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1. Introduction

Let % be a reduced cohomology (defined on the category of finite CW-
complexes) and be equipped with a multiplication g, i.e., # is a map: /Nz'(X )
X 711(Y)-—>Z'”(X/\Y) for all /and j, which is i) linear, ii) natural, iii) has
a bilateral unit 1€ 7z°(S“) and iv) is compatible with suspension ¢ in % in the
sense that su(x Ky)=AQAD*ulex Q y)=(—1D'u(x Q ay) for deg x=i, where
T is a map switching factors T=T(Y, S'). If the map u is commutative
(in the general sense), or associative, we say that multiplication g is
commutative, or associative.

Let 7 be a stable class of the Hopf map $*—»S? and 7°=7-(S7) be a
generator of stable homotopy group {S$**%, $*}. The (reduced) 7’-coefficient
cohomology ~h( ; %) of a cohomology theory k is defined by

B(X; 79)=H*(XAQ) for all i,
where Q=8{J,,¢*. And the suspension isomorphism g,,: ;t*(X; 772)-9}',“1(3)(;
7?) is defined as the composition ¢,,=(1;AT)*s, where T=T(S!, Q). Let i:
S?—>Q, n:0—>S° be the inclusion and the map collapsing $?. We define
Ozt Z"(X)-—Jz'(X; 7%), reduction mod 72,
o B(X; 7/2)——>7z”3(X ), Bockstein homomorphism,
respectively by p.=(—1)'AAR)*¢, d=(—1Dc?ANADH*. We call 0,,=0,29
the mod %* Bockstein homomorphism.
The multiplication g induces the following multiplications
pet KO TY@R=R( 579,
pot BB 1)—h( 5 79
in a natural way (c. f. [3]). A multiplication g, in l;( ;1%) is said to be

admissible if it satisfies
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(A1) 2e=tr2(1 & 0m)s pr=pp2(p. @ 1),

(A2) Opptre(XR) = (0x Q ¥) + (1) 1(xRQ0y) for deg x=i and

(As) if x or y, or z, is p,-images, then

U (Pap(x R ¥) @ 2) = pe(x @ p22(y @ 2)).

In this note we discuss the admissible multiplications in the 7%-coef-
ficient cohomology theories.

LemMma 1. (H. Toda [5] Lemma 3.5) 13/A7*=0 in the stable homotopy
group {$'Q, $2Q).

Then we have homotopy equivarence QAQ~S?’QV/S°Q in the stable
range. We obtain

PRrOPOSITION 2. Let v be a generator of {S**3, $*} and G be a subgroup of

(8°Q, $°Q) generated by S°(ivm) then there exist an element v € {$°Q, Q/\Q)}
satisfying the relations

) —QeAD7r=0oAm) Ty =155 in {$°Q, SSQ} mod G
and
i) TN\ =1/N\i—7(S))(S*x) in {S*Q, QNQ), where T is a map switching
Sfactors T=T(Q, Q).
Making use of r we define a map g, as the composition;
tn=(—D'aANAD*ANTAD *p:
B 1) @B(Y; 1) =R (XA\Q) QF(YAQ)
I N ﬁ”"“"(X/\Q/\Y/\Q)
(1/&11/\1)*,-9 ’ilh”m(X/\Y/\Q/\Q)
AAY)* — Z"““"(X/\Y/\SSQ)
(—-1){0'—5 — ZHHS(X/\Y/\Q)=EH;(X/\Y; 7).
Then we obtain
THEOREM 3. If (1x/Aivm)*=0 in B* for any X and ifi: is equipped with
an associative multiplication, then there exists an admissible multiplication p.,,
in h (9.
Throughout this note we use the same notations as [1] and [3].

2. Stable homotopy groups of some elementary complexes

New we compute some stable homotopy groups for the proof of Pro-
position 2. Let Q=8{,, C(S"). We have a cofiblation

sttt 0 T 8,
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where i is the inclution and = is the map collapsing S? to a point.
From the Puppe’s exact sequence associated with above cofiblation,

we obtain
(2.1) the groups (S"*', S"Q} and (S"Q, $"*"~') (i<8) are both isomorphic to the

corresponding groups in the following table;

]ig ‘ i=2 \i:?) ‘ i=4| i=5 |i=s6 ‘ i=7 ’ i—8
{§*+, §"Q)== .
o sy | O | Z | B0 | Z4Zu | 0| Zi | ZebZu
generators of . . . ~, )
. i 7 , 7 , ¥
{S"“, S”Q} 1 &, v we, v
generators of - ,
("0, S*+-1) w Nz {, v i vém, v
where &, &, 7%, 7%, U, and v are elements satisfying
nE=2-1g, Ci=21g, n%?=7?% 7%="7% ni=y, vi=y,
and we have relations £1=0, 7§=0.
(2.2) The groups {S"Q, S"*'Q) (i=—2) are as follows;
li;>,4 i=3 ‘ i=2 |i=1 |  i=0 i=—1 ‘ i=—2
{8$7Q, $*'Q)= l 0 z Z, 0 Z+Z+Z), ’ Z; Z,
generators (S |(S2D)yr 1o, Exoril,iva | 1g/\n | #la=in?

and we have relation i€+&n=2-1,.
From Lemma 1 (Toda [5] Lemma 3.5) we have a homotopy equivarence

OANQ ~ S*QV/S*Q=N
in the stable range. Hereafter, we use the following notations:
iy: S?Q—N, i;: S°Q—N the inclusions,
m: N—=S°Q, m,: N-S?Q the map collapsing $*Q or $°Q
and these mappings will be fixed so as to satisfy the relations:

Ty =1529, Tol1=1g50.
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(2.3) There exists an element o« of (N, QAQ)} satisfying the following three
relations :

i) «a is a homotopy equivarence; i. e., there is a inverse 3 € (Q/\Q, N} of
o such that af=1 and Ba=1,

i)  aiy=1¢/\i thus B(1o/\i) =i,

iii) (Ae/A\ma=m, thus m,f=1o 7.

Put a,=ai,(§%) € (8, QAQ)} and B,=(S*m)m,B € (QAQ, S7). It follows
from ii), iii) of (2.3) that

AeAm)ay,=5% and B,(1¢/\i)=S"x.

For any CW-complex W, we have the short exact sequences

0—(w, 5:0)-1elDx (1, o 0)-LeADx (1, 539)0,

0 (5@, W) LA o0, w) LAD™ (520, wyso,
associated with the cofiberation

N RN, Y R TAL Y

since (1,A7%)% and (1,/\72)* are trivial.
From (2.1), (2.2) and the above short exact sequence, we obtain

(2.4) the groups {S', Q/\Q)} and {Q/\Q, S} are both isomorphic to the cor-
responding groups in the following table;

‘ i<3|i=4 | i=5 | i=6 | i=7 | i=8 | i=9
s, ~
EQ/\Z/\LSBH}H, 0 z Z, 0 Z+Z+-Zy, Z, Z,
generators of B o
{S', QAQ} INE | inAi oy, ENI, v/ in EYAN
generators of B ~
(ONQ, St /x| nz/\n Bo, {A\m, va/\x 7 72/\x

where i;] and 7 are elements satisfying
(LoAm)in=in, 7x(lo/\) =7,
and we have relation inn?=n*7m=0.

(2.5) The groups {S'Q, Q/\Q} are as follows:
generators

{0, QNQ} (<L—2)=0 ;
($Q, QNQ)=Z ; GADT;
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Q. QNQ}=Z, s (A
(8'0, QAQ)==0 ;
(820, QNQ)Y=Z+Z+Z+Z,,; 1o/\i, @,(Sn), En/\i, iva/\i;
(5°Q, QNQY=Z,+2Z, s 1oAin, i1(S°n) ;
{$'Q, ONQ)=Z, s iR Ni=7t QL

3. Proof of Proposition 2

First we consider the ordinary homology maps induced by the ele-

e./\e;
ments of (8, QAQ) and ($:Q, QAQ). Let s, (:Z) and <e5/\e2, ez/\e5> be
) es/\és
the generators of the groups R(S’), 71*(S’Q) and I?,AQ/\Q) respectively,
where o'e; is a generator of I?H,(S‘Q), e,/\e; is that of IN{H,(Q/\Q),eS/\e2 is
represented by 7-cell of $?°Q if we put QAQ=SQ 1k;zC(S‘Q) and e,/\es is
the other 7-dim. generator. The element f € {5, Q;\Q} is called to be of
type (k, 1) if the induced homology map is fy(s;)= k(e;/\e;) + [(e;/\e;) for
some integers k and /. From the relations (/A\le) (EAD) =2 (1 AD), (1o/A\7)
(END) =0 and (1Am)a,=S%, the maps &N, «,, iv/\i are of type (2, 0), (n,
1) and (0, 0) respectively. Since Te«, is of type (1, n), n is odd. We put
n=2m—1. The generator of {$?Q, QAQ} induce the homology maps ﬁ*
(SQ)—=H(QNQ) ;

e/\e, )
es/\ey, 0/°

[——

QoADx:

2o |

(ve) = (
(CACK I ( ) I _’((gm 1)(e5/\e2) ez/\e)
(v2)

(Eﬂ/\l)* 2(e /\32) 0)

(
A (0] 1= ().

By (2.5), any element f € {$?Q, Q/AQ) can be expresssed as
J=a(1o/A\D) +boto () + c(Ex/\i) +d(iva/\i)

for some integers a, b, ¢ and d. Then

Ji: (,,ZZZ) = ((a+(2m—1)bi(2?)/>§:3\ez)» b(ez(\es>> '
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Let G’ be a subgroup of {$?’Q, OQ/A\Q} generated by ivm/\i, then the
element f € {$*Q, QAQ} mod G' is determined by its homology map.
And then we can put

T N\D=1N\i+ ay(S’n) —m(Ex/\i) mod G,

considering these homology maps.
If

T(1o/\) =1/N\i+ o (8?n) —m(En /N\D) + k(ivr A\i)
for some k € Z,,, we take v, € (S, QAQ)} as
To=—0+m(END) —k(iv/\i)
c;f type (1, —1). Then we can put
Tro=ca,—m(END) +K (iv/\i)
for some k"E Z,, and Ty, is of type (—1, 1). Thus 7, satisfies the relations:
i —eAm7e=1AT)Tr,=5% in (87, $°Q)
and
i) T(LoAD=1o/N\i—7,(S°m) in {$°Q, QNQ}.

Next we consider the following commutative exact diagram

0 0 0
l ! !
0——> (S5, $:0) (8%, QAQ) —— (8", $Q)——>0
0——(5°0,5:0) M)+ (50 "o 0 0) IADx (50" 5:0)——0
\{, l (SSI')* i
0-—>{S7|, $:Q) — {87, 'Q/\Q} -—m—e{SQlSSQ)—h——)O
l | l
0 0 0

From (2.2)~(2.5) we choose k3 (S0, @) and & € {s'*, O A Q) satisfying
the relations

(LAD(SE)(SD=ENI and (1oAn)E (§7) =5° (€n).
Thus the free part of {$°Q, QAQ) is Z+Z+Z generated by aiy, EAi and
E(S'7).
Let H be the torsion subgroup of {S°Q, QAQ}. And if we put f==aai,
+b(END + c&(Sn) mod H, then

X e, _ (an+-2b)(es/\e:), ale;/\es)
Ju (a-‘es) | —)( (a+2c)(e;/\es) )
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Thus the element f € {$°Q, QAQ} mod H is determined by its homology
map. Since (§)*1s50=5S%=(lo/\7)x(—7,) and since (lo/\m)x i epimorphic
in the above diagram, we can take r € {$°Q, Q/AQ) satisfying the re-
lations

(D *r=7s=—ay+m(END —kvN\i),
QoA 37 = —1ss0.
And, considering the homology maps, we obtain
y=——ai,+m(ENI) and Tr=ai,—m(&/\i) mod H.
Thus 7y satisfies
(QoADT=—1s50==— (LoA\7) Ty mod G

and
T(1o/\D=1o/\D—7(SD(S’7)  (by i),
where G is a subgroup of {S°Q, S°Q} generated by S°(ivx).

4. Proof of Theorem 3

Let p be an associative multiplication in a cohomology theory h, we
shall prove that u,. is an admissible multiplication.
(4.1) If QxN\ivm)* =0 in B* then the map p is a multiplication in i;*( ;7%

satisfying (A.).
Proor. The linearity and the naturality of u,, are obvious. To prove

(A), put T=T(Q, @), T\=T(Y, Q), T3=T(Y/\NQ, S$3) and T'=T(S% Q). By
definitions of u,, and p,, we have on A(X)Q H(Y ;9%
U0z Q1)
= (D% Axar AD* (AT AL ¥ ((LxAT) *0° & 1yno)
=0 (Lear ATY* AT A1) * (A A\ 1va) *u(o® Q1)
=0 (Lear AT *xar AT AL * (Liar AT * (LA T2 *u(6° @ 1)
=0 (Leary AV * Axary AT)*Axavno AT *(1Ix/A\T2) *p(0® Q 1)
=05 (IxAT,)*u(c* Q1) by Proposition 2, i)
=p=py.
Similarly we see that on #(X ; 72) Qr(Y)
£22(1 Q) p72) = (=1 (AxN\T)* =g,

i. e., (1,) was proved.
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Since unit 1 is a left unit for g, and a right unit for g then (4,)
implies that p,,(1)=1, is a bilateral unit of u,.

To prove the compatibility of u,, with e, put T,=T (Y, Q), T,=
TS, @), T,=T(YNQ, §"), T=T(Y, S') and T/=T(SY, Q). By definition of
a2 and g,. we have on #(X ; 72)QKW(Y ; 7%)

Oapttz=(—1)'Qxar/\T) *¥o0 7 Ax v A7) ¥ AT: A1) * 1t

= (=D Wy AT *6 7 (Lear NS * (A T1 A 1s0) *Axno A T5) ¥ (o @ 1)
= (=D AxNATAL)*0 7 Lsx v AT *(Lsx ATi A1) *((1xAT2) o @ 1)
=AY a0, ® 1),

since T,=T(S', S$°) is a map of degree —1.

Similarly we see that

Opttz=0"(Lxasy/ \T)* (AT Al)*p(1 @ Ay AT o)

=(—D'2r(1&0,2). Q. E. D.

(4.2) The multiplication p,, satisfies (A,).

Proor. Put T=T(Q, @), T\=T(Y, Q) and T'=T(YAQ, $?). We have on
KX ) QKW (Y5 7%)

2 @RD+(-D'e1 R

=(=D'u(?AAD* Q@ D+ (=) (LAT)*u( @ 62AAD®)
=(=D'o {(AxATY*AxNiAIrno) * ~ Ax AT A1) *(Lxranr/AD ¥} 2 -
= (Do {AxaraeAD* LAY AT)* = (Lxaraa/AD*} Az AT Alo) *p2
= (=D {Qxar ANT(LoAD)Y*— Axar ANLeAD*} Ax AT A1) *pt
=(—=D"*0?Axar A1 (S (1)) *(1xAT: Alo)*u by Proposition 2, ii)
=0,2lly2-

(4.3) The multiplication p,, satisfies (A3).

Proor. Since p,, satisfies (4,) it is sufficient to prove the following
three relations:

D (e @D =1 (1Q ) on B(X) Q@ B(Y; 72 QF(Z; 7,
i) 22(te @) =221 @ 1) on KX 19 ® B(Y) @K (Z; 1),
) (e ® D=1 @ pte) on K (X 1) QH(Y; 7%) QK (2).
To prove i) putting T=T,(Z, Q), we have

220 Q1) = (=10 Lxaraz/ AT ¥ Axar ATiA L) *u (2 @ 1)
=(=D"07 21 @ Araz AT * QAT ALY *2)
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=(=1)p(A ® e Ay zAT)F Ay AT A\ L) *p)
=p.(1 & o).

In a similar way we can easily see ii) and iii). Q. E. D.
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