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1. INTRODUCTION. We call the ring $} introduced in 2 the Hecke ring.
G.Shimura[l] gave his conjecture on the Euler product of formal Dirichlet
series attached to the ring . We find there essentially an extended theory
of Hecke operators to the automorphic functions of several variables, and
that there is no recurrence formula of Hecke operators on the contrary
with the automorphic functions of one variable. We find that some problems
on the elementary divisors are so complicated and probably difficult. In
this paper we investigate the rule of multiplication in $, the multiplicity.
Principally t,(p) and T,(m) are considered, because #,(p) and Ty(m) are ge-
nerators of & over the ring of rational integers, and the calculation of
multiplicities are comparatively easy. In 3 and 4 we calculate the multip-
licities, which are wanted to represent more explicitly. In 5 we find some
interest polynomials which appear in the calculations of multiplicities.

2. Let Z be the ring of rational integers, and let Z; be the set of all
square matrices of size I with entries in Z. We denote the unit matrix of

(n)
size n by E®, and [_E(,,)E ] by J..

Let G”={(M|‘MJ,M=mJ,, MEZ,,), where meéZ, m>0, and 'M denotes the
transposed matrix of M. Therefore G is identical with the symplectic
modular group, and we denote it by G,. Let G,\G™ be the set of all left
cosets of G by G, and G,\G™/G. be the set of all double cosets of G
by G,. Let R be the free Z-module generated by all the double cosets for
all m. By the well known law of the multiplication, ${ becomes a comm-
utative ring. Since the diagonal matrices [ey,..., €, fi,..., fu] such that e;f;
=m, e;4, are divisible by e; for 1<<i<n—1, are the complete system of rep-
resentatives of G,\G™/G,, we especially denote the corresponding cosets by
T(er,...ey; fu.... fi) and denote the element 3" T(ei,....€s; furn.., f1) in R by 1,(m),
where the summation ranges over the above e; and f; for an integer m.
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‘Throughout the paper, except for particular notations, we denote matrices
with entries in Z by capital latain letters, for example A4, B,C,... etc. The
upper indices i and j of 4% designate the numbers of rows and columns of
the matrix 4. particularly if i=j, then we denote A% by 4®, All small
latain letters of the Gothic type denote columns, and the upper index of a®
designates the number of rows. The upper~of A means that all the ele-
ments below the diagonal and on the diagonal of the matrix A are all 0.
Let ‘a2 =(ay,..., @) and ‘b =(by,..., b;). If a;=b; mod.m, for every j, then
we denote it by a®=b") mod.{m}.

Let A%=(a{,..., a’) and B@D=(b{,..., b§"). If af’=bf" mod.(m;) for
every k, then we denote it byA®"=B%) mod. (m,...,m;}. At last p denotes
always a prime number in Z.

In the following we write three lemmata, the first one of which is
well-known. Their proof are obvious.

LEMMA 1. We can choose as the complete system of the representatives

of cosets in G,\G{™, all matrices [‘g g] €G™ such that
(1) A,BCeZ, A'C=mE™, A'B=B'A,

(G Grz=°° *G1n
2 A= a”.. . |=(ay..., a,), where all the elements a;; of a; are 0
"y

if i>Jj and are 0 <a;;< a5 if i <.

(3) Let cu biye e by
C=[ ]andB=[ : J
* o Cum

bnl' M ’bmt

Then all the elements b,; are determined mod. ¢;; if i <J.

Now we state the law of multiplication in R following Shimura [1].
Let G,KG,, G,LG, and G,MG, be three cosets in R, and let G.KG,=|G.K;
G,.LG,=)G,L; be their disjoint expressions. By u#(G,KG, G.LG,, G’:,MG,.)
we denojte the number of (i, j) which satisfy G, K;L;=G,M, and we define
the product G,KG,-G,LG,= 2} u(G:.KG,:G,LG,, G,MG,)G,MG,.

G,MG,C G,KG,LG,

LEMMA 2. Let T(ey,..., €} funor f1) € GAGP/G, and let T(ki,..., ky; Dp...,
L)EG,\G/G,. If (g m)=1, then T(en..., €s; funerr SOT(ktrerrs ku buyersy b)=T
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T(eikiye.., €xkn; fulneoor AEGN\GE™ /G,

Let G,KG,6G,\G¥ /G, and let G,LG,£G,\G™/G,. When their disjoint rep-
resentations are G,KG,= UG,,K and G,LG,= UG assume K, and L; be the
representatives in Lemma 1. From the deﬁmtlon of multiplication in $} we

obtain easily

Lemma 3. If G,\GV"®/G,3G,MG,=T(x1,..., Xu3 Yu..., ¥1), and K,LK; and L;
are as the above, then #(G.KG,-G,LG, G,MG,) is equal to the number of
(i, /) of (K;, L;) such that

€1, % kl, *
L ... =0 mod. {X(,...,Xp)
e, .kn

€1, x /11_
.’.. JG"*“B[ ... :O mOd- {ylunn yn}’
[ * ln

and

where K4 B). 4-(1, Y amt 15 §), 1) P

3. From Lemma 2, the product of #,(g) and ¢,(m) is essentially reduced
to the product of ¢,(p") and ¢,(p?). Therefore we now observe the product

. . R (n
t,(p)t,(p") which is most simple. Let ¢,(p)=G, E )pE(”)] G,= L;EIG”K' We may

assume K= 45 with the properties in Lemma 1.
0ocC

E(D . A1 A12 Ais
Particularly let A={ PE® EG J+ A Az
. A3 . ’
o /

where i1 > 0, is..., > 1 and i;+iz+...=

Lemma 4. If ¢,(p)= L}gG,,K, K= ‘g g , and A4 is as the above, then A,=

0, Arzr+1=0 and Azy2=0 for every ¢ and .
Proor. Since the elementary divisors of K are (1,...,1,p,...,p) and the

Azgr1=0, therefore the proof is obvious.

uv
ow):
cording with the splitting of 4 of K, we split the matrix U in such as

Let L be the representative of coset in G,\G%” and let L= Ac-
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psl' f]l Ug ---
.p-‘ix ﬁz

plis

We denote the diagonal matrices [p*,..., p%it], [p*..., P'2],..., by Pi, P,..., and

[pi—5,..., pi=sid, [p'~1,..., p'~tia],..., by Qi, Q:.... Moreover we denote mod.
(p..., Pir), mod. (p',..., plir}..., by mod. (P}, mod.(P;} and so on. It is same
about the Q;, Qq.... By simple calculation we come to

LEmMMA 5. If AU=0 mod. (P,,pP;....}, then Asss12,=0, Uy=0 and Up,=0
except the case A=0, mod. 2 and u=1 mod. 2, and pUss 341 =0 mod. {Pp1).

From Lemma 4 and Lemma 5, we have

CorOLLARY 1. The matrix A4 is diagonal under the assumption in Lem-
ma 5. ‘

COROLLARY 2. The Matrix B in K is symmetric under the assumption
in Lemma 5, i.e. {B=B, therefore ‘B,.=B,, and B,,=0 except ¢ and =1 mod.
2 at the same time.

Proor. From the above corollary and A4'B=B!'A the Proof follows.

CoroLLARY 3. Under the assumption in Lemma 5 the matrix W is of
such a form

o
w= 2.

WM; . ’

where Wy,=0 except =1 mod. 2 and x=0 mod. 2. Moreover
P ‘Wies1 2+ Uzr 2041Q2p4+1=0.

Proor. Since U‘W=p'E™ and U is of the form in Lemma 5, therefore
the corollary follows.

Let V=(V,). If AV+BW=(R,,), then under the assumption in Lemma
5, Rye=Vort BxQr if 0=7=1 mod. 2, Rye=Vert 3} ByspuiWops1 - if 5=1 mod.
2 and 7 =0 mod. 2, and R,,=pV,. if 6 =0 mod. ”2>.T/ Now we consider the co-
ngruence equation (R,)=0 mod. {pQi, Qs...}). When s=7r=1 mod. 2 and
g < 1, then R,.=0 mod. {pQ,}. Since V,. is determined mod. Q. and By, is
determined mod. {pE™}, therefore in the first case we obtain V,.=0, B,.=0.
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In the case o=t=1 mod. 2 also we have V,=0 and B,=0. In the second
case 0 =1 mod. 2 and t =0 mod. 2, and o<1, we have R,,=V,. from B, 51
=0 in the preceeding case. Therefore R,;=0 mod. (Q}} implies Vy=0 mod.
{Q:} and V,.=0. Before the third case, we have to observe ¥V more precisely.
Since LEGY", U'V=V'U, it follows Piyst'Vars1 2e41=Verss 21 Porss for v <a. As
already observed, from the first case Viri12041 and Vogyi2.+1=0. Moreover
from Viei120+1=0, the second case and Py, ‘Vor i1 30=Var 2041 Pors1 OF Pors1'Voo 2041
=Vor+1 20 Py, it follows Vzp2.41=0. Thererore V,.=0 except s =7 =0 mod. 2.
Now we may assume R sr=pVar 2= 0 mod. (Q.} in the third case. From
U'V=V'U, we obtain P, '¥Vs 20=Vor 2 Por and this shows the elements a;; of
Var 2 are uniquelydetermined by a;; of Vi s Therefore the elements over
the diagonal of V are uniquely determined, depending on the elements under
the diagonal of V.
Now we obtain

TueoreM 1. Let 7,(p)=JG,K, where K=[‘3 g], and
K

EGD ;1‘ A
pE» 1 e
A= . As . Let T be a member of 7,(p") and let T={G,L,
L

where =[ur and the splitting into the blocks of U7 and ¥V according
Low

with the one of 4 and B are

(7 A/
'pm Us--- |
ptl
U= : +
.p'm
and
Vi Vig =
V=|Vau V2

Let £,(P*)=3T(p*",..., p*»; pl=ati, .., p-m+D={)G,MG, and let G,MG,=T(p",
M
veer "n; pl—u,,+1’“.’ pl—u1+1)_

Then G,KL=G,M if and only if the following conditions are fullfiled.
(1) The diagonal elements of AU are pm,..., p*s from the upper left corner
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and uy, <w. <..<u, <l—u,+1=..=1—u+1.
(2) A is diagonal and B=0, therefore K is diagonal.
(3) All U,=0, Us,=0 except 2=0 and u=1 mod. 2, V,,=0 except A=u=0
mod. 2, and pUs 2,:1=0 mod. (P11}, pVer 22=0 mod. {Q>.), where P, and Q
are the already predicated diagonal matrices.
COROLLARY. The number of U and ¥ which satisfy the Theorem, when
the diagonal of L is fixed, is
iz (l2e+1) /24 T2 (2p+izr41) )
p° e
Proor. It is easy to prove that U 241 and Vi can be chosen indepe-
ndently from each other and that arbitrary Uss 241, Ver2 Which satisfy the
condition (3) in Theorem 1, construct a matrix in G,(»") with P,, 0, and
suitable Wi .12 Therefore we obtain the corollary.

Let m be a positive integer. We split m into some positive integers.
Let (my,..., m;) be one of the splittings, i.e.

m=m+,..+m,, m; > 0.
Let x be an indeterminate and consider the following polynomial of x,

; (mgi—1(my_1+1)/2+mp;; J;i(mzkA +my;))

X k>i

(m1,--ms)
where the first summation ranges over all possible splittings. We denote
the polynomial by «,(m), and let «.(0)=1.

THEOREM 2. £,(p)t,(P) =Da,(m)T(p",..., pr=m, psw—m+1tl = powtl; pl=sm
p'sn-mtl, o pP-sntl) here the summation ranges all over

5280 < XS Spemni 1= S5+ 1= =5, = S-Sy 1 S =8y +1
=.Z!l-s5+1.

We shall find the explicit form of «,(m) in 5.
r n—r
4. Let tn(p2)=é rQ,..., 1, p,..., p; p.., P, P%..., P*). Throughout the se-
'_0 r n—r
ction we denote by ¢,(p*)3TQ,..., 1, p,..., P; P...., D, P°..., P?) that the latter
is one of the member of the summand representing the former, and denote
the latter by T, (r) for simplicity. Let qu(r)=¥(JG,,K and let K be chosen

as in Lemma 1. For a while we consider the following particular K,
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A B E(il) . 7 21 AI2 A13\
K=[0 C']’ A= PE® + Az Az s
PREG® As
B=(B,.), where i)+iz+iz=n and i; = n—r.
As in the case of 1#,(p*), we take a representative of #,(p") for /=2, and
let the representative be L,

pn ~
*. U, Ue Uis
- prit
uv 1 ~
L= w) U= " + U, Uy |
i
t. plis ﬁs

V=(Vs), like the above we split L according with the splitting of K.

LemMma 6. If T,.(r)=E{JG,,K and K is the above matrix, then A4;=0, As=
0 and As=0 mod. (pE¢®)},

ProoF. From the elementary divisors of X and A'C=p?E® the proof is
obvious.

We denote tne diagonal matrices [pn,..., p'i1], [p*,..., p%s] and [ph,..., p'is]
by Py, P, Py respectively, and [p/7,..., p/~r], [p'~%,..., p/=si] and [p'—h,...,
p'-ts] by Qi, Qs Qs respectively.

Lemma 7. If AU=0 mod. {P,, pP;, p*P;}, then A;3=0, 4;3=0, A;3=0, and
consequently U,=0, U;=0 and U,,=0 for every g, 7.

Proor. It is from simple calculation,

CoROLLARY 1. Under the assumption of Lemma 7, if the j-th column of
A is not 0, and this is the first one, then s; is not 0, i.e. 5;= 1.

CoRrROLLARY 2. Under the assumption of Lemma 7,
( [o}} 00O
W= @ |+H0 Wol,
0:) (000

all the elements above the diagonal and on the diagonal are 0, and

(Py+ ﬁ2)'(Q_2+ ff’z) =p'E®,
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CoroLLARY 3. Under the assumption of Lemma 7,
Vii=0, Vi2=0, Vi3=0, V3=0, V3 =0.

LeMMA 8. The solution U, mod. {P;} of the congruence equation
(pE("”+.Zg) (Py+Uy) =0 mod. (pPy)

is uniquely determined.

ProOF. Let A;=(a;) and let Uy=(u;). If ip=1, then it is obvious that
the lemma holds. Assume for all i; < m the lemma is true. We exclude
the first rows of P2+(72 and pE<m>+,Zz, and assume that the lemma holds for
the rest matrices. We consider the product of the first row of pE™ A4,
and the j-th column of P;+ ¥, Then it holds

DPhij+aisby;+...+ay_1bj_ij+pia;; =0 mod. psiti.

Since b;,..., b;—1; are uniquely determined mod. p%, by; is uniquely determined
too. Therefore the lemma is true for all integers i,.

Let D& have all entries in Z. If we canonically map all entries to
the corresponding elements in the residue class field of Z by p, we obtain
the matrix D*. Then we call the rank of D* the rank of D mod. p and
denote it by p,(D). The following Lemma is almost clear from the elem-
entary divisors of M.

Lemuma 9. Let a matrix M be in GV: If M=[{ 7] and F=pE™~F,
then p,(F)=p,(F) <[m/2].

PrOOF. If m=1, then F=0. Therefore p,(F)=0 and the lemma holds
truely. Let assume for m < ¢ the lemma is true. If the first row of Fis o,
then from the assumption on Induction pp(?)g[m—l/Z]g [m/2]. When the
first row is not 0, let a;; be the first element not 0.

Therefore the matrix F is transformed by suitable unimodular matrices to

0ay; 0 ...
pEo| O O
B

Since the matrix F, is of degree f—2 and the assumption on the Inducticn
holds, therefore

05(F) =1+ p,(F) < 1+ [1—2/2]=[1/2].
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Therefore for all positive integers m, p,(F)=<[m/2] holds.

LemmMa 10. Let A2=pE("2)+Zz, pp(gz) —=g, and let Uy=P,+U, Under the
assumption of Lemma 7, for suitable unimodular matrices X, Y, Z in Z,, it
holds that
Pl U*

.

,U'2=Y"1U22={ . ,
P L

P A*W
Ar=XA;Y =

where A* and U* are in Zg and lie at the right upper corner of A4’; and
U's respectively. Moreover p,(A*)=g, and (s4,..., &';,) is a permutation of
(S150ees Sig).

PROOF. Assume X'A;Y'=pE@® 4", Y'~'U,Z'=P,+U’, where A'=(0,.., 0,
a;, 0,...,..., @, @jpi1,...) and @j,..., a;, are linearly independent with respect
to mod. p, and l7’=(0,.‘., 0, u;,, O,..., ..., %j, Wi +1...), and the matrices X7, Y/,
Z' are triangular unimodular matrices whose elements under the diagonal
are 0. If a,,..., @, a;,+1 are linearly dependent, then there exist integers
Ar, not all are 0, such that

G G-
Therefore

1 —pb
J}+1{ .

"1 X' A Y’

If we suitably determine (4"} considering AU, =0 mod. {pP;} in

1 . 1 pYeti=sip/
. — 4".1 - -
_l Aiy Y'-1U,2' . 1 ,
1 1

then we obtain
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p uy uj, 0

.

* Die
ps jet1

After these transformations, we obtain g linearly independent columns.w.
r.t. mod. p, a;, ..., aj,, Now consider the matrix

(p . a;, a;, psf uj, uj, W
‘ .. » . ‘
‘. and

‘P

* pii ‘

. psl'g

About the rows of these matrices we do the same transformations from
the bottom to the top, and we obtain the matrices of degree g if 0 rows
and 0 columns are excluded. These transformations are also done by uni-
modular matrices whose elements under the diagonal are 0. At last we
gather the last matrices by the matrices

EGr—D

.-1 ’ (k=1,...vg)9

“\ E(n—k)

at the right upper corner. It is possible because g <[i>/2]. Then of course
|A* [ 0 mod. p, and the diagonal elements are transformed to the diagonal
elements.

CoroLLARY 1, Under the assumption in Lemma 10, Lemma 8 is once
more proved.

Proor. Since A* and U* are in Z; and g <[i,/2], therefore the proof is
seen easily.

COROLLARY 2. AU,=0 mod. (pn*, ..., psie*Y) if and only if XA4,U,Z=0
mod. (p*1*, ..., p¥ie*1}, where sy, ..., 5; and sy, ..., &, are given in Lemma 10.

Lemma 11. Let KeG¥, and let LEGE, and they are
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pE(g) A*(g) Bll B12 B1s Pl U*(g) V11 V12 V13 V“,
pE™=?) By B, Bos P, L
PE(g)pz (h)le Bs; By )
= E — P ViV Vi Vi
K pPE® ot » L 0. 0
C*(g)p PE® W>|=(g)2 Qs
E® o

where P; and Q; are diagonal matrices whose elements are p-powers. Then
for a given K, there exist phm—+h(h+1) different L's such that

KL =0 mod. {pP,, pP., pPs, D*Ps, pQ1, pQs, pQs, Q4).

Proor. At first from Corollary 2 of Lemma 10 U* is uniquely determ-
ined and therefore W* is also unique. If p?Vy = 0 mod. {Qs}, then Vi=p~2X.4Q,,
where all elements of X, are determined mod. p?. From P,'Vu=V.'P,
it follows Xu='Xu. Hence we can take p'*+D different Vi as the solutions.
From similar investigation we obtain Va=p Xz Qs Ve=p 1'X 0, all ele-
ments of X, are determined mod. p, and Vy=p X3y Qi Vis=p"''Xss Qs, all
elements of X; are determined mod. p. Since pU*+A*P; = 0 mod. {pP;), the-
refore U¥+p~14*Py=XP; for suitable X determined mod. p. If Vy=p~' Xy Qs,
then Vyu=p 1(Xy+XXs)—p?A*Xs Qs Hence we obtain p' different solu-
tions Vi, Ve, Vas, and the multiplicity of (Vi Ves, Vas, Vs, Vis, Ve, Var) is
prmhtd - If we investigate Vi, Vie, Vis, Vor, Va1, Voo, Vas, Vae, Vas, then we
know it is also determined uniquely, and the multiplicity of these parts is

1.
COROLLARY. Bs, By, and By are all 0.

Proor. It is from |A*| 540 mod. p.

LeMMA 12. Let KeGY, K=| ’3 g . If p,(Bg)=h and p,(A4*)=g, then the

elementary divisors of K are
Ay s 1, Booesy P5 Dy eves B DYy PP,
h+2g m—h—2g
where By, and A* are the matrices in Lemma 10 and in Lemma 11, and
A= pE(m_zg)
pE(E)

Let K be the matrices in Lemma 7, with p(4*)=g and p(Byx)=h. We

denote the number of the above matrices K by 9,(i:; &, 4, f) such that the
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f-th column of A is not 0 mod. p and it is first one, and p,(4*)=g, p,(Bs)
=h. Particularly if p,(4*)=0, then we denote the number by ¢,(iz; k). Let
T(pn, ..., p'in, p, ..., P, ph, ..., p's) be in £,(p"). Then we use the convention
in this notation that if /=0, &;=0 or i{;=0, then the above T(...) does not
contain (pm, ..., pri), (P4, ..., psiz) or (ph,..., p'is).

LemMa 13. Tp(r)t.(p) 3

{2 28+h+(i1+43) pl.a(ia+1+iﬂ)al7(i2; g, hv f)T<p’l! voey p'il’ psl+19 veey ps'f_1+11 ps)(+2’ ceey
12 11+t3)=n—r
125> f>1

Pty pht? L opletes ), where i1+ix-+iz=n.
COROLLARY. Tp(r)t,(p") 3

e,(iz; T (p, ..., pri1, port, ..., psiat?),

i2Zn—y=h+(i1+43)

Now we consider more general type of the representative matrices of
Tp(m). They are transformed to the firstly treated matrices by intercha-
nges between columns or rows, and the transformations are done by sym-
plectic modular matrices. Therefore our problem is to calculate the mult-
iplicities which are brought on by these transformations. The canonical
forms of cosets in the product T(m)t,(p) are T(pn, ..., prs, pir+l, ..., poo*i,
Pt L, piet?; ), where u+v+w=n. For convenience we classfy them into
three classes, (1) w=0, (2) v=0, w0, (3) vyw=0.

Let u=0,e=n—m, f=0 and e+ f=n—u, where u, e, f,€Z. Whene>0,
let e=e;+...+e; be a representation of e as the sum of any number of int-
egral parts and let f=fi+...+ f; be a representation of f as the sum of int-
egral parts of same number with e's such that the last part is non-negative
and the other are positive. We consider two representations of e or f are
different if their arrangements of integral parts are different. Then we
define a polynomial of an indeterminate x

o= 3 B,
ei)s (f7)

where the first summation is taken all over the above representaions of e
and f. Particularly we define 8,(0, f)=1 if f=0 and =0 if f%0. For the
case of w=0 we obtain

THEOREM 3. Tp(m)t,(p) 3
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...g l+2—r1.

Proor. Let K be representatives of cosets in Tj(m) such that

E@®

K=[A BJ, A= pE(“)E(m..

.

only such K bring the case w=0. Let ¢ be the number of p and let f+u
be the number of 1 on the diagonal of 4. For given K from similar argu-
ment in Lemma 7, we obtain the multiplicity B,(e,f) of U-part. If all K
are considered, though ¥ is uniquely determined by B, then the number of
choice of B is e,(e,m—n-+e). Hence the multiplicity in the case w=0 is
Bsle,fe,(e,m—n-+e), from this the proof is obvious.
Secondly we consider the case v=0 and w 0.

Let u=0, A=n—m, g>0 and h+g=n—u. Let g=g+...+gs and A=h+...+
h; be the same notations which are treated in the first case. Then we de-
fine a polynomial of an indeterminate x

(S hi i(gi+1)/2
= 3 OB e e/

(€0

particularly 7,(0,A) =1 if A=0 and =0 if A#0.
For the second case we obtain

THEOREM 4. Tu(m)t,(p") 3

) N S ST (@ DBe)des a b TG o o P

=n =
Z2gZl et+f=h—k 2<c<e
n—m=esh

P, where n= . =n=6+2 S S22 -G S S-S 1421,
Sé l+2—r1-

ProoF. Let K be representatives of cosets in Tj(m) which bring T(p",
v D%, PUYE L ptet?s Y in Tp(m)t,(p"). Then they are of only such forms
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/ E@
p2E(m)
E®

= A g]’ A= pE(Gl) :+2.

L )
Let g be the number of p% e be of p and u-+k+f be of 1on the diagonal of
A. About U-part from Theorem 3 the multiplicity is

£1{ZCfi+e)+2k)+23 gi{ T(fiten)
p j=1 i»2 jzi

E(D

Bp(enf):

wher h+g=n—u, h=e+f+k, e=e;+...+e; and f=fi+...+f; which is the re-
presentaion of f corresponding to e’s. About V-part, from similar argument
with Lemma 11, the multiplicity is

ZLilei+t D+ gi(TeN+23(e: X g
pz i iy t i>t .
Therefore when all K are considered, then the multiplicity is

DD 2 rr(& h)By(ef)o(e; a, b, c).
g+h=n—u 0sk=h—e 2a+b=c+m—n
m—uZgzl e+f=h—k 25cse
n—mse=

Hence we obtain the theorem.
For the third case we have

THEOREM 5. Tp(m)t,(p")3
> 7528 W) By(e, f)os(e; a, b, €))+

wy 0Sg+hsw-1 e+f=v+v—g 2a+b=e+m
min{m—u,n—2—u,w—1}Zg20 ezmax{n—m,2} max{2,e~ w+1}ScSe

N . W— e e; a b, c))T(pt,
min{m—n%—l-u} =g21 e+f=§w—g 2a+b=32+m—n Tﬂ(g g)ﬁp( ! f)(?p( ’ r ))} (p’
eZmax{l,n—m} max{2,e—w+2}Sc=Se

o Pre, ptY L patL, pt o ptetEs ), where ri <. .Zr, Zsi+1..Z5,4+1<
t1+2< 2=, < L -4 Z 141 -s, LS 11— slgl+2 r=..1+2

—Tr1.

Proor. Let K be representatives of cosets in Tp(m) which bring T(pn, ...,
P prttL L, poet, phtE L ptet?) in Tp(m)t,(p'), where vw % 0. Therefore if
 E®

PE® ~
K=(4 &) and A= EW |47,

then we have two cases. In one case the #+v+1—th element on the diago-
nal of 4 is p, and in another case the element is p2. Let g be the number
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of p% e be of pand u+ fbe of 1 on the diagonal of 4. In the first case
we have at least two p on the diagonal, and all elements p? belong to w-
part. Let A& be the number of 1 belonging to w-part and they lie at the
lower part of the first p>. Then from Theorem 3 and 4 we have the mul-
tiplicity

3 T0(8& h)-By(e, f)0,(e; a, b, c).

0Sg+h=w—1 e+f=ptw—g 2a+b=etm—n
min{m—u,n—2—u,w—1}=Zg20 e>max{n—m 2} max{2 e—w+1t=ScSe

In the second case we have at least one p on the diagonal. Therefore we

have the multiplicity

Tp?(g, W——g)Bp(e, f)at)(e y 4, b’ C).
min{m—un+uzgZ1 e+f—v+w-—g 2a+b=e+m
ezmax{l,n—m} max{2, e—w+2}§c§8

Hence we have the theorem.

5. In this section we seek explicit forms of the polynomials defined in

Lemma 14. B.(1, f)=x/, and if e = 2, then

x(xFH1=1).. (6 *e1-1)

B:(e, /)= (x 1) (xe-—l 1)
Proor. If e=1, then from the definition directly B.(1, f)=x/. If e=2,
then from the definition
f
B:(e, f)=25 + 2=x73] B:(e—1, f1).
e=1 e¥x1l f1=0
Therefore

(1), (xS e 1)
B.(e, fH)=x' GG=D...(x1=1)

Lemma 15, 7.(1, f)=x*/, and if e > 2, then

f+ +e~1
y.(e, f)=x/rete+D/2 € = 11)) ((;f ) -1

Proor. If e=1, then from the definition directly we obtain r.(e, f)=x/.
If e = 2, then by the same manner

e, N=3 5 re=1, £,

from this we obtain the formula.
COROLLARY. 7,(e, f)=x¢etD/28 (e, f).
We define the polynomial (x+1)...(x"*+1)=¢,(m). About this polynomial
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it is well-known that

(xm_l)". (xm—e+1_1)
(x=D...(x*-1) -

o.x(m)=1_|_ixe(e+1)/2
e=1
Then we obtain
LemMma 16. If m =1, then «a,(m)=0,(m)—0g.(m—1).

Proor. From the definition a,(m)= ;‘_‘ r:(e, f). Therefore by the above
etf=m
my»eyl
well-known relation

o, (m)=x" +m>};> me+e(e—1)/2 g,%;;%;‘g;t%l =x"g,(m—1)=0,(m)—0o,(m—1).

o = il PP =D)L (2= 1)
LEMMA 17. If r} 2, then Eﬁ(n M r) —p[ /2)([r/2]+1) —(?:—1).7"(;@2?:1‘ =

and e,(n; 1)=p*—1, ¢,(n,0)=1.
Proor. It is obvious that e,(n;1)=p"—1, and ¢,(n,0)=1. Let (b;) be

symmetric matrices of degree n and of ps(b;;)=r=2. There are three ca-
ses in the following senses,
(1) by #£0, (2) byu=biz=...=by;-1=0, but b; =0, and (3) bu=b;;=...=by,=0.
From these cases we obtain the equation

ey(n; N =e,(n—1; N+p~t(p—Dey(n—1; r—1)+p*1(p*'~1De,(n—2;r—2).
Let assume for s<r ep(n;s)=pwAC2A+D(pr=sti_1)  (p*—1)/(p*—1)...(p*/%
—1) for all n. Then ¢,(n; r)—epn—1;7r)

=pr! '(7-2)/4+1(P"_'+1—1)...(p”‘l—]_)
i P*-1)...(pr—2-1)

r_ n=1_1),..(pr—r+1—
=priphTR e (fpz—ligf.(p"s)—lgz(’p"l—11))’ r#0 @

” m—1 m-—l_l . m—r+1__1
Tnerefore Ep(n; r) =m2=rpl+’('_2)/4 L(;gp_l) ) (p(,,’iz_l) )- r=0 (2),

yr=0 (2),

J— 'L‘ r=3)(r— (Pr—l)Pm_l(pm_l—l).,,(p"'-’+1_]_) _
_ml:,'p( 3 (r—1)/4 *—(}2__1).‘.(pf—s_l)(py—l__l) s r;éo (2)

Now if n> r > 2, then we can prove

_1)“.(p7l—i‘+1_1>
-1 )

2 1 pri—1).., (prrti—1) = i

m=

~

124 (r/2 +1)/2(pn—r+1__1) . (pn_l)

Hence Ep(n; r)= 7@2:1)..,([)'-2-1)(1)'—1) , I =0 (2)’
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p(r—l)(1+(r—1)/2)/2(pn_1) .. (pn—r+1_1)
= Tt N T r=£0 (2).
@E=D...(pr=1 r=0 (2)

Therefore we obtain the lemma.
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