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Let Ux(G) be the bordism group of principal unitary G-manifolds which
is isomorphic to the group Ux_umc(B;) where Uy(B¢) is the unitary bordism
group of the classifying space for G [2]. Denote by S$'-Z, a semi-direct
product of a 1-dimension;11 unitary group U(1)=S$' by a cyclic group Z,
of order 2 with the product rule

(¢, '] (g t']=[g'g-n"! 1]
where t is a generator of Z, and g, g’ € S". The purpose of the present paper
is to study the bordism group Ui(S'-Z;). In [6] H. Minami and the author
have discussed about the complex bordism group of dihedral group D, of
order 2p and obtained an isomorphism for p an odd prime

U (Z) @ Ux(Z)=Us(D,) .
In this paper we obtain that U,,.,(S'-Z,) is isomorphic to U,,,,(Z;) but
Upns1(S-Z,) is not isomorphic t0 Usy.:(SV) 2D U (Z:) 22Uppir (81 %2

1. The classifying space le.zz

Let $**! be the (2n+1)-sphere in the (n+1)-dimensional complex plane
C**! with the coordinate (z,, :--,2z,) and let S™ be the m-sphere in the (m-+
1)-dimensional real plane with the coordinate (x,,:--, x,). Consider an ac-
tion of §'-Z, upon S™Xx $***! given by

[e, ¢1(x, )=((—1)'x, gc'(2)),
where for x=(x,, +*+, X,)€ 8™ (—1)x=(—Xy, ++-, —Xa), for z=(2y, +++, z,) € S¥*!
¢(2)=(Zy, ***, Z,) and g(z, -+, 2,) = (g2, -+, g2,) and we define (—1)'x and ¢*(2)
inductively by setting
D'@=(-DU-D""%), @) =c(c(2) .
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Then we have a principal bundle

S Z,—> SPX S8 S /S Z,
We put D'(m, n)=S"x S§***1/S§'.Z,. The classifying space of §'-Z, is the
limit space concerned with the inclusion D'(m, m)—>D'(m+1, m+1), that
is, '

Bgi.,, =EE D'(m, m)

The orbit space D'(m, n) is homeomorphic to the Dold manifold D(m, n)
which is the quotient space obtained from S"XxCP" by identifying (x, [z])
with (—x, [c(2)]) where CP* is the n-dimensional complex projective space
[31.

Let C;f (C;) denote an opén i-cell of S™ defined by x,,,=X;,,="=X,=0, x,>
0(x,<<0) and D, denote an open 2j-cell of CP* defined by z,=1, z;,,=+-=2z,=
0. Denote by @: S*"xX CP*~>D(m, n) the projection and write (C,D,)=0(C} X
D). Then ((C, D)); i=0, 1,-+, m, j=0, 1,---, n) is a cellular decomposition
of D(m, n) whose boundary relation are given by

0(Cy, DY=x=QA+(—D")(Ciyy, D) o1 1).
Therefore, we have the following
ProPoSITION 1. 1. The integral homology group Hy(Bsi.,, ; Z) is a direct sum

of the free abelian group generated by

(COa DZJ) 9 j=0’ la 21 o
and the torsion group generated by
(C, D), i+j: odd
whose order are 2.

Let (¢!, d’) denote the cochain dual to (C, D,) the coboundary relation
is given by ) )
3(6', d}) =i(1+ (_1)“'.“-1) (ci+l’ d}) ,,,(1. 2).

The following theorem is proved in A. Dold [3].

TrEOREM 1. 2. The mod 2 cohomology ring H*(D(m,n); Z,) is a truncated
polynomial ring Z,[c, d]/(c**, d**1), where c=(c', d); and d=(¢", d'),.

Denote by Sq': H*(D(m, n); Z,)—>H**'(D(m, n); Z;) and B,: Hy(D(m, n)
i Z)~H,_,(D(m, n); Z) the Bockstein homomorphisms. From the boundary
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relations (1.1) and (1.2), it is easily verified that
LemMmA 1. 3. (i) Sq'd=cd

(Ci-yy Dy) if i+j is even and i>0

(i)
ﬁz(cn D,)2= {
0

otherwise.

2. The differentials d3, of the spectral sequence

For a CW-complex X, we denote by X* the k-skeleton of X. There is a
bordism spectral sequence (Ej,, d;,} for X defined by

Ef.=2;,/B;.,

25, = Im{U,,,(X*, X*7) B0, (X7, X*1))

B; = Im{U,, (1 (X777, XP)>U,,  (X?, X))
and for x€ U,, (X?, X*%)

d;..(jx(x)} = (20} ,

where Jji: U, o(X? X?7) U o (X?, XY and 9 U, o (X?, X?77) — Uy, o (X?77,
X*-r1), where we denote by j, the homoinorphism induced by an injection
and by © the boundary homomorphism. Note that {E},} are Uy-modules
and differentials are U,-homomorphisms.

Some results about the differentials of the oriented bordism spectral
sequences are obtained by R. O. Burdick [1]. In the same way, we can
discuss about that of the unitary bordism spectral sequences. For a CW-
complex X there exists homology operations

Sq,: H,(X; Z))->H,_(X; Z,) i=0, 1, 2, -
which are dual to the Steenrod square opration Sg‘ that is
<x, $q,(y) > = <S8q¢'(x), y> .
<, > is the Kronecker index paring cohomology and homology. Then,

we have

THEOREM 2. 1. For a CW-complex X, the following is a commutative diagram
43,
Eio E} s,

251 lg ' M2 l =
Hp(X; Z)ML—) Hp_3(X; Z)®Uz

where 0, is the reduction modulo 2 homomorphism.
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ProoF. The isomorphism g, is induced by the isomorphism
ot Upa(X?7%, XP92H, o(X*™, X*"O)QU,,
for every element [M, f] in U, ,(X*73, X*°%)

£ [M, 1] =5 £ule. (M) N (M) RICP']

where ¢, (M) is the 1-st Chern class of the tangent bundle of M and ¢(M)
is the fundamental class of M. The isomorphism 4, is given by & [M, f]
=fyxa(M), where 4,: U,(X?, X*")—H,(X?, X?7) .

We note that the differential 4}, is concerned with the following homo-

morphisms

(o)
U, (X, X* )= U, (X3, XY
1 Jx
U,(X?, X*)

Consider an element [M, f] in U,(X?, X?*~*) then we have
ik [ M, f]=jxfxa(M)

and

ABIM, f] = T3fx(c,(M)Na(M)) ® [CP] ,

filel(M) Na(M)}€ H,,(X?, X*7%) .
Let JA* H, (X?*7?, X*)>H,(X? X*%) be a homomorphism induced by an in-
jection f: (X?*?, X?%)—(X?, X*7%), then there is an element y in H,_,(X*?
X**) such that
Jx(¥) = fx(e(M) Na(M)) .

Here, we regard the groups H,(X* X*') and H,(X* X*'; Z,) as chain
groups C,(X) and C,(X; Z;) of X respectively. Denote by [x] € H,(X) (H,
(X; Z;)) the homology class of the cycle x in C,(X) (C,(X; Z,)). Then
we have

Balow] =[5l DNION) | .

Since p:{c;(M)No(M)} = Sq;.6(M), it follows that
[4:0[M, f1] = B.Sa:0:[jx fxo(M)] @ [CP] . Q. E.D.
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3. The structure of U,(B;s:.z,)

In M. Fujii [4] and [5], it is proved that there exist homeomorphisms
D(m, n)/D(m~1, n)~=S"/N\(CP*)*
where X* is the disjoint union of X and a point, and
D(k, n)/D(k, n—1) == S" \(RP"**/RP*"")

where RP* is the n-dimensional real projective space. Using the bordism
group exact sequences for CW-pairs (D(m, n), D(m—1, n)) and (D(k, n), D
(k, n—1)), it follows that

ProrosiTiON 3. 1.
(i) If i<m—1 then U, (D(m, n)) =~ U,(Bg.z,) .
(ii) If i<n—1 then U (D(m, n)) = U,(Bg.,) .

Since there is a cross section r: RP*— D(m, n) defined by r ([x]) = [x,
[1, 0, -, 0]] [4], we have immediately the following

LemMMA 3. 2. The homomorphism ry: Uy (RP*)—U,(D(m, n)) is monomorphic
and ry: Uy(Bz,)—>Uyx(Bs.z,) is monomorphic,

We apply results in section 2 to the unitary bordism spectral sequence
for BS“ZZ .

LemmMma 3. 3. If (C, D,) €E},=H,(Bg.;,; Z) then
(Ci-yy D,.) @ [CP'] if i is odd and j is even (C>0)
dg.o(cu D;) = {
0 otherwise.

Proor. From Lemma 1.3 (i), we have
sqea = {( ;) +1j+ ; )} e+ jean

Noting that Sg, is dual to Sg? we have

i—2 . L (T .
$a:Co D)a={(", ") + G=2J+ ()} (Cios D2+ G=1)(C Dis
By Lemma 1.3 (ii) the lemma follows.

Then, we have a following table about Ei-term
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(Co, Dy)

(Cy, Dy)

(Cs, Dy)
(Co, Dl) ® [CP]\ (Cﬂv DZ)

(Cs, D) \(C" D.)
(Cuy D)) ® [CP]N

(Cy, Dy) (Cs, Dy)

' (Ci, Dl)®[CP‘]\\ (Co, Dy) ® [CPI~._ (C. D)

(Cy, D) (Cs, D) N(c,, D))
(Cs, D) @ [CPHN (C,, D) ® [CPHN

(C.., Dy) \(Ch D,) N\(Cs D)

THEOREM 3. 4. U,,,:(Bsvz,) is isomorphic to Upni1(Bz,) and (Cy.yy Dy) i=0, 1,
- are permanent cycles in the spectral sequence of Ba., .
Proor. . From Lemma 3.3, it follows that
d23k+1.0(C2k+11 Do) =0
and 3,,,.E ; is the Uy-module generated by (Cy,y, Dy) k=0, 1, 2,-. Denote
by (J,} the filtrtaion of U,,,;(Bs.z) such that
Uini1(Bst.zy) = Donsr. o DIon-r. 2D+ D Iy, 0w and Jp, /0y, o = ET
Let n(k) is the number of partitions of k. Since the order of Ej.i sonen =
2=k it follows that
order of Juiy, 2-m/Jos-r, sinopy s < 2777F
Therefore we have
order of U,u.i(Bst.z,) < 2
~where ¢t =33 n(k). On the other hand
order of U,,,(B;,) =2'.
Hence, from Lemma 3.2 we have that ry: Up.1(Bs,)—>Uss1(Bsi.z,) is isomor-
phic. Moreover (Cyu.., D,) is the permanent cycle. Q. E. D.

PROPOSITION 3. 5. Uiz (Bst.z,) has rank of SVi.,w(2k+¢€), =0 or 1.
Proor. There exists an isomorphism

Un(le-Zz) ® 0= ZHJ-nH;'(Bshzz; QKXY .

From Proposition 1.1, we have the proposition. Q. E. D.

ProrosiTION 3. 6. a’;,‘a =0 forr=5.

PrROOF. ES;; = 3. 0aaEl, is generated by (Cyuy, D,) i=0,1, 2,--- and by
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Theorem 3.4 the elements of E,, are permanent cycles in this spectral se-
quence. Therefore, it follows that dj ,(r=5) is trivial. Q. E. D.

We define an action of Z, on U,(S") = U,_,(Bs) as follows: For a class
[S', M] of a S'-manifold M with an action ¢: S'x M—M and ¢ a generator
of Z,, we denote by [S', M]* the class of the S'-manifold M with an action
¢ X M—M given by
(ﬂt(gv x) = ‘p(g—l* X) .

Let Uy(S")% be the invariant subgroup under the Z,-action. Let i: S'—
§'.Z, and j: Z,—S'-Z, be natural injections, which induce the maps {: Ba—>
Bg.;, and j: B, —Bg.,, respectively. Then we have the homomorphisms

, [

ix: Ug(SY) 22 Uy y(Be) =3 Uy (Bor.z,) =2 Uy (§'-Z))
and

. Uy

Jxt U(Zy) =2 Uy (By,) 3 Ui (Bst.zp) = Uy i (S*-Z) .
We have in analogy to [6] the following

THEOREM 3.7. The homomorphism 0, U,(S)% D U,_,(Z,)—-U,(S'-Z,) given
by @,(x,y) = ix(x) +jx(¥) is monomorphic.

From Theorem 3.4, we have that #,, is isomorphic. However, by Pro-
position 3.6 and the table of E*term we can see that @,,,, is not isomorphic.
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