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I. Introduction

   Let it be a reduced cohomology (defined on the category of finite CW-

complexes) and be equipped with a multiplication p, i.e., p is a map : h`(X) 

hi(Y)yht+'(XAY) for all i and j, which is i) linear, ii) natural, iii) has 

a bilateral unit 1 E h°(S1) and iv) is compatible with suspension a in it in the 

sense that ap(x ®y)=(1/\T)*p(6x ® y)=(-1)`p(x 0 ay) for deg x=i, where 

T is a map switching factors T=T(Y, S'). If the map p is commutative 

(in the general sense), or associative, we say that multiplication p is 
commutative, or associative. 

   Let 7) be a stable class of the Hopf map S3-->S2 and 72=77•(S77) be a 

generator of stable homotopy group (S4+2, Sn) . The (reduced) 772-coefficient 
cohomology h( ; 772) of a cohomology theory h is defined by

h=g; 772)=hi+5(XA(2) for all i,

where Q = S2 U n2 e5. And the suspension isomorphism an2 : hi (X ; 772)--ihi+' (SX ; 

772) is defined as the composition 6n2= (1XAT)*a, where T=T(S1, Q). Let i: 

7r :Q-.S5 be the inclusion and the map collapsing S2. We define

pia : h`(X)--->h'(X; 772), reduction mod 772, 
772)--At+3(X), Bockstein homomorphism,

respectively by Pn2=(-1)`(1A7r)*65, 3=(-1)`6-2(1Ai)*. We call 3n2=pn2•3 

the mod 772 Bockstein homomorphism. 

   The multiplication p induces the following multiplications

PR: h( ; 772)Oh-4( ; 772), 

PL: hOh( ; 772)--->h( ; 772)

in a natural way (c. f. [3]). A multiplication pn2 in h( ; 772) is said to be 

admissible if it satisfies



 (AD i1R= u 2(10 pn2(pn2 01), 

(A2) an2,an2(xOy) =,uL(aX 0 y) + (-1)`teR(x0oy) for deg x=i and 

(A 3) if x or y, or z, is p„2-images, then 

     /2n2(2n2(xOy)Oz)—p,,,2(x ®p,72(Y ®z)).

   In this note we discuss the admissible multiplications in the 2-coef-

ficient cohomology theories. 

   LEMMA 1. (II. Toda [5] Lemma 3.5) 1QA772=0 in the stable homotopy 

group (S'Q, S2Q) . 

   Then we have homotopy equivarence QAQ-vS2QVS5Q in the stable 

range. We obtain 

PROPOSITION 2. Let v be a generator of (Sn+3, Sn) and G be a subgroup of 

(SSQ, S5Q) generated by S5(ivn) then there exist an element r E (S'Q, QAQ) 
satisfying the relations 

i) —(1QA7r)r=(1QA7r)Tr=1s5Q in (SSQ, S5Q) mod G 

and 

   ii) T(1QAi)=1QAi—r(Si)(S27r) in (S2Q, QAQ), where T is a map switching 

factors T=T(Q, Q). 

   Making use of r we define a map pn2 as the composition;

N"~2= (-1)1a -5(1Ar)*(1ATA1) *,u : 

   ht(X; 772) 011)(Y ;=hi+5(X/\Q) ®hi+5(1V                            /\Q)
'u---------—~ h(XAQAYAQ) 

(1ATAl)*  —› hi+3+ia(XAYAQAQ) 

(1Ar)*   hi+,+lo(XAYASQ) 

(-1)` a-5   ht+;,5(XAYAQ)—h`+,(XAY; 712)•

Then we obtain 

   THEOREM 3. If (1XAiv7r)*=0 in h* for any X and if h is equipped with 

an associative multiplication, then there exists an admissible multiplication 12,2 

in it ;712). 

   Throughout this note we use the same notations as [1] and [3] .

   2. Stable homotopy groups of some elementary complexes 

   New we compute some stable homotopy groups for the proof of Pro-

position 2. Let Q=S2U,2 C(S'). We have a cofiblation

S2  1 --> Q  7r  —› S5,



where i is the inclution and  7r is the map collapsing S2 to a point. 

   From the Puppe's exact sequence associated with above cofiblation, 

we obtain 

(2.1) the groups (Sn+i, SnQ) and {SnQ, (i<8) are both isomorphic to the 
corresponding groups in the following table;

i<1 i=2 i=3 i=4 i=5 i=6 i=7 i=8 

{Sn+',SnQ)_ l1 O Z Z
2 0 Z+Z12 0 Z2 Z2+Z24 {SnQ

, Sn+7-:) = 

generators ofN 

{Sn+i, SnQ} 1i~)e,iv272 jV2, V 

generators of 
n Yl1CC, vn772 V2n, v 

(SnQ, Sn+7-i)

where $, C, 772, 7/2,vandvare elements satisfying 

                     y 7r=2•1S5,bi=2.1S2, 722, 772i=772, 7ry=v, vi=v, 

and we have relations e27=0, iC=0. 

   (2.2) The groups (SnQ, S' 1Q) (i> -2) are as follows;

i>4 i=3 i=2 1=1i=0 i=-1 i=-2 

(SnQ, Sn+iQ)_0 Z Z2 0Z+Z+Z12 Z2 Z2 

generators(S3i)n (S2i)iin 10, en or iC, ivr 10A7r 122n=i,72

and we have relation iC“7r=2.1Q. 

   From Lemma 1 (Toda [5] Lemma 3.5) we have a homotopy equivarence 

                    QAQ S2Q\/S5Q=N 

in the stable range. Hereafter, we use the following notations : 

io : S2Q-~N, i1 : ST->N the inclusions, 

7ro : N->SSQ, 7r1 : N—S2Q the map collapsing S2Q or S5Q 

and these mappings will be fixed so as to satisfy the relations :

7rii0 = 1S2Q, 7r0i1 = 1S50•



(2.3) There exists an element a of (N,  QAQ) satisfying the following three 

relations: 

    i) a is a homotopy equivarence; i. e., there is a inverse 8 E {QAQ, N) of 

a such that 4=1 and (3a =1, 

   ii) aio=10Ai thus (3(1QAi)=io, 

   iii) (1QA7r)a=7ro thus 7ro(3=1QA7r. 

   Put ao=ai1(S5i) E (S', QAQ) and (30=(S27r)7r1(3 E {QAQ, S7). It follows 

from ii), iii) of (2.3) that 

(1QA7r) ao = S3i and Qo (1QAi) = S27r. 

   For any CW-complex W, we have the short exact sequences

0--*(W, ST(LAO*) QAQ) (1QAn)*  --“W, SsQ}-->0, 

0y(S5Q, W)  (1QA7r)*  —,{QAQ, W.)-------------- {SZQ, W}y0,

associated with the cofiberation

S2Q  1QAi —›QAQ  1QA7r S5

since (10A772)* and (10A772)* are trivial. 

   From (2.1), (2.2) and the above short exact sequence, we obtain 

(2.4) the groups (Se, QAQ) and (QAQ, S"-1) are both isomorphic to the cor-

responding groups in the following table;

i3 i=4 i=5 1 i=6 i=7 i=8 i=9 

{s=, QnQ}^ 
_0 Z Z2 0Z+Z+Z12 Z2 Z2 {QAQ, S'4_,}— 

generators of 
[Ai biAi ao, eAi, ivAi i;7 ii2Ai (Se

, QAQ) 

generators of 

(QAQ, S'4-i)                    oAir 'lirA7c ,9o, CAic,vrAn717ry12 An

where irJ and 727r are elements satisfying 

                    (10A7)177-0, r77r(10/\i) ='71r, 

and we have relation irlrl2=7J2727r-0. 

(2.5) The groups (S'Q, QAQ) are as follows: 

                                generators

{S'Q, Q/~Q} (i —2)^=0; 

{S 'Q, QAQ}=Z; (i/\07r;



 (Q,  QAQ)  =Z2; (iAi) nrr ; 

(ST, QAQ)^"0 

(S2Q, QAQ)=-Z+Z
~7+Z+Z,2 ; 1QAi, ao(S^e2re),~rr/~i,ivir/\i ; (ST

, QA Q)=----4+4;1Q/~1~,ii(J?7r) 

(S4Q, QAQ)="Z2; iij2/~d=7f27r/~l.

3. Proof of Proposition 2 

First we consider the ordinary homology maps induced by the ele-

ments of (S7, QAQ) and (S2Q, QAQ)• Let s,, (ale, 
6{es

I and

   e2Ae2 

e5Ae2, e2Ae5 

e5Ae5

be

the generators of the groups 
_117(57), H*(S`Q) and H*(QAQ) respectively, 

where c e; is a generator of Ht+;(StQ), etAe, is that of Hi+J(QA(2), e5Ae2 is 
represented by 7-cell of S2Q if we put Q/\Q=SzQ u C(S4Q) and e2Ae5 is 

                                                                          1A02 

the other 7-dim. generator. The element f E (S7, QAQ) is called to be of 

type (k, 1) if the induced homology map is f*(s7) = k(e5Ae2) +1(e2Ae5) for 

some integers k and 1. From the relations (irAlQ) (EAi) —2.  (1QAi), (1QA7r) 

($Ai) =0 and (1Q/\7r)ao=S5i, the maps $Ai, a0, iv/\i are of type (2, 0), (n, 

1) and (0, 0) respectively. Since Tao is of type (1, n), n is odd. We put 

n=2m-1. The generator of (S2Q, QAQ) induce the homology maps fit 

(ST)-->H*(QAQ)

      (0.622:25)~2e5)--~(e5/\e20) ,           2(
(2m (a°(S2r))*:Ca2e2e5~-1)(eAe2), e2Ae5)' 

  a 

 (E7rAo*a22e2)(\2(e5Ae2), OIl 
(iv7r/\i)* : (62e)  (0,00)

By (2.5), any element f E (S2Q, QAQ) can be expresssed as 

f=a(1Q/\i) +bao(S2ir) +c(errAi) +d(ivir/\i) 

for some integers a, b, c and d. Then

  a2e2a(e2/\e2) f*.\O'e„1 ((a+ (2m-1)b+2c) (e5Ae2), b(e2Ae5))



   Let G' be a subgroup of  (S2Q, QAQ) generated by ivrrAi, then the 

element f E (S2Q, QAQ) mod G' is determined by its homology map. 

And then we can put 

             T(1Q/V)-1QAi+a°(S2rr)-m(errAi) mod G', 

considering these homology maps. 

  If 

T(10Ai) =1 QAi + ao (S2rr) - m (EnAi) + k(ivrrAi) 

for some k E Z12i we take To E (S7, QAQ) as 

To= -ao+m(V\i) -k(iv/\i) 

of type (1, -1). Then we can put 

Tr°=ao-m($Ai) +k'(ivAi) 

for some k' E Z12 and Tro is of type (-1, 1). Thus ro satisfies the relations : 

i') -(10A7r)ro=(1QAn)Tro=SSi in (S7, ST) 

and 

   ii') T(10Ai)=1QAi-ro(S27r) in (S2Q, QAQ). 

   Next we consider the following commutative exact diagram

000 

0---->(S °, S2Q)-----------(S'°,QAQ)-----------)(S", ST)--------> 0 
    II(S''~)* 

o---(s5Q,S2Q)  (lAi)* _“s,Q,~QAQ)----------(1Air)* ,(s,Q,IS,;(2)---------_, 0 

1 

                I(S5*     S 
o----> (S7, ST) ---------------> (S7, QAQ) -------------4(S7, ST)--------> 0 

NII 
o 00

From (2.2)'-- (2.5) we choose $ E (S3Q, Q) and E E (S10, Q A Q) satisfying 

the relations 

(1QAi) (S2e) (SSi) = eAi and (1QAir) i (S°7r) = SS (jr) • 

Thus the free part of (S5Q, QAQ) is Z+Z+Z generated by aili eAi and 

   Let H be the torsion subgroup of (S5Q, QAQ). And if we put f-aai1 

+b(Ai) + ce(S5rr) mod H, then

   (65e2(an+2b) (e5Ae2), a(e2Ae5) f*\A5e5I((a+2c)(e5Ae5))



Thus the element f E  (S3Q, QAQ) mod H is determined by its homology 

map. Since (S5i)*1S5Q=Ssi=(1QA7r)*(—ro) and since (1QA7r)* is epimorphic 

in the above diagram, we can take r E (S55Q, QAQ) satisfying the re-

lations

(S5i) *r = ro = — ao + m (EAi) — k (iv/\i), 

(1QA7r) *r = —1S5Q.

And, considering the homology maps, we obtain 

r--ai1+m($Ai) and Tr--ai1—m(EAi) mod H. 

Thus r satisfies 

                 (lQA7r)r=—lSSQ-=—(1QA7r)Tr mod G 

and 

T(10/\i) = (10Ai) —r(Ssi) (S27r) (by ii')), 

where G is a subgroup of (SSQ, ST) generated by Ss(iv7r).

   4. Proof of Theorem 3 

   Let p be an associative multiplication in a cohomology theory h, we 

shall prove that p„2 is an admissible multiplication. 

(4.1) If (1xAiv7r)* = 0 in h* then the map p,12 is a multiplication in h*( ; 712) 
satisfying (Ai). 

   PROOF. The linearity and the naturality of ,202 are obvious. To prove 

(AI), put T=T(Q, Q), T1=T(Y, Q), T2=T(YAQ, S3) and T'=T(S°, Q). By 
definitions of ,202 and p02 we have on hi(X) ® h'(Y ; 772)

pn2(p02 0 1) 

= (-1)2t6-5(1xAyAr)*(1xATIA1Q)*p(C1xAn)*(1s 0 1y ) 

=a-5(1xAY/r)*(lx/\TI A1Q)*(1XA7f/ \1yAQ)*,a(co 01) 

=6-5(1XAy \r)*(1XAyA7rA1Q)*(1XAyATO)*(1XAT2)*p(65 01) 

=6-5(1XAyAr)*(1XAyAT)*(lxAyAQA7)*(1XAT2)*p(as 0 1) 

=6-5(1xAT2)* ,u(a5 0 1) by Proposition 2, i)

Similarly we see that on

~h' (X,; 722) Oh'(Y)    p n2(10 p02) = (_1)'(1x/\T1)*p=pR, 

i. e., (Ai) was proved.



   Since unit 1 is a left unit for  pi , and a right unit for PR, then (A 1) 
implies that pj2(1) =1n is a bilateral unit of ,un2. 

   To prove the compatibility of Pn2 with 6,72, put T1=T (Y, Q), T2= 

T(S', Q), T3=T(Y/\Q, S'), T=T(Y, S1) and T1'=T(SY, Q). By definition of 

,un2 and an2 we have on h'(X ; 772)0h'(Y; ?72) 

   6n2/2n2=(-1)i(1XAYAT2)*66-5(1xAY

/Alu                             ~r)*(1XAT1AlQ)*        = (-1)t+l(1x AyAT2)*6-5 (lx Ay\Sr)*(1x/ \TI \1SQ)* (lx ARATa)*p(c 0 1) 

       = (-1); +1(1XATA1Q) *6-5 (1SxAYAr) * (1SXAT1 A1Q) *,n ((1XAT2) c 0 1) 
       = (1x/\T)*p n2(6n2 0 1), 

since To = T(S1, S5) is a map of degree —1. 

Similarly we see that 

   6n21L1,72=6-5(1XASY//\r)*(1X//~\T1'/ lQ)*,2(i 0 (1YAT2)6) 

=1)t/e n2(106n2)•Q. E. D.

(4.2) The multiplication ,un2 satisfies (A 2) • 

   PROOF. Put T=T(Q, Q), Ti= T( Q) and T'=T(YAQ, S2). We have on 

h`(X ; 772) ®h'(Y; 222) 

PL (a o 1) + (-1) `PR (10 a) 

      = (-1)`p(6-2(lAi)* 01) + (-1)i+2i+30xAT 1)*p(i 0 a-2(1Ai)*) 

= (-1){6-2((1XAT')*(1XAiA1Y AQ)*— (1XAT1A1S2)*(1XAOAY/ \i)*)/~ 

      = (-1)i6-2((1xAYAQAi)*(1xA} AT)*— (1XAYAQAi)*) (1xAT1A10)*p 

1)=6-2((1XAY/ \T(MQ/ \i))*— (1XAYA1QAi)*) (1xAT1/ 1Q)*p 

=(-1)`+16-2(1xAYAr(S5i)(SZ7r))*(1xAT1AlQ)*p by Proposition 2, ii) 
=43,2/2722.

(4.3) The multiplication ,un3 satisfies (A 3) . 

   PROOF. Since satisfies (A 1) it is sufficient to prove the following 

three relations : 

i) P772(12L 01)=PL(1 0,2n2) on ht(X) 0 h'(Y; 722) 0 hk(Z; 722), 

   ii) /2n2(,uR 0 1) =pn2(10 pL) on h'(X; 722) 0 h'(19 0 hk(Z; 722), 

  iii) /1R(pn20 1)=pn2(1 O PR) on h{(X; 722) ®h'(Y; 722) ®hk(Z). 

   To prove i) putting T=T1(Z, Q), we have 

       /-1n2(PL®1)=(-1)1+10-5(1xAyAzAr)*(1XAY//~\T1//~\1Q)*P(lu01) 
              = (-1)=+,6-5,te(1 0 (1YnzAr)*(iY/ \T7A1Q)*te)



 =  (-1)' ,2(1 a-5(1YAZAr)*(1YATIA1Q)*P) 

=PL (1 ® ,1n2)•

In a similar way we can easily see ii) and iii). Q. E. D.
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