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§1. Introduction and preliminaries.

Recently, the properties of the optimal designs on regression problems
have been studied by G. E. Elfving {2], S. Ehrenfeld [1], J. Kiefer [4],[5],
J. Kiefer and J. Wolfowitz [6] and the other authors. Their results are
mainly concerned with G-, or D-optimal criterion and their designs are
characterized as the probability measure on some compact set. Their re-
sults are, therefore, not useful for designs which have a finite number of
observations, except some special cases, and are usually approximative.

Our purpose in this paper is to construct exact designs for any size
that take the largest information gain in some sence at each experimental
stage.

Let X be a p-dimensional compact set, 0'=(#,, -+, ;) be a k-dimension-
al parameter vector and f(x)=(fi(x),-, fi(x)) be linearly independent and
continuous functions defined on X. Each observations at x on ¥ yields in-
dependent random variable Y,. Let
(1. D EY,.=0"f(x), Var Y,=q2,

Let &€ be a design which is the probability measure on ¥, then the in-
formation matrix of & in the sense of Fisher is

(1. 2) M(&)=(my,(£)), m,;(§) =Jf¢(x) f(x)dE(x).
[

If the size of design & is » and the matrix M(¢) is not singular, M.L
E’s of 0 and §'f(x) have respectively,

(1. 3) Cov (D)= M (&),

(1. 4 Var (6'F(x)) =%d(x, £)a?,
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where OA is M.L.E. of & and
(1. 5 d(x, &) =F XYM (&)F(x).

The following criteria are reasonable,
Definition 1 (D-optimality).
&* is D-optimal design if &* satisfies max |M(&)|=|M(E¥)].
3
Definition 2 (G-optimality).
&** is G-optimal design if &** satisfies min max d(x, §)=max d(x, &**).
¢ x X

J. Kiefer and J. Wolfowitz [7] showed that the above two criteria are
equivalent.
Now, let & take x,, x3--,x, (not necessarily distinct) with equal proba-

bility ’11 and let X'=[f(x)),--, f(x,)], then the information matrix

M(&) = % X'X.

M. Stone [8] discussed the construction of optimal designs based on
the following information measure; let P(@) be the a priori distribution
of @ and P(0/y.) be the a posteriori distribution after observing y,, then
the information gain of observing y, is defined by

(1- 6) AI:Imo)—Ipw/y,)v
where
a7 ImFJP(v) log P(v)dv.

The fundamental theorem is as follows; if a priori distribution of @
is N(u, Vo) and the distribution of y, is N.LD. (’f(x), 1), the information
gain 4I of the design ¢ with information matrix M(§) is

1

) A1=1 log |1+ VoM(&)| =5 log| Vol [Vo'+M(&) |,

where V, is not singular,

M. Stone showed that the designs which maximized the information
gain had almost the same properties of designs by above authors. While,
this definition of information gain has the advantage that we can com-
parison the designs even if the information matrix M(§) is singular,

We employ this information measure and attempt to construct the de-
signs by the stepwise optimal procedure that allocates the next observa-
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tion point to have the maximum information gain for any size of designs
n and any a priori information matrix M which is singular or not singu-

lar.

§2. Stepwise optimal procedure and its properties.
Let xy,-++, x, be a sequence of observation points on X%,
M,=M0+2f(x,)f’(x,), (i=1, 2,---), the i-th information matrix, and y, be
=1

the observed value corresponding to x,, (i=1, 2,-.-), then we have the in-
crement of information by y,,,
(2- 1) A[z+t=1ma|yl.»».y,)—IP<my1-~~yi, it

=5 10g | Mot G ) () LM

where M, is the initial a priori dispersion matrix at the (i+1) -st step.
We define the stepwise optimal rule ((rule S.0.)) as follows;
rule (8.0.): Choose the observation point x€X that maximizes the informa-
tion gain at each step.
The information defined by (1. 5) and (1. 6) takes the average value
on the observation point. Then our information is independent of the ob-
served value y, and therefore rule (S.0.) depends only on the observation

points.

THEOREM 1. Let M be kxk positive definite matrix and x be k-dimensional
column vector, then
2. 2) | M+xx'| = |M|+x'M*x=| M| [1+x'Mx]
where M*=|M|-M™, ie. M* consists of the cofactors of the matrix M.

Proof. Since the rank of xx’ is 1, there exists an orthogonal matrix O
such that Ox=(|x|, o,-, 0)".
(2.3) |M+xx'|=|0||M+xx'||0|
=[OMO’|+|x|?x[(1,1) cofactor of the matrix (OMO")].
|OMO'| =|M| and
@2 49 x'M~'x=(0x)'(OMO")*(0Ox)
=(xl, 0, -+, 0)(OMO")7(|x], 0, -+, 0)
=|x[?x [(1,1) element of (OMO")™"]
=|x|*%x [(1,1) cofactor of OMO']/|OMO’|.
We have the result of the theorem.
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Remark 1. When M is singular, theorem 1 holds except the last equa-
lity. But we may restrict our interest to positive definite M.

Since M, in (2. 1) is the inverse of a priori dispersion matrix of § at
the (i+-1)-st step, we restate by theorem 1 the rule (8.0.) as follows;

rule (S.0.)": Choose x€X that maximize g(x)=f(x)'M;'f(x) for i=0, 1,

2, .
Rule (S.0.) is to choose x€X that maximizes |M,+f(x)f(x)| and it may
be considered as conditional D-optimal criterion given x,, x,, x -+, x; if we
ignore M,. Rule (5.0.)’ has the analogous form of d(x, §) in the defini-
tion of G-optimal criterion.

THEOREM 2, Let M{" and M be two a priori infermation matrix. If M
— M@ is non-negative difinite matrix, then
2.5 max | M{" ++xx'| = max | M@ +xx’|.
xER E1Y
(We note the representation of (2. 5). In (2. 5), xx’ is to be written in

the form f(x) f/(x), but if there are no confusions we will write as (2. 5)
in the follows.)

Proof. Since M{® and M are symmetric matrix, there exists a re-

gular transformation C such that

(2. 6) CMPC'=A=diag (A, < A)y CMPC'=I,
So CC'=C'C=M®""! and by the assumption M{" and M{?, 3,=1 (i=1, 2,
e ),
@.7 | M{ +xx!| =|CC'| ' |CM{C'+Cxx'C’ |

=|MP|: |[CMPC'+Cxx'C'| (i=1, 2),

and if we set Y={y| y=Cx, x€X} and apply theorem 1, then

2. 8 max| M +xx'| =max| M®?| | A+yy’]

TER x€Y
= M| [| 4] +max y' A*y],
Y€
@9 max| MP +xx'| =max| MP® | | I+yy’|
XER YEY

=|MP|[1+max y'y].
YEY

k k
Therefore if we set Y yi*=max3} )% then
i=1 i=1

(2. 10) max| M +xx'| —max| M@ +xx'|
&

xER x€

= |MP|[|A|+max33(I 2)yi—1—max>y]
yEY i=i yEY



On Construction of Designs by Stepwise Method 5

=M | (I 3~ 1+ 3300 4-Dy7] 20.

Remark 2. If we take |M{P|=|M{®| in place of nonnegative definite-
ness, the result of the theorem does not hold.

N 1

1 0 - 0
Example 1, X={x||x|<1}, M{®= , MP = .
0 1 o 2
/ 2
Then | M| =1, IMU‘Z)|=»Z— and max|M® +xx'| =2, max[MgQ)—l—xx’l:—Z.
TER kY 4

Remark 3. Above example shows that the inverse of the theorem 2
does not always hold.

THEOREM 3. Under the same condition of theorem 2, the information gain Al
and AI, corresponding to M and M respectively of observing the next allocation
point by the rule (S8.0.) satisfy
(2. 11) 41, = 41,

Proof. d4I, and 4I, are respectively from (2. 1).

@ 12) 41, = max J- log | M| | MY+ F)|
(2. 13) AIz=rztgéc%10g|Mo‘2"‘| | M® +F|
where F=xx'. Using the property (2. 7).
(2)
2 14) | M | M| = - Yo [ 4+ Cax'C|
CM,2C -
— G 41 [y 4y]
=1+y'4".
where y=Cx, x€¥. Similarly,
(2. 15) [ M@ | MP+F|=1+y'y.
(2. 16) max{1+y' A7y} —max{1-+y'y)}
YEY YEY
y2
=max >}~ —max3ly> <0,
YEY § A[ y€Y ¢
because of 1,21, for i=1, 2, -+, k. Therefore we get the theorem.

Similarly to remark 2, the theorem 3 does not hold if we take |M{"|
=|M{| in place of non-negative definiteness,
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For any non-zero vector x€X there exists some A(x) =1 such that
A(x)xeX and A, x¢X for all ,>4(x). Let

2. 17) R(X)={A(x)x| x40, xeX},
THEOREM 4.
(2. 18) max x'M'x=max x'Mx
TER XER@E)

Proof. For each x€X, there exists a point A(x)xeR(X) and A(x) =1.
Therefore, x’M™'x < 22(x)-x’M'x=(A(x)x)M'(A(x)x) for all xeX.

Remark 4. If X is convex set containing the origin, R (X) coincides
the boundary set 9% of X.

THEOREM 5. If X is convex closure with a finite number of extremum points
{6",+, b™}. Then
2. 19 max x’Mx= max x'M'x=max b?'M-b".
T€E x€(b(U,-n,b("‘)) i=1.2.0 000

Proof. An artibitary point x of ¥ can be written in the form ﬁx,.bm,
i=1

where 1, =0, il}/h=1. Since g(x)=x'M~'x is a quadratic form of x and a
convex function of x, ‘
(2. 20) x’M"xgzlm AP MpD gi max b Mb?,

Now, if the components of f/(x)=(fi(x),-+, fx(x)) are independent vari-
ables and X is convex, then theorem 3 and 4 are useful. That is, for ex-
ample, for linear regression problems, we may restrict our attention to
boundary points of extremum points by rule (S.0.). But in general f(X)
is not convex then there are the cases theorem 3 and 4 give us no infor-
mation.

Example 2. f(x)=(1, x, x*), ¥=[-1, 1].

In this case RF(X))=F(X).

In general case, an approach is to consider the geometric properties of
the information matrix M(§). (e.g. [3]).

§3. The construction of the designs for linear regression problems for the cases
that % is a sphere, simplex and cube.

(CARY)] EY,=0x, x'=(x%,.., x¥),
We suppose that Y, has independent and identical normal distribution.
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(i) The case that X is a sphere, e.g. %= {x||x|<1)}.
We may restrict X to 9X={x]]x|=1)}.

THEOREM 6. If eigenvalues of M, are all equal, the system of allocation points
Xpmerr's Xuoman (=0, 1, ... given by the rule (S.0.) are mutually orthogonal and
3. 2) IM, | =QA+m+1) (A+m)*,
where A is the equal eigenvalue of M, and n=km+r, 0 <r < k.

Proof. M; (i=0, 1...) being symmetric matrix, we can diagonalize M,

by some orthogonal transformation O.
i 2
3. 3) gi(x)=x'M;'x=(0x)(OM,0) " Ox = 53 V-

where D;=0M,0'=diag (d,--, d{’) and y=0Ox.
Therefore, we can maximize g,(x) if we set y¥"=1 for j* such that it
satisfies d?=min d. For the sake of ¥ being sphere, the existence of

l<i<k

xe¥ corresponding to y=(0,-, 1, -, 0)'=0x is guaranteed where 1 corres-
ponds to the j*-th coordinate. From the assumption, D,=4I and so d;=1
for j*=1,-, k. If we set y,=0x,=(1, 0, ---0)’, then D,=diag (A+1, &,---,A)
and d;=2 for j*=2, 3,..., k. If we set »,=(0, 1,--, 0)’ then we can maxi-
mize g, at the second step and D,=diag (A+1, A+1, 4,--+,4). Similarily, we
can take ys,--+, ¥, as maximizing each g,(x)(#=2,.:-, k—1) and being mutu-
ally orthogonal.

By the method of adapting yi,++, ¥ D,=(A+1)L. Therefore, after the
(k+1)-st step the sequence of observation points consists of the replica-
tion of x,, X+, X;. In general,

D,=diag (A+m+1,, A+m+1, A+m,-., 24+m),
R A A

¥ k-7

|D,| =(A+m+1) (A+m)*-*, where n=km-+r, 0 <r <k
|D,|=|M,|, because of D,=0M,0'.
THEOREM 7. For any initial information matrix M,, let M, be the informa-
tion matrix obtained by the rule (S.0.), then

.1 1
(3. 5) lim < M,—= 1.

Proof. We can diagonalize M, by some orthogonal transformation O.
OM,0'=Ad=diag (A®,-, A®). By employing successively the allocation
point by the rule (S.0.) we have the first positive integer m such that
(3. 6) |Am =2 | <1 (i=2, 3, k),
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where OM,0'=diag (A(™,-, Af) and, without loss of generality, we can
put A™ <A™ <. A®. For n>m, let n—m=kgf +r, 0<r <k, then

3.7 o [HTETL OIS
' Y g r<i<k

Hence, %/15’” converges to %in each case and —IIZ—M,,—é—kl—I because %D,,

-Lomo 11

Remark 5. It is easiby shown that we can make any k-consecutive
allocation points to be mutuslly orthogonal for n larger than m and any
M,.

That is, after some steps, the design constructed by the rule (S.0.)
consist of the system of unit length vectors which are mutually ortho-
gonal eigenvectors of a priori dispersion matrix.

(ii) The case that X is a simplex, e.g. X= {x=(xV,, x®)'|x?® =0, IxP=1),

From the theorem 3 we may restrict the set of extremum point e(X)
={(1,0,:, 0),-++, (0,+-, 0, 1)}. Since vectors of ¢(X) are mutually orthogonal,
if we take M,=AI then the situation is Similar to the sphere case.
Therefore the rule (8.0.) takes sucessively points of ¢(¥X). If we take M,
arbitrarily, then the choice of x€X is to choose the point of ¢(¥X) that gives
the large value as possible to minimum eigenvalue as the proof of the
theorem 3 and so the analogy of the remark 5 holds in this case. Obvi-
ously the analogy of theorem 5 holds.

(iil) The case that X is a cube, e.g. X={x||x"|< 1},

We may restrict X to 9(X)={(x]||x?|=1}.

Example 3. k=2, M,=.l.

The rule (8.0.) takes {(1, 1), (1, -1)} in any order, where the point (i,
j) can be interchanged to (-, —j).

Example 4. k=3, M,=]l

The rule (8.0.) takes {(1,1,1), (1,-1,1), (1,1, -1)} in any order where
(i, j, k) can be interchanged to (-, —j, k).

COROLLARY OF THEOREM 3. In the case k=2", there exists a system of 2"-
mutually orthogonal vectors in the set of extremum points ¢(¥). Therefore the rule
(8.0.) takes those 2™ vectors in any order.
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In the case that X is a cube, we do not get yet explicit designs by
the rule (S.0.) for every k. But using the theorem 1, we can compute
the maximum value of x’M;'x for every x€3(¥) which have 2*points by
high speed computer.

We describe here the design precisely on three step. Here M,=Al The
first chosen point by the rule (S.0.) may be any point of 9(X) and with-
out loss of generality we assume x;=(1,---, 1). Then

A+1 ' 1\‘ mk—1 _1W
M a1 "
o " o Ak Comtk—1
1 r+1) \ m.
ANy k—\m‘{fk“‘l 2 __ SV 4 (D) (i)} B 1
(3. 8) gl(X)~x Mix= [%{l m * lzi%gf( * Atk

We must take x, to maximize g,(x) in the second step. It is the

point that minimizes >x®x",

1<i<i<k

LemMmA. Under |x*|=1, i=1,..-, k, for minimizing >3x"xY% we must change

1<i<i=sk

[—g] signs of x®'s. If k is odd, the number of opposite sign may be [;‘J +1.

Proof. Let ¢ be the number of x"'s with positive sign and (k— ¢)

with negative sign. By direct computation

3.9 Swoxt= o ((k=20)"—H).
To minimize >x%x?, we choose £ = [~2 ] (or if k is odd, ¢ may bhe
k
4]

Therefore at the second step, we must choose the point x such that
a half of k components has positive and other half has negative sign

(or [—;‘—]-H if k is odd).

Without loss of generality we choose x,=(1,-:+, 1, —1,---,—1). Then

———— Ny e

(21 =[7]
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(A2 2 \
- 0
(3. 10) Mz; 2. Ake 5 |
) :
2 ar2
A20k-1) -2
' 0
o 1 =2 aatee1) .
S hr 2k PRS2 ) R
. ‘
2 ar2k-1)

x; which maximizes g,(x)=x'M;'x minimizes

(3' 11) Zx(i)x(i) + Ex(i)x(f)'
1<i<is ["zL] [ F]+isicise
k
Using lemma, (x“’,---x([ : ])) and (x([ 2 ]“),m, x®) we change the sign
of a half number of those components. That is, we choose as x,, say,
(L, T =100 =1, 1, 1 —=1,e0,=1),
Nl

RE I 3 I G R

where az[ 12c ]

§4. Quadratic regression with one variable.
EY . =0,+0x+0,x", X=[-1, 1].
In this case, f(x)=(1, x, x*), 0=, 0, 0,), we restrict designs to
symmetric ones. That is, & is symmetric then deé(x):fx’d&(x)z‘o.
2

&
‘We may restrict an initial a priori information matrix M, to

m 0 m,
4. D M,=| 0 m, 0
m, 0 ms

“0” elements correspond to elements of the first and the third order
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in the f(xX)f(x).
Especially, if we take m,=m,, then

1
>
m {z}%mzﬁxe 1, 0, -1,
0

If we take
3 \
9 0 1
(4. 2) M,=2! 0 1 0
1 0 1

then the rule (8.0.) takes {—1, 0, 1} in any order. M, in (4. 2) is considered,
consulting the result, as follows., Let £* be the design which assign equal

probability % on each point of {—1,0,1}. Let ¢,(x) = /% ¢, (x)= 1/2_9? and

¢2(x)=l/i(1;:(3x°'—2). Then ¢'=(¢,, ¢,, ¢,) has the properties that

f¢i<x)¢i(x)=ali’ @ j=0, 1, 2).

(CRE)) EY,=0F(x)=1¢(x).
/s 1 2
4.5) b0=| 3 0 6 | =Tt
1 |
0 ) 0 \I
3 |
0 o %)
We give uniform information to 7, then a priori information matrix M,
on @ is
M,=(TT)"'=12 ‘34 0 1), a=2¥>0.
0 1 0
1 0 1/

Under that information matrix M, our design obtained by the rule
(S5.0.) coincides the usual symmetric D-and G- optimal design.
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