

.n{llll +[11ull311(1. (1))+llfillL(2)(I•(1))+IIJIIL(2.n)(,.(1))]rn) 
  i=1J

Therefore we obtain

1  su
p nI D„u— (Dnu) p 12dx x0EI•(R).p>0P I•(z0•p)f1I+(R)

<4 sup1Dnu 12dx 
x0EI•(R).p>0PI'(x0.p)f1I•(R)

                                         }Cl lul l R1(I•(i)) +11ff11L(2.tt){I•(i)}+ l if l l1(2 n){I•(1)){,
Hence we conclude that Dnu is of class L (2. n) (I* (R)) .

    4 Regularity of solutions of the Neumann problems. 

   In this section we apply the results estabilished in §§ 2, 3 to the Neu-

mann problems. 

   Let Sl be a bounded open domain in Rn with a boundary aS2 of class C2. 

   Our equation in this section is the following form :

(4. 1) Eu= Cta,l(x)Diu+ai(x)u) +a(x)u=,Df, +f
   To state the theorem, we assume in addition to the assumptions (A. 

2. 1), (A. 2. 2) and (A. 2. 3) moreover the following assumptions : 

(A. 4. 1) au E C'(Q), ar, a E Ly(9) (1, j=1, 2, ..., n) . 

(A. 4. 2) There is a positive constant m such that a (x) <— m<0 for all 
xES2. 

   DEFINITION 4. 1. A function u E H' (9) is said to be a "generalized solu-

tion of the Neumann problems for the equation (4. 1), if u satisfies the 

following equality for every 0 E H'(SQ)

(4. 2) }J 9 (~ai; (x) D/u (x) +a(x)u(x)) D,0 (x) dx — Da (x) u (x) (x) dx =
_nf (x) D,0 (x) dx —f(x)c,(x) dx . 

i-'OA

We can obtain the following theorem. 

THEOREM 4. 1. We assume (A. 2. 1), (A. 2. 2), (A. 2. 3), (A. 4. 1) and



(A. 4.  2)  . Let u E 111(2) be a generalized solution of the Neumann problems for 
the equation (4. 1) . Then 

   (i) If f,, fE i (2.a' (S2), 0«<n, then Diu E /2.(Q) and

(4. 3) 1I I Diu 112,(2.,i) (2)\li'lullHl(2) +~IIfil12,(2.1) (D) + II f I 12,(2.a)(A) /                       i=

holds. 

   (ii) If f,, _f E L(2.n) (S2), then Diu E (2) and

(4. 4)~DiuJ 2(zn) (ra><C Hull xl (9) + I l fi l l L (2.n)(9) + I l fI l 1.(2..)(a)}
holds. 

   Where C are positive constants depending only on v, S2 and the coefficients of E 

but independent of u. 

   PROOF. Since both (i) and (ii) can be proved in the same manner, we 

shall give only the proof of (i) . 

   Because the domain 2 has a boundary 32 of class C2, there exists a 

system of the subdomains Do, P,, ..., 2, of 2 such that 

                              ) 

         S20CCS2;u S2k=S2; aS2,, n 3,S20 (k=1, 2, ..., 1) . 
k.•0 

   At first, by Theorem 2. 1, Diu E (2•a' (S2o) and

(4. 5) I 'Diu 112 ,(z.2) (40) —<_C' { I I u I( H1(2(+ HAM fr I 12,(2.ucs) + II fl 12,(2.a)c9)}
On the other hand, u satisfies the following equation

    (iaiixDiux+aixux)Dixdx_ a (x)u(x)95 (x) dx i=1 9k i=19k

(4. 6)

_ E,f,(x)D,~i(x)dx— f(x)0(x)dx i=1fQkgk
for every c E H' (S2k) vanishing on W2,-32. 

   Because the domain S2 has a boundary of class C2, the boundary patch 

Si„ can be mapped in a one-to-one way onto 1* (1) with the boundary 8S211 

aS2k being mapped onto 1',. Moreover the above mapping y=r(k'(x) and its 

inverse x=(r(k')-1(y) are of class C2. Then the function v(y) =(uo(r(4))-1) 

(y) defined on I*(1) satisfies the following equation:

(4. 7) (?':_illii(Y)Div(Y)+Ai(Y)v(Y))13VP(Y)dY—(JAij(y)Djv(y)+Ai(y)v(y))Dicb(y)dy_A(Y)v(Y)0(Y)dY 
  1~1I•(1)1!"(1)



_Fi(Y)D1¢(Y)dY  —F(Y)Ch(Y)dY 
 {'1P.1.(1)

for every cb E V(I* (1)) . 

Furthermore we note that one can take y=z•(k)(x) successfully such that 

(4. 8)Ank (y) =0 on T 1 (kn) . 

One can easily verify that 

AiiE C1(1*(1)), A1, A E L"' (I* , 

and F1, F E Z,(2.1) (I* (1)) (See Campanato [2]) . 

Therefore, by Theorem 3. 1, for each R E (0,1) Div E Z,(2.Ä) (I* (R)) and

i~ II Div 112,(2-1)(rcx)) -<c{ I I u I I Hicr•a)) + i[Ji I I Ft I I 2                                                             ,,(2.2) crci)) +

(4. 9) + 11 F11 24(2M cl•(1))} •
However, by the mapping cb :v(y)--->u(x) = (vor(k)) (x), spaces L(2•2) (I*(1)) and 

L (2.1) (SZk) are isomorphic (See Campanato [2] , p. 375) . 

Therefore by (4. 9) Diu E or.,(2•')(S2k,o) and the following inequality holds :

n 

(4. 10) 11 Diu 112(2..1) cQk.o)

             ~n c IIuII Ri(9k) + Lt I I fi I 1 2 ~(2.x) (9k) + I I f I I 2„(2.x)wk) },
where ,Dk.o = (z(k))—1(I* (R) )• 

By taking R sufficiently near to 1, we may suppose that the system Do, 

                                                                 ••• , Di,o covers D. Hence from (4. 5) and (4. 10), it follows that 
Diu E 0C,12.” (.ia) and

i~ I I Diu 112~(Z.l) (~) <—C { I I u I I Hi cQ) + I IIr I12,(2.z) (n) + 1 I f I 12,(2.z)(,) }
This completes the proof of (i) . 

   (ii) is proved in the same way but except using Theorems 2.2 and 3.2 
instead of Theorems 2.1 and 3.1 in the case of (i).

Saga University 

      and 
Kyushu University
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