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Introduction. On regularity properties of the strong solutions of ellip-
tic equations in : _contiguous domains D. P. Squier [8] has given several
results. In his paper the boundary value problem with the equations whose
principal part are Laplacian and with the boundary conditions whose co-
efficients are constant has been treated.

When, with his methods, one tries to extend his results to the general
equations of steady-state heat conduction, one runs into difficulty. In this
paper, using the methods of [5], [6], the author will show that the strong
solutions of general equations of steady-state heat conduction in . «cinti-
guous media are differentiable up to order 2 and that the second deriva-
tives of the solutions satisfy the Holder condition up to the interface of

contiguous media. The results are also extensible to elliptic boundary
value problems. The notations of function-spaces and their norms used in

this paper owe to [1], [2].

§1. The main theorem

Let 3% be a semi-sphere {(x1, X3, X3) : X124+ X2+ x52< R2, x3>>0}, 3% be a se-
mishere {(x;, Xz Xa) : X 2+X2+x2<R? x3<0) and o be a flat boundary of
Sk oor %, that is, og={x1, Xz 0) :x*+x? < R%. Let P be a point (x;, Xs
x3) in three dimensional Euclidean space. We consider the equations

L, D= 3 2 (a2 250 13312 YD PP =)

in 3k, k=1, 2. (1°)
If we presume u;, as temperature, it may be natural to consider that
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the temperature and the flux are continuous, so that we set the following
boundary conditions
ul(P) —uz(P)=0 on OR, (20)

aul (P) au2 @

Lai(P) 34(P> =0 on OR. (30)

Asumption 14 2 dj(P), Bi(P), ¢5(P), fulP) € C*(SH),

a§i(P) € C'*%(gg) for some a, 0<a<1, and u € Hy 1, (%), k=1, 2, i, j=1, 2,
3.

3
Definition 1°. Let Ly(P, &, &, &) = Eiai‘;(P)&E,, k=1, 2, P € oz and
i, j=

let 71, 72 be the roots (in 7) of Li(P, &1, &, v)L(P, &, &2,—7)=0 with posi-

tive imaginary part (the existence of these roots is guaranteed by the fol-

lowing assumption). Moreover denote (r—r7,)(r—72) by M*(P, 7).
Assumption 2°. There exists a positive constant 4 such that

AT (ER+ELP+ED) Sz‘ZaZ(P) §i&5 ' SA(EP+EP+E4P)
for any P € ‘j; and for any real &, &, &3, k=1, 2. And the vectors
(L2(P, &1, &2,—1),—Li(P, &1 &2, 7)),
((@3:(P)&1+a3(P) S2+ ass(P)T) Lo(P, &1, &2,—1),— (@51 (P) &1+ a5y (P) &2 —als(P)T) Ly (P,
&1, &2, 7)) are linearly independent modulo M* (P, ) for any P€ op.
The main purpose of this paper is to prove the following theorem and

to show the related results.
Theorem 1°. Under the assumptions 1° and 2°, the strong solution w; of the

equations (1), (2), (3) belongs to C***(3k), k=1, 2, for any R, 0<R'<R.

2. Change to linear elliptic systems in a domain

To prove theorem 1°, we shall change the boundary value problem.
By the change of the variable (xi, xz, x3) to (xi, X2 —x3), the function f;
and the coefficients of L.(P, D) become to the functions defined on 37, and
u; does so. From now on 3% is denoted by Yz Hence the equations(1°),
(2°), (3°), the assumptions 1°, 2° and theorem 1° become to the following.

Li(P, D= 3 aly(P) e+ 3 ai(P) 5o +au(Pte—FulP)

in g, k=1, 2. €))
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u(P)~uy(P)=0 on oy, 2
3 ou 3 ou
El aét(P) 6}{ -+ 1§1 a%l(P) é-;i =0 on og. (3)

For reasons of notational simplicity we have used the same letters a%(P),
f2(P) with those of (1).

Assumption 10, gi(P), df(P), a.(P), fi(P) € C*(Xg), ds(P) € C'*%(gp),
0<a<l, i=1, 2, 3. u* € Hy1,(3r), k=1, 2.

3
Deﬁnition 1. Let LE(P, 51, 62, 53)=‘2 aZ(P)E; Ej, P € OR,
=1

and let 7, 72 be the roots (in t) of L,(P, &, &, t)Lo(P, & &, 7)=0(the exis-
tence of these roots is guaranteed by the following assumption). More-
over denote (v—t)(r—712) by My(P, 7).
Assumption 2. There exists a positive constant A such that
A_1(512+$22+$32)§‘%af.)(P)fifjléA(Ef“i‘ &24-64%)

for any P € Xz and for any real &, &, &, k=1, 2. And the vectors
(Le(P, &y, &2 1), —Li(P, &1, &2 7)),
((a31(P)&1+ah(P) &2 + als(P)T)Lo(P, &1, &2, 7), (@5i(P)&1-+a5(P)és+aks(P)T)Ly(P,
&1, &, 7)) are linearly independent modulo M*(P, r) for any P € ar.
Theorem 1. Under the assumption 1, 2 the strong solutions of the boundary va-
lue problem (1), (2), (3) belong to C***(3") for any R', 0<R'<R.
Since the proof of theorem 1 is somewhat long, we shall divide it into

several sections.

§3. Integral estimates
Theorem 2. The boundary conditions (2), (3) satisfy Complementing Boundary

Condition (see p. 42[2]).
Proof. By assumption 2 it is evident.

(1) Note that the assumption 1 is weaker than the assumption 1°. If we replace (2), (3)
with

Z}Gbk(p) ux=¢1(p) @y
our - /
2 bix(p) 55 +ZCe(PIur=02(p) @3N,
1,%

the smoothness assumption on the boundary condition becomes
bi, ¢1 € C2+a(0p), by, Cx, 2 € Cl+a(op)
in place of a3*(p) € Cl+e(og).
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As it is convenient to denote x3=¢, we use both x; and ¢ in view of cir-
cumstances. Without loss of generality we may assume that u(p), fi(p)
vanish near the curved boundary of 3%.

We write the operators (1) and the boundary operators (2), (3) as fol-
lows:

Li(P, D)uy=Li(Po, DYtx+ (Le(P, D)—Li(Po, D))up-+L; (P, D)uy, 4)

By (D)u=uy—u; ()

By(x, D)u=By(xo, D)+ (B:(x, D)—By(xo, D)u, (P=(x, t), Po=(x0, t,)) (6)

where Li(P, D) is the principal part of Li(P, D), L, (P, D)=Ly(P, D)—Li(P,
D) and

o

3
=SV gt
-BZ(xr D)u"%la&(xr 0) axl

3 du
2 fhet
+ ;:Jlau(x, 0) ox, O0 IR

Denote by I'y(P,, P—Q) the fundamental solution for the operator Ly’ (Po,
D) with singularity at Q=P. Let Ky; (Po, x—y, t) K3,(Py, x—~y, t) be the
Poisson kernels (see [2]) for the operators Ly/(P, D), By(D), B:(xs, D) with
singularities at y=x, =0 respectively. Existence of the Poisson kernels is
guaranteed by theorem 2.

To estimate u#, we first give the integral representations of the second
order derivatives of u;.
For any functions u; € C*(3}z) which vanish near the curved boundary of
>k applying Representation formula 6.7 (see corollary p 69[2]) we obtain

Duy(x, £)=D* J TPy, P—Q)[Ly/(Ps, D)uy(Q)]2dQ
+ f DKy(Po, %—, 1) (Bi(DYuCr, 0)—By(DYo(y, 0))dy @

—FJDZKIZ(PO' x—=Y, t)(Bg(Xo, D)M(y, 0)_32(x01 D)v(y! 0))dy!

J=1, 2,
where
P=(x1, X5, £), @=(1, ¥2, 1), X=(X1, X2), y= V1, ¥2),
v=_vy, v2),

v;(P) = jrf(Po, P— Q) [Lj'(Po, D)uy(Q)]2dQ

and [ ]z denote the extension of function [ ] by (4.4) in [1].
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We shall first estimate

f DDKu(Po, x—y, Df()dy

for f(EC?+2(gp))® which vanishes near the boundary of ¢z, where D, de-
notes the differentiation with respect to x; or x, and D denotes any differ-
entiation.

Now

2+q
fDmml(Po. x—y, t)f(y)dy=fDlDAv” Kj1,q(Po, x—y, O)f(p)dy

2 a
- DiDDxd Kj1q(P, x—y, £)Def()dy,
here K 1,, is seen in p. 56 in [2].

a
Let K(Py, x, ) =DDyd? Kj1,,(Po, X, ), g(x)=Dif(x),

Jpo(P) =Dy(K(Py, x, t)*g(x)), then there exists the function w(x, #) such
that
w(x, 0)=g(x), || W|li,1q <oo.
Applying the methods used in p. 712 in [1], we obtain

—Jp,(P) = JjDsW(yv S)DviK(Po, x—y, t+5) dyds
s>0
+ f fDu,W(y, $)DK(Py, x—y, t-+s)dyds.

>0

Then the following lemma holds.

Lemma 1. Put Py=P, then for the function w € H;,1,(3 r), we have the estimate

(Te(P)| g ZC|| Wl 114,

Proof. For simplicity demote Dy, K(P, x—y, t+s) or DK(p, x—y, t+s),

by G(P, x—y, t+s), and define a kernel N(P, x—y, t-+s) as follows:
N(P, x—yp, t+5)=G(P, x—y, t+s) in t+s=0

and N is odd in #+5<0. From lemma 4.1 in p. 58 in [2] and from the de-
finition of Kj,q in [2] it is easily seen that the kernel N satisfies the con-
dition of Calderon-Zygmund theorem 2 in [3] for all g>1. Extend the func-
tion w to the whole space such that w=0 for s<0, and integrate over the
whole space, then in virtue of the theorem validity of this lemma is evi-

(2) This assumption needs not in later.
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dent.

For the term of K, the similar estimate is possible. The estimate on
the term of I'; is also possible, or see pp. 720—721 in [1]. Hence if D*=
DD; and u; € Hy,1,(3%) for g¢=2, (7) is valid for P=P, and for u; which
vanishes near the curved boundary of >} (D? should not be operated for
for P changed from P).

On the other hand for ths solutions u, of (1), (2), (3)

Li(Py, D)up(Q)=fi(Q)— (Le(Q, D)—Li(Po, D)ur(Q)—L¢ (Q, D)ur(Q),

Bi(D)u(Q)=0 on o,

By(xo, D)u(Q)=—(B:(y, D)—Bz(x0, D))u(Q) on oxg.

Put the above into (7), and put P,=P, then the following theorem holds.

Theorem 3. Under the assumptions 1, 2, for the solutions wu, € H1,(3R), 9=

2, the following representations are possible.

DDu;(x, 1) =D1DJFJ(P, P—-)[£,(Q)—(L/(Q, D)—L/(P, D))u, (D)
—L/(Q, D)u,(Q)]»dQ

N j DiDK;y(P, x—y, £)(—By(D)o(y, 0)dy ®

"*‘JDID-K.;'Z(p' X—), t){—(Bg(y, D)_B2(x! D))u(y, 0)

—By(x, D)v(y, 0)}dy.

Here DD; should not be operated for P changed from P, and the integ-
rals with Poisson kernels are in the sence of the integral éppearing in the
proof of lemma 1.

Let us estimate (8).

In virture of the assumptions there exist constants C, ¢’ such that
| (Li(Q, D)—Li(P, D))up(Q) | < C|P—Q *| D*ui(Q) |

}D{ (a5 (y, 0)—ak: (%, 0)) ?ﬂg’;ﬁ.’)}

Note that D2I";(P, P—Q), N(x, t, x—y, t+s) have the homogeneity of
order —3 and that they satisfy the conditions of Calderon-Zygmund theo-
rem. From the above inequalities and the Sobolev’s theorem 2 (see p. 43

LClx—y | DPu(y, 8)|+C Duc(y, s)|.

[7], convolutions in (8) with the left hand side of the above inequalities
belong to L 4, . Those with L, and with f; belong to Ls% and L, (for any

3—qa

p = 2), respectively, in virture of Sobolev’s theoorem 2 and the theorem
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(see p. 69[7]). From the above estimates and Calderon-Zygmund theorem,

those with v belong to L 3¢ . Thus we conclude that DDu, € L 3, . By

=qw i-qu
ellipticity D%, so.

Begin with g=2 and repeat the above argument, then we find that D%;
€L, for any ¢ = 2.

By (11.15) in [7} we conclude that u, € C2~¢(3) for any >0, after cor-
rection on the set of measure zero.

We summarize the above results as follows:

Theorem 4. Assume the assumptions of theorem 1 except for f,, and assume
that f, € Ly(33R) for all p=2, then uy belong to C*—*(3p) for any R/, £>0, O<R’'
<R, k=1, 2. If w. and f, vanish near the curved boundary of >r, >z may be re-
placed by 3.

Furthermore if B;(P, D)u=¢;(P), j=1, 2, ¢; € C*~I(az), D*i¢; € Hl—’;’ L, for

any p=2, then uy € C2¢(3\.). If ¢; vanishes near the boundary of og, the second
argument is true in this case.

The proof of the last half of this theorem is obtained similarly to that
of the first half.

§4. The Holder condition

We first show the differentiability of the solution u,, and second show
the Holder condition of D%;,. Choose some o/, a”, 0<a’<a’ <a. For any
vector h=(hy, hy) with sufficiently small |k 0, put

ug(x+h, t)—u(x, t)
s ’

Uk(x, t) =

here and hereafter u, denotes the solution of the equations (1), (2), (3).
Then the equations to be satisfied by Ui(x, #) are given in the form

R

x . - ”
S et D g —g(x 1) k=1, 2 )
Ui (x, 0)—Us(x, 0)=0 )"

D U, .
SlahGr-+h, 0) G0t + Sabi(x-+hy 0) 5 —x () ®

Here for some R/, 0<R'<R( R—R’| is sufficiently small), the coefficients of
(1) € Ca(Tr), those of (3)” € C**(ap), &€ L, (Cr), x € H_t ,, for any
q
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g=2, and the norms corresponding to the function-spaces are independent of
h (this is seen from theorem 4). Hence we can apply theorem 4 to U, and
obtain
| Upla-e < C (independent of h).

From the assumption that u#; vanishes near the curved boundary of 3 we
may consider that the norm of the above inequality is given for 3l Com-
bining this with the following lemma we find that u; € C?3(33;) and D%, sa-
tisfies the Holder condition with exponent o’ with respect to x uniformly
for ¢.

Lemma 2. Let u(x) be a continuous function of one variable with compact sup-
port. For any h, k=<0 and for some «, B, 0<a, <1, a+B>1, we assume

| u(x+h+k) —u(x+k) — u(x+h) —ux)) |
B kP

=K,

then u is defferentiable and |u 1. (yss_1) is bounded by the constant depending only on
K, a, B, (u]o and the diameter of the support.

The proof is seen in the appendix in [5].

We shall show u, to satisfy the Holder condition with respect to i
For this purpose, choose R/, 0<R'<R, such that u, vanishes near the curved
boundary of 33 . Cover 33 by a finite number of small semi-spheres, ly-
ing >3 with radius p and with center P, € s, which we denote by Ssis
and an interior domain of 3} Furthermore we assume 3}, »C 3% Let
§(P) be a C~ function such that §(P)=1 for P€ 3¢ and &(P)=0 for
P € 32, 5. Making u,(P)§(P), we shall show the desired Holder condition
for this function. Since for the interior domain the improved Schauder
estimates (theorem 10.7 in p. 82 in [2]) holds, it is sufficient to prove the
following theorem.

Theorem 5. Let u, be a solution of (I1). Assume that the coefficients of (1)
and f, € C¥(33r) for sufficiently small R. Furthermore assume that u; is twice dif-
ferentiable, u,, fi vanish near the curved boundary of 3'n, D%, belongs to C(3l)
and D%, satisfies the Holder condition with exponent o' with respect to x uniform-
ly for t, and assume that B;(0, D) and B; (0, D) satisfy Complenting Boundary
Condition (see theorem 2), then u, € C*+%' (31, k=1, 2.

Proof. By the use of mollifier j(r) (for instance, see p. 637 [1] or p. 13

[6]) we make
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he(P) =he(x, t)=s“f0 ](t+z A,_) (x, s)ds.

The equations to be satisfied by u,(P) are

}_}ak auk' +2_,a”(x, t)- 5t ay(x, e

=fie(x, 1)+ Ri(e, X, 1).
Let us rewrite these in the form

Sh(x, ) OB —fi (5, D+ RaCe, %, D).
0x:0x;
By the assumption it is easily seen that fi,/(x, #) € C*'(3'%), the norm
is independent of ¢, D%, satisfies the Holder condition with exponent o’
with respect to x independent of ¢, ¢, and that for sufficiently small A= (h,,
hs)
“Ri(e, x-+h, £)—Ry(e, x, 1) < C'hiv,
C being independent of &, ¢
Furthermore
Ri(e, x, t-+h)—Ry(e, x, 1) < C A1,
where C’ independent of #, but depend on ' > (this is seen similarly to
[1] p. 723)
Now, from (7)

Douje(x, £)=D? f T'(0, P~ Q) [£'(Q)~ (L{(Q. D) —L{(0, D))u(Q)1» Q
+ J DK;1(0, x~y, 1) (By(D)ia(y, 0)—Bi(D)v (v, 0))dy ©)

+ J D*Kj3(0, x—y, 1) {B2(0, D)us(y, 0)—B:(0, D)v(y, 0))dy.

Denote the above quantities by g (P), &(P), &(P), respectively.
For g apply the argument used in [3], then for sufficiently small 2
which depends on R, the following estimate holds
[8:(P) ] < A([D*ure]a + [DPze] ) +Ci, (10)
where C; is independent of ¢ but depends on 2 and the norm lu 5.
For the terms of g g integrated with ., considering that D%, has
the uniform Holder condition with respect to x, we also apply theorem 5.1

(a) in [2].
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For those of g, g integrated with v, we also apply the theorem and
use the estimate (10), then we have the estimate '

[81] o <CoA([D?use] e + [ DPizs]a) +Cs, €3))
where the constants are independent of ¢ but depend on | . and the Hol-
der condition of D%, with respect to x, Cs is independent of 2 but C; de-
pends on 4. Combing (10) with (11) we have the estimate

[DPupe]ar < Cs,
where C; is independent of ¢ but depends on the Hélder condition of D%,
with respect to x. Letting ¢—0, the proof is complete.
To complete the proof of theorem 1, it is sufficient to show that D%,
satisfies the uniform Hélder condition with exponont @ with respect to x.
When it is done, by the use of theorem 5, the proof will be complete.

To this end, put uk(;cih_\,}it‘%%li(x, ) =U(x, 1) The equations to be sa-

tisfied by Up(x, #) are in the form (1)”, (2)”, (3)” in which «” is replaced
by a—a’. The coefficients of (1) € C*(33z), those of (3)” € Ci+*(ag), g €
C¥(33R), % € C*% (gp) and the norms corresponding to the function-spaces
are independent of % in virtue of theorem 5. Applying the Schauder esti-
mates (theorem 9.1[2]), we obtain ’

Ul L0, k=1, 2.

2+’
C being independent of A Combining these estimates with lemma 3 we
have the desired Holder condition.
Lemma 3. Assume the all assumptions of lemma 2 except a-+(3>>1 and assume
a+Pp<1 then u € C*? and [u]uss is bounded by a constant depending only on K,
a, B.

The proof is seen in [6]. This completes the proof of theorem 1.

§5. Extension

All the theorem except theorem 2 are extensible for the boundary va-
lue problem with boundary condition (2), (3), if transformed conditions si-
milar to §1 satisfy Complementing Boundary Condition and the smooth-
ness assumption (see p. 37). Moreover under the appropriate assumption
they so for an arbitrary dimension (=2) and for the case in which the
order of L, is larger than 2. Finally for all the case mentioned above we
can give the improvement of Schauder estimate near the boundary as ob-
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tained in [6].

§6. Equations of steady-state heat conduction in the djscontiglious isotropic
media

It is interesting to consider the case of this title. In this case the ar-
guments are somewhat simpler than those of the general case. We shall
start from §2. '

‘We consider the problem

3 i o OUj A
Au,--—- zgla{ (P) 5)761; +Cj(P)llj+f:,‘(P) n >_}R .
ul—u2=0 on og,
8u1

ky(P) -

(6]
5 +ks(P) -;t-? =0 on op.

we assume all the assumptions except assumption 2 and smoothness as-
sumption on &%, and assume that |k;(P)|=C>0 for any P € 3, ki(P)-+ky(P)
0 for oz and ki(P), k:(P) € C**(ag).

Let I'(P— Q) be a fundamental solution for 4, Ko(x—y, ) be a Poisson
kernel for 4 and for the boundary operator 1 and K;(x—y, ¢) be that for
4 and for the boundary operator ©/0t.

Then

Duj(x, t)=D* JP(P~ QD) +22=§1{ (@) Dui(Q) +¢;(Qu;(Q)]dQ

+ID2K0(X“J’, O, 0)—2;0, 0))dy, (12)
Duy(x, 1)=The first term on the right of (12)
+J1>2K1<x—y, D (S 0= 50,0, 0y, (13)
where
,(P) =fP<P— O LF Q)+ 2, dl(Q)Dit( @) +¢,(Qu( @] dQ

By the use of (12) and of (13), estimate D%:—D%u; and ki(x) D% (P) —ka(x)
D2u,(P), respectively, then theorem 1 in this case holds
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