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In this paper we study the boundary value problems of the semili-
near elliptic equation of the second order with discontinuous coefficients.

The linear elliptic boundary value problems with discontinuous coeffi-
cients have been treated by many mathematicians (Cf. [1], [2], [5], [6],
[7], [9] and the others.).

In § 1 we describe the uniqueness theorem of the linear elliptic boun-
dary value problem of the second order with discontinuous coefficients and
in §2 the a priori estimates of the solutions will be given.

Finally in §3 we shall show the existence theorem of the boundary
value problem for a semilinear elliptic equation with discontinuous coeffi-
cients by virtue of the Ikebe's Main Theorem([1]) and the Kusano's itera-
tion method([3]).

The author is grateful to Dr. Assistant Professor A. Ono and Dr. As-
sistant Professor N. Ikebe for suggesting the above problem and their va-
luable advices.

§1. Preliminaries and Uniqueness Theorem

We consider two bounded domains £, and £, in #-dimensinal Euclidean
spase R, (n=3) with boundaries 2%, and 282, of n—1 dimension. We as-
sume that £,2,=¢, 0£,,09,=I", 28,~TI'=T,(k=1, 2), I''AT=¢(k=1.2)
and each I', and I' are closed sets and sufficiently smooth surfaces.

Throughout this paper all the functions are assumed to be real valued
function.

Let us consider the following problem (1.1)-(1.4) in the closed domain
2.4+ 92,:
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Lout= 310 (ap 00 2 ) e (outn)

=f®(x) in £,(k=12) (1. 1)
u(x)| n=0, u(x)|r,=0 (1. 2)
(@] [ r=u(x) | ro—#(x) | r4+0=0 - (1. 3)
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i,j=1

where N is the exterior normal to the domain £,; the symbols I'—0 and
I'+0 denote that limiting values are taken on the interior and exterior
sides respectively, of the surface I' relative to the domain £,. Furtermore
we assume that the limiting values of the coefficients are not identical on
I'. And we set the following assumptions;

(A. 1) There is a constant y® >0 such that

yO 8 <SY g ()8 (L. 5)
i=1 i,j=1
for all x in &2, and for all real vector &=(&,, &, &), j=1, 2,---
e, 1) (k=1, 2)
(A. 2) ¢®(x)<0 holds for all x in Zy(k=1, 2) (. 6)

Lemma

Assume that a{(x) belong to class C'(&,) (k=1, 2) and assumptions
(A.1) and (A. 2) are satiesfied for the operator L.
If u(x) is of class C2(8),C*(2,),C'(2,+T),C(2,+I),C(2,+8,) and
satiesfies the inequalities and equalities:

Lyu(x)= 0 [<0] in £,(k=1, 2), u(x)|n=u(x)|< 0 [20],
[(9]1:=0 and [ Sy ]11:= 0 [201,
then we have u#(x)<<0 [u(x)=0] in 2,+%2,.

(proof) If u(x) attains the positive maximum value at the interior point
x, of £, or 2, then we obtain the contradiction Lu(x,)<C0.

Furthermore if #(x) attains the positive maximum value at the point x,

on I', applying the boundary point maximum principle of O. A. Oleinik
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(Cf. [8] Th. 1), we can assert that [2;,} >0 at the point x,. This re-

sult is contrary to the given boundary condition ['?:/] | r=<<0.

Hence we have #(x)<0 in &,+8,. The case [ ] can be proved in a si-
milar way.

Theorem 1

Suppose that a{®(x) belong to class C'(82,) (k=1, 2) and that the as-
sumptions (A. 1) and (A. 2) are satisfied for the operator L, (k=1, 2). If
u(x) is of class C*(8), C*(2.), C'(2,+ 1) C (2, +T),C°(2,+8,) and saties-
fies the identities:

Lou(x)=0 in 8u(k=1, 2), u(®) | ri=u() | r:=0, [u()] ;=0 and [ 2] 1, =

0, then we have u(x)=0 in 2,+2,.
(proof) Applying the Lemma to the above u(x), we can easily prove
the Theorem 1.
Theorem 2
Suppose that a/f’(x) belong to class C'(2,)(k=1, 2) and that the coeffi-

cients aff’(x) and ¢®(x) of the operator L, satisfy the assumptions (A. 1)
and (A. 2). Then the problem (1. 1)-(1. 4) can’t possess more than one

solution which is of class C?(2,),C*(2,),C'(2,+TI"),C'(2,+ 1) .C (2, +1,).

(proof) We immediately obtain the above conclusion from the Theorem
1.

§2. Estimates

Theorem 3
Consider the problem (1. 1)-(1. 4) under the following assumptions:
1) There are constants »*>0 and £®>0 such that
u""i&?;:ﬁ,_laﬁf’(x)é,&-g#“"i‘,éf for all x in £, and all real vector
E= (B Burn) k=L, 2)
2) af (x)eC'(£,) and, the functions ¢*(x) and f*(x) are bounded and
measurable in &, (k=1, 2)
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3) g(x)eCt=(I') and g(x) is a trace on I' or the function G(x) €C'(&,
+2,),
4) 'The boundary surfaces I'y, I',, and I" belong to C® class.
Let us assume that the value of M=Max|u(x)| is already known.
21+092

Then a solution u(x) of class C*(2,),C%(&2,).C'(2)7C (2,),C(2,+2;) of
the problem (1. 1)-(1. 4) satisfies the uniform H¢lder condition on 2,+ 2,
and its Holder exponent and constant are estimated in terms of y®, u®,
sup|C*®(x)]|, sup|f®(x)|, M, g(x) and geometry of I',, I', and I.
2, 2,

(proof) Any solution #(x) of the problem (1. 1)-(1.4) which is of class
C2(82,) 1 C2(82,) nC (2) 1 C (2,) 1 C° (2, + 2,) satisfies the following identity for
an arbitrary continuous diffentiable function ¢(x) which vanishes on the
neighborhood of I'; and I',:

1] 0, (33,0 05y B2+ M= (@Wut)] p(x) Jdx

k=1

—f g(x)p(x)ds=0 (2. 1)

If the support of ¢(x) is contained in the interior of 2, or 2,, then in

above (2. 1) the surface integral j g(x)¢(x) dS vanishes and the follow-
r
ing identity holds:
2y N ou_ d¢
= .Qk{%':la“ ) ox, ax,+

+ LA () = (u(x)] ¢ (x) | dr—=0 (2 D)

If we progres the investigation in (2. 2) and apply the method of the
Ladyzhenskaya-Ural’ tseva’s estimates to the solution #(x), we conclude
that u(x) belongs to the class C** (£,+I",) (where £, denotes arbitrary
subdomain of £, which has positive distance to I') (k=1, 2). (Cf. [4], [5])

Now let us do the estimate near the boundary I". Let IV be any portion
of I'' We straighten out the IV by introducing new appropriate coordi-
nates y, y,, roeee- , ¥» SO that y,=0 is the equation for I, By this transfor-
mation: x <>y, I’ corresponds to ¢ and a neighborhood % of I'” changes
into a neighborhood Y of the o.

Let us assume that x <— y satisfies the following conditions:
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(xlr Kay treer ) xn) E‘Q! €« yn>0,
(xlv Kgy w0 ’ xn) EQZ R yn<0~
Then (1. 1), (1. 3) and (1. 4) take the forms

P:ﬂ ‘n.\ Qpy aay ( ® (y) ) + e PMu(y) =r*() (2. 3)
Yo (y.>0) k=1

Y, (y,<0) k=2
)] lon(y,=0)=0 (2. 4)

for y in %

S A80) S|y, 040 SR S| L0

a0 [5(3:) ]
=GO (2. 5)
where a,= % and 4% 0)=3je,By  (k=1, 2).
We may conclude from (2. 3)-(2.5) that u(y) satisfies the integral identity
2. 6)

3 ou 0¢ 4 { $ ou Qay
J pzail 2 ) a)’ a}’p i%zl 1 iq( ) 9y, 9y, +

+ [f) —c(Nu(N]) ¢ (»)dy—
-j G e (»)dy,dy, -dy, =0 - (2. 6)

for arbitrary ¢(») in Ci(Y), where (Y,=Y,.(»,>0), Y,=Y,(¥,<0))
_ ALy in Y, _ fOG)-y in Y,
qu(J')={ , S =={ ,
AZO)y in Y, @) yin Y,

(1)(y) -y in Y, E<1)<y)...y in Y1

7.0 —{ and é<y>={

BE(»)-y in Y, c?(y)y in Y,

Since f G )dydy, --dy, =
on(y,, =0)
2
—J 57, (G(y)tp(y))dy holds,
YN(ynz0)

(2. 6) changes into | 3% 4,.() ou o¢ dy+
YP.a=1 ay ay
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+ (51,8000 Qi Z +170)=cOMO o) -

Oy, By
cH
—f By, (G(y)tp(y))dy 0 (2. 7)
(yn200NY
One can easily see that (2. 7) holds for arbitrary ¢(»)EWL(Y) by ap-
proxlmations.

In (2. 7) we take
;s 05 D) —m) for uzm
0 for u<m
where §(¥; p; ) is a smooth truncating function which vanishes outside
a sphere K(p) with center on ¢ and rudius p sufficiently small and 7 is

() ={

some number in (0,1}].

We take
1 0<[y—yo|<p(1—1)
Cy; e r)JL'—;‘:—y"l p(1-D)<|y—|<o
0 [y—yol Zop.

Then we have
J (3, 30 5 5y 0+ 3 ) S
><2ch<u—m>+(f<y>—c<y>u<y>>c2<u—m>}dy+

L OU Oy pyy, _
+JZB( ) . By umm)dy

- ,,zm{ay & () + G, ) + GO x 2L Ny =0

(2. 9)

where A, ,={yeY,K(p): u(y)=m) .
By virtue of the assumptions 1), 2), 3) and 4), there exist positive con-

stants 4, and g, such that
WBES 3 AROELSHE
for all y in Y, and all real vector &£€=(&,, &, -, &,) (k=1, 2), where A,=2,
(v®, I') and 8,=0.(u" I).
Now we set A=Min(2,, 4,) and §=Max (8., 8,).
This implies
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i‘f |7u|2<2dYSf ) 143 Gy 20 (u—m) | dy+
A'Hﬂ Aﬂlﬂ ?

p.q=1

+J | (f= )& (u—m) | dy+ %f {-cpuir+

1 "‘("1— B » () )2} 3G
T 22 Be ¢ (wem) ) v+ Max |

€] g=1

r -
><J ICZ-(u—m)Idy+Max|G|j {IZC-C,n(tz—m)l—lezg—liI]dy.
Am.0 Y Am.0 Y
(2. 10).

Since I' is covered by a finite number of above I'’, we obtain from (2.
10) that

AJ quIZCZdygclj {elpute+ L u—myrx
Am,p Am,p €2

% IVCIZ}dy+Czj (€2 (u—m)? +C?) dy+

Am.o

%sff pul®Cidy+ 52 | C(u—mydy+
Ao 1) a

”n.o0

+

+ % J {Cz(u~m)2+52}py+C5f {cz+ IpC |2 u—m)*+
Am.p A

m.o

+€§-|V"|2C2+—15C2}dy. (2. 11)
3
Now taking ¢, = /X 6= - and e,= }/—4- we obtain

SR TR o) = Ve,

%f wulzwygcsf |PC1*um)dy+
Am,ﬂ 4

.0

+C7j C2(u—m)idy + Csj ¢tdy
Amo Am.0

Taking a number 7 such that (u—m)<7= }/ —Zé,—, we have
7

%J lpu|*dy<Cs ﬁlax(u—m)zj P& dy+
4

mo ".0 Am.p

+%f C‘*dy+Csf Cdy
4m.0 A0
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Remembering the definition of {(y; p; 7) we now easily see that u(y)
satisfies the following inequality

J pultdy < mes A { i3 yMax WO)-mI+1 12
AM o-70 p
In the same way we obtain a 51m1lar mequahty for B, ,_.,
1
J |pul’dy<r mes B,n,,{( )z Max [m u(»)]*+1 (2. 13)
Bm.o-to

where B, ,={yEY,K(p); u(y)<m}.
Furthermore putting
e = 2 (y; p; 1/2)
into (2. 7), where 2 is sufficiently large number, we obtain

f |pu|*dy<_rp"* (2. 14)
K/anY

Using (2. 12), (2. 13) and (2. 14), we can conclude that u(x) satisfies
a uniform H¢lder condition in a neighborhood of the boundary I' (Cf. Le-
mma 5, 6 of [4], [5]).

This completes the proof of the theorem.

Theorem 4 [Cf. I. A. Sismarev [7]]

We shall consider the problem (1. 1)-(1.4) under the following condi-
tions;

1) There is a constant »**>0 such that

v 8 3 aP (g
for all xe&, and all real vectors &=(&, &,+-, &,) (k=1, 2),
2) a®(x)eCt*(R) (k=1, 2), c®(x)eC><(2,) and f*(x) is a bounded
function in @, (k=1, 2). ¢®(x)<0 in 2, (k=1, 2),
3) gx)eC ),
4) Boudary surfaces I'), I', and I' are sufficiently smooth.
Then for a solution u(x) which is of class C? (2,),C*(2,).C'(2).C*(2,)n
C°(£,+£,), we have the following estimate;
sup|f (x)] Sétplf(” €I

mf el mf te®(x) |

Max|u(x)| < Max ( ) +CMax[g(x)[
2,+9,
Here the constants C depends only on the coefficient af(x) and c¢®

and on the form of the domain £, and £,.
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(proof) If u(x) satisfies the problem (1. 1)-(1. 4), then u(x) is express-
ed by the sum of two functions #,(x) and #,(x) such that u,(x) satisfies
the following problem (2. 15)~(2. 16) and u,(x) satisfies the problem (2. 17)
-(2. 18);

( 312 (a0 a”‘)+C"”(X)u1(x)=f"”(x) in 9, (k=1,2) (2 15)

i7=1 ax
]ul(x)ll"lzul(x)ll?:()v [, ()] =0, [*gl]ﬂlr:o (2. 16)
f]lg%(a‘,’;’(x) a”?)+c(k>(x)u (x)=0 in 8, (k=1,2) --(2. 17)
Uy (%) | =u(x) | rp=0, [1;(x)]]r=0, [auzjll r_g(x) (2. 18).

Now the following estimate holds for the solution #,(x) of the pro-
blem (2. 15)-(2. 15);

sup|fP(x) | z)lplf @)1
mf e " mfIC“"’ ) )

Max |u,(x)|< Max (
2,+2,
On the other hand, for #,(x) we have the following estimate (see for
example the Theorem of [7])
Max |u,(x)|< C Max|g(x)|, where the constant C depends only on
2,+ 82,
a®(x) and on ¢*(x).
Thus we have the estimate of the Theorem 4 for the solution of the
problem (1. 1)-(1. 4).

§3. The Existence Theorem For a Semilinear Equation

In this section we shall use the Ikebe’s Main Theorem [Cf. [1] Th. 5]
and Schauder estimate (See for example [1] Th. 2). In [1] N. Ikebe pro-
ved the Main Existence Theorem for the higher order linear elliptic equa-
tions with general boundary conditions. In the following we shall use his
Main Theorem and Schauder estimate in the special case m=1.

Let us consider the following problem of the semlinear elliptic equa-
tion with discontinuous coefficients in the closed domain 2,+%,,
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Lou) = 332 (a (0) Gy )+ @) =7 (x, 0)

in 2, (k=1, 2) (3. 1)
W) | =8(x) =0 (3. 2)
(1G] [r=4GE) | o= () | r-0=0 (3. 9)

£ T

334 () 2% cos (N, x| r-o=8(x) (3. 4)

ij=1

We assume the following assumptions:

1) There are constants »*>0 and #*®>0 such that
T L ESWIHOLEPLIIG
i=1
for every x€£, and every real vector §=(&,, &+, £,) F0
2) a®(x)eC(Z) @, j=1, 2,-, n), c®(x)€C>*(2,) and ¢®(x)<0 in 2,
(k=1, 2)
3) g(x)eC-*(I") and g(x) is a trace on I' of function
G(x) EC'(2,+2,)
4) The function f®(x, &) is bounded in D®={((x, u); x€2,, |u|<co)
and is uniforrmly Holder continuous with exponent @ in £, for
f ®(x, u) .
each fixed value of u(k=1, 2). Futhermore s bounded
in D% ={(x, u); x€2,, |u|<M+Cr) (k=1.2),
where
sup|f®@(x, w)|  sup|f®(x, w)|
D(U D(Z)
M= Max (S oG+ inf [ eGay— ) T~ Max 18]

1 e

and C is determined by the Theorem 4.
In fact constant C is determined by the following equation;

3 aax (agg)(x) o >+c"”(x)U(x)=0 in 2, (3. 5)
Uln=0, Uln=0, (U1, =0 [ S5 ]Ir~1 (3. 6)

For the solution of the problem (3. 5)-(3. 6) we have
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Max |U| < Cr
2,+2,
by virtue of Theorem 4. This conttant C is one of above condition 4).
Further we assume that the limiting value of the coefficients are not
identical on 1.

Theorem 5
Under the assumptions 1)-4), the problem (3. 1)-(3. 4) has at least one

solution.

(proof) Let U(x) be a solution of the following problem;

32 (a )oY )+eP(U==N, in k=1, 2)
i,5=1 i ]

Uln=Ulr=0, [U11,=0, [-x]I-=7
where N,=sup|f®(x, u)|(k=1, 2). By the Ikebe’s Main Theorem and our
D
Theorem 2 U(x) exists, is unique and belongs to class C*(2)).C>*(2,),
C(2,+92).
Then we shall consider the sequence of functions{u,(x)} defined by the
following identities;

332 (a0 5e ) e (o= Ko,

—f®(x, Up)—K®u,_, in 2, (3. 8)

ou,
Un| i=Uu| =0, [U,]],=0, [é—"ﬁ],;g(x)

where K®=sup| ﬁf%(: “) | for x€2, and |u|< Max|U|.
2,+2,

By the Ikebe’s Main Theorem ([1]. Th. 5) and our Theorem 2, above
problems are solvable. Now we shall prove that the sequence (u,(x)} is
monotonically nonincreasing and uniformly bounded.

Since the following equalities hold;

Lot — K®u,=f® (x, U)—K®U=—N,—K®U in ,(k=1, 2)
Ulir =t n=Ul;r=t|r,=0, [U]|r=[w,]|r=0,

[-g%]lr=?’§ l:g%}_]“:g(x), by the Lemma we have
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u,—U<0 in 2,+8,. Similarly we get
w,+U=0in 2,4+ 82,
Suppose that we have

—U) < up(x) <ty (x) < U(x) x€2,+9,. (3. 9)
Then we have
Ly Uiy —tp) —K® (U —Uy)
—f 0%, ) —f P, ) =K (g —tty )0 0, (k=1, 2)
Upir— Uy | =0, Uy, —u,|I,=0

(a1 —0a) =0 | a(”%}v—}‘ﬁ)_]“:o'

Hence by the Lemma we have u,,,(x) <u,(x) in 2,+8,
Therefore Ly, (Up.))=f®(x, t,) +K®Ups1—Uy)
<N,=L,,(—U) in 2, (k=1, 2)
Upir+U| =ty +U| =0,

(g + U1 =0, [ Pty — gy = [ G537 1= =1
Hence we have —U(x) < u,,,(x) in 2,+2, by the Lemma.

We can conclude that the relation (3. 9) holds for all integer m=1,
RIRIE by the induction, and (3. 9) denotes the monotonicity and uniform
boundedness of {u,(x)}.

We set

u(x)=lim u,(x) x€2,+ 2, .

In last we shall prove that above u(x) is required solution of our
problem (3.1)-(3.4).

If we apply the Theorem 3 to the individual functions u,(x), we may
conclude that u,(x) satisfy a uniform H¢lder condition with exponent fj
and constant independent of m in 2,+%2,.

Therefore by the Schauder estimate (See for example [1]. Th. 2) we
see that u,(x) belong to the class C**¢(2)), C**¢(2,), C°(2,+82,) (where
e=min (a. B)) and in its estimates constant C is independent of m.

Hence we can select from {u,(x)} a subsequence which converges uni-
formly in 2,+8,. Therefore we can assert that u#(x)eC? (2,).2*¢ (2,).C°
(2,+%2,) and u(x) actually satisfies the equation (3. 1) and given boundary
conditions (3. 2)-(3. 4).
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