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               coefficients

By 

Tokumori NANBU 

   [1968. 9. 1]

   In this paper we study the boundary value problems of the semili-

near elliptic equation of the second order with discontinuous coefficients. 

   The linear elliptic boundary value problems with discontinuous coeffi-

cients have been treated by many mathematicians (Cf. [1], [2], [5], [6], 

[7], [9] and the others.). 
   In § 1 we describe the uniqueness theorem of the linear elliptic boun-

dary value problem of the second order with discontinuous coefficients and 

in §2 the a priori estimates of the solutions will be given. 

   Finally in §3 we shall show the existence theorem of the boundary 

value problem for a semilinear elliptic equation with discontinuous coeffi-

cients by virtue of the Ikebe's Main Theorem( [1]) and the Kusano's itera-

tion method( [3]). 

   The author is grateful to Dr. Assistant Professor A. Ono and Dr. As-

sistant Professor N. Ikebe for suggesting the above problem and their va-

luable advices.

§ 1. Preliminaries and Uniqueness Theorem

   We consider two bounded domains 2, and 22 in n-dimensinal Euclidean 

spase R„ (n>3) with boundaries32,and 322 of n-1 dimension. We as- 

sume that Din2=q,a,Q,naQ2=l7r, 32,—r=rk(k=1, 2), rknr=q(k=1.2) 

and each rk and r are closed sets and sufficiently smooth surfaces. 

   Throughout this paper all the functions are assumed to be real valued 

function. 

~j 

   Let us consider the following problem (1.1)-(1.4)in the closed domain 

++1+,u2:



L,,u(x)  =  E`(e) (x)_aau_ )+cx)ux) 
                                tj=18x1Vxi

=f(k'(x) in S2k(k=1.2) •••(1. 1) 

u(x)! r1=0, u(x) I r2=0 ...(1. 2) 

[u(x)] I r=14(X) I r-o—u(x) I r+o=0 ...(1. 3)

[aN]r=1a;;' (x)axcos (N, xi) I r-o
- 1a~~' (x)3x, cos (N, xi) I r+o =g(x)—(1. 4)

where N is the exterior normal to the domain D1 ; the symbols I'-0 and 

I'+0 denote that limiting values are taken on the interior and exterior 

sides respectively, of the surface I' relative to the domain Q. Furtermore 

we assume that the limiting values of the coefficients are not identical on 

r. And we set the following assumptions ; 

 (A. 1) There is a constant v(k)>0 such that

   ~ul   (k)cu  ~JiLJ al;') (X) ...(1. 5) 
    i=1=1i.i=1

for all x in S2 and for all real vector =($1, $2,......,E„)(1, j=1, 2,••• 
•••, n) (k=1, 2)

(A. 2) c(k'(x)<0 holds for all x in SJk(k=1, 2)•••(. 6)

Lemma

   Assume that a;;'(x) belong to class C1(S2k) (k=1, 2) and assumptions 

(A.1) and (A. 2) are satiesfied for the operator L(k). 

 If u(x) is of class C2(,n1),-, C2 (S22)C1(21+I')„ C1(s22+T),-, C(.Q1+2) and 

satiesfies the inequalities and equalities : 

L(k)u(x)> 0 [<0] in S ,,,(k=1, 2), u(x) I r1=u(x) I r2< 0 [>0],

[(x)] Ir=0 and [-----au]Ir< 0 [>0],
then we have u(x)<0 [u(x)>0] in S21+22.

 (proof) If u(x) attains the positive maximum value at the interior point 

xo of S21 or 22i then we obtain the contradiction L(k)u(x0)<0. 

   Furthermore if u(x) attains the positive maximum value at the point xo 

on F, applying the boundary point maximum principle of 0. A. Oleinik



(Cf.  [8] Th. 1), we can assert that [-aN ] >0 at the point x0. This re-

sult is contrary to the given boundary condition [ :Nu ] ~ r<0.
 Hence we have u(x) =0 in P1+9,2. The case [ ] can be proved in a si-

milar way. 

Theorem 1

   Suppose that a;;)(x) belong to class C' k) (k=1, 2) and that the as-

sumptions (A. 1) and (A. 2) are satisfied for the operator L(k,(k=1, 2). If 
u(x) is of class C2(.n1),-, C2(Q2)n C1(,l1+T)(,C'A+7')nC°(Su~1+S4) and saties-

fies the identities :

L(k)u(x) =0 in 2k(k=1, 2), u(x) I r1-u(x)1 r2=0, [u(x)] 1 r=0 and [ 8u 1 r = 
                                    aN

0, then we have u(x) =0 in 21+S22. 

 (proof) Applying the Lemma to the above u(x), we can easily prove 
the Theorem 1. 

Theorem 2

   Suppose that a; e) (x) belong to class C1 (Ju,) (k=1, 2) and that the coeffi-

cients a;) (x) and c(k) (x) of the operator L(k, satisfy the assumptions (A . 1) 
and (A. 2). Then the problem (1. 1)-(1. 4) can't possess more than one 

solution which is of class C2(.n1)r,C2(122)nC1(Q1+T)(,C1(S2 2+r)nC°.V2). 

 (proof) We immediately obtain the above conclusion from the Theorem 
1.

§2. Estimates

Theorem 3

Consider the problem (1. 1)-(1. 4) under the following assumptions : 

1) There are constants v(k)>0 and p(k)>0 such that 
 nnn     (k)121(k)/(k)t2for all x in .n    v~,,~i_<.~,a;;(x) ~1~;~,u~.,~~k and all real vector 
i=i

cci.i=1i=1 = (1 ,S2,......4.) (k=1, 2) 

2) a=;) (x)EC1(S,Fk) and, the functions c('2) (x) and f(x) are bounded and 

   measurable in -,12k (k=1, 2)



3)  g(x)  ECl•"  (T) and g(x) is a trace on T or the function G(x) EC1(S2, 

   +22), 

4) The boundary surfaces T,, T2, and I' belong to C3 class. 

Let us assume that the value of M= Max i u(x) is already known.
321+322

   Then a solution u(x) of class C2(,n,)(,C2(242)nCl(S2,),,C1(.n2)„C°(S21+S22) of 

the problem (1. 1)-(1. 4) satisfies the uniform Holder condition on T21 +7Q2 

and its Holder exponent and constant are estimated in terms of y(k), p(k), 

sup I Cue) (x) I , sup If (k' (x) I , M, g(x) and geometry of T 2, 13 and T. 

2k 

 (proof) Any solution u(x) of the problem (1. 1)-(1.4) which is of class 

C2(21)r,C2(22)nC'(2>)nC'(92)nC°(21+22) satisfies the following identity for 

an arbitrary continuous diffentiable function co(x) which vanishes on the 

neighborhood of T, and T2:

tifflk  1 , latJ)(x) ax,----ax, + [f(k)(x)—C(k)(x)u(x)] C2 (X))
— f g(x)So(x)ds=0—(2 . 1)

If the support of go(x) is contained in the interior of S2, or 22, then in 

above (2. 1) the surface integral g(x)co(x) dS vanishes and the follow-

                                              r ing identity holds :

 I2k{1a>(x) a~ x, ax,
+ [.f(k>(x)—c(k)(x)u(x)] co(x)) dx=0 ...(2. 2)

   If we progres the investigation in (2. 2) and apply the method of the 

Ladyzhenskaya-Ural' tseva's estimates to the solution u(x), we conclude 

that u(x) belongs to the class C°•' (.nk+Tk) (where Ak denotes arbitrary 

subdomain of .nk which has positive distance to I') (k=1, 2). (Cf. [4], [5] ) 

   Now let us do the estimate near the boundary T. Let T' be any portion 

of T. We straighten out the T' by introducing new appropriate coordi-

nates y,, y2, ......, yn so that yn=0 is the equation for T'. By this transfor-

mation : x H y, T' corresponds to c and a neighborhood ? of T" changes 

into a neighborhood Y of the a. 

   Let us assume that y satisfies the following conditions :



 (x1, x2, ......, xn) ES21 Yn>0 , 

(x1, x2, ......, xn) E122 E---j yn<0. 
Then (1. 1), (1.3) and (1. 4) take the forms

p 1 i ap ayp (3`,V (Y)-----aYg) + c(k) (Y)u(Y) =J (k) (Y)-.(2. 3)
for y in

Yn(Yn>0) k=1 

Yn(Yn<O) k=2

[u(y)] !Qn(Yn=O)=0 •••(2 . 4)

AAna(Y) aayu  Yn -a 0+O— UAnQCY) aYg Yn --> 0-0

=G(Y) [Yi(2xni)2]1i2
= G(y) •••(2 . 5)

where api = axp andflpq) (y)= apik) (k=1, 2). 

                     i

   We may conclude from (2. 3)-(2.5) that u(y) satisfies the integral identity 

(2. 6)

.; Apq (Y) au ay) dy+{Qig(Y)_au aapi 
 Yp.g=1ayqaypL.p.q=1ay„ ay,

+ [f(Y)—c(Y)u(Y)]) (Y)dv—

        G(Y)4P(Y)dY1dy2•..dyn-1=0-.(2. 6) 
Un(Yya=O)

for arbitrary co (y) in CO( Y), where (Y1= Yn (Yn>O), Y2-= Yn (Yn<O) )

A(plq(y)...y in Y1f(1)(Y)...y in 171 
Agp(Y) _ .f(Y) _ 

Apq(Y)...y in Y2f(2)(Y) •••y in V2 

Q=Q (Y)•••Y in Y2c(') (Y) ... y in Y1 
Qig(Y) = and c(y) _ 

j9) (Y)•••Y in Y22) (Y) ... y in 172

Since f G(y)co(y)dyldy2•••dYn-1= 
on (Yn =0)

      ayn(G(y)co(y))dy holds, 
    Yn (Yn2O)

(2. 6) changes intoApq(y)8u aydy+ 
                 Yp.g=1aYg aYp



+ Y~~ 8u BCYPi     i.P q-1 QigCY) ayq aYP+ [.f(Y)—c(Y)u(Y)] }v(y) dY—
      aYn (() co(y))dY=O 
     (yn20) flY

•••(2. 7)

   One can easily see that (2. 7) holds for arbitrarycp(y)E0' (Y) by ap-

proxlmations. 

   In (2. 7) we take

co (Y) _ I 

r)=.f

C2 (y; p; r) (u(y) —m) for u>m 

0for u<m

where C(y; p; r) is a smooth truncating function which vanishes outside 

a sphere K(p) with nter on c and rudius p sufficiently small and r is 

some number in 

   We take

C(Y; p;

   1 

p-

   0

0<IY—yo I <p(1—r)

p(1-1")<IY—yoL<p

IY—YoI p•

Then we have

l '_1 APgCY) 
           auauaY

qCZ+'_1APg(Y)pYP   Am
.,

x 2CCyq(u—m) + (f(y) —c(y)u(y))C2(u—m) )dy+
n

fgCY)8u 8a CZ(u—m)dy— +1Am.pP-1ay„ ay,
        laG----C2(u—m) +6(y)2CCyn(u—m) + G(Y)C2 x aYn}dy-0 Am .pfl (yn20)

•••(2. 9)

where Am.p=(yEYnK(p) : u(y)>m) . 

   By virtue of the assumptions 1), 2), 3) and 4), there exist positive con-

stants Ak and ok such that
 nn    ~

1S~nt ~kE _<—EApq'CY) $P$q<UkEnE2 
i=1P.q=1 i=1

for all y in Yk and allrealvector $=($1,~2,•••, En) (k=1, 2), where Ak=Ak 

(0, I') and Ok=Uk(mk, l )• 

   Now we set = Min(A1, Al) and B = Max (01, 02). 

   This implies



    

I vul2C2dy ¢~ 1I Apq(Y)----au  2CCyn(u—m)  I  dy+ 

   A 

  m.pbAm.p

+I (f—cu)C2(u—m) Idy+ J(s.C2. I pul2+ 
 Am

.pAm.P

+-(E19,qqaa,p C (u m))2}dy+MaxIaG  21 I x el a=1 p.q=1 aypy aYn

x )IIIC2• (u—m) Idy+MaxxI Gl [12c(u_rn)1 + IC2aynl )dy 
^ Am.PtAm.P

•••(2. 10). 

   Since r is covered by a finite number of above F', we obtain from (2. 

10) that

Ai I pul2C2dyGC11e2IpuI2C2+(u—m)2x 

` 

         Am ,PAm.P€2

x I pC 12} dy+CZ (C2(u—m)2+(2) dy+ 
Am .0

+C3eiIvuI2°2dy+2E2C2(u—m)2dy+ 

  G 

   Am .pAm.p

+ n4 C51 {2+jVCJ2(u_m)2+ 
                    G A

m.pAm.,

+e3•1pul2C2+ E3C2}dy. •••(2. 11)

Now taking el =1/2,e2=4Cland e3=Y4C5,we obtain

JAmOJIvCl2(u—m)2dy+           Am
.p

+C, C2(u—m)2dy + C$ C2dy 
  Am .pAm.p

Taking a number 72 such that (u-m) 22 = Y 16,-
7, we have

, (• I pul2C2dyGC6 Max(u—m)2 I PC l2dy+ 
JAAA   m,pm.pAmp

+ 4 C2dy+C8 C2dy 
Am .p Am.p



   Remembering the definition of  C(y; p ; z) we now easily see that u(y) 

satisfies the following inequality

      

I pul2dy<rmes Amp{0.10, Max [u(y)—m]2+1 ...(2. 12) TAm.p-rpYEAm.p
In the same way we obtain a similar inequality for Bm,p_rp

1BmprpIvu12dY<r mes Bmp{--------()2Max[m—u(Y)]2+1...(2. 13) 

-

where Bm,p= (yEYnK(p) ; u(y)<m) . 

   Furthermore putting 

So(Y)=e1U(v) C2(Y; p; 1/2) 

into (2. 7), where A is sufficiently large number, we obtain

I-.(2I p 12dy<rpn-2 

                                              

. 14) 
  K(012) n

   Using (2. 12), (2. 13) and (2. 14), we can conclude that u(x) satisfies 

a uniform Holder condition in a neighborhood of the boundary F' (Cf. Le-

mma 5, 6 of [4], [5]). 

   This completes the proof of the theorem. 

 Theorem 4 [Cf. I. A. Sismarev [7] ] 

   We shall consider the problem (1. 1)-(1.4) under the following condi-

tions; 

   1) There is a constant v(k)>0 such that

 `nn v(k)lJ$i `LJ4i)(x)St                  i$ 
i=1 i.l.=1

       for all xES2k and all real vectors =(E1, $2,•••, $n) (k=1, 2), 

   2) 4;')(x)EC1."(Qk) (k=1, 2), c(k)(x)EC°•"(.nk) and f(k)(x) is a bounded 

      function in Slk (k=1, 2). c(k)(x)<0 in VI, (k=1, 2), 

  3)g(x)EC°(F'), 

   4)Boudary surfaces I'1, 1'2 and T are sufficiently smooth. 

 Then for a solution u(x) which is of class C2 (. 1) nC2 (S22) nC1(D1) nC1(.n2) n 

C(21+22), we have the following estimate;

sup' f (1) (x) Isup I f (2) (x) I 

Max II u(x) I < Max (----------- 
  S2in 

              Ic(1, (x) I,n~fI c(2)(x) I)+C Max I g(x) S71+2JG1S2

   Here the constantsC depends only on the coefficient a{;) (x) and c(k) 

and on the form of the domain S21 and S2 2.



   (proof) If u(x) satisfies the problem (1. 1)-(1. 4), then u(x) is express-

ed by the sum of two  functions u1(x) and u2(x) such that u1(x) satisfies 

the following problem (2. 15)-(2. 16) and u2(x) satisfies the problem (2. 17) 

-(2 . 18) ;

{E~a;(ce,(x)8x;) +cck) (x)ul (x) =f(k) (x) in 2,a(k=1, 2) ...(2. 15)
u1(x) Ir1=u1(x) 112=0, [ui(x)] I r=0, L T4111,,==0...(2. 16)

n a ' 

=1ax~(a,f'(x)'X')+cck'(x)u2(x)=0 in Qk (k=1, 2) ...(2. 17)

[u2(x) I rl=u2(x) Ir2=0, [u2(x)] Ir=0, [-(133711  r=g(x) ...(2. 18).
   Now the following estimate holds for the solution u1(x) of the pro-

blem (2. 15)-(2. 15) ;

sup ff(1)(x) I sup l f `2)(x) 

Max
//j~Iul(x) I<Max(SJ1  D2 ) ~+~L2of ICcl)(x)Iof I C(z) (x)

   On the other hand, for u2(x) we have the following estimate (see for 

example the Theorem of [7] ) 

   Max 1u2(x)  I < C Maxi g(x) I , where the constant C depends only on 

+5Y2 

ak' (x) and on c(k' (x). 

   Thus we have the estimate of the Theorem 4 for the solution of the 

problem (1. 1)-(1. 4).

§ 3. The Existence Theorem For a Semilinear Equation

   In this section we shall use the Ikebe's Main Theorem [Cf. [1] Th. 5] 

and Schauder estimate (See for example [1] Th. 2). In [1] N. Ikebe pro-

ved the Main Existence Theorem for the higher order linear elliptic equa-

tions with general boundary conditions. In the following we shall use his 

Main Theorem and Schauder estimate in the special case m=1. 

   Let us consider the following problem of the semlinear elliptic equa-

tion with discontinuous coefficients in the closed domain 21+D2t



 L(k)u(x)  —i.1=1axi(a{'(x) --) +c(k) (x)u(x) =f(k>(x, u)
in 2k (k=1, 2) •••(3. 1)

u(x) I r1=u(x)rz=0...(3. 2) 

[u(x) ] I r=u(x) I r+o—u(x) I r-o=0 ... (3. 3)

n 

[---aN] I r  aii' (x) ax, cos (N, xi) I r+o—
— a2) (x)—x;cos (N, xi) I r-o=g(x) ... (3. 4) 

   i.i=1

We assume the following assumptions : 

   1) There are constants v(k)>0 and p(k)>0 such that

 ~n'~ cc n~n~cc v(k)LJSie1t(k'LJSi 
ii =11i.1=1iu=1

   for every xElik and every real vector S2,•••, en) * 0 

2) a=k)(x)EC1."(2k) (i, j=1, 2,..., n), c(k)(x)EC°."(2k) and c(k)(x)<0 in 12k 

(k=1, 2) 

3) g(x)EC"(T) and g(x) is a trace on I' of function 

           G(x) E C1(271-1- ,KI2)

4) The function f (k' (x, u) is bounded in D(' = ((x, u) ; xE2k, I u I<oo) 

   and is uniforrmly Holder continuous with exponent a in 127, for 
                                              (k)(x, u)    eachfixed value of u(k=1, 2). Futhermorea8uis bounded

in D(k' = ((x, u) ; xE,nk, I u I M+ Cr) (k=1.2),

where

        sup If (1) (x, u) I sup If (2) (x, u) I 

M= Max (D.fIc(1>(x)I'i----------------------fIc(2) (x)I), r = Max Ig(x) 
1' 

    J~+1 2

and C is determined by the Theorem 4. 

   In fact constant C is determined by the following equation;

   _ a       (ax) 8x;aU) +c(k)(x)U(x)=0 in 2k                                                   •••(3. 5) 
i.i=18xi

Ulrl=O, UIr2=0, [U] Ir=0 []Ir=T...(3. 6)
For the solution of the problem (3. 5)-(3. 6) we have



Max  JUJ <Cr 

21+22

by virtue of Theorem 4. This conttant C is one of above condition 4). 

   Further we assume that the limiting value of the coefficients are not 

identical on F. 

Theorem 5 

   Under the assumptions 1)-4), the problem (3. 1)-(3. 4) has at least one 

solution. 

   (proof) Let U(x) be a solution of the following problem ;

t1 a ,;(a(x)ax;)+c(k)(x)U=—Nk in2k(k=1, 2)
UIr1=UIr2=0, [U] Ir=0, [----aw]Ir=r

where Nk=suplf(k)(x, u) I (k=1, 2). By the Ikebe's Main Theorem and our 

D 

Theorem 2 U(x) exists, is unique and belongs to class C2."(Sd1) nC2'"(S22) n 

C°(91 +22). 

   Then we shall consider the sequence of functions (um (x)) defined by the 

following identities ;

 n 

----(a(x)_um,)+'C(k)l(X)um`K(k)u i.i=1ax;aXim

=f(k)(X , 11,0--K(k)um-i in .72k•..(3. 8)

umI n=un, I r2=0, [um] I r-0, [aN]r=g(X)

where K(k) = supI8fka u'u)I for xE72k and I u iG Maxi UJ . 
;a1+Sd2

   By the Ikebe's Main Theorem ([1]. Th. 5) and our Theorem 2, above 

problems are solvable. Now we shall prove that the sequence (um (x)) is 

monotonically nonincreasing and uniformly bounded. 

   Since the following equalities hold ; 

L(k)ul—K(k)ul= fk)(x, U)—K(k)U=—N„_Kk)U in k(k=1, 2) 

UI Ir =u1I r1=UI2r=u1I r2=O, [U] I r= [u1] I r=0,

a Uaul  

[ Lbw]I r=r>[aN ] ' r=g(x), by the Lemma we have



 u1—  U  <  0 in D1+22. Similarly we get 

u1+U> 0 in ST+5-2. 

Suppose that we have

— U(x) < um(x) < um_i(x) < U(x) xESQ1+D2.•••(3. 9)

Then we have 

L(k) (um+1 —um) —K(k) (um+1—um) 
=f(k) (X,  Um) - f(k)(x, umi)-K(k)(um-un, _i)<0 in(k=1, 2) 

         um+1—um I r1=0, um]                          +i—umI`2=0

[um+1—um]IT=0 [ô(1'm+_t'rn)]10 

                                                                                                                             .

Hence by the Lemma we have um+i(x) < um(x) in S21+2>2. 

Therefore L(k) (um+ i) =f(k)(x, um)+K(k)(um+i-um) 

<Nk=L(k)(—U) in S k (k=1, 2)

um+1+UIT1m+1+UI T2=°,

[um+1+U] I T-0, [ aumaNum)lIr=g(x)~C----aN J. T=—T.
Hence we have —U(x) < um+i(x) in 21+22 by the Lemma. 

   We can conclude that the relation (3. 9) holds for all integer m=1, 

2,...... by the induction, and (3. 9) denotes the monotonicity and uniform 

boundedness of (um (x)) . 

   We set

u(x) =1im um(x) xES21+22 • 
m-+oo

   In last we shall prove that above u(x) is required solution of our 

problem (3.1)-(3.4). 
   If we apply the Theorem 3 to the individual functions um(x), we may 

conclude that um(x) satisfy a uniform HOlder condition with exponent 8 

and constant independent of m in .S21+22. 

   Therefore by the Schauder estimate (See for example [1]. Th. 2) we 

see that um(x) belong to the class C2te(S2i)n C2+e(D2)u C°(S21+122) (where 

e = min (a. j)) and in its estimates constant C is independent of m. 

   Hence we can select from (um(x)) a subsequence which converges uni-

formly in S2,+ ,Q2. Therefore we can assert that u(x)EC2+E (S21)(-12+E (S22) ,,C° 

(~1+.n2) and u(x) actually satisfies the equation (3. 1) and given boundary 
conditions (3. 2)-(3. 4) .
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