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Introduction

   The Schauder estimates for linear elliptic partial differential equations 

are useful tools in the researches on elliptic partial differential equations, 

which have been given by Schauder for second order linear elliptic equati-

ons. For the general boundary value problems of the higher order linear 

elliptic equations, S. Agmon, A. Douglis and L. Nirenberg, in their excellent 

paper [1],  have given the estimates near the loundary and A. Douglis and 

L. Nirenberg [2] have given the interior estimates also. 

   For simplicity, to mention of a single equation Lu=F of order 2m in a 

domain Z, [2] asserts that for uEC2m+a in Z and for any compact subdom-

ain

l u m+a < constant (~ F ~a + ~ u ~o ).

But the assumption u E C2m+a being unnecessary, in [1]  it has been reluxed 

to u has square integrable derivatives up to order 2m in the sense of Sobolev 

(see appendix 5 in [1]  ). 

   In this paper the author will show that in the Schauder estimates near 

the boundary obtained in [1],  the assumption u E C2m+a can be reluxed to 

u E H2m,L2 with the aid of the result of the preceding paper [3] having the 

same title with this, in other words it means that u E H2m,L2 implies u E C2m+a 

up to the boundary.

§ 1. Assumptions and theorems 

 Let ER= ((x1i ... , x„, t) : xi2+t2 < R2, t > 0) and aR be a flat boundary



of  ER. The notations of spaces and norms owe to [1]. 

                                             We consider the following boundary value problem

(1.1)
L(P, D)u(P) =F(P) in IR, 

B;(x, D)u(P)=0j(x) on al?, .1= 1,..., m,

under the conditions of (i), (ii) and (iii) in [3] which are a little stronger 

assumptions than those of [1],  where P= (x, t) and the orders of L and B; 

are equal to 2m and m; < 2m, respectively. 

   (i) Condition on L. 

   (ii) Complementing condition of the boundary operator relative to L. 

   (iii) We assume that F and the coefficients of L belong to Ca(JR), 0 < a < 1, 
and have 1a norms bounded by k, while Of and the coefficients of B; belong to 

C2m-mj+a(aR) and have I r2m-mj+a norms bounded by k. 

   Then we have the following theorems. 
   Theorem 1.1. Let u(P) be a solution of (1.1) in H2m,L2 on ER, then u(P) be-
longs to C2m+a(Er) for any r, 0 < r < R. 

   Theorem 1.2. Assume the all conditions of theorem 1.1. Then for any r, R' , 
r < R' < R, the following estimate holds:

l2m+a C([FL?' +Ei [Cbj]2m' m.+a-I- UIOR/), 

          

" J

where C. depends only on r, R, L, B1, k, n (see p. 664 [1]). 

This estimate has been obtained by Agmon, Douglis and Nirenberg for 

u E C2m+a(ER,). Hence if we . assume theorem 1.1, theorem 1.2 is identical 
with theorem 7.1 in [1].

§2. Proof of theorem 1.1 

   To prove theorem 1.1 we first show that D2m u satisfies the Holder 

condition with exponent a', 0 < a' < a. For this purpose we need the foll-

owing lemma which has been proved in [3] . 

   Lemma 2.1. Assume the conditions of theorem 1.1. Then u(P) belongs to C2m(ER,) 

and D2mu atisfies the Holder condition with exponent a' with respect to x uniformly 

for t for any a' and R', 0 < a' < a, 0 < R' < R. 

   We shall begin with this lemma, and first show that. D2mu satisfies the 

Holder condition with respect to t. Without loss of generality we may 

assme that u, F and c; vanish in some neighborhood of the curved bound-



aries of ER and  QR, respectively. 

   Let L be in the form

(2.1) E a(s)(x, t)Dsu(x, t)=F(x, t). 
isl52m

   Let Po=(xo, 0) be an interior point of UR, be a semi-sphere (P: 

1 P-Po l S r, t > 0, r <---------2) and e(P) be an infinitely differentiable positive 

function such that e(P)=1 for 1P-Po p and e(P)=0 for 1P-P0 > 2p. Then 

the equation satisfied by E(P)u(P) may be written in the form

(2.2)E a( ) (x, t)Ds(eu) =f(x, t), f e Ce', 
151=2m

which is identical with (2.1) in Ep,P0. 

   Set

r2 

Ke'2-1 for r2 < 1 

0for r2 > 1,

where K=( e'$$1dr)-1, so that jJ(r)dr=1. 

                   

Ir!S1—‘"

For any sufficiently small

e > 0 and for given function h(x, t) set

he(P) =he(x, t) = e-1 i(t+6s)h(x, s)ds. 

0

Write the equation satisfied by C2m+a'function (u(P)e(P))E in the form

(2.3) E acsh(x, t) Ds(ue)e=fe(x, t)+R(e, x, t). 
IAI=2m

   We can easily obtain the following inequalities by the similar method 

used in [1]  p. 723 

(2.4)I R(e, x, 0—R(e, x, t') 1<c11  t—t' 

(2.5) R(e, x, t) —R(e, x', t) 1 < C2 1 x—x` ~tt',

where the constants are independent of e, C1 depends on lu12m (see p. 723 

[1]) and C2 depends on the Holder constant of D2mu with respect to x. 
   Lemma 2.2. For sufficiently small p

(2.6)[D2m(u(P)Z(P))]fr•Po S C3.

Cs is independent of e but depends on l u I3m and the Holder constant of D2mu with 
respect to x.



   Proof. Let us rewrite the operators L', the principal part of L, and  B; 

as follows :

(2.7)
L'(P, D) =L'(P0, D) + (L'(P, D) —L'(Po, D) 

B;(x, D)=B;'(xo, D)+(B;'(x, D)—B;'(xo, D))—B;"(x, D),

where B;' is the principal part of B;. Using the representation formula 

(4.7) in [1] for C2m+a', we can write D2m(u(P)e(P))E in the form

D2m(u(P)E(P))E=D2m J1'(P0, P—Q)[fE(Q) — (L'(Q, D) —L'(Po, D)) 
x(u(Q)E(Q))E+R(E, Q)INdQ

(2.8)
+E JD"K,(Pox_y t) [B;(y, D)(ue)E(y, r)—B;'(xo, D)v(e, y, T) 
— (B;'(y, D) —B,'(xo, D)) (uE)E(y, r)-13;"(Y, D) (UE)E(Y, r) ] r=ody,

where Q=(y, r), v(e, P) is the value of the first integral without the 

operation D2", I'(P0, P— Q) is the fundamental solution of L'.(Po, D) with 

singularity at Q=P and K;(.130, x—y, t) is the Poisson kernel of the operators 

L'(Po, D) and B;'(xo, D) with singularity at y=x, t=0. Denote the first term 

on the right of (2.8) by g(P). For some positive number A depending on 

p we have

(2.9) [S(P) I a2P.Po  A [D2m(ue)EI a2P.Po+C4,

where C4 is independent of e but will depend on A. This estimate is ob-

tained similarly to [2] . Denote the second term on the right of (2.8) by h(P). 

Taking into account the fact that D2m(ue)E satisfies the Holder condition 

with respect to x uniformly for t and e, and using theorem 3.4 (a) in [1], 

(2.4), (2.5) and (2.9), we have

(2.10) [h(P)]£2p,Po C C5A[D2m(ue)E]a2P.Po+Co.

Here the constants are independent of e, C5 is independent of A, C6 depends 

on the Holder constant of D2mu with respect to x but is independent of 

that with respect to t. With the aid of (2.8), (2.9) and (2.10), for suffi-

ciently small p, there exists a constant C7 which is independent of s such 

that

[D2m(ue)E(P) I a2P.Po - C7.



   Letting  a --* 0, we obtain (2.6). This completes the proof of lemma 2.2. 

   From theorem A5.1 [1] D2'" u satisfies the Holder condition with expo-

nent a for any subdomain l C >R, distance (VI, (ER)0 > 0. Choose some 

domain VI and a finite number of Ep,P0 in lemma 2.2 such that ER D U EP,Po 
Po 

U ' D ER', then we have the desired Holder condition with respect to t. 

   The Holder condition with exponent a with respect to x. 

   Now we shall show that D2mu satisfies the Holder condition with expo-

nent a with respect to x. For sufficiently small h 0, h= (hi! ... , ha), set 
u(x+h, t) — u(x, t) = U(x, t), then U(x, t) satisfies

  cs~aa( )(x+h,t) —a( )(x,t)s >,a(x+h,t)DU(x,t) +~hla_~,Du(x, t)

(2.11)

_ F(x+h, t) —F(x, t)  
        h la-a

Eb,,7(x+h)D7U(x, 0)+~;j,yCx±h)-~b,,y(x) v)
_ c;(x+h) — 0;(x) 

To avoid complexity write (2.11) in the form

a( )(x, t)DoU(x, t) = f (x, t), 
I$l=2m

(2.12)
b; ,y(x)D7U(x, 0) =cp;(x), 

I71=mi

where a($) E Ca(ER00), bJ 7 E C2m—mj+a(QR,,),f E Ca'(ER,), o1E C2m-m;+m'(QR,,), R' < R" 

< R, and they have bounded normslindependent of h in the corresponding 
spaces. 

   We can apply the Schauder estimate (theorem 7.1 [1]) to (2.12), because 

UE C2m+a'. Hence

(2.13) C ,,

the constant being independent of h. With the aid of (2.13) and lemma A 

in the appendix we can see that D2mu satisfies the desired Holder condition 

with respect to x uniformly for t. 

   The Holder condition with exponent a with respect to t. 

   It remains here for us to show that D2mu satisfies the Holder condition 

with exponent a with respect to t. To this end, using the above result,



we can obtain the desired condition by the same method as described in 

the first part of this section. 

   This completes the proof of theorem 1.1.

                            Appendix 

   Lemma A (Ono-Ikebe).  Let u(x) be a  continuous function of one variable with 

compact support. For any h k 0, and for some a,(3, 0 < a, Q < 1, a+ Q < 1, we 

assume that

(A.1)
u(x+h+k) —u(x+k) — (u(x+h) —u(x)) I < 

kalkls

Then u E Ca+e and [u].+0 is bounded. by constant depending only on K, a and Q. 

   Proof. Put k=h in (A.1), then

(A.2)

u(x+h) —u(x) —  u(x +2h) + u(x +h)  
I L la+s

= 2 u(x+h) —u(x)  2a+su(x+2h) —u(x) < K h la+s2h tv.+/3

Set sup Iu(x+h)+eu(x) I =A(x).Then there exists a sequence (hm) such that

limu (x+h m) +s(x)l=                               —`)c). 
                                           m-)oo

1. When A(x) < co, from (A.2) we have

K>2u(x+hm) — u(x)—2a+su(x+2hm) —u(x)       Ih
ma+9I2hmla+s

(A.3)
 2  l u(x+hm) —u(x)  _ 2a+e  I u(x+2hm) —u(x) I  i h

m la+s2hm l a+e •

Set sup u(x +2hm) —u(x)I= B(x), then            12h
m l a+S

(A.4)0 < B(x) < A(x). 

From (A.3), (A.4) we see that 

K> 2A(x) —2a+sB(x) > (2-2a+9 A(x).

Hence we conclude that A(x) —2 —  2a+s•

2. To complete the proof we have to show that A(x) oo.



   If  A(x)=oo for some x, for the fixed x we can find the sequence (h'm) 

such that 

u(x +h'm) — u(x) l > u(x +2h'm) — u(x)
,  u(x +h'm)— u(x)  _ h'ms+sIa+B= 12h'mi' m 4QOI h'm Ia+s

   This sequence (h'm) is made as follows : 

there exists the integer nm such that

u(x+hm) —u(x) I u(x+2hm) -u(x)      
I hm l a+s C 2hm I a+s

I u(x+2nmhm) — u(x)  >  u(x +2nm+lhm) —u(x)  
12nmhm Ia+13 =2nm+lhm Ia+s

so we may set h'm=2nmhm. Because for sufficiently large integer,

u(x+2nm+lhm) —u(x)  
     2nm+lhmI are bounded.

Thus we have

(A.5) K> (2-2a+$) Iu(x Ikml)+su(x) 
similarly to (A.3). The right hand side of (A.5) tends to infinity. This 

is the contradiction, and the proof is complete. 

              General Education Department of Kyushu University.
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