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   1. Introduction. The type of problem known as the "Two-Armed Bandit" 

holds interest for it to be one of the simplest type in sequential design of 

experiment. Some results on this problem and its generalizations have been 

noted in papers by the authors [1], [2], [3] and [4]. A simple formulation 

of this problem is as follows : We have two binomial random variables, X 

and Y, having parameters under the two hypotheses, H1 and H2, given by

X 

(E) H1 p q 

(1-i) H2 q p

where $ is the a priori probability that H1 is true. We wish to find a se-

quential procedure for taking observations so as to maximize the expected 

sum of the observations. The authors have studied the class of Bayes pro-

cedures, when the a priori probability $ had been known. The procedure 

considered by them is the stepwise maximumization design termed " Sl-

procedure ", which, after the j-th observation, the a posterior probability, $i, 

is computed, at next step, the variable corresponding to the maximum of 

the expected values

$ip+ (1—E;)q 

and 

$iq+ (1— $i)p

is observed. This means that we select the variable X or Y at the (1+1)- 

th step according as $i>2or e<, under the assumption p>q. They 
have mentioned that the S1-procedure has the optimal property for a certain 

criterion. 

   Define W„(E, S1) as follows : Assume p>q,



 W~(e, Si)=q (p —q)$ for E>-2
(1.1)

p— (p—q)E for e<2
and if E> 2 ,

(1.2)
s1)= S1)+ W„-1(S1Y-1, S1)PE(X=1) 

+ W„-1($ix=°, S1)PE(X=0),

while, if e<2,
WW(E, S1)=W1(E, S1)+WW-1(e1Y=1, S1)PE(Y=1) 

(1.3)-F W„-1(e1Y-°, S1)PE(Y=0)

where

(1.4) S1z-c= $Pr(Z=c/1-11) P
E (Z= c)

and 

(1.5) PE(Z=c) =EPr(Z=c/H1) + (1—e)Pr(Z=c/H2).

Then we have the expected value of the average of the first n observations

(1.6)„(, S=n                       a1)W„(E, S1).

The following two theorems have been shown by them. 

   THEOREM [Bradt, Johnson and Karlin] Following the S1-procedure, the ex-

pected value of average a„($, S1) converges to max (p, q) as n-->co. 

   THEOREM [Feldman] For every n the S1-procedure is optimal. 

   D. Feldman has defined the "risk function” by R„(e, S1) which is equi-

valent essentially to W„ (e, S1) and suggested to minimize the expected 

number of "mistakes", where, under H1, it is correct to select the variable 

X with higher probability p of success and wrong to select the other Y, 

and, under H2, it is correct to select Y and wrong to select X. This theorem 

means that, for every n, R„ ($, S1) is equal to the risk function R„*($) of 

optimum procedure satisfying

R„* ($) = min [R„x ($), R„Y(E) ]

(1.7)
R„X($) _ (1—$)-4-R„-1($1X-1)P(X=1)+R„-1(eiX-0)PE(X=0) 

R„Y($)=E--4-R„-1($1Y-1)PP(Y=1)+R„-1( 1Y-°)PE(Y=0)

where R„z(E) is the risk function when we observe the variable Z at the 

first step.



2. Discussion about a priori  probability E.

   We shall deal with the mechanic on which the problem stands up. 

What is that the a priori probability $ means ? We have two situations : 

The first is one that it exists such chance mechanic that $ is a mixed strategy 

of manager or nature and the second is one that $ represents an amount 

of imformation for hypothesis H1 and so the chance mechanic does not exist 

or $ is an initial plausible value for true probability which is a mixed 

strategy of manager. In the first situation, let the manager (or nature) set 

up at each step two undistinguishable slot machines corresponding to para-

meters p and q on two places X and Y or Y and X with the probability $ 

or 1—$. Then H1 occurs with the probability $ and the other occurs with 

1—$ at eact stage. 

   Let assume that we know the true probability $ which H1 occurs, that 

is, X is correct. Then we can make the procedure which continues to 

observe only X or Y through all playing game according as E2-or e<2 
Let denote such procedure by C, and one for selecting repeatedly only X 

inspite of value $ by C, and one for Y by Cy. 

   We can define the risk functions by It„($, Cz), R„(E, Cy) and R„(E, C) for 

these procedures and we have, for every n and fixed $,

R„($, Cz)=n(1—$),

(2.1)
R„($, Cy) =n$

and

R„($, C)=n•min[(1—E), e],

while they are unequal to the "risk function” defined by D. Feldman. Fur-

ther, we have the following remark. 

   REMARK. When we can know the true probability $, the procedure C is the 

best one. Hence such assumption that we can know $ leads the problem to a trivial 

case. 

   We can define any procedure for every n trials bydn=(A1,A2, ........An) 

whose i-th conponent Ai means any mixed strategy at the i-th step such 

that the variable X is observed with a probability A; and Ai may be a func-

tion of proceeding i-1 selections and observations and of $. 

   Then we have the risk function of such procedure for every n as fol-

lows :



    _n 

(2.2) R,(E, dn)=~iEE'[Ai(1—$)+(1—A1)E] 
                                            i=1

where E' means the conditional expectation under hypothesis which the 

preceeding i-1 selections and observations occurred. Since 

E'[Ai(1—E)+(1— Ai) $]>min[(1—E), $], 

we have the following inequality for any procedure d„. 

(2.3)R„(E, 4n)>n•min[(1—E), El 

Using (2.1) and (2.3), we can prove the remark. Now, let consider an 

another case in the first situation. Once the manager or nature set up a 

slot machine, such setting does not change through playing game. In this 

case, unless we restrict ourselves to consider under the condition which H1 

or H2 occurred, we can identify the essential body of problem with the 

case mentioned above. If we restrict ourselves to consider under such con-

dition, then we can reduce this case to the second situation. The preceed-

ing discussion leads us to the following conclusion. 

   CONCLUSION. In order to avoid a trivial case, we have to start from the situa-

tion where we can not know a true probability (0<E<1) but have its initial plausible 

value ii0(0<n0<1). The case that unknown parameter E is equal to 0 or 1 is the 

degenerate one that the chance machanic does not exist.

3. Behavior of S1-procedure in special case p+q=1.

   In general, that is, in either situation existing chance mechanic or not, 

it is sufficient to give an unknown parameter $ which lies in an interval 

[0,1], while 770 is an initial plausible value for $ and lies an interval (0,1). 

We study the a posterior n; which is computed after the j-th observation 

under S1-procedure. For simplicity, suppose the special case such that holds 

p+q=1. Define the states of 77 as follows :

Eo={n;1;

and

                   2 Ei={77;P<?<p2-----+q2}
E2 =In;2p2-------2<~/<-------3p33} 

     p+q—p+q

E-1= {~1; qS < 2 1



            2 E_2={7); sq 
 p+q

(3.1)
En ={n; pn+gn_'7<pnP+qn+1}

    pn----------+L+qn+1~<pnPE+1= {7).-+qn+2
E_ n = {7); -------       gx qn—1 

        pngn<~<pn-1+qn-1

for n=1, 2, 3, .........and p>q. 

   LEMMA 1. Eo, E1, E_1, ... En, E-x, ... are mutually disjoint. 

   FROOF.For all n>0, since p>q, we have

pn+1 pn pngn(p—q) 
pn+'+qn+1 - pn+'gn = (pn+1---------------------+qn+) (pn+q) >0

and for n<0, we have

qn-1 qn(in —1pn-1(p-q) 
pn-1+qn-1 - pn+gn = (pn—'+qn-1) (pn+qn) >0 .

Hence they show clearly lemma. 

   LEMMA 2. Let 77 be in state En (n = 0, +1, +2...).  Then, following S1-procedure 

at next step, an a posterior value 72' of 77 lies in state En+1 with probability P and in 

state En_1 with probability Q, where 

(3.2)P=p+(1—~)q, Q=1—P. 
PROOF. Let 72 be in En for n>0. Then we select at next step a variable 

X. If an event (X=1) occurs, then an a posterior value 7)' of 72 is

(3.3) '7p+(1 —n)q 1
+1-72 q ' '7 P

and is a monotone increasing function of 72, while 72 satisfies the inequality

(3.4)
n+1 

pn+qn<~J<pn+ +qn+1+for n>0.
Using (3.4), we have the inequality

(3.5) pn+Ps-Ftx+2    +qn+1C'~~<pn+2+qn+2+

that is, 72' lies in state En+1. 

If an event (X=0) occurs, then, since we have



(3.6)

 

r  q   --
   q+  (1—  7op'

we have the inequalities

(3.7) pn-qn-1?7'< pn+qn for n>1
and

(3.8) q<77'< 2 for n=0,
that is, 77' lies in state En_1. On other hand, 

(3.9)PE(X=1)=$p+(1—)q 
andPg(X=0) =$q+ (1—$)p 

hold. 

   Similarly, for all n<1, we can prove the similar proposition, using 

(3.10)IVY-0)=4p+ (1—e)q 
                                        and 

Pg(Y=1) = eq+ (1— E')p. 

From lemma 1, we can define an unrestricted random walk with infinite 

many states E0, E1, E_1, E2, E_2, ... and if P13, that is, (p—q)(2-1)0, then 

all states are transient. This fact means that if P> Q, then Pr{ r7n>-2 } con-
verges to 1 as n->oo and, if P< Q, then Pr{71n< Z } converges to 1 as n-oo. 
We have the following theorem. 

   THEOREM. Assume p>q. Following S1-procedure with any initial plausible no 

for unknown , the expected avearage number of "mistakes" for the first n observa-
tions converges to min [ (1— $), $] as n-too. 

   PROOF. CASE 1. P> Q,i.e., e> -2 • For sufficiently large N and arbitra-
ry 3(0<3<1), we have

(3.10)

Pr{Y7n> 2 >1-3

Pr {71n< -2-1- <8 for n> N.

   Let denote byn Rn (e/no, S1) the risk function for Si-procedure which 
starts an initial value 770 and which means the expected average number of 

mistakes and then the risk function for n trials is

(3.11)nRnCs/~7o, S1) =nn [(1_)Fr?+ePr{r7;< 2 } 1,



because the a posterior value  77; is computed after the j-th observation and, 

if 71J> -2, then we select the variable X at next step and, if~; <-2- , then 
we select the variable Y. For sufficiently large N and arbitrary 3>0, we 

havenRn(s1770, S1)

=n [1_r {-~$Pr l'7i<2-}J

4__113,! [0._$)prIn j>214_$  Pr {'7,<21._11   
n j=N+1

>n~[(1-$)Pr{27;>n{+$Pr{77;<-2-11 
1-1

(3.12)

+n-N(1n)(1-3)+—$Pr{n;<2-~ n ;=N+1

>nnN(1-$)(1-0), for n>N.

In the other hand, for sufficiently large M, and arbitrary e>0, we have

(3.13)        2E  [i_i. {n>2{ +EPr{27<11<e =1

for n>M (M>N). 

Using (3.12) and (3.13), for sufficiently large M, N (M>N) and arbitrary 

e, 3, we have the inequality

(3.14)e±(1—E)n---n $3>2                 +Rn( /770, Sl)

>n-nN(1-e)(1-0) for n>M.

The inequality (3.14) give the fact that -n-1 R„($/no, S1) converges to (1—$) 

as n--›oo. 

CASE 2. P< Q i.e., $< -2-• By the similar way, we have the fact that 

1 --R „($/770,  S1) converges to $ as n--co . 

CASE 3. P= Q, i. e., $=-Z•In this case, either selection of X and Y gives 
the same risk and any procedure leads the risk function to tend2.



For  P>  Q, P= Q, or P< Q, min [ (1—E),~]gives respectively (1— s),2, or E 
and theorem is proved.

General Education Department of Kyushu Univerity.
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