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   1. Introduction. In 1948, Alfred Horn and Alfred Tarski [2] has proved 

the following theorem. 

   Theorem 8'. For every separable Boolean algebra B the following conditions are 

equivalent: 

   (i) B has a strictly positive c-additive measure; 

   (ii) B is atomic; 

   (i i) B is weakly c-distributive. 
   The purpose of the present paper is to generalized this theorem to 

n-separable Boolean algebras. 

   2. Terminology and symbolism. 

   The symbol U stands for the Boolean join. The symbol n, similarly, 

stands for the Boolean meet. The zero element and the unit element of a 

Boolean algebra are denoted by 0 and 1, respectively. If a is an element 

of a Boolean algebra, a' denotes the complement of a in it. 

   A Boolean algebra and the set of all its elements will be denoted by 

the same letter. 

   A subset A of a Boolean algebra B is said to be covering of B if Ua=1. 
                                                                              aEA 

   A covering of a Boolean algebra is said to be m-covering of B if 

1211  S rn, where IA represents the cardinal number of the set A. A cove-
ring or m-covering A is called partition, respectively, in-partition if ele-

ments of A are disjoint. In the sequel we assume that in and n are infinite 

cardinals. 

   If A and C are subsets of a Boolean algebra B, we say that A refines 

C, if for every aEA  there exists c E C such that a C c ; we say that A 

weakly refines C if for every a E A there exists a finite sequence 

(c1, C2,..., Ck) C C



such that a  C  U ct.

   3. T. Traczyk's results. 

   If S and T are non-empty sets, then ST will denote the set of all map-

pings of T into S. F(S) will denote the class of all finite non-void subsets 
of S. According to the convention assumed ST, F(S)T is the set of all 

functions co defined on T with values in F(S), i. e. such that, for every tE7, 

42(t) is a finite non-void subset of S. If (ats : t E T, sES)  is any set of elem-

ents of a Boolean algebra, and co EF(S)T, then

atom= U ars •

A Boolean algebra B is said to be weakly (m, n)-distributive provided

tET sES a1=         cEFa(S)T tEtfv(t)
for every set (at,: t E T, s E S, I T1 S m, S < n) of elements in B, such that 

all the meets n atom exist and all the joins U at, exist and the meet n U ars 
tETsEStET sES 

exist. 

   A Boolean algebra B is said to be weakly m-distributive if it is weakly 

(m, n)-distributive. 

   Now we intoduce the following results which were proved by T. Tra-

czyk in [4]. 

   Lemma 1. A Boolean algebra B is weakly (m, n)-distributive if and only if for 

every class

(At: t E T, TJ S m)

of n-coverings of B there exists a covering A of B which weakly refines every At. 

Proof of necessity. Let

At=(ats: sES, 1S1 <n)

and

A= (a E B : (a) weakly refines every At)

   In fact, A is non-empty, for example OEA and obviously A weakly 

refines every At . Suppose that A is not a covering of B. Then ( 1 a does 
sEA 

not exist or it exists but is not equal to 1. Therefore there is some b+ 0, 

b E B, disjoint with every a E A. 

   By the weakly (m, n)-distributivity of B there exists a mapping coEF(S)T



such that (See  [1],  p. 128 (w2) )

b n ETatco(t) +0.
Where this inequality should be read as follows : the meet b and all ele-

ments atm(t) (t E T) does not exist or it exists but is not equal to 0. Hence 

there is an element c 0, CE B such that c c b and c E A. This leads to a 

contradiction because b n c = 0. 

Proof of sufficiency. Let

(bts: tET, sES. 171<m, ISJ<It) cB

We assume now the existence of

U bts for every t ET, (l U bts=b = 0 
sEStET sES

and

f btm(t) for every coEF(S)T.
rt I 

Let so $ S, So=Su(so), btso=b' for every tET and let

At= (bts : s E So)

   Then every At becomes a covering of B and, by the hypothesis, there 

exists a covering A which weakly refines every At. Therefore there 

exists an element aEA such that b () a = 0. By setting d=b U a, we obtain 

d c a and d c b. It follows from the property of A that there exists a 

mapping coEF(So)T such that

d c (1 btw(t) . 
   tET

Since d C b, we may assume with no loss of generality that co(t) does not 

contains so for every t E T. Therefore we can say that there exists a map-

ping co E F(S)T such that

f bfq,(t) =0. 
tET

   This means that the Boolean algebra B is weakly (m, n)-distributive 

(See [1], p. 127 (wi)).Q. E. D. 

   A subset A of a Boolean algebra B is said to be dense (in B) if, for 

every non-zero element b E B, there exists an element aEA  such that 0 

a c b. 

   By minimal extension of B we mean a complete Boolean algebra B°°



which contains B as a dense subalgebra. 

   A Boolean algebra B is said to satisfy the  m-chain condition provided 

every set of disjoint elements in B has power < m. 

   Theorem 1. If a Boolean algebra B satisfies the n-chain condition, then the 

following conditions are equivalent: 

   (i) B is weakly (m, n)-distributive; 

   (ii) for every family (At: t E T, m) of n-partitions of B there exists a 
covering A of B which weakly refines every At . 

   Proof. Evidently (i) (ii) by Lemma 1. The proof (ii) (i) is based 

on the well-ordering principle. 

   Let C be any n-covering of B. Let 

ct, c2...., Ca, ••• (a < Q) 

be a transfinite sequence of all elements of C, where Q is the least ordinal 

number of power . We denote by B°° the minimal extension of B. Let 

us define in B.

1=c1, 2=c2 f1 C'1,..., a=Ca fl n C 7,... 
7<a

The set

(be: a<Q)

is an n-partition of Bo° such that ba C ca for every a < 1. 

Bo° satisfying the n-chain condition and B being a dense subset of B°°; 

every ba is a join of at most n disjoint elements of B. (see [1], p. 95 F). 

Thus there exists in B an n-partition which refines C. 

   Now let

{A1: tET, ITh <m)

   be a family of n-coverings of B. Let Cr be an n-partition which refines 

At. By (ii) there exists a covering A . which weakly refines every Cr; 

obviously, it weakly refines every At, too. Therefore B is weakly (m, n)-

distributive by Lemma 1.Q. E. D.

   4. n-separable Boolean algebra. 

   A Boolean algebra B is said to be n-separable provided it contains a 

dense subset A such that IA < n. If B is c-separable, then B is said to 

be a separable Boolean algebra.



   Lemma 2. If a Boolean algebra B satisfying the n-chain condition contains a 

non-zero element d which does not include any atom, then there exists an infinite 

disjoint subset

 (as: sES, ISI<n)
of B such that

d= U as (d as, as + 0) 
seS

   Proof. Since d does not contain any atom, there exists an infinite dis-

joint set composed of non-zero proper subelements of d. Let B be the class 
of all such infinite disjoint sets. is partially ordered by defining E < F 

to mean that E C F, where C is set-theoretical inclusion and E, F are 

elements of. Let G be the set-theoretical union of all elements of a 

complete ordered subset') o of a. Then G is a member of and moreover 

 G is an upper bound of B. 

   We now know that F satisfies the conditions of Zorn's lemma, and, 

must, therefore, contain at least one maximal element, say M. Since B 

satisfies the n-chain condition, we can represent M= fa,: s ES, 1S<  n). 

   It remains to be shown that

d= U as (d+as , as = 0). 
ses

Suppose that do is any upper bound of M and d cj do. Then there exists 

an element s such that 0 = s C d, sn do=0 (Note that d cli do is equivalent to 

d n d'o = 0). Thus we obtain an element Mu {s) E a with Mu (s) M, M 

Mu (s) , contrary to the maximality of a. Hence d is the least upper bound 

of M. 
   Theorem 2. If an n-separable Boolean algebra B is weakly n-distributive, then 

B is atomic.. 

   Proof. Suppose that B is not atomic. By definition, there is an a = 0 

in B which does not include any atom. Let D be a dense subset in B, 

and let Do be the set of all non-zero elements dr of D for which dr C a. 

   Now suppose that Do= (dr 0 ; tET, I TI < n). By Lemma 2, for every 

dr, there is an infinite disjoint set (ars : sES,  S I < n) such that

dr = U ars (dr + ars, ars = 0) 
sES

1) If P is partially ordered and if, moreover, for every pair a, b in P either a < b or 
 b < a, then P is said to be completely ordered.



   Let so  E S, So=Su(So), atsp=dt' for every tET 

and let

At= (ats: sESo).

        In this manner every At becomes a n-partition of B and then, we have 

       (1) dt n a'tv(t) 0 for every co E F(S)T, t E T. 
       On account of the n-separability of B, B satisfies the n-chain condition. 

    Hence, by Theorem 1, there exists a coveriong A of B which weakly 

     refines every At. 

       Let A= (as: u E U) . Then there is an auo such that a (1 auo 4z 0. This 

    follows from that 
Eau=1. Thus, by setting b=anauo, we obtain b C auo 

u 

    and b C a. Therefore there exists a mapping coEF(So)T such that b C a=ct) 

    for every t E T. Since 0 +q C a, there is a to such that dto C b and dto E Do. 

    Consequently, for this to, there is a mapping SoEF(So)T such that dt0Cato4,cto). 

       It follows from this fact that we can find a mapping ¢ EF(S)T such 

    that

cG (to) =co (to) — (so) if so Ep(to) 
Co (to)if so $ co (t0)

and cl'(t)EF(S) for every tET— (t0). For this 0, we have dto C ata,cto). 

   This means that

dt0 n a'tocto)=0 for cI'EF(S).

This contradicts (1). The proof is complete. 

   5. Some known results. 

   A subalgebra A of a Boolean algebra B is said to be an in-regular 

subalgebra of B, when for every set C C A, < m, if the join U a exists 
aEC 

in A, it is also the join of this set in B. The following result is given 

by Smith and Tarski (See [3] ). 

   Theorem 3. An atomic Boolean algebra B is complete distributive. 

   Proof. Fix m arbitrarily. Let

(ats: tET, <m, 1S1Sm) CB.

We suppose now that the existence of

U ats for every t ET, n U ats =b 0. 
sEStET sES



   Let c be an atom of B such that c  C b. Then c C U at, holds for every 
SEs 

t E T. Hence it follows that there exists a s E S such that c C ats for t E T. 

Thus we can choose a mapping co E ST such that c C at,(t) for every t E T. 

Accordingly, n atgo does not exist or is not zero. This implies B is in-
              tET 

distributive (See [1], p. 63 (d1)). Since m is arbitrary, B is complete dis-

tributive. 
   The following result is also given by Smith and Tarski (See [3] ). 

For any subset A of a Boolean algebra, we shall let 8(A) denote the least 

cardinal number such that the power of every disjoint subset of A is at 

most n. 

   Theorem 4. If a Boolean algebra B is isomorphic to an n-regular subfield 20 

of an n-field a and 8(B) < n then B is atomic. 

   Proof. Let X be the underlying set of 2ao and let h be an isomorphism 

of B onto ao.For any element x E X, there exists an element a such that 

x Er h(a). Therefore, by Zorn's lemma, let A be a maximal disjoint set of 

elements a of B satisfying x E h(a). 

   First, we show that U a exists in B. Suppose that U a does not exist. 
aEAaEA 

Then, for any upper bound u of A, there is an element d such that 0 = d C u 

and d n a=0 for every aEA. Consequently, there would be elements b, 

c E B such that bnc=0, b=0, c 0 and anb=anc=0 for every a E A. But 

the maximality of A would be imply that xEh(b)  and x E h(c), so that h(b) 

n h(c) cb. On the other hand, since b n c=0, we obtain h(b) n h(c) =h(b n c) 
=0. This leads to contradiction. Accordingly, n a must exist. Moreover, 

aEA 
since A is disjoint, Ail < n by 8(B) < n. A mapping h being an isomor-

phism of B onto ao, (h(a) : aEA) has a least upper bound in &. That is,

U h(a) exists in ao.Moreover, by the n-regularity of we have 
aFA

U h(a) h(a), 
aEA aEA

where 1; is the set-theoretical union in a. 

   Next, we show that if xEh(b)  for some b E B, then h(b) - U h(a) =h(b) — 
                                                                      aEA 

h(a) = D is an atom of ao. Since x is contained in D, D is not empty. 
aE A 

Suppose that h(c) is a non-void subset of D, then we have

h(c)n(Eh(a))_q 
       aEA

By the maximality of A, x is contained in h(c). If h(c) D, then a non-



void subset  h(c)I1 D of D contains x, similarly. This leads to contradiction 

because h(c)' 11D  does not contain x. 

   Therefore, every element of X is contained in an atom. Thus ao is 

atomic, consequently, B is also atomic.Q. E. D. 

A real function in defined on a Boolean algebra B is said to belan tn-

additive measure provided : 

   (i) 0 < m(a) < co for every a E B. There exists an element b E B such 
that m(b) < CO, 

(ii) m(U at) =E m(at) 
tET tET 

for every disjoint set (at: t E T, Tj < m) C B, such that U at exists. 
'ET 

   Where, the infinite sum E m(at) should be understood as follows : if 
ter 

m(at) =0 for all t except an finite or enumerable sequence tn(t; 4 t; for i = j), 

and E m(at,,) =c < CO then E m(at) =c, otherwise J m(at) =co. 
nttT(ET 
   An m-additive measure on a Boolean algebra B is said to be 2-valued 

provided it assumes exactly two values : the number 0 and the number 1. 

   We need the following result of Sikorski, but we does not prove here 

(See [1], p. 98). 

   Theorem 5. Let B be a Boolean algebra. The following conditions are equivalent: 

   (i) for every element a+ 0 (a E B) there exists a 2-valued in-additive mea sure 
such that m(a) =1. 

   (ii) B is isomorphic to an m-regular subalgebra of an m-field of sets. 
   The following result is due to Horn and Tarski (See [2] ). 

   Theorem 6. If B is an atomic Boolean algebra, then for every a+ 0 (a E B) 

and for arbitrary power in there exists a 2-valued m-additive measure such that 

m(a) =1. 

   Proof. Let b be an atom which is contained in a. 

The formula

     1 if b m(x)={ 0 if bCx'
defines a 2-valued in-additive measure m.Q. E. D. 

   6. The extension theorem. 

   A real function m defined on a Boolean algebra B is said to be measure 

provided



   (i) 0  < m(a)  <  oo for every a E B, and there exists an element b E B 
such that m(b) < co, 

   (ii) m(a U b) =m(a) -{-m(b) whenever a n b=0, a, b E B. 

   A measure m on a Boolean algebra B is said to be strictly positive if 

931(a) > 0 for all a+0 (a EB). 

   Obviously every in-additive measure is a measure in the above sense. 

   Theorem 7. Let B be a separable Boolean algebra. The following conditions 

are equivalent: 

   (i) B has a strictly positive c-additive measure; 

   (ii) for every a+ 0 (a E B) there exists a 2-valued c-additive measure m such 
that m(a) =1. 

   Proof. (i)—>(ii). B is atomic by Theorem 8'. Hence B satisfies the 

condition (ii) by Theorem 6. 

(ii)---->(i). By Theorem 5, B is isomorphic to a v-regular subalgebra of 
an c-field of sets. In addition, B being separable, we have o(B) < a. Hence, 

by Theorem 4, B is atomic. Therefore B satisfies the condition (i) by 

Theorem 8'. 

   Theorem 8. (The extension theorem) Let B be an in-separable Boolean algebra. 

The following conditions are equivalent: 

   (i) for every a+ 0 (a E B) there exists a 2-valued in-additive measure m; 

   (ii) B is atomic; 

   (iii) B is weakly m-distributive. 

   Proof. (i)--->(ii). By Theorem 5, B is isomorphic to an m-regular sub-

algebra of an m-field of sets. Moreover, by the in-separability of '/3, it 

follows that 8(B) S m. Therefore B is atomic by Theorem 4. 

(ii)-(iii). By Theorem 3, B is complete distributive and consequently 

m-distrbutive. This implies that B is weakly in-distributive (See [1], p. 

129, 30.2). 

(iii)-->(ii). By Theorem 2, B is atomic. 

(ii)--->(i). This follows directly from Theorem 6. Q. E. D. 
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