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subalgebra 1224 T
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Sepavable Boolean algebra @ subalgebra E ORI
separable Boolean algebra TH2n. ZOEABEIRBEREEHT
Ba. COD counter-example ERIDLAZDNHOBNTHD. X
BRI separable Boolean algebra @ dual space (i.e. Boolean
space ; B separable space TH2 Cé:liﬁﬁﬁ’f:"“ééb“, B
Boolean space #* separable THNE, XD dual algebra &
72 sepavable Boolean algebra THZH. COBBELERES
MeENEBATES. 832 THAD Boolean algebra ORBILH
32 Stone’s Theorem [T CODRBLZT ZRRBLERZREIOIZ. D
SZRCLVICXBEENLTHL.
1. P.RHalmos: Boolean algebras. (1959) .
2. R.Sikorski: Boolean aigebras, Berlin . (1960).
3. A.Horn and A.Tarski: Measures in Boolean algebras
Trans. Amer. Math. Soc. 64(1948) .
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§2. Free Boolean algebra
Compact Hausdorff space H LHELV T, £ERD open set N
open-closed sets O union LLTEDENEZELE, HOCEZE



a7
Boolean space &G D.

Theorem -1. RZERNDEALTSD. R DB Boolean algebra
2=1{0,1} PHAD mapping ko Ea&EHELINE, H\& Boolean
space THEBEBZBNB. D space R ) Cantor space kL
5. | |
Proof. MEL zeR L, Hy={0,1} LEEINL, HiE
product set PregHy L83, 808D D Hy \Z discrete topo-
logy 2BXINE, Hy & compact Hausdorff space LHBO
T, HW product topology IZBL T, Tychonoff OREIZ&I [
U < compact Hausdorff space LU 5. HD element h @ |
2eR CHIFBEE Al TEDLE, HO product topology O
BEICL>T, {h:hx)=6} (ZEL, zeR, §€2) KAFD
sets @4k D family " HD subbase ZEMT 2. > TXMHOD
finite intersections #\ base ZHES. IZEXWE {hihiz)=1}®
complement & {h:h(x)=0} LBBDT {h:hlz)=3F} HEF
o set | open-closed set THD. l;v7:f3<oTHUMB’:§7) open
set & open-closed sets @ union THS. HIZHW Boolean
space TH5. g.e.d.

CORELCEVTRLL TER®D Boolean algebra 4 ZBEZ 3.
A BB 20PAD 2-valued homomorphism EDEREAZIF
N, A A O Cantor space H @ closed subset THY,
H? relative space &L T Boolean space £84. “DAZ
A D dual space LW\, AD open-closed sets 2EDRED
VER Field Ay BAD dual algebra L\ TEIZINR, VDD
3020 Stone representation theorem tHIKDIZD.

Theorem 2. Boolean algebra 4 @ dual Space A D du-
al algebra % Ay £ELT, 4 65 A4 OBAD mapping § =

Flu)={aed: alu)=1} »(uleﬂ)
LREBINE, FIT A4 5B by DEAND isomorphism THD.
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| A4, B, € & Boolean algebras L, FIX 3. 5°H A OPAQD
homomorphism , g & € "B B DFEAD homoniorphism LY 3,
COLS C 5B A DPAD mapping foq %

CFegd)w) =Ff(gw) (w€ @) _ :
LRETNE, (TNEFLGO composit LW ) §Fo9 REBAHLRL
homomorphism THE. SBICAZ £ 65 € DHAD homomor-
phism &I N,
 Fe(geh)=(feg)eh
DT, '

‘Boolean algebra 58 D&% subset § Z&L BND. subalge-
bra & DZkE G C&oT generate SAIZ 13 D subalgebra

kel g =8 D set of generators & ‘/b.

Boolean algebra B #° subset §IZ&~>T generate =M, §
SER D Boolean algebra 4 o®~DBEL mapping g # 1 4
B 4 DBEAD homomorphism £ N extend ENBEE, THMD
5,

fluy=glu) for every u € §

THIELE, G freely generates B THB LD, B X free
on g THILWD. Boolean algebra B H3 subset teoT
Freely generate SMNBE=E, XD algebra & free THB LV
D,

Boolean algebra B & free THZT LEDEDL AT dia-
gram E& > TRBEFTHLLETES. B B subset § TdknT
generate SNBdELTE. hZ :

§ LB g 6B B ORAD identity mapping,

g s e hw=u (z€8)
kL, A4 Z&BD Boolean algebra, g% § 6'H A DFAD
BFU mapping bLLH>. TOLE, (F-h)lw=glu) lueg)
EW/ILT B 0D M4 DRAQD homomorphism § BEETD.
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Theorem 3. BEAZBDOEBRDOEAR®D Cantor space Hy, ®
dual algebra B, IBRBE XD P D subset &> T freely genera-
te ENB. TUNE, hZ R, DEE B, X power d O free Boo-
learn algebra T&HS.

Proof. R Hy DPAND mapping t,, t, &

tlzy={h: hz)=0}, tlm={h:hx)=1}

L RBINGE, 4, X one-to-one THAL DB, image t, (R) DR
BEROCALAL TATHS. ,(R) 4T generate SAB fie-
ld F & Hy O topology DERBELL>T Hy @ buse F2. Hi D
EBOD open-closed set CEF D sets @ union THBH, O
compact THEEZHB F D sets @ finite union THB. F &
field THEHB CeF. W B=F #UTEB. DEL By tf Free
on t,(B) THHLELETALLS. A EBFU Boolean algebra
LL, gERDB A OPAQEED mapping £L&D. A O
dual space Z Ak L, 3§®33‘(7)<7) acA THUL gla)=a-g L&
(OHEBD acA IRHLT 9@ eHy THED D, pEADD Hy
DBAD Function THS. |

x)  ¢lhwi={aaget,@i={aalga) =1}

Gt () ={at a-getym}t ={aalg) =0}
BEDTSTEL, ¢t R)U ¢ (R) & H, ® subbase THB LB,
P continuous function THA. AD dual algebra z A4 k&
U, A 05 by DEND isomorphism k&I B, By vn A
DPAND mapping f %

flw)=k7 () (weB,)
LEEINE, 9OBBEMIZE> TIE By 08D A4 DRAD homo-
morphism TH2. F OMBEIIL->T 9w et,(x) THI kL
a(f(t@2N)=1 THBLLARBETHS. &2 W ITL-T
9@ et (z) THdIkk alg)=1 THEA_LERAETHS.
WZILIRNTODaL 20T alf(ty@))=alg@m) *EIICD. &>
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T fety=g THD. WO AN homomorphism f X mapping
g-tit D extension THB. TNEMBLT By N free Boolean
algebra THAEZLNTYPRTHD. B, D power A THITER
DROREBL &5, MEALD set of generators &E® D infinite
Boolean algebra DRBEFZATHS. g.e d.

Boolean algebra A D elements B HULB indexed set{tugtrex
EOEDREEBRT D LE, independent THD LD . TADS,
TR D finite sequence {z;} (z;¢X, (*jEBF zﬁéxj) BX
OEED finite sequencé{éf} (Eq=—1 or IZFLT

' Erthyg, M Exta, Voo NV Eply 0
(D120 =1 DES €Uz, =Uy,, E;=-1DLSE g Uy, =Ug,
L35 )

Corollary 1. Free Boolean algebra By D set of free
generators t.(R)={t,2)} ze¢R I indep:erzdent L indexed
set THB.

L FEBELHTHS.

Theorem 4. A, A, EENEN Gi, G, LT Sfreely ge-
nerate =73 Boolean algebra &L, G, & G, ’FAILBEZES
T, A4, kb 4, & isomorphic (onto) TXD zsomorphzsm D
2T g, & G, B one-to-ome /5T 5.

Proof. ER® diagram“&>TEBI2. kb, 2 4§, 05 &,
| | DEAD-one-to-one mapping L, ks

@1 ha > udl ]
Jo,| 1 5, E?f XD inverse m@ppéng L33, h, h
1 2 2 (
G F> A EXNEN G, éz WD Ay, A DBRAD

identity mapping &35. 4., 4,
X free THIDD, fiehi=hyo ke, foohy=hyo ey EHKLT ho-
momorphisms fi, f, "EETS.

Freh=hyo oy 0D Fpofioha=5,ohyoloa=hyokyoley=hy

fae hQ-hl /22 "B fef,e hz fio hyo ko= haoleys ey = hy
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FUDBE, Fue fre ha=hey fiofae ha= hy
o f & Rk @ extension THB. EI A, DLD identity ho-
momorphism BEIZ Ky D extension THA. LD 3T by D ez-
tension O wuniqueness 6, F,° f,=identity. BERIZL T
foof,= identity. LEBST f1 & £, BENEN isomorphisn
THS. g. e. d. _

Corollary 1. PBZEZRE oz R, D free Boolean algebra ,
G EZX D set of free generators LINE, G independent
indexed set THD.

Proof. GO power X o TH B0 H Theorem 4 IZL>T By
BB B DEND isomorphism h BEEL, t,(R)={t,@},p &
indéjpendewt indexed set THBHD, h(t,(R)=§ TRMRIISB
QRO wndependent indexed set LLB. ‘q. e.d.

83. Separable Boolean algebra

Boolean algebra A D subset BEOVTHBEL ued, uxo
LHLT oxvsu kdd ved zb\‘ﬁE‘g‘%Aé:§, D E dense lin
A)THIEND., A BPELKTEBTHD dense subset HZ&L
L= A4 W separable THILWS.

Theorem 5. RE A> X, ZED free Boolean algebra A
X separable TILEL.

Proof. A W free THBHS, Theorem 4 @ Corollary 1 1
£oT A% generate 33 set of free generators le inde-
pendent indexed set'{uz}%éx (X=o) NFD.

x) Elhz, N Etz, O O ELUZ, * O

(z,eX, ixj EBE 2,%2;, &=-1or 1)
WOEONFELLEDLEBDEAE # LT3, O A B sepa
rable . THBIL LT, *OBLATHEBD dense set & H={u;} &
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Lk D, {uztzex & A4 D set of generators TH3H 5B, EED
w;¥0 IZHLT w2 v BD ved ’"\FEETD.

V= Uy, 0 EqUz, N N Eplly, ERBENBN, {ug,, ug,,
L Ugat= K LBE, BOBOO % CHL K EED O K=
HOEBIRE, X OMEL SR, THD. DI {%rlpex- K *0.

weltzlpex-H HB3UZENE, ux0 THINH, Hd u B
B> T

(xX) URUG2 E UL N EyUy, N NEQUL, € H
U gy, Uzy, oy Uz, DVTMEERELDI D
7 W NS g, Vg, N 0 EgUgy,® O
THHAEABEL. ETAR (x%) T T

W N E Uy, N Sz, N N Sﬁ,u%: 0
CHEBAALFETHS.

M AL separable TEHEOIEHNEBESAILL. g e.d.

BEEEAD subsets ME3 field F LDV T, XOHRES 2
Rz, yoXLT zcu b2 gédu EBBLIT ueF v'6dk
&, field ¥ & separatingTHDIELD.

Theorem 6. ME 2% THAEROESXIIHLT, BELFAT
HAXD subsets B"H U B separating field F RFETA.

Proof.  Cantor space H, OBEEL 2% THA. Hy O du-

‘al algebra B, & separating field ’G@U, Theorem 312 &
S TXORERATHS. LHBIT H EXORELRAC THE0 5,
- H, V"o XDEND one-to-one mapping £ #8&H3., TOFETAHAL
T family F={Fw}ycn, EENE, FAROBIENOTHI-LE
BPBHEATHIB. 9.e.d. .

Theorem 7. ERORE 2R, ITHLT, Cantor space
Hyp WHEEAD dense subset Z&L.

Proof. Hyo=PyepH, (R=2*")T&%3. Theorem 6 LT
d> TRERKRTBBRD subsets B™BK 3 separating Field F H
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BETS. BOEDD neF ITHLT,
zeu B hyulz)=1
z&u Kol hzlz)=o0
CHILAUHADER £y ERBELDD. ZO&HM hylue F)
SHOBEXOBRERATED, field F |3 separating THBH
5, ROMELS points 0 SHABFEAM{2,,2,,, 2.} BLO
LELE -1 DBUB sequence {€,,8,, -, Ea} IEHLT
g=1 HblX =z;€n
E=-1 KoL z;qa 7
LHB ueF NENB. G={heHuihoml} ERBINE, T0T
= |
hy€E.G7, 0 &G, 0" NELGL,
THETEEBRTS. £,62,0NEGr, HAED set 1 Hy
D open base ZEED DT, XRZIZLHK Hux DR D dense subset
THB. g.e.d. |
Theorem 8.  BEAZ R, THIERFD set X AIXTD
subsets "B D freld F & Bull isomorphic TH3 subfi-
eld ¥ 2&L. LIZOR>T F' & free Boolean algebra THA,
Proof. Theorem 7 I2& » T, X & Cantor spuce Hoa DR
BoD dense subset THD2L LTHEAITNE+D2THS. I P
NS F DRAND mapping h &
) = 2 X (2 € Boa)
EREINE, XD Ha T dense THBTEDD X isomorphism
(into) THB. Theorem 312 &5 T Bl free THD. LITHR>
T wsomorphic image {h(@}tyep,, & free Boolean algebra T
53, g e.d.
Theorem 8 TH VT o=, LLILEE, freld ¥ RBALHIT
separable Boolean algebra THD. LTAN. By I isomor-
phic B F D subfield ¥’ & free THS. M ZIZ Theorem 51C
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&2 T ¥’ J separable Boolean algebra TIEXHB L.

P> T, separable Boolean algebra o subalgebra T
LB XL separable TEBG&ND Coumfe?"-examplé BKTELTD
TTHD.

84. Necessary condition for separability

Theorem 8. E& D separable Boolean algebra 4 @ du-
al space A X separable space THD. |

Proof. A OBELRUEMED dense set £ {u;} <. {a:

alu)=1}=A; (i=21,2 ) LBE, BOBOD A, DRHS—
DIDEEOR q; TEOLL, DB a; PEDEAXN AT dense
THAZEZEBRLKD. Ay Zdgxd; (£=1,2,) HBAD

EROELTD. ¢, ZRUEBOMEAGZ LN, Theorem 2 10
£oT aoelaialw=1}56 ZMEI3 open-closed set {a:
aw)=1} HEETS. A separable THIHH, TOulC
AU w2u,%0 Bd w; e, A;S{aralu)=1} REDLD,
BIZGDHRI ao*xa, B3 aq,eX rAENB LAY, X den-
se THDIZER/XDHNS. - g.e.d. '
Cantor space steov & Boolean space T&HD, Theorem 7 IZ
&5 T Hyso & separable space THB. LHL YD dual alge-
bra By i free Boolean algebra THDH 1> separable
T AW, LIZHN>T Boolean algebra # separable THBHI
BILXD dual space B separable THEDENBERMTESH
DH+RRETRUCT ENRSNLNDITH S,



