
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

波動関数展開に基づいた散乱音場の準理論解析手法

木田, 佳孝

https://doi.org/10.15017/1441244

出版情報：九州大学, 2013, 博士（工学）, 課程博士
バージョン：
権利関係：全文ファイル公表済



೾ಈؔ਺ల։ʹࢄ͍ͨͮجཚԻ৔ͷ४ཧ࿦ղੳख๏

Semi-analytical methods based on wave function expansion
for calculating acoustic scattering

໦ా Ղ޹

Yoshitaka Kida

2014೥ 3݄





i

໨࣍

ୈ 1ষ ং࿦ 1

1.1 ܠͷഎڀݚ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 ຊڀݚͷ໨త . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 ຊ࿦จͷߏ੒ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

ୈ 2ষ Ի৔ͷํૅجఔࣜ 9

2.1 Ի৔ͷํૅجఔࣜ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Ի৔ͷੵ෼ํఔࣜ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Ի৔ͷڥք৚݅ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.2 Kirchhoff–Huygensͷެࣜ . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 քཁૉ๏ڥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 ֤छ࠲ඪܥʹ͓͚ΔԻ৔ͷ೾ಈؔ਺ . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.1 σΧϧτ࠲ඪܥʹ͓͚ΔҰൠղ . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4.2 ΔҰൠղ͚͓ʹܥඪ࠲ٿ . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4.3 ପԁମ࠲ඪܥʹ͓͚ΔҰൠղ . . . . . . . . . . . . . . . . . . . . . . . . . 22

ୈ 3ষ ཚԻ৔ͷ४ཧ࿦ղੳख๏ࢄ͍ͨ༺খೋ৐๏Λ࠷೾ಈؔ਺ͱٿ 27

3.1 ఏҊղੳख๏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1.1 ໰୊ઃఆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.1.2 ఆࣜԽ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 ਺஋ྫࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.2.1 ো֐෺ͷԕํʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑ . . . . . . . . . . . . . . . . . . . 31

3.2.2 ো֐෺ͷۙ๣ʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑ . . . . . . . . . . . . . . . . . . . 33

3.2.3 ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 ίετࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.4 ·ͱΊ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

ୈ 4ষ ೾ಈؔ਺ͱٿ Kirchhoff–HuygensͷެࣜΛ༻͍ͨࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ 39

4.1 ఏҊղੳख๏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.1.1 ໰୊ઃఆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39



ii

4.1.2 ఆࣜԽ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.2 ਺஋ྫࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.2.1 ಛੑ޲ࢦཚ೾ͷࢄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.2.2 ো֐෺ۙ๣ʹؔ͢Δূݕ . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.2.3 ো֐෺ͷΞεϖΫτൺʹؔ͢Δূݕ . . . . . . . . . . . . . . . . . . . . . 49

4.2.4 ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4.2.5 ίετࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.3 ·ͱΊ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

ୈ 5ষ ଟॏ࠶ۃల։Λ༻͍ͨଟॏࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ 61

5.1 ఏҊղੳख๏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.1.1 ໰୊ઃఆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.1.2 ఆࣜԽ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.2 ਺஋ྫࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2.1 ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2.2 ূݕՌͷऩଋʹؔ͢Δ݁ࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.2.3 ো֐෺ۙ๣ʹؔ͢Δূݕ . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

5.2.4 ো֐෺ؒͷڑ཭ʹؔ͢Δূݕ . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.2.5 ো֐෺ͷੇ๏͕ҟͳΔ৔߹ʹ͍ͭͯͷূݕ . . . . . . . . . . . . . . . . . . 77

5.2.6 ো֐෺ͷݸ਺ʹؔ͢Δূݕ . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2.7 ίετࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.3 ·ͱΊ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

ୈ 6ষ ପԁମ೾ಈؔ਺ͱ Kirchhoff–HuygensͷެࣜΛ༻͍ͨࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ 87

6.1 ఏҊղੳख๏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.1.1 ໰୊ઃఆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.1.2 ఆࣜԽ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

6.2 ਺஋ྫࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6.2.1 ፏฏͳ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳ . . . . . . . . . . . . . . . . . . . 91

6.2.2 ਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ͷղੳ . . . . . . . . . . . . . . . . . 97

6.2.3 ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ͷղੳ . . . . . . . . . . . . . . . . . 101

6.2.4 ίετࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3 ·ͱΊ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

ୈ 7ষ ପԁମ೾ಈؔ਺ͱ࠷খೋ৐๏Λ༻͍ͨബ൘ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ 105

7.1 ఏҊղੳख๏ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7.1.1 ໰୊ઃఆ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7.1.2 ఆࣜԽ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7.2 ਺஋ྫࢉܭ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108



iii

7.2.1 ਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ . . . . . . . . . . . . . . . . . . . . . 109

7.2.2 ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ . . . . . . . . . . . . . . . . . . . . . 113

7.2.3 ॏΈ܎਺ͷઃఆʹؔ͢Δূݕ . . . . . . . . . . . . . . . . . . . . . . . . . 116

7.3 ·ͱΊ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

ୈ 8ষ ݁࿦ 121

෇࿥ A ପԁମ೾ಈؔ਺ιʔείʔυ 127

ݙจߟࢀ 147

ँࣙ 151





1

ୈ 1ষ

ং࿦

ຊষͰ͸·ͣɼຊڀݚͷഎܠʹ͍ͭͯड़΂Δɻ࣍ʹԻڹ෼໺Ͱ༻͍ΒΕ͍ͯΔ୅දతͳ਺஋ղੳ

ख๏ͷ֓ཁʹ͍ͭͯ·ͱΊɼͦΕͧΕͷख๏͕ͭ࣋ಛ௃ʹ͍ͭͯ੔ཧ͢Δɻ·ͨɼͦΕΒΛ;·͑

ͯຊڀݚͷҐஔ͚ͮͱ໨తΛड़΂ɼຊ࿦จͷߏ੒ʹԊ࣮ͬͯࢪ಺༰ͱऔΓ૊Ή΂͖՝୊Λ͛ڍΔɻ

1.1 ܠͷഎڀݚ

ۙ೥ɼ΋ͷͮ͘Γʹ͓͚Δઃܭ΍։ൃʹରͯ͠਺஋ղੳख๏͕ੵۃతʹ༻͍ΒΕ͓ͯΓɼֶ޻෼

໺શൠʹ͓͍ͯ਺஋ղੳख๏ͷڀݚɾ։ൃͷॏཁੑ͕૿͍ͯ͠Δ [1]ɻԻڹ෼໺ʹ͓͍ͯ΋Իڥ؀

ͷઃܭ΍Իثػڹͷ։ൃʹର͠ɼ೾ಈԻڹཧ࿦ʹ͍ͨͮج਺஋ղੳख๏ʢҎԼɼ೾ಈԻڹ਺஋ղੳ

ख๏ͱݺͿʣ͕׆༻͞Ε͍ͯΔ [2, 3]ɻԻ৔ͷ༧ଌɾղੳʹର͠ɼཧ࿦ղੳղ͕ಘΒΕ͍ͯΔڥք

৚݅౳͸ݶΒΕ͍ͯΔͨΊ [4]ɼ࣮ࡍͷԻ৔ͱಉ౳ͷڥք৚݅ʹ͍ͭͯղੳ͍ͨ͠৔߹ʹ͸ɼ͜ͷ

Α͏ͳ೾ಈԻڹ਺஋ղੳख๏Λར༻͢Δඞཁ͕͋ΔɻҰൠతʹ͜ΕΒͷ೾ಈԻڹ਺஋ղੳख๏͸ɼ

Խ͠ɼࢄ഑ํఔࣜΛ཭ࢧԽख๏ʹΑͬͯԻ৔ͷࢄ෼໺શൠʹ͓͍ͯద༻͞ΕΔ൚༻తͳ཭ֶྗࢉܭ

Իͷ೾ಈతͳৼΔ෣͍Λ༧ଌ͢Δख๏Ͱ͋Δͱ͍͑ΔɻͦͷͨΊɼݐஙԻڹ෼໺Ͱ͘޿༻͍ΒΕͯ

͍Δɼ૾ڏ๏ʢimage source methodʣ΍Իઢ๏ʢray-tracing methodʣʹ୅ද͞ΕΔΑ͏ͳزԿ

Ի͍ͨͮجʹֶڹղੳख๏ [5]ͱ͸ҟͳΔɻ·ͨɼ୅දతͳ೾ಈԻڹ਺஋ղੳख๏ͱͯ͠͸ɼؒ࣌

ྖҬʹର͢Δख๏ͱͯ͠༗ࠩݶ෼๏ɼप೾਺ྖҬʹର͢Δख๏ͱͯ͠༗ݶཁૉ๏͓Αͼڥքཁૉ๏

ΒΕΔɻ͍ͣΕͷख๏΋͛ڍ͕ Fig. 1.1ͷΑ͏ʹɼղੳର৅ͱͳΔԻ৔ྖҬ·ͨ͸ڥք໘Λখ͞ͳ

ྖҬʹ෼ׂ͢Δ͜ͱͰղ͘ղੳख๏Ͱ͋Γɼ෼ׂ͞ΕͨྖҬ·ͨ͸ڥք໘ͷͦΕͧΕ͸ཁૉɼ·ͨ

͸ηϧͱ͍͍ɼͦΕΒͷू߹͸ϝογϡͱݺ͹ΕΔɻҎԼͰͦΕͧΕͷ೾ಈԻڹ਺஋ղੳख๏ͷಛ

௃ʹ͍ͭͯड़΂Δɻ

༗ࠩݶ෼๏

༗ࠩݶ෼๏ʢFinite Difference MethodɼҎԼ FDMͱ͢هʣ͸ɼඍ෼ํఔࣜʹ͓͚Δඍ෼ԋࢉ

ڹணͤͯ͞ղ͘ํ๏Ͱ͋ΔɻԻؼʹ఺ͷॾྔʹؔ͢Δ୅਺ํఔࣜࢠɼࠩ෼֨͑׵Λࠩ෼Ͱஔ͖ࢠ

෼໺ʹ͓͍ͯ͸Ի৔ͷॳظঢ়ଶ͔Βͷա౉తͳݱ৅ͷਪҠΛൃؒ࣌లతʹղ͘ྖؒ࣌Ҭղ๏ͱ͠
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セル

(a) ༗ࠩݶ෼๏

節点 要素

(b) ༗ݶཁૉ๏

要素

(c) քཁૉ๏ڥ

Fig. 1.1 ֤छख๏ʹΑΔཁૉ෼ׂྫ

ͯΑ͘༻͍ΒΕɼͦͷΑ͏ͳࠩ෼๏͸ಛʹྖؒ࣌Ҭ༗ࠩݶ෼๏ʢFinite Difference Time Domain

MethodɼҎԼ FDTDͱ͢هʣͱݺ͹ΕΔɻFDTDͰ͸࿈ଓͷࣜͱӡಈํఔࣜʹ͓͚Δඍ෼߲Λ

ࠩ෼ʹஔ͖͑׵ɼஞੵؒ࣌࣍෼Λ͏ߦɻͦͷͨΊɼԻڹ఻ൖܥΛද͢ϚτϦΫεͳͲ͕ෆཁͰ͋

Γɼൺֱతগͳ͍ݯࢿػࢉܭͰղੳ͕ՄೳͰ͋ΔɻҰํͰɼجຊతʹ௚ަ௚ઢ֨ࢠΛલఏͱ͢Δͨ

Ίɼෆ੔ࣨܗͳͲͷෳܗࡶঢ়ͷղੳʹ޻෉Λཁ͢Δ͜ͱͳͲ͕୹ॴͱͯ͛͠ڍΒΕΔɻͦ͜Ͱɼ2

͍ͨ༺Λܥඪ࠲Ͱ͸ͳ͘Ұൠࢠͷղੳʹ͓͍ͯɼ௚ަ֨ࣨܗԻ৔ʹ͓͚Δෆ੔ݩ࣍ FDTD͕ఏҊ

͞Ε͍ͯΔ [7]ɻ

༗ݶཁૉ๏

༗ݶཁૉ๏ʢFinite Element MethodɼҎԼ FEMͱ͢هʣͰ͸ɼղੳର৅ͱͳΔԻ৔ͷۭؒશ

ମΛ༗ݸݶͷཁૉʹ෼ׂ͠ɼͦΕͧΕͷཁૉ͝ͱʹఆٛ͞Εͨઅ఺Λ༻͍ͯԻ৔Λද͢ݱΔɻͦͷ

ͨΊɼࣗ༝౓͸Ի৔ͷۭؒશମͷେ͖͞ʹґଘ͢ΔɻFEMͰ͸ɼܥͷৼΔ෣͍͸࣭ྔϚτϦΫε

͓Αͼ߶ੑϚτϦΫεʹΑͬͯهड़͞Εɼ͜ΕΒͷϚτϦΫεʹؔ͢Δݻ༗஋໰୊Λղ͘͜ͱͰ

ϞʔυղੳΛ͜͏ߦͱ͕Ͱ͖Δͱ͍͏ಛ௃͕͋Δ [8]ɻ·ͨɼͦͷࣗ༝౓ʹؔͯ͠͸ɼલड़ͷͱ͓

Γ FEMͰ͸ղੳର৅ͷԻ৔ۭؒશମΛཁૉ෼ׂ͢Δඞཁ͕͋Δ͜ͱ͔Βɼղੳʹඞཁͱ͢Δࣗ༝

౓͸େ͖͘ͳΓ͕ͪͰ͋Δ͕ɼ࣭ྔϚτϦΫε౳͕ૄྻߦͰ͋Δ͜ͱ͔ΒɼͦΕΒͷੑ࣭Λ༻͍ͯ

ฒྻԽɾϕΫτϧԽ͕ൺֱత༰қͰ͋Γɼࢉܭͷߴ଎Խ͕ՄೳͱͳΔɻFEMʹ͓͍ͯ։ྖҬΛѻ

͏ͨΊʹ͸ແ൓ࣹڥք [9]Λಋೖ͢ΔͳͲͷ޻෉͕ඞཁͰ͋ΓɼดྖҬ΁ͷద༻͕ओͱͳΔɻ

քཁૉ๏ڥ

քཁૉ๏ʢBoundaryڥ Element MethodɼҎԼ BEMͱ͢هʣͰ͸ɼ೾ಈํఔࣜΛղੳର৅ͱ

ͳΔྖҬͷڥք໘ʹ͓͚Δੵ෼ํఔࣜʹؼணͤ͞ɼڥք໘ͷΈΛཁૉ෼ׂ͢Δ͜ͱʹΑΓԻ৔Λද

ΔɻͦͷͨΊ͢ݱ BEMͰ͸ FEMͱ͸ҟͳΓԻ৔ͷڥք໘ͷΈΛཁૉ෼ׂ͢Ε͹Α͍͜ͱ͔Βɼ

ѻ͏໰୊ͷ͕ݩ࣍Լ͕Δ͜ͱɼ։ྖҬΛѻ͏ͨΊʹಛผͳॲཧ΍ڥք৚݅౳͕ෆཁͰ͋Δ͜ͱ͕ಛ
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௃ͱͯ͛͠ڍΒΕΔɻ͜ͷͱ͖ɼղੳʹඞཁͱͳΔࣗ༝౓ʹؔͯ͠΋ FEMͳͲͱൺֱͯ͠௿͞ݮ

ΕΔ΋ͷͷɼܥͷৼΔ෣͍Λද͢ϚτϦΫε͕ີྻߦͱͳΔ͜ͱ͔Βࢉܭྻߦʹཁ͢Δԋ͕ྔࢉେ

͖͘ɼػࢉܭෛՙͷ໘Ͱଞख๏ͱൺֱͯ͠ඞͣ͠΋༗རͱ͸͍͑ͳ͍ɻͦ͜Ͱɼޮࢉܭ཰ͷ্޲Λ

໨తͱͯ͠ɼߴ଎ଟॏڥۃքཁૉ๏ʢFast Multipole Boundary Element Method:FMBEMʣ͕

ఏҊ͞Ε͍ͯΔ [10]ɻ͜Ε͸ɼࣗ༝౓ͷେ͖ͳϙςϯγϟϧ໰୊ͷղ๏Ͱ͋Δߴ଎ଟॏۃΞϧΰϦ

ζϜʢFast Multipole Algorithm:FMMʣ[11]Λ BEMʹಋೖͨ͠΋ͷͰ͋Γɼେن໛ۭؒ΁ͷద

༻͕ਐΊΒΕ͍ͯΔ [12, 13]ɻ

BEM͸ຊڀݚͷ਺஋ྫࢉܭʹ͓͍ͯఏҊख๏ͱͷൺֱର৅ͱͯ͠༻͍ΔͨΊɼͦͷৄࡉΛୈ 2

ষʹ͋ΒͨΊͯ͢هɻ

Ҏ্ͷΑ͏ͳ೾ಈԻڹ਺஋ղੳख๏͕Իڹ෼໺ʹద༻͞ΕɼԻڥ؀΍༧ଌ΍ԻثػڹͷઃܭͳͲ

ͷ࣮຿ʹ໾ཱͯΒΕ͍ͯΔɻ·ͨɼޙࠓͷݯࢿػࢉܭͷ͞ΒͳΔॆ࣮΍ɼ೾ಈԻڹ਺஋ղੳख๏ࣗ

ମͷڀݚɾ։ൃΑΓɼ࣮຿΁ͷద༻͸·͢·͢ਐΉͱ༧૝͞ΕΔɻ

1.2 ຊڀݚͷ໨త

͜Ε·Ͱʹ΋લઅͰड़΂ͨ 3छͷ೾ಈԻڹ਺஋ղੳख๏Λ༻͍ͨ਺ଟ͘ͷղੳྫ͕ใ͞ࠂΕ͓ͯ

Γɼޙࠓ΋͜ΕΒͷख๏ͷ࣮຿΁ͷద༻͸·͢·͢ਐΉͱ༧૝͞ΕΔɻ·ͨɼ͜ΕΒͷ೾ಈԻڹ਺

஋ղੳख๏Λ༻͍ͯɼSYSNOISE [14]΍WAON [15]ͱ͍ͬͨ঎༻ΞϓϦέʔγϣϯ͕։ൃ͞Εɼ

࣮຿ʹ໾ཱͯΒΕ͍ͯΔɻ

ҰํͰɼ͋ࠓΔݯࢿػࢉܭΛΑΓ༗ޮʹ׆༻͢ΔͨΊʹ͸ɼ৽ͨͳղੳख๏ʹ͍ͭͯ͢ڀݚΔ͜

ͱ΋ॏཁͰ͋ΔɻԻ৔ղੳʹ·ͣٻΊΒΕΔ͜ͱ͸ɼઃܭஈ֊ʹ͓͚ΔԻ৔ͷجຊతͳಛ௃ͷ೺Ѳ

΍ຊ࣭తͳ෺ཧݱ৅ͷཧղͰ͋Γɼ͜ͷͱ͖ղੳର৅ͷԻ৔ΛີݫʹϞσϧԽ͢ΔͷͰ͸ͳ͘ɼ୯

७Խͨ͠Ϟσϧʹ͍ͭͯղੳ͢Ε͹े෼ͳ݁Ռ͕ಘΒΕΔ͜ͱ΋ଟ͍ɻ·ͨɼϞσϧ͕୯७Խ͞Ε

Δ͜ͱͰɼػࢉܭʹཔΒͣཧ࿦తʹղੳΛਐΊΒΕΔ෦෼͕ଘ͢ࡏΔΑ͏ͳ৔߹ʹ͸ɼࢉܭίετ

Λ௿͢ݮΔ͜ͱ͕Ͱ͖ΔՄೳੑ͕͋Δɻ͜ͷΑ͏ͳ৔߹ʹରͯ͠΋લड़ͷ೾ಈԻڹ਺஋ղੳख๏Λ

༻͍Δͷ͸ɼݯࢿػࢉܭͷ༗ޮར༻ͱ͍͏؍఺͔Β͢Ε͹ɼղੳର৅ͷϞσϧʹରͯ͠ࢉܭίετ

͕େ͖͗͢Δ৔߹͕͋ΔɻͦͷͨΊɼղੳର৅ͷϞσϧʹԠͯ͡ద੾ͳղੳख๏Λબ୒͢Δඞཁ͕

͋Δͱ΋͍͑Δɻ

ͦ͜ͰɼT -ϚτϦΫε๏ [6]Λ͸͡Ίͱͨ͠ɼ४ཧ࿦ղੳख๏ʢ४ղੳతɾ൒ղੳతͱ΋ݺ͹Ε

Δʣ͕͞ڀݚΕ͍ͯΔɻ४ཧ࿦ղੳख๏͸ɼԻ৔Λ

φ(r) =
∑

n

An φn(r) (1.1)

ͷΑ͏ʹ೾ಈؔ਺ܥ φn ͱະ஌ͷల։܎਺ An Λ༻͍ͨల։දݱͰද͠ɼల։܎਺ An ʹ͍ͭͯ͸
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ԿΒ͔ͷํ๏Ͱڥք৚݅Λద༻͢Δ͜ͱͰ





L1,1 L1,2 · · · L1,N

L2,1 L2,2 · · · L2,N

...
...

. . .
...

LN,1 LN,2 · · · LN,N










A1

A2

...

AN






=






D1

D2

...

DN






(1.2)

ͷΑ͏ͳɼల։܎਺ An Λະ஌਺ͱͨ͠ϚτϦΫεํఔࣜʹؼணͤ͞Δ͜ͱͰ਺஋తʹٻΊΔղੳ

ख๏Ͱ͋ΔɻͦͷͨΊɼ४ཧ࿦ղੳख๏͸

• ԽΛඞཁͱ͠ͳ͍ࢄ਺஋ղੳख๏ͷΑ͏ͳԻ৔ͷ཭ڹຊతʹ͸ɼલड़ͨ͠೾ಈԻج
• ల։܎਺ An ͕ಘΒΕͯ͠·͑͹ɼੵ෼ࢉܭ౳ΛඞཁͱͤͣɼEq. (1.1)Λ༻͍Δ͜ͱͰཧ

࿦ղੳղͷΑ͏ʹ؍ଌ఺ͷ଎౓ϙςϯγϟϧ౳ΛٻΊΔ͜ͱ͕Ͱ͖Δ

ͱ͍ͬͨΑ͏ͳಛ௃Λͭ࣋ɻ͜ͷΑ͏ͳ४ཧ࿦ղੳख๏ͷͻͱͭͱͯ͠ɼ2ݩ࣍Ի৔ʹ͓͚Δൺֱ

త୯७ͳܗঢ়ͷো֐෺ʹΑΔԻࢄڹཚ໰୊ͷղੳʹରͯ͠ڥքలղ๏͕ఏҊ͞Ε͓ͯΓɼରশͳ

ো֐෺ʹΑΔԻࢄڹཚ໰୊ʹରͯ͠͸ɼڥքల։๏Λ༻͍ͯղੳ͢Δ΄͏͕ BEM Λ༻͍ͯղੳ

͢ΔΑΓ΋ࢉܭίετͷ໘Ͱ༏ҐͰ͋Δ͜ͱ͕ࣔ͞Ε͍ͯΔ [16]ɻ·ͨɼ3 Ի৔ʹ͓͍ͯ΋ݩ࣍

ো֐෺ܗঢ়͕༗ݶ௕ԁ౵΍ପԁٿͰ͋Δ৔߹ʹର͠ɼ४ཧ࿦ղੳख๏Λ༻͍ͨղੳ͕ߦΘΕ͍ͯ

Δ [17–20]ɻҰൠతʹɼҎ্Ͱड़΂ͨΑ͏ͳ४ཧ࿦ղੳख๏͸ɼBEMͱൺ΂ͯগͳ͍ະ஌਺Ͱे

෼ͳղੳ݁ՌΛಘΔ͜ͱ͕ՄೳͰ͋Δͱ͍ΘΕ͍ͯΔ [18]ɻͦͷͨΊɼѻ͏ো֐෺ܗঢ়ʹΑͬͯ͸

BEMͱൺֱͯ͠ࢉܭίετΛ௿͢ݮΔ͜ͱ͕Ͱ͖ɼݶΒΕͨݯࢿػࢉܭΛ༗ޮʹ׆༻Ͱ͖ΔՄೳ

ੑ͕͋Δɻ

·ͨɼҰൠతͳ BEMΛ༻͍ͯো֐෺ʹΑΔࢄཚԻ৔Λղੳ͢ΔࡍʹɼղͷඇҰҙੑʹΑΓಛఆ

ͷप೾਺ʹ͓͍ͯਫ਼౓͕ஶ͘͠௿Լ͢Δ͜ͱ͕஌ΒΕ͍ͯΔ [21]ɻ͜Ε͸ɼҰൠతͳ BEM Ͱ͸

ք্ͷ଎౓ϙςϯγϟϧ΍ԻѹΛະ஌ྔͱͯ͠ઃఆ͍ͯ͠Δ͜ͱ͔ڥʹࡍքੵ෼ํఔࣜΛղ͘ڥ

Βɼղੳप೾਺͕ো֐෺಺෦ͷ Dirichletप೾਺ͱҰகͨ͠৔߹ʹղΛҰҙʹٻΊΔ͜ͱ͕Ͱ͖ͳ

͍͜ͱ͕ݪҼͰ͋Γɼ਺ֶతͳ໰୊Ͱ͋Δɻ͜ͷղͷඇҰҙੑʹΑΔਫ਼౓ͷ௿ԼΛճආ͢ΔͨΊ

ʹɼCHIEF๏ [22]΍ Burton–Miller๏ [23]͕ఏҊ͞Εɼͦͷ༗ޮੑ͕ࣔ͞Ε͍ͯΔ͕ɼ͜ΕΒ

ͷख๏͸ Greenؔ਺ͷमਖ਼΍๏ઢํ޲ඍ෼ܕͷڥքੵ෼ํఔࣜͷಋೖ͕ඞཁͱͳΔͨΊɼҰൠʹ

ڥΔɻҰํͰɼ४ཧ࿦ղੳख๏Ͱ͋Ε͹ɼBEMͷΑ͏ʹະ஌ྔ͕͋ʹ޲܏ίετ͕૿Ճ͢Δࢉܭ

ք্ͷ଎౓ϙςϯγϟϧ౳Ͱ͸ͳ͘ɼԻ৔ͷల։දݱʹ༻͍Δ೾ಈؔ਺ͷల։܎਺ͱͳΔͨΊɼղ

ͷඇҰҙੑΛճආͰ͖Δͱ͑ߟΒΕΔɻ

ͦ͜ͰɼຊڀݚͰ͸Ի৔ͷ༧ଌɾղੳͷ۩ମྫͱͯ͠ɼૅجతͳԻڹ໰୊ͷҰͭͰ͋Δো֐෺ʹ

ΑΔࢄཚԻ৔ΛऔΓ্͛ɼͦͷղੳख๏ͱͯ͠೾ಈؔ਺ల։ʹ͍ͨͮج४ཧ࿦ղੳख๏ΛఏҊ͢

Δɻ͜ͷͱ͖ɼো֐෺ܗঢ়͸ൺֱత୯७Ͱ͋Γɼ

• ͦΕͧΕͷো֐෺͸୯Ұͷดۂ໘Ͱߏ੒͞Ε͓ͯΓɼ۠෼తʹ׈Β͔Ͱ͋Δ
• ͳ͍ͨ࣋୺ͳԜತΛۃͰද͢͜ͱ͕Ͱ͖ɼܗΛ༻͍ͯ୯७ͳܥඪ࠲ք৚݅͸ಛఆͷڥ

ͱ૝ఆ͢Δɻ͜ͷΑ͏ͳো֐෺ܗঢ়ʹର͠ɼຊڀݚͰ͸ 5ͭͷ४ཧ࿦ղੳख๏ΛఏҊ͢Δɻ
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波動関数

マトリクス
方程式

障害物

単一障害物複数障害物

障害物形状が球に近い

単一障害物

球波動関数 楕円体波動関数

多重極
再展開

Kirchhoff-Huygens の公式 最小二乗法

第 3章 第 4章 第 5章 第 6章 第 7章

最小二乗法

扁平な
障害物形状 薄板

Fig. 1.2 ຊ࿦จͰఏҊ͢Δ४ཧ࿦ղੳख๏

1.3 ຊ࿦จͷߏ੒

ຊ࿦จͰఏҊ͢Δ४ཧ࿦ղੳख๏ͷ֓ཁʹ͍ͭͯड़΂Δɻຊ࿦จͰఏҊ͢Δ४ཧ࿦ղੳख๏͸͓

͓·͔ʹɼ

• ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ٿ
• ପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏

ͷ 2छྨʹ෼ྨ͢Δ͜ͱ͕Ͱ͖ɼ͞ΒʹɼFig. 1.2ͷΑ͏ʹ෼ྨ͢Δ͜ͱ͕Ͱ͖ΔɻҎԼͰ͸ɼͦ

ΕͧΕͷষʹ͓͍ͯѻ͏಺༰΍४ཧ࿦ղੳख๏ʹ͍ͭͯͷ֓ཁΛ͢هɻ

ୈ 1ষ

ຊষͰ͋Δɻ͜͜Ͱ͸ຊڀݚͷഎܠͱͳΔɼ೾ಈԻڹղੳख๏ͷݱঢ়ʹ͍ͭͯ·ͱΊΔɻ·ͨɼ

୅දతͳ೾ಈԻڹ਺஋ղੳख๏Ͱ͋Δ FDMɼFEM͓Αͼ BEMͷ֓ཁʹ͍ͭͯ·ͱΊɼͦΕͧ

Εͷख๏ʹ͓͚Δར఺΍ܽ఺ʹ͍ͭͯ੔ཧ͢ΔɻͦΕΒΛ;·͑ͯɼຊڀݚͷ໨తͱຊ࿦จͷߏ੒

ʹ͍ͭͯड़΂Δɻ
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ୈ 2ষ

ୈ 2 ষͰ͸ɼຊ࿦จதͰ༻͍Δ֤छه߸Λఆٛ͠ɼԻ৔ͷࣜ܎ؔૅجͰ͋Δ೾ಈํఔ͓ࣜΑͼ

Kirchhoff–HuygensͷެࣜΛಋग़͢Δɻ࣍ʹɼຊ࿦จͷ਺஋ྫࢉܭʹ͓͍ͯɼൺֱର৅ͱͯ͠༻͍

Δ BEMͷ֓ཁʹ͍ͭͯड़΂Δɻޙ࠷ʹɼ֤छ࠲ඪܥʹ͓͚Δ೾ಈؔ਺Λಋग़͠ɼୈ 3ষҎ߱Ͱఆ

ࣜԽ͢Δ४ཧ࿦ղੳख๏ͷ४උΛ͏ߦɻ

ୈ 3ষ

ୈ 3ষͰ͸ɼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ʹ͍ͭͯ͑ߟΔɻ͜͜ͰఆࣜԽ͢Δ

४ཧ࿦ղੳख๏Ͱ͸ɼ೾ಈؔ਺ʹ͸ٿ೾ಈؔ਺Λ༻͍ɼల։܎਺ʹ͍ͭͯ͸ڥք৚݅ʹؔ͢Δೋ৐

ฏࠩޡۉΛධՁؔ਺ͱ͠ɼͦ͜ʹ࠷খೋ৐๏Λద༻͢Δ͜ͱͰϚτϦΫεํఔࣜʹؼணͤ͞਺஋త

ཚԻ৔Λղੳ͠ɼͦͷ਺஋ಛੑࢄ௕ԁ౵ʹΑΔݶΊΔɻఆࣜԽͨ͠४ཧ࿦ղੳख๏Λ༻͍ͯ༗ٻʹ

Δɻ͢ূݕ͍ͯͭʹ

ୈ 4ষ

ୈ 4ষͰ͸ɼୈ 3ষͱಉ༷ʹ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔Λର৅ʹɼ೾ಈؔ਺ͱͯ͠ٿ೾ಈؔ਺

Λ༻͍ͨ४ཧ࿦ղੳख๏ΛఏҊ͢Δɻ͜ͷͱ͖ɼୈ 3ষͱ͸ҧ͍ɼల։܎਺ʹؔ͢ΔϚτϦΫεํ

ఔࣜΛಋ͘ࡍʹɼ࠷খೋ৐๏Ͱ͸ͳ͘ɼԻ৔ͷੵ෼ํఔࣜͰ͋Δ Kirchhoff–HuygensͷެࣜΛ༻

͍Δɻ·ͨɼୈ 3ষͱಉ༷ʹɼఆࣜԽͨ͠४ཧ࿦ղੳख๏Λ༻͍ͯ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔Λղ

ੳ͠ɼͦͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

ୈ 5ষ

ୈ 5ষͰ͸ɼୈ 4ষͰఆࣜԽͨ͠ख๏ʹଟॏ࠶ۃల։Λಋೖ͢Δ͜ͱͰɼෳ਺ݸͷো֐෺ʹΑΔ

ଟॏࢄཚԻ৔ʹ͍ͭͯ΋ղੳ͢Δ͜ͱͷͰ͖Δ४ཧ࿦ղੳख๏ΛఆࣜԽ͢ΔɻఆࣜԽͨ͠४ཧ࿦ղ

ੳख๏Λ༻͍ͯɼෳ਺ݸͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳ͔Βɼͦ ͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

ୈ 6ষ

ୈ 6ষͰ͸࠶ͼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ʹ͍ͭͯ͑ߟΔɻ͜ͷͱ͖ɼୈ 3ষ͓Αͼୈ 4ষͰ

ఆࣜԽͨ͠ख๏Ͱ͸ɼ೾ಈؔ਺ͱͯ͠ٿ೾ಈؔ਺Λ༻͍͍ͯΔͨΊɼ൘ܗঢ়ͷΑ͏ͳፏฏͳো֐෺

ʹΑΔࢄཚԻ৔ʹ͍ͭͯղੳΛ͏ߦͷ͕೉͍͠ͱ͑ߟΒΕΔɻͦ͜Ͱɼୈ 6ষͰ͸৽ͨʹ೾ಈؔ਺

ͱͯ͠ପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ΛఆࣜԽ͢Δɻ͜ͷͱ͖ɼల։܎਺ʹ͍ͭͯ͸ୈ 4

ষͱಉ༷ʹ Kirchhoff–HuygensͷެࣜΛ༻͍ͯϚτϦΫεํఔࣜʹؼணͤ͞Δ͜ͱͰ਺஋తʹٻ

ΊΔɻ·ͨɼఆࣜԽͨ͠४ཧ࿦ղੳख๏Λ༻͍ͯ൘ܗঢ়ͷΑ͏ʹፏฏͳো֐෺ʹΑΔࢄཚԻ৔Λղ

ੳ͠ɼͦͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ
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ୈ 7ষ

ୈ 7ষͰ͸ɼୈ 6ষͱಉ༷ʹ೾ಈؔ਺ͱͯ͠ପԁମ೾ಈؔ਺Λ༻͍ͯɼബ൘ʹΑΔࢄཚԻ৔Λղ

ੳ͢ΔͨΊͷ४ཧ࿦ղੳख๏ΛఆࣜԽΛ͏ߦɻ͜ͷͱ͖ɼల։܎਺ʹ͍ͭͯ͸ڥք৚݅ʹؔ͢Δධ

Ձؔ਺Λઃఆ͠ɼͦ͜ʹ࠷খೋ৐๏Λద༻͢Δ͜ͱͰϚτϦΫεํఔࣜʹؼணͤ͞ΔɻఆࣜԽͨ͠

४ཧ࿦ղੳख๏Λ༻͍ͯɼബ൘ʹΑΔࢄཚԻ৔Λղੳ͠ɼͦͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

ୈ 8ষ

ຊڀݚʹΑͬͯಘΒΕͨ੒Ռʹ͍ͭͯ·ͱΊɼ͞࢒Εͨ՝୊ʹ͍ͭͯ੔ཧ͢Δɻ

Ҏ্͕ຊ࿦จͷߏ੒Ͱ͋Δɻ
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ୈ 2ষ

Ի৔ͷํૅجఔࣜ

ຊষͰ͸·ͣɼຊ࿦จதͰ༻͍Δ֤छͷه߸Λఆٛ͠ɼ೾ಈํఔࣜΛ͸͡Ίͱ͢ΔԻ৔ͷํૅج

ఔࣜʹ͍ͭͯ·ͱΊΔɻ࣍ʹɼຊ࿦จதͷ਺஋࢖͍͓ͯʹྫࢉܭ༻͢Δ BEMͷ֓ཁʹ͍ͭͯ·ͱ

ΊΔɻޙ࠷ʹ֤छ࠲ඪܥʹ͓͚ΔҰൠղΛಋग़͠ɼ࣍ষҎ߱ʹ͓͍ͯఏҊ͢Δ४ཧ࿦ղੳख๏ͷ४

උΛ͏ߦɻ

2.1 Ի৔ͷํૅجఔࣜ

෺֐΍োݯΔɻԻ͸ѹॖੑྲྀମʹ͓͚ΔඍখৼಈͰ͋ΓɼԻ͑ߟ͍ͯͭʹΔԻ೾͢ߦதΛਐؾۭ

ΛؚΜۭͩؒ಺ͷԻ೾ͷੑ࣭Λ஌ΔͨΊʹ͸ɼྲྀମཧ࿦͔Βग़ൃͨ͠Ի೾ͷҰൠࣜΛૅجͱ͠ͳ͚

Ε͹ͳΒͳ͍ɻͦ͜Ͱ·ͣ͸ɼྲྀମཻࢠͷӡಈํఔࣜΛಋग़͢Δɻ͜ͷͱ͖ɼഔ࣭ͷີ౓Λ ρͱ͢

Ε͹ɼྲྀମ಺ͷඍখମੵ δxδyδz ʹର͠ɼͦͷ࣭ྔ͸ ρδxδyδz Ͱ༩͑ΒΕΔɻ͜ͷ࣭ྔʹରͯ͠

Newtonͷ๏ଇΛద༻͢Ε͹ɼӡಈํఔࣜ͸ࣜ࣍ͷΑ͏ʹද͞ΕΔɻ

∂V

∂t
= −c2grad s (2.1)

͜͜ͰɼVɿཻࢠ଎౓ɼsɿॖڽ཰Ͱ͋Δɻc͸ഔ࣭தͷԻ଎Ͱ͋ΓɼҎԼͷ͕ؔ͋ࣜ܎Δɻ

c =

√
κ

ρ
(2.2)

͜͜Ͱɼκɿମੵ஄ੑ཰Ͱ͋Δɻ·ͨɼ୯Ґͨ͋ؒ࣌Γͷମੵ͕๲ு͢Δׂ߹͕ྲྀମͷྲྀग़͢Δׂ

߹ʹ౳͍͜͠ͱ͔Βɼ࿈ଓͷࣜͱ͕ͯࣜ࣍͠ಘΒΕΔɻ

∂s

∂t
= −divV = div gradΦ = ∇2Φ (2.3)

͜͜ͰɼΦɿ଎౓ϙςϯγϟϧͰ͋ΓɼԻѹ P ͓Αͼཻࢠ଎౓ V Λ༻͍ͯࣜ࣍Ͱఆٛ͞ΕΔɻ

P = ρ
∂

∂t
Φ (2.4)

V = −∇Φ (2.5)

͞ΒʹɼEq. (2.1)ɼ(2.3)͔Βɼ

− ∂

∂t
gradΦ = −c2grad s (2.6)
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͢ͳΘͪɼঢ়ଶํఔࣜ

∂Φ

∂t
= c2s (2.7)

͕ಘΒΕΔɻ

Ҏ্ͷؔࣜ܎Λ༻͍Ε͹ɼԻ৔ͷࢧ഑ํఔࣜͱͯ͠ɼ

∇2Φ− 1

c2
∂2Φ

∂t2
= 0 (2.8)

͕ಘΒΕɼ͜Ε͸೾ಈํఔࣜͱݺ͹ΕΔɻ·ͨɼؒ࣌ҼࢠΛ exp(−jωt)ͱͨ͠ௐ࿨ৼಈΛԾఆ͠ɼ

଎౓ϙςϯγϟϧΛ Φ(r, t) = φ(r) exp(−jωt)ͱ͓͚͹ɼ࣍ͷ Helmholtzํఔ͕ࣜಘΒΕΔɻ

∇2φ+ k2φ = 0 (2.9)

͜͜Ͱɼk =
√

ω/c = 2πf/c = 2π/λɿ೾਺ɼωɿ֯प೾਺ɼfɿप೾਺ɼλɿ೾௕Ͱ͋Δɻಉ༷

ʹɼԻѹ P (r, t) = p(r) exp(−jωt)ɼཻࢠ଎౓ V (r, t) = v(r) exp(−jωt)ͱ͓͚͹ɼpɼv ͸ͱ΋

ʹ Eq. (2.9)Λຬͨ͢ɻ·ͨ Eq. (2.4)ɼ(2.5)͔Βɼؔࣜ܎ͱ͕ͯࣜ࣍͠ಘΒΕΔɻ

p = −jωρφ (2.10)

v = −∇φ (2.11)

ຊ࿦จͰ͸ HelmholtzํఔࣜʹΑΓࢧ഑͞ΕΔ໰୊Λѻ͍ɼҎԼͰ͸ɼಛʹஅΓͷͳ͍ݶΓ࣌

ؒҼࢠ exp(−jωt)Λলུ͠ɼۭؒҼࢠ pɼv ͦͯ͠ φͷͦΕͧΕΛ୯ʹԻѹɼཻࢠ଎౓ɼ଎౓ϙς

ϯγϟϧͱݺͿɻ

2.2 Ի৔ͷੵ෼ํఔࣜ

2.2.1 Ի৔ͷڥք৚݅

Fig. 2.1ʹࣔ͢Α͏ͳղੳྖҬ Ωʹ͍ͭͯ͑ߟΔɻͦͷ಺෦ʹ؍ଌ఺ r ͱԻݯ rs ͕ଘ͠ࡏɼղ

ੳྖҬͷڥքશମ Γ͸׈Β͔Ͱ͔ͭɼ߶นڥք Γ0ɼৼಈڥք ΓvɼٵԻڥք Γz ͷ 3छྨ͔Β੒Δ

΋ͷͱ͢Δɻ͜͜ͰɼٵԻڥքͰ͸ہॴ࡞༻ΛԾఆ͠ɼڥք Γʹର͢Δ಺͖޲ͷ୯Ґ๏ઢϕΫτϧ

Λ nͱ͢Δɻ͜ͷͱ͖ɼ֤छڥք໘Ͱ͸࣍ͷڥք৚͕݅੒Γཱͭɻ

∂φ(r)

∂n
=






0 r ∈ Γ0

−v(r) r ∈ Γv

jωρ

Z(r)
φ(r) r ∈ ΓZ

(2.12)

͜͜Ͱɼ∂/∂nɿڥք໘ͷ಺͖޲๏ઢํ޲ඍ෼ɼvɿ๏ઢํ޲ৼಈ଎౓ʢ಺͖޲Λਖ਼ͱ͢ΔʣɼZɿൺ

ԻڹΠϯϐʔμϯεͰ͋Δɻ
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Sound field Ω

Source rs

Observation point
 r

n

Total boundary Γ

n

Obstacles

Rigid boundary Γ0

Vibration boundary Γv

Absorption boundary ΓZ

Fig. 2.1 ղੳର৅ͱͳΔԻ৔ͷه߸ఆٛ

2.2.2 Kirchhoff–Huygensͷެࣜ

͜͜Ͱ͸ɼԻ৔ͷੵૅج෼ํఔࣜͰ͋Δ Kirchhoff–HuygensͷެࣜΛಋग़͢ΔɻԻ৔ʹԻ͕ݯ

෼෍͢Δ৔߹ɼԻݯͷ͞ڧͷ෼෍ؔ਺Λ q ͱ͢Ε͹ɼࣜ࣍ͷඇಉ࣍ Helmholtzํఔ͕ࣜಘΒΕΔɻ

∇2φ+ k2φ = −q (2.13)

্ࣜʹॏΈؔ਺ GΛ͔͚ɼྖҬ Ωʹ͍ͭͯੵ෼͢Ε͹ɼ͕ࣜ࣍ಘΒΕΔɻ
∫∫∫

Ω

(
∇2φ+ k2φ

)
GdV = −

∫∫∫

Ω
qGdV (2.14)

͜ͷͱ͖ɼମੵ෼ͱ໘ੵ෼ͷؔ܎ͱͯ͠ɼࣜ࣍ͷ Greenͷఆཧ͕஌ΒΕ͍ͯΔɻ

∫∫∫

Ω

(
F∇2G − G∇2F

)
dV =

∫∫

Γ

(
G ∂F
∂n

− F ∂G
∂n

)
dS (2.15)

Eq. (2.14)ͷࠨลΛม͠ܗɼGreenͷఆཧ Eq. (2.18)Λద༻͢Ε͹ɼ

∫∫∫

Ω

(
∇2φ+ k2φ

)
GdV =

∫∫∫

Ω

(
φ∇2G+ k2Gφ

)
dV +

∫∫∫

Ω

(
G∇2φ− φ∇2G

)
dV

=

∫∫∫

Ω
φ
(
∇2G+ k2G

)
dV +

∫∫

Γ

(
φ
∂G

∂n
−G

∂φ

∂n

)
dS (2.16)

ͱͳΔɻ͞ΒʹɼॏΈؔ਺ Gͱͯ͠ɼԻݯͷ͞ڧͷ෼෍ؔ਺ q Λۭؒతͳσϧλؔ਺ͱ͠ɼඇಉ

࣍ Helmholtzํఔࣜ (2.13)Λຬͨ͢΋ͷΛ༻͍Δɻ͢ͳΘͪɼ͕ࣜ࣍੒ཱ͢ΔΑ͏ͳॏΈؔ਺ G

Ͱ͋Δɻ

∇2G+ k2G = −δ(r − r′) (2.17)
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Γ

Γ’

r

r

n

Fig. 2.2 քڥ Γ্ʹ؍ଌ఺ r ͕͋Δ৔߹

͜ͷํఔࣜͷղͱͯ͠ఆٛ͞ΕΔॏΈؔ਺͸ Greenؔ਺ͱݺ͹Εɼ3ݩ࣍Ի৔Ͱ͸ࣜ࣍ͷΑ͏ͳ΋

ͷ͕͋Δɻ

G(r, r′) =
1

4πr
ejkr, r =

√
(x− x′)2 + (y − y′)2 + (z − z′)2 (2.18)

ΑͬͯɼEq. (2.16)ʹ Eq. (2.17)Λద༻͠ɼ੔ཧ͢Ε͹ɼ

φ(r) =

∫∫∫

Ω
qGdV +

∫∫

Γ

(
φ
∂G

∂n
−G

∂φ

∂n

)
dS (2.19)

ΛಘΔɻEq. (2.22)͸Ի৔ʹؔ͢Δੵ෼ํఔࣜͰ͋Γɼ؍ଌ఺ r ͕ྖҬ Ω಺ʹ͋Δ৔߹ʹ੒Γཱ

Ͱ͋Δɻࣜ܎ؔͭ

ଌ఺؍ɼʹ࣍ r͕ڥք Γ্ʹ͋Δ৔߹ʹ͍ͭͯ͑ߟΔɻ͜ͷͱ͖ɼFig. 2.2ͷΑ͏ʹ؍ଌ఺ rͷ

पΓʹখ͞ͳ൒ٿ໘ Γ′ Λઃ͚Δͱɼڥք໘ Γ′ ্ʹ͓͚Δੵ෼͸࣍ͷΑ͏ʹͳΔɻ

∫∫

Γ′

(
φ
∂G

∂n
−G

∂φ

∂n

)
dS =

∫∫

Γ′

(
−φ

∂G

∂r
+G

∂φ

∂r

)
dS

= 2πr2
(
φ
1− jkr

4πr2
ejkr +

1

4πr
ejkr

∂φ

∂r

)

= φ
1− jkr

2
ejkr +

r

2
ejkr

∂φ

∂r
(2.20)

ͱͳΔɻ͜͜Ͱɼ∂/∂n = −∂/∂r ͷؔ܎Λ༻͍ͨɻ͜ͷͱ͖ɼEq. (2.20)ʹ͓͍ͯ r → 0ͷݶۃ

ΛऔΕ͹ɼ

lim
r→0

∫∫

Γ′

(
φ
∂G

∂n
−G

∂φ

∂n

)
dS =

1

2
φ (2.21)

ͱͳΔɻ

Ҏ্ΑΓɼEq. (2.19)ͱɼEq. (2.21)ͷؔ܎Λ·ͱΊΔͱɼ

∫∫∫

Ω
qGdV +

∫∫

Γ

(
φ
∂G

∂n
−G

∂φ

∂n

)
dS =






φ(r), r ∈ Ω

1

2
φ(r), r ∈ Γ

(2.22)

ͱͳΔɻEq. (2.22)͸ Kirchhoff–Huygensͷެࣜͱݺ͹ΕɼఆৗԻ৔ղੳʹ͓͚Δੵૅج෼ํఔ

ࣜͱͳΔɻ
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r’n

r’m

rn

∂Γn

∂Γm

nn

Boundary ∂Γ

Source rs

Observation point r

Sound field Ω

Fig. 2.3 ఆٛ߸هքཁૉ๏ʹؔΘΔڥ

2.3 քཁૉ๏ڥ

͜͜Ͱ͸ڥքཁૉ๏ͷ֓ཁʹ͍ͭͯ·ͱΊΔɻFig. 2.3 ʹࣔ͢Α͏ͳԻ৔ʹ͍ͭͯ͑ߟΔɻ

Fig. 2.3ʹ͓͍ͯղੳྖҬ Ω͸։ྖҬͰ͋Γɼͦͷ಺෦ʹԻݯɼ؍ଌ఺ɼো֐෺͕͋Δͱ͢Δɻ·

ͨɼো֐෺ʹΑΔڥքΛ ∂Γͱ͢Δɻ

·ͣ͸ɼڥք ∂Γ Λ଎౓ϙςϯγϟϧ͓Αͼ๏ઢํ޲ϕΫτϧͷมԽ͕े෼খ͘͞ɼҰఆͱΈ

ͳ͢͜ͱͷͰ͖Δ Nb ͷඍখͳҰఆཁૉʹ෼ׂ͢Δɻ͜͜Ͱɼ֤ཁૉʹ͓͚Δ଎౓ϙςϯγϟݸ

ϧͱ๏ઢϕΫτϧ͸ɼͦͷத৺࠲ඪʹ͓͚Δ஋Ͱද͞ΕΔ΋ͷͱ͠ɼn ൪໨ͷҰఆཁૉΛ ∂Γnɼ

n = 1, 2, . . . , Nbɼͦͷத৺࠲ඪΛ r′nɼ๏ઢํ޲ϕΫτϧΛ nn ͱද͢ɻ

͍·ɼ؍ଌ఺ r ͕ m൪໨ͷҰఆཁૉ ∂Γm ͷத৺࠲ඪ r′m ʹ͋Δͱ͖ɼn൪໨ͷҰఆཁૉ ∂Γn

ʹؔ͢Δੵ෼͸ࣜ࣍ͷΑ͏ʹۙࣅͰ͖Δɻ
∫∫

∂Γn

(
φ(rn)

∂G

∂nn
(r′m, rn)−G(r′m, rn)

∂φ

∂nn
(rn)

)
dS

=

∫∫

∂Γn

φ(rn)

(
∂G

∂nn
(r′m, rn) + anG(r′m, rn)

)
dSn

= φ(r′n)

∫∫

∂Γn

(
∂G

∂nn
(r′m, rn) + anG(r′m, rn)

)
dSn (2.23)

͜͜Ͱɼan = −jωρ/Z(r′n)Ͱ͋Γɼڥք৚݅Λઃఆ͢ΔͨΊͷ܎਺Ͱ͋ΔɻEq. (2.23)͔Βɼڥ

քੵ෼ํఔࣜ͸ࣜ࣍ͷΑ͏ʹۙ͞ࣅΕΔɻ

1

2
φ(r′m) =

∫∫∫

Ω
qGdV +

Nb∑

n=1

φ(r′n)

∫∫

∂Γn

(
∂G

∂nn
(r′m, rn) + anG(r′m, rn)

)
dSn (2.24)

Ҏ্ΑΓɼEq. (2.24)Λ੔ཧ͢Ε͹࣍ͷ࿈ཱҰํ࣍ఔࣜΛಘΔɻ

Nb∑

n=1

φ(r′n)Ψm,n = φi(r
′
m, rs), m = 1, 2, . . . , Nb (2.25)
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͜͜Ͱɼ

Ψm,n =
1

2
δm,n −

∫∫

∂Γn

(
∂G

∂nn
(r′m, rn) + anG(r′m, rn)

)
dSn (2.26)

φi(r
′
m, rs) =

∫∫∫

Ω
qGdV (2.27)

ͱͨ͠ɻ·ͨɼδm,n ͸ KroneckerͷσϧλͰ͋ΔɻEq. (2.25)͸ φn Λະ஌਺ͱ͢Δ࿈ཱҰํ࣍

ఔࣜͰ͋ΓɼϚτϦΫεͰද͢ݱΕ͹ࣜ࣍ͷΑ͏ʹͳΔɻ





Ψ1,1 Ψ1,2 · · · Ψ1,m · · · Ψ1,Nb

Ψ2,1 Ψ2,2 · · · Ψ2,m · · · Ψ2,Nb

...
...

. . .
... · · ·

...

Ψm,1 Ψm,2 · · · Ψm,m · · · Ψm,Nb

...
... · · ·

...
. . .

...

ΨNb,1 ΨNb,2 · · · ΨNb,m · · · ΨNb,Nb










φ(r′1)

φ(r′2)

...

φ(r′m)

...

φ(r′Nb
)






=






φi(r′1, rs)

φi(r′2, rs)

...

φi(r′m, rs)

...

φi(r′Nb
, rs)






(2.28)

Eq. (2.28)Λղ͚͹ɼະ஌ྔͰ͋ͬͨڥք্ͷ଎౓ϙςϯγϟϧ͕ಘΒΕΔɻ·ͨɼಘΒΕͨ଎౓

ϙςϯγϟϧΛࣜ࣍ʹ୅ೖ͠ɼੵ෼ࢉܭΛ͜͏ߦͱͰɼ೚ҙͷ؍ଌ఺ʹ͓͚Δ଎౓ϙςϯγϟϧΛ

ΊΔ͜ͱ͕Ͱ͖Δɻٻ

Cφ(r) = φi(r, rs) +
Nb∑

n=1

φ(r′n)

∫∫

∂Γn

(
∂G

∂nn
(r′m, rn) + anG(r′m, rn)

)
dSn (2.29)

C =






1, r ∈ Ω

1

2
, r ∈ ∂Γ

Ҏ্ͷΑ͏ͳɼԻ৔ͷํૅجఔࣜͱͯ͠ڥքੵ෼ํఔࣜΛ༻͍ͨ BEM͸جຊܕʢBasic Formɼ

ུͯ͠ BFͱ΋͢هʣͱݺ͹ΕΔɻ·ͨɼڥքੵ෼ํఔࣜ Eq. (2.22)ͷ྆ลʹର͠ɼ؍ଌ఺ r ʹ

͓͚Δ๏ઢํ޲ඍ෼Λద༻ͨࣜ࣍͠Λํૅجఔࣜͱͯ͠༻͍ɼBEMΛఆࣜԽ͢Δ͜ͱ΋Ͱ͖Δɻ

1

2

∂φ(r)

∂n
=

∂φ(r, rs)

∂n
+

∫∫

Γ

(
φ(r0)

∂2G(r, r0)

∂n∂n0
− ∂φ(r0)

∂n0

∂G(r, r0)

∂n

)
dS0 (2.30)

Eq. (2.30)Λ༻͍ͯఆࣜԽͨ͠ BEM͸๏ઢํ޲ඍ෼ܕʢNormal Derivative Formɼུͯ͠ NDF

ͱ΋͢هʣͱݺ͹ΕΔ [24]ɻ

ຊ࿦จʹ͓͚Δ਺஋ղੳྫʹ͓͍ͯɼୈ 3ষʙୈ 6ষͰ͸ BFΛɼୈ 7ষͰ͸ NDFʹΑΔࢉܭ

݁ՌΛఏҊख๏ʹΑΔ݁ࢉܭՌͱͷൺֱର৅ͱͯ͠༻͍Δɻͦ͜Ͱɼ࣮૷ͨ͠ BEMͷιʔείʔ

υΛ༻͍ͨ݁ࢉܭՌͷଥ౰ੑͷ֬ೝΛ͏ߦɻ·ͣ͸ BFʹ͍ͨͮج BEMͷιʔείʔυͷଥ౰ੑ

Λ֬ೝ͢ΔͨΊʹɼFig. 2.4ʹࣔ͢Α͏ͳɼ఺Իݯͱ௚ܘ 1 mͷٿʹΑΔࢄཚԻ৔ʹ͓͚Δࢄཚ೾

ͷ޲ࢦಛੑΛͨ͠ࢉܭɻ͜͜ͰɼԻ଎Λ c = 343.7 [m/s]ɼഔ࣭ີ౓Λ ρ = 1.205 [kg/m3]ͱͨ͠ɻ

·ͨɼBEMʹΑΔ݁ࢉܭՌͰ͸ େϝογϡ௕࠷Ұఆཁૉʢܗ֯ࡾͷݸ1206 lmaxɿ0.096 [m]ʣΛ

༻͍ͨɻ࣮૷ͨ͠ιʔείʔυΛ༻͍ͯٿʹΑΔࢄཚ೾ͷ޲ࢦಛੑΛ݁ͨ͠ࢉܭՌΛ Fig. 2.5 ʹ
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Fig. 2.6 ཁૉ਺ΛมԽͤͨ͞৔߹ͷٿʹΑΔࢄཚԻ৔ͷ݁ࢉܭՌʢղੳप೾਺ 500 Hzʣ

ࣔ͢ɻFig. 2.5ͷ݁ՌΑΓɼBEMʹΑΔ݁ࢉܭՌ͸ٿʹΑΔࢄཚ೾ͷཧ࿦ղੳղͱҰக͓ͯ͠Γɼ

໰୊ͳ࣮͘૷Ͱ͖͍ͯΔͱ͍͑Δɻ͞ΒʹɼBEMΛ༻͍ͯଥ౰ͳ݁ࢉܭՌΛಘΔͨΊʹ͸Ͳͷఔ

౓ͷཁૉ਺͕ඞཁͱͳΔͷ͔Λௐ΂ͨɻͦͷ݁ՌΛ Fig. 2.6ʹࣔ͢ɻFig. 2.6ΑΓɼ344ݸͷ֯ࡾ

େϝογϡ௕࠷Ұఆཁૉʢܗ lmaxɿ0.179 [m]ʣΛ༻͍ͨ৔߹ͷ݁ࢉܭՌ͸ɼཧ࿦ղੳղͱͷࠩޡ

͕େ͖͘ɼे෼ऩଋͨ͠ଥ౰ͳ݁ࢉܭՌ͕ಘΒΕ͍ͯΔͱ͸͍͑ͳ͍ɻҰํͰɼ622ݸͷܗ֯ࡾҰ

ఆཁૉʢ࠷େϝογϡ௕ lmaxɿ0.142 [m]ʣΛ༻͍ͨ৔߹ͷ݁ࢉܭՌ͸ɼཧ࿦ղੳղͱ΄΅ಉఔ౓

ͷ݁ࢉܭՌ͕ಘΒΕ͍ͯΔ͜ͱ͔ΒɼBEMΛ༻͍ͯଥ౰ͳ݁ࢉܭՌΛಘΔͨΊʹ͸ɼจݙ [2]ʹ

͓͍ͯ΋͍ΘΕ͍ͯΔΑ͏ʹɼগͳ͘ͱ΋࠷େϝογϡ௕͕ղੳप೾਺ͷ 1/5ఔ౓Ͱ͋Δ΋ͷΛ༻

͍ͨํ͕ྑ͍ͱ͍͑Δɻ

͍ͨͮجʹɼNDFʹ࣍ BEMͷιʔείʔυͷଥ౰ੑΛ֬ೝ͢ΔͨΊʹɼFig. 2.7ʹࣔ͢Α͏

ͳ఺Իݯͱੇ๏͕ 3× 4.5ͷ௕ํܗ൘ʹΑΔࢄཚԻ৔ʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑΛͨ͠ࢉܭɻ͜Ε

͸ɼWEB্Ͱެ։͞Ε͍ͯΔϕϯνϚʔΫ໰୊ [25]ͷ͏ͪͷͻͱͭͰ͋Γɼ݁ࢉܭՌͷଥ౰ੑͷ

֬ೝΛ໨తͱ͠ɼBEMʹΑΔ݁ࢉܭՌ͕ެ։͞Ε͍ͯΔɻͦ͜Ͱɼެ։͞Ε͍ͯΔ݁ࢉܭՌΛࢀ

Ռͱൺֱ݁͠ࢉܭҰఆཁૉΛ༻͍࣮ͯ૷ͨ͠ιʔείʔυʹΑΔܗ࢛֯஋ͱ͠ɼͦΕͱಉఔ౓ͷߟ

ͨ݁ՌΛ Fig. 2.8ʹࣔ͢ɻ͜ͷ݁ՌΑΓɼNDFʹ͍ͨͮج BEMʹΑΔ݁ࢉܭՌʹ͍ͭͯ΋ɼϕ

ϯνϚʔΫ໰୊Ͱެ։͞Ε͍ͯΔߟࢀ஋ͱಉఔ౓ͷ݁ࢉܭՌ͕ಘΒΕ͓ͯΓɼ࣮૷ʹ͸໰୊͕ͳ͍

ͱ͍͑Δɻ·ͨɼNDFʹ͍ͭͯ΋ɼBFʹ͍ͨͮج BEMͷιʔείʔυͱಉ༷ʹɼ཭ࢄԽʹ༻

͍Δཁૉ਺ΛมԽͤ͞ɼͲͷఔ౓ͷཁૉ਺Λ༻͍ͯࢉܭΛ͏ߦඞཁ͕͋Δͷ͔Λௐ΂ͨɻͦͷ݁Ռ

Λ Fig. 2.9ʹࣔ͢ɻFig. 2.9ʹ͓͍ͯ΋ɼFig. 2.6ͷ݁Ռͱಉ༷ʹɼϕϯνϚʔΫ໰୊ʹ͓͍ͯެ
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(b) 125 Hz
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Fig. 2.8 ϕϯνϚʔΫ໰୊ͱͷ݁ࢉܭՌͷൺֱ
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Fig. 2.9 ཁૉ਺ΛมԽͤͨ͞৔߹ͷ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷ݁ࢉܭՌʢղੳप೾਺ 500 Hzʣ

։͞Ε͍ͯΔߟࢀ஋ΑΓ΋গͳ͍ཁૉ਺Λ༻͍ͨ৔߹ʹ͸ɼे෼ʹऩଋͨ͠ਫ਼౓ͷྑ͍݁ࢉܭՌ͕

ಘΒΕͳ͍৔߹͕͋Δɻྫ͑͹ɼ126ݸͷܗ࢛֯ҰఆཁૉΛ༻͍ͨ݁ࢉܭՌ͸ߟࢀ஋ͱͷ͕ࠩޡେ

͖͘ɼे෼ͳਫ਼౓ͷ݁Ռ͕ಘΒΕ͍ͯΔͱ͸͍͑ͳ͍ɻҰํͰɼࢉܭʹ༻͍Δܗ࢛֯ཁૉΛΑΓࡉ

͔͘͠ɼཁૉ਺͕େ͖͘ͳΔ͜ͱͰ݁ࢉܭՌ͸ऩଋ͠ɼߟࢀ஋ͱͷࠩޡ΋খ͘͞ͳΔ͜ͱ͕֬ೝͰ

͖ΔɻͦͷͨΊɼ͜ͷ৔߹ʹ͓͍ͯ΋ࢉܭʹ༻͍Δϝογϡͷ࠷େϝογϡ௕ͱղੳप೾਺ͷؔ܎

Λྀ͠ߟɼͰ͖Δ͚͍͔ͩࡉϝογϡΛ༻͍Δඞཁ͕͋Δɻ

Ҏ্ΑΓɼ࣮૷ͨͦ͠ΕͧΕͷ BEMͷιʔείʔυΛ༻͍ͯଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔ͜ͱΛ

֬ೝ͠ɼ·ͨɼগͳ͘ͱ΋࠷େϝογϡ௕͕ղੳप೾਺ͷ೾௕ͷ 1/5 ఔ౓ҎԼͱͳΔΑ͏ͳϝο

γϡΛ༻͍Ε͹े෼ʹऩଋͨ͠ਫ਼౓ͷྑ͍݁ࢉܭՌ͕ಘΒΕΔ͜ͱ͕֬ೝͰ͖ͨɻΑͬͯɼ࣍ষҎ

߱ͷ਺஋ྫࢉܭͰ͸ɼ࠷େϝογϡ௕͕ղੳप೾਺ͷ೾௕ͷ 1/5ҎԼͱͳΔΑ͏ͳϝογϡΛ༻͍

ͨ BEMʹΑΔ݁ࢉܭՌΛɼఏҊख๏ͷ਺஋ಛੑͷূݕΛࡍ͏ߦͷਖ਼ղͱͯ͠༻͍Δ͜ͱͱ͢Δɻ
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2.4 ֤छ࠲ඪܥʹ͓͚ΔԻ৔ͷ೾ಈؔ਺

Helmholtzํఔࣜʹ͓͚ΔϥϓϥγΞϯ∇2 Λɼద౰ͳ࠲ඪܥʹ͓͚Δܗʹม͠׵ɼม਺෼཭ܗ

ͷղΛԾఆͯ͠ղ͘͜ͱͰɼ֤छͷ௚ަ࠲ඪܥʹ͓͚ΔҰൠղ͕ಘΒΕΔɻ͜͜Ͱ͸σΧϧτ࠲ඪ

ʹΔҰൠղΛಋग़͠ɼͦΕΒΛ༻͍ͯಘΒΕΔཧ࿦ղੳղ͚͓ʹܥඪ࠲ପԁମͯͦ͠ܥඪ࠲ٿɼܥ

͍ͭͯ·ͱΊΔɻ

2.4.1 σΧϧτ࠲ඪܥʹ͓͚ΔҰൠղ

σΧϧτ࠲ඪܥʢcartesian coordinate systemʣ(x, y, z)ʹ͓͚Δ HelmholtzํఔࣜͷҰൠղ

Λಋग़͢Δɻ͜ͷͱ͖ɼ଎౓ϙςϯγϟϧʹ͍ͭͯ࣍ͷΑ͏ͳม਺෼཭ܗΛԾఆ͢Δɻ

φ(x, y, z) = X(x)Y (y)Z(z) (2.31)

·ͨɼσΧϧτ࠲ඪܥʹ͓͍ͯ ∇φɼ∇2φ͸ͦΕͧΕɼ

∇φ = i
∂φ

∂x
+ j

∂φ

∂y
+ k

∂φ

∂z

∇2φ =
∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2

ͱͳΔɻ͜͜Ͱɼiɼjɼk͸ͦΕͧΕ xɼyɼz ͷ୯ҐϕΫτϧΛද͢ɻ͜ΕΑΓ޲ํ Helmholtzํ

ఔࣜʹม਺෼཭ܗͰදͨ͠଎౓ϙςϯγϟϧΛ୅ೖ͠ɼ྆ลʹ 1/φΛ͔͚Ε͹ɼ

1

X

∂2X

∂x2
+

1

Y

∂2X

∂y2
+

1

Z

∂2X

∂z2
+ k2 = 0 (2.32)

ͱͳΔɻΑͬͯɼEq. (2.32)Λ xɼyɼz ͷͦΕͧΕʹ͍ͭͯղ͚͹ɼҰൠղͱͯ͠ɼ

X(x) = Axe
jkxx +Bxe

−jkxx (2.33)

Y (y) = Aye
jkyx +Bye

−jkyx (2.34)

Z(z) = Aze
jkzx +Bze

−jkzx (2.35)

k2 = k2x + k2y + k2z (2.36)

͕ಘΒΕΔɻ

Ҏ্ͷσΧϧτ࠲ඪܥʹ͓͚ΔҰൠղΛ༻͍Δ͜ͱͰɼFig. 2.10ʹࣔ͢Α͏ͳੇ๏ lx × ly × lz

ͷڥք໘͕͢΂ͯ߶ͳ௚ํମࣨʹ͓͚Δݻ༗ؔ਺Λಋ͘͜ͱ͕Ͱ͖Δ [26]ɻ

φn(r) = cos
nxπx

lx
cos

nyπy

ly
cos

nzπz

lz

nx, ny, nz = 0, 1, 2, · · ·
(2.37)
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Fig. 2.10 ք໘͕શͯ߶ͳ௚ํମࣨڥ

2.4.2 ΔҰൠղ͚͓ʹܥඪ࠲ٿ

σΧϧτ࠲ඪܥ (x, y, z)ͱ࠲ٿඪܥʢspherical coordinate systemʣ(r, θ, ϕ)ʹ͸ Fig. 2.11ʹ

ࣔ͢Α͏ͳ͕ؔ͋܎Γɼͦͷม׵͸ࣜ࣍ͷΑ͏ʹͳΔɻ






x = r sin θ cosϕ

y = r sin θ sinϕ

z = r cos θ

0 ≤ r, 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π

(2.38)

͜ͷͱ͖ɼ଎౓ϙςϯγϟϧʹ͍ͭͯ࣍ͷΑ͏ͳม਺෼཭ܗΛԾఆ͢Δɻ

φ(r, θ,ϕ) = Π(r)Θ(θ)Λ(ϕ) (2.39)

·ͨɼ࠲ٿඪܥʹ͓͍ͯɼ

∇φ = er
∂φ

∂r
+ eθ

1

r

∂φ

∂θ
+ eϕ

1

r sin θ

∂φ

∂ϕ
(2.40)

∇2φ =
1

r2
∂

∂r

(
r2

∂φ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂φ

∂θ

)
+

1

r2 sin2 θ

∂2φ

∂ϕ2
(2.41)

ͱͳΔɻ͜͜Ͱɼerɼeθɼeϕ͸ͦΕͧΕ rɼθɼϕํ޲ʹ͓͚Δ୯ҐϕΫτϧͰ͋ΔɻHelmholtzํఔ

ࣜʹม਺෼཭ܗͰදͨ͠଎౓ϙςϯγϟϧͱ࠲ٿඪܥʹ͓͚ΔϥϓϥγΞϯΛ୅ೖ͠ɼr2 sin θ2/φ

Λ྆ลʹ͔͚Ε͹ɼࣜ࣍ͷΑ͏ʹͳΔɻ

sin2 θ

Π

{
∂

∂r

(
r2

∂Π

∂r
+ k2r2Π

)}
+

sin θ

Θ

∂

∂θ

(
sin θ

∂Θ

∂θ

)
+

1

Λ

∂2Λ

∂ϕ2
= 0 (2.42)

ΑͬͯɼEq. (2.42)Λ rɼθɼϕʹ͍ͭͯղ͚͹ɼҰൠղͱͯ͠ɼ

Π(r) = Ar jn(kr) +Br yn(kr) (2.43)

Θ(θ) = Aθ P
m
n (cos θ) (2.44)

Λ(ϕ) = Aϕ ejmϕ +Aϕ e−jmϕ (2.45)
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Fig. 2.11 ܎ͷؔܥඪ࠲ͱσΧϧτܥඪ࠲ٿ

͕ಘΒΕΔɻ͜͜Ͱɼjnɿٿ Besselؔ਺ɼynɿٿ Neumannؔ਺ɼPm
n ɿLegendreജؔ਺Ͱ͋Δɻ

Fig. ٿʹ2.12 Besselؔ਺ɼFig. ٿʹ2.13 Neumannؔ਺ɼFig. 2.14ʹ Legendreജؔ਺ΛͦΕ

ͧΕࣔ͢ɻ·ͨɼٿ Besselؔ਺ͱٿ Neumannؔ਺Λ༻͍ͯɼୈ 1छɾୈ 2छͷٿ Hankelؔ਺

͕ఆٛ͞ΕΔɻ

h(1)
n (kr) = jn(kr) + jyn(kr) (2.46)

h(2)
n (kr) = jn(kr)− jyn(kr) (2.47)

͞ΒʹɼLegendreജؔ਺͔Β͸ٿ໘ௐ࿨ؔ਺͕ఆٛ͞ΕΔɻ

Y m
n (θ,ϕ) = (−1)m

√
2n+ 1

4π

(n− |m|)!
(n+ |m|)!P

|m|
n (cos θ)ejmϕ (2.48)

Ҏ্ͷɼ࠲ٿඪܥʹ͓͚ΔҰൠղΛ༻͍Ε͹ɼ఺Իݯͱ൒ܘ aͷ߶ମٿʹΑΔࢄཚԻ৔ͷཧ࿦ղ

ੳղΛಋ͘͜ͱ͕Ͱ͖Δ [4]ɻ

φ(r, rs) = jk
∞∑

n=0

∞∑

m=−∞
Y m
n (θ,ϕ)Y −m

n (θs,ϕs)

×






(
jn(kr)h

(1)
n (krs)−

jn
′(ka)

hn
′(ka)

h(1)
n (kr)h(1)

n (krs)

)
, r < rs

(
jn(krs)h

(1)
n (kr)− jn

′(ka)

hn
′(ka)

h(1)
n (kr)h(1)

n (krs)

)
, r > rs

(2.49)

͜͜Ͱɼrs = (rs, θs,ϕs)͸Իݯ఺ͷ࠲ඪͰ͋Δɻ
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Fig. 2.13 ٿ Neumannؔ਺
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Fig. 2.14 Legendreജؔ਺

2.4.3 ପԁମ࠲ඪܥʹ͓͚ΔҰൠղ

ପԁମ࠲ඪܥ [27]ʹ͸ճసପԁମ࠲ඪܥʢprolate spheroidal coordinatesʣͱፏ࠲ٿඪܥʢoblate

spheroidal coordinatesʣ͕ ͋ΔɻσΧϧτ࠲ඪܥ (x, y, z)ͱପԁମ࠲ඪܥ (ξ, η, ϕ)ʹ͸ Fig. 2.15

ʹࣔ͢Α͏ͳ͕ؔͦ܎ΕͧΕ͋Γɼճసପԁମ࠲ඪܥͱͷม׵͸ࣜ࣍ͷΑ͏ʹͳΔɻ





x =
d

2

√
(ξ2 − 1)(1− η2) cosϕ

y =
d

2

√
(ξ2 − 1)(1− η2) sinϕ

z =
d

2
ξη

1 ≤ ξ, −1 ≤ η ≤ 1, 0 ≤ ϕ < 2π

(2.50)
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(a) ճసପԁମ࠲ඪܥ

z

y

x

ξ constant

η constant

φ constant

(b) ፏ࠲ٿඪܥ

Fig. 2.15 ପԁମ࠲ٿඪܥͱσΧϧτ࠲ඪܥͷؔ܎

·ͨɼፏ࠲ٿඪܥͱͷม׵͸ɼ





x =
d

2

√
(ξ2 + 1)(1− η2) cosϕ

y =
d

2

√
(ξ2 + 1)(1− η2) sinϕ

z =
d

2
ξη

0 ≤ ξ, −1 ≤ η ≤ 1, 0 ≤ ϕ < 2π

(2.51)

ͱͳΔɻҎ্ʹ͓͍ͯɼdɿճసପԁମɾፏٿʹ͓͚Δয఺ؒڑ཭Ͱ͋Δɻຊ࿦จͰ͸ɼፏ࠲ٿඪ

ܥඪ࠲ٿͷΈʹ͍ͭͯड़΂ɼፏܥඪ࠲ٿΔପԁମ೾ಈؔ਺Λѻ͏ɻͦͷͨΊɼҎ߱Ͱ͸ፏ͚͓ʹܥ

ʹ͓͍ͯಘΒΕΔ೾ಈؔ਺Λɼ୯ʹପԁମ೾ಈؔ਺ͱݺͿ͜ͱͱ͢Δɻ

ፏ࠲ٿඪܥʹ͓͍ͯ ∇φɼ∇2φ͸ͦΕͧΕ࣍ͷΑ͏ʹͳΔɻ

∇φ =

eξ
2

d

(
ξ2 + 1

ξ2 + η2

) 1
2 ∂φ

∂ξ
+ eη

2

d

(
1− η2

ξ2 + η2

) 1
2 ∂φ

∂η
+ eϕ

2

d

{
1

(ξ2 + 1)(1− η2)

} 1
2 ∂φ

∂ξ

(2.52)

∇2φ =

(
2

d

)2 1

(ξ2 + η2)

×
[
∂

∂ξ

{
(ξ2 + 1)

∂φ

∂ξ

}
+

∂

∂η

{
(1− η2)

∂φ

∂η

}
+

∂

∂ϕ

{
ξ2 + η2

(ξ2 + 1)(1− η2)

∂φ

∂ϕ

}] (2.53)

ͨͩ͠ɼeξɼeηɼeϕ ͸ͦΕͧΕ ξɼηɼϕํ޲ʹ͓͚Δ୯ҐϕΫτϧͰ͋Δɻፏ࠲ٿඪܥʹ͓͚Δ

ϥϓϥγΞϯΛ༻͍Δ͜ͱͰ Helmholtzํఔࣜ͸ɼ
[
∂

∂ξ
(ξ2 + 1)

∂

∂ξ
+

∂

∂η
(1− η2)

∂

∂η
+

ξ2 + η2

(ξ2 + 1)(1− η2)

∂2

∂ϕ2

]
φ+ h2(ξ2 + η2)φ = 0 (2.54)
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ͱͳΔɻ͜͜Ͱɼh = kd/2Ͱ͋Δɻ͜Ε·Ͱͱಉ༷ʹɼ଎౓ϙςϯγϟϧʹ͍ͭͯม਺෼཭ܗΛ

Ծఆ͠ɼξɼηɼϕͷͦΕͧΕʹ͍ͭͯղ͚͹ɼ

R(i)
mn(−jh, jξ) =

(
ξ2 + 1

ξ2

)m/2 ∞∑

r=0,1

′

amn
r (−jh)z(i)m+r(hξ) (2.55)

Smn(−jh, η) =
∞∑

r=0,1

′

dmn
r (−jh)Pm

m+r(η) (2.56)

Λ(ϕ) = Aϕ cosmϕ+Aϕ sinmϕ (2.57)

͕ಘΒΕΔɻ͜͜Ͱɼ
∞∑

r=0,1

′
͸ (n−m)͕ۮ਺ͷͱ͖͸ɼr = 0, 2, 4, . . .ͷ࿨ΛͱΓɼح਺ͷͱ͖

͸ɼr = 1, 3, 5, . . .ͷ࿨ΛͱΔ͜ͱΛද͢ɻ·ͨɼdmn
r ͸ల։܎਺Ͱ͋Γɼz(i)m+r(hξ)͸ i = 1ɿٿ

Besselؔ਺ɼi = 2ɿٿ Neumannؔ਺ɼi = 3ɿୈ 1छٿ Hankelؔ਺ɼi = 4ɿୈ 2छٿ Hankel

ؔ਺ΛͦΕͧΕද͢ɻ͞Βʹɼamn
r ͸ dmn

r Λ༻͍ͯҎԼͷΑ͏ʹද͞ΕΔɻ

amn
r (−jh) =

(−1)(r−n+m)/2

∞∑
r=0,1

′ (2m+ r)!

r!
dmn
r (−jh)

(2m+ r)!

r!
dmn
r (−jh) (2.58)

͜ͷల։܎਺ dmn
r (−jh)ͷৄ͍͠ٻΊํʹ͍ͭͯ͸จݙ [28]Λߟࢀʹ͞Ε͍ͨɻҎ্ΑΓɼፏٿ

.ͱͯ͠ɼFigߟࢀΔҰൠղ͕ಘΒΕͨɻ͚͓ʹܥඪ࠲ 2.16ʹୈ̍छ Radialؔ਺ɼFig. 2.17ʹୈ 2

छ Radialؔ਺ɼFig. 2.18ʹ Angularؔ਺ΛͦΕͧΕࣔ͢ɻ

Ҏ্ͷፏ࠲ٿඪܥʹ͓͚ΔҰൠղΛ༻͍ͯɼ఺Իݯͱද໘͕ ξ0 Ͱ༩͑ΒΕΔԻڹతʹ߶ͳፏٿ

ʹΑΔࢄཚԻ৔ͷཧ࿦ղੳղ͕ಘΒΕΔ [29]ɻ

φ(r, rs) =
jk

2π

∞∑

m=0

∞∑

n=m

2− δ0m
Nmn

Smn(−jh, η)Smn(−jh, ηs) cosm(ϕ− ϕs)

×






(
R(1)

mn(−jh, jξ)R(3)
mn(−jh, jξs)−

R(1)
mn

′
(−jh, jξ0)

R(3)
mn

′
(−jh, jξ0)

R(3)
mn(−jh, jξ)R(3)

mn(−jh, jξs)

)
, ξ < ξs

(
R(1)

mn(−jh, jξs)R
(3)
mn(−jh, jξ)− R(1)

mn
′
(−jh, jξ0)

R(3)
mn

′
(−jh, jξ0)

R(3)
mn(−jh, jξ)R(3)

mn(−jh, jξs)

)
, ξ > ξs

(2.59)

͜͜Ͱɼrs = (ξs, ηs,ϕs)͸Իݯ఺ͷ࠲ඪͰ͋Δɻ·ͨɼξ0 = 0ͱͨ͠৔߹ʹ Eq. (2.59)͸ɼ௚ܘ

dͷԁ൘ʹΑΔࢄཚԻ৔ͷղੳղͱͳΔɻ
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Fig. 2.16 ୈ 1छ Radialؔ਺ʢh = 2ʣ
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Fig. 2.17 ୈ 2छ Radialؔ਺ʢh = 2ʣ
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Fig. 2.18 Angularؔ਺ʢh = 2ʣ
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ୈ 3ষ

ཚࢄ͍ͨ༺খೋ৐๏Λ࠷೾ಈؔ਺ͱٿ
Ի৔ͷ४ཧ࿦ղੳख๏

ຊষͰ͸ɼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏Λѻ͏ɻ͜ͷΑ͏ͳ४ཧ࿦ղੳख๏ͱ

ͯ͠ɼԻ৔Λٿ೾ಈؔ਺ʹΑΔల։දݱͰ༩͑ɼͦͷల։܎਺ʹ͍ͭͯ͸ڥք৚݅ͷೋ৐ฏࠩޡۉ

͔ΒධՁؔ਺Λઃఆ͠ɼ࠷খೋ৐๏Λద༻͢Δ͜ͱͰϚτϦΫεํఔࣜʹؼணͤ͞਺஋తʹٻΊΔ

ख๏͕ఏҊ͞Ε͍ͯΔ [30, 31]ɻ͔͠͠ͳ͕Βɼͦͷ਺஋ಛੑʹ͍ͭͯ͸໌Β͔ʹ͞Ε͓ͯΒͣɼ

Ռ݁ࢉܭඞཁͰ͋ΔɻΑͬͯɼख๏ͷఆࣜԽʹ͍ͭͯվΊͯड़΂Δͱͱ΋ʹɼBEMʹΑΔ͕ূݕ

ͱͷൺֱ͔ΒఏҊ͞Ε͍ͯΔ४ཧ࿦ղੳख๏ͷଥ౰ੑΛ֬ೝ͠ɼͦͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

3.1 ఏҊղੳख๏

3.1.1 ໰୊ઃఆ

Fig. 3.1ʹࣔ͢Α͏ͳɼ3ࣗݩ࣍༝ۭؒதʹ఺Իݯͱ୯Ұͷো֐෺͕ଘ͢ࡏΔ৔߹ͷԻࢄڹཚ໰

୊ʹ͍ͭͯ͑ߟΔɻ͜ͷͱ͖ɼো֐෺ͷத৺Λݪ఺ͱ͠ɼԻݯ͸ো֐෺ʹ֎઀͢Δٿͷ֎෦ʹ͋Δ

ͱ͢Δɻ·ͨɼ࠲ٿඪܥΛ༻͍ͯ఺ԻݯͷҐஔΛ rs = (rs, θs, ϕs)ɼ؍ଌ఺Λ r = (r, θ, ϕ)ͱ͠ɼ

୯Ґ๏ઢํ޲ϕΫτϧΛ nͱ͢Δɻ

3.1.2 ఆࣜԽ

Fig. 3.1ʹࣔ͢Ի৔͕ઢܗͰ͋Ε͹ɼ؍ଌ఺ rʹ͓͚Δ଎౓ϙςϯγϟϧ φ͸ҎԼͷΑ͏ʹද͢

͜ͱ͕Ͱ͖Δɻ

φ(r) = φi(r) + φs(r) (3.1)

ͨͩ͠ɼφiɿೖࣹϙςϯγϟϧɼφsɿࢄཚϙςϯγϟϧͰ͋Δɻ఺Իݯͷମੵ଎౓͕ QͰ༩͑Β

ΕΔ৔߹ɼೖࣹϙςϯγϟϧ͸

φi(r) =
Q

4π|rs − r|e
jk|rs−r| (3.2)
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Observation point
r = (r, θ, φ)

Source point
rs= (rs, θs, φs)

O y

z

rmin

x

n

Fig. 3.1 ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔

ͱͳΔɻ·ͨɼࢄཚϙςϯγϟϧΛٿ೾ಈؔ਺ʹΑΔల։ࣜܗΛ༻͍ͯද͢͜ͱ͑ߟΔɻ͜͜Ͱɼ

ཚϙςϯγϟϧ͸ࢄ Sommerfeldͷ์ࣹ৚݅

lim
r→∞

r

(
∂φs

∂r
− jkφs

)
= 0 (3.3)

Λຬͨ͢ඞཁ͕͋ΔͨΊɼٿ೾ಈؔ਺ͱͯ͠ಛҟղ

Sm
n (r) = h(1)

n (kr)Y m
n (θ,ϕ) (3.4)

Λ༻͍Δͷ͕ద౰Ͱ͋ΔɻΏ͑ʹɼো֐෺ʹ֎઀͢Δٿͷ൒ܘΛ rmin ͱ͢Ε͹ɼr ≥ rmin ͱ͍͏

৚݅ͷ΋ͱɼ

φs(r) =
∞∑

n=0

n∑

m=−n

Am
n Sm

n (r) (3.5)

ͷΑ͏ʹɼࢄཚϙςϯγϟϧ φs ͸ٿ೾ಈؔ਺ͷಛҟղ Sm
n Λ༻͍ͨల։දݱͰද͢͜ͱ͕Ͱ͖Δɻ

͜͜ͰɼAm
n ͸ࢄཚϙςϯγϟϧʹؔ͢Δະ஌ͷల։܎਺Ͱ͋ΓɼٻΊΔඞཁͷ͋Δະ஌ྔͱͳ

Δɻಉ༷ʹɼೖࣹϙςϯγϟϧ φi ʹ͍ͭͯ΋ٿ೾ಈؔ਺Λ༻͍ͯల։͢Ε͹ɼr0 < rs Ͱ͋Δ͜ͱ

͔Βɼ

φi(r) =
∞∑

n=0

n∑

m=−n

Cm
n (rs)R

m
n (r)

Cm
n (rs) = jkQS−m

n (rs)

(3.6)

ͱͳΔɻ͜͜ͰɼRm
n ͸

Rm
n (r) = jn(kr)Y

m
n (θ,ϕ) (3.7)

Ͱ͋Γɼ͜ΕΛٿ೾ಈؔ਺ͷਖ਼ଇղͱݺͿ͜ͱͱ͢ΔɻҎ্ΑΓɼ଎౓ϙςϯγϟϧͷٿ೾ಈؔ਺

ʹΑΔల։ද͕ݱಘΒΕͨɻ
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෺ද໘ͷ๏ઢ֐ΒධՁؔ਺Λઃఆ͢Δɻো͔ࠩޡۉք৚݅ͷೋ৐ฏڥɼʹ࣍ nํ޲ʹ͓͚ΔԻ

଎౓Λࢠཻڹ vf ͱ͠ɼ·ͨ๏ઢ nํ޲ͷൺԻڹΠϯϐʔμϯε͕ Z(r)Ͱ༩͑ΒΕΔͱ͖ɼো֐

෺ද໘ʹؔ͢Δೋ৐ฏࠩޡۉ͸ࣜ࣍ͷΑ͏ʹͳΔɻ

E =

∫∫

Γ

∣∣∣∣vf (r)−
p(r)

Z(r)

∣∣∣∣
2

dS

=

∫∫

Γ

∣∣∣∣
∂φ(r)

∂n
− jωρ

Z(r)
φ(r)

∣∣∣∣
2

dS (3.8)

͜ͷ Eq. (3.8)ʹ Eq. (3.5)ɼ(3.6)Λ୅ೖ͢Ε͹ɼ

E =

∫∫

Γ

∣∣∣∣∣
∂

∂n

∞∑

n=0

n∑

m=−n

{Am
n Sm

n (r) + Cm
n (rs)R

m
n (r)}

− jωρ

Z(r)

∞∑

n=0

n∑

m=−n

{Am
n Sm

n (r) + Cm
n (rs)R

m
n (r)}

∣∣∣∣∣

2

dS

(3.9)

ͱͳΔɻ͜͜Ͱɼ࠷খೋ৐๏ͷखଓ͖ʹै͑͹ɼEq. (3.9)Λ࠷খͱ͢Δະ஌ͷల։܎਺ Am
n Λٻ

ΊΔͨΊʹ͸ࣜ࣍Λద༻͢Ε͹Α͍ɻ

∂E

∂Aj
i

= 0

i = 0, 1, . . . , j = −i,−i+ 1, . . . , i− 1, i

(3.10)

Eq. (3.9)ʹ Eq. (3.10)Λద༻͢Ε͹͕ࣜ࣍ಘΒΕΔɻ

∫∫

Γ

∞∑

n=0

n∑

m=−n

Am
n

{
∂

∂n
Sm
n (r)− jωρ

Z(r)
Sm
n (r)

}{
∂

∂n
Sj
i (r)−

jωρ

Z(r)
Sj
i (r)

}∗
dS

= −
∫∫

Γ

∞∑

n=0

n∑

m=−n

Cm
n (rs)

{
∂

∂n
Rm

n (r)− jωρ

Z(r)
Rm

n (r)

}{
∂

∂n
Sj
i (r)−

jωρ

Z(r)
Sj
i (r)

}∗
dS

i = 0, 1, . . . , j = −i,−i+ 1, . . . , i− 1, i
(3.11)

Eq. (3.11)Λ੔ཧ͢Ε͹ɼ݁ࣜ࣍ہͷΑ͏ʹද͞ΕΔɻ

∞∑

n=0

n∑

m=−n

Am
n

(
Hjm

in + Zjm
in + F jm

in + U jm
in

)
= −

∞∑

n=0

n∑

m=−n

Cm
n

(
H̃jm

in + Z̃jm
in + F̃ jm

in + Ũ jm
in

)

i = 0, 1, . . . , j = −i,−i+ 1, . . . , i− 1, i
(3.12)
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ͨͩ͠ɼ

Hjm
in =

∫∫

Γ

{
∂

∂n
Sj
i (r)

}∗{ ∂

∂n
Sm
n (r)

}
dS

Zjm
in = −

∫∫

Γ

{
∂

∂n
Sj
i (r)

}∗{ jωρ

Z(r)

∂

∂n
Sm
n (r)

}
dS

F jm
in = −

∫∫

Γ

{
jωρ

Z(r)

∂

∂n
Sj
i (r)

}∗{ ∂

∂n
Sm
n (r)

}
dS

U jm
in =

∫∫

Γ

{
jωρ

Z(r)

∂

∂n
Sj
i (r)

}∗{ jωρ

Z(r)

∂

∂n
Sm
n (r)

}
dS

H̃jm
in =

∫∫

Γ

{
∂

∂n
Sj
i (r)

}∗{ ∂

∂n
Rm

n (r)

}
dS

Z̃jm
in = −

∫∫

Γ

{
∂

∂n
Sj
i (r)

}∗{ jωρ

Z(r)

∂

∂n
Rm

n (r)

}
dS

F̃ jm
in = −

∫∫

Γ

{
jωρ

Z(r)

∂

∂n
Sj
i (r)

}∗{ ∂

∂n
Rm

n (r)

}
dS

Ũ jm
in =

∫∫

Γ

{
jωρ

Z(r)

∂

∂n
Sj
i (r)

}∗{ jωρ

Z(r)

∂

∂n
Rm

n (r)

}
dS

ͱ͓͍ͨɻEq. (3.12) ʹͯɼແڃݶ਺࿨Λ࣍਺ N Ͱଧͪ੾Γɼi = 0, 1, 2, . . .ɼj = j = −i, i +

1, . . . , i− 1, iͱมԽͤ͞Ε͹ɼ(N + 1)2 ਺܎ͷະ஌ͷల։ݸ Am
n ʹؔ͢ΔϚτϦΫεํఔ͕ࣜಘ

ΒΕΔɻ

͜ͷ४ཧ࿦ղੳख๏͸จݙ [32–34]ʹ͓͍ͯূ໌͞Εͨɼ೾ಈؔ਺ͷܥ͸ڥք্ͷೋ৐Մੵ෼ؔ

਺શମ͕࡞Δۭؒʹ͓͍ͯ׬શͰ͋Δͱ͍͏ఆཧΑΓɼଧͪ੾Γ࣍਺ N Λେ͖ͨ͘͠৔߹ʹղ͕

ऩଋ͢Δ͜ͱ͕อূ͞Ε͍ͯΔɻ·ͨɼҎ্Ͱड़΂ͨ४ཧ࿦ղੳख๏͸ి࣓೾໰୊ͷղੳʹ͓͍ͯ

Ұൠతʹ༻͍ΒΕ͍ͯΔϞʔυ੔߹๏ [35]ΛԻڹ໰୊ʹద༻ͨ͠΋ͷͱ͍͑Δɻ

3.2 ਺஋ྫࢉܭ

͜͜Ͱ͸ɼҎԼʹ߲ࣔ͢໨ʹ͍ͭͯ਺஋ࢉܭΛ͍ߦɼBEMʹΑΔ݁ࢉܭՌͱͷൺֱ͔ΒɼఏҊ

ख๏ͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

• ಛੑ޲ࢦཚ೾ͷࢄ
– ো֐෺ͷԕํʹ͓͚Δղੳ

– ো֐෺ͷۙ๣ʹ͓͚Δղੳ

• ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ

ղੳର৅ͱͳΔো֐෺ܗঢ়ͷઃఆʹؔͯ͠͸ɼఏҊख๏Ͱ͸ٿ೾ಈؔ਺Λར༻͍ͯ͠Δ͜ͱ͔

Βɼো֐෺ͷܗঢ়͕ܗٿʹ͍ۙ΋ͷͰ͋Δ΄ͲఏҊख๏ͷಛੑ͕ݦஶʹݱΕɼఏҊख๏ͷجຊత

ͳ਺஋ಛੑͷධՁ͕͠΍͍͢ͱ͑ߟΒΕΔɻͦ͜ͰɼFig. 3.2ʹࣔ͢Α͏ͳɼো֐෺ܗঢ়͕༗ݶ௕
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Fig. 3.2 ղੳର৅ͱͨ͠༗ݶ௕ԁ౵ͱ఺ԻݯʹΑΔԻ৔

ԁ౵Ͱ͋Δ৔߹ͷࢄཚԻ৔ʹ͍ͭͯѻ͏ɻղੳ৚݅͸೾ಈԻڹ਺஋ղੳͷϕϯνϚʔΫϓϥοτ

ϑΥʔϜʮAIJ-BPCAʯ[36]ʹ͛ڍΒΕ͍ͯΔ໰୊தͷɼ֎෦໰୊܈ʹ͓͚Δجຊ໰୊ [37]Λࢀ

ʹ௕ԁ౵ද໘্Ͱͷ໘ੵ෼͸ཧ࿦ղੳతݶઃఆͨ͠ɻͳ͓ɼఏҊख๏ʹΑΔղੳʹ͓͍ͯ༗ʹߟ

ऴతʹ͸࠷ग़དྷΔ෦෼͕͋Γɼߦ࣮ θ0 ͷΈΛੵ෼ม਺ͱ͢Δઢੵ෼ͱͯ͠ࢉܭͰ͖Δ [17]ɻͦ͜

ͰɼఏҊख๏ʹΑΔղੳͰ͸ɼθ0 = 0ʙπ ͷൣғΛ π/4ͣͭʹ۠੾ΓɼͦΕͧΕͷ۠ؒΛ 16఺ͷ

Gauss-Legendreੵ෼Λ༻͍ͯ਺஋ੵ෼ͨ͠ɻҰํͰɼBEMʹΑΔղੳͰ͸ܗ֯ࡾҰఆཁૉΛ༻

͸ʹࢉܭҰఆཁૉʹ͓͚Δ໘ੵ෼ͷܗ֯ࡾքΛ෼ׂ͠ɼͦΕͧΕͷڥ͍ͯ 9఺ͷ Gaussੵ෼Λ༻

͍ͨɻ

·ͨɼ਺஋ڥ؀ػࢉܭ͍ͨ༺ʹࢉܭ͸ҎԼͷͱ͓ΓͰ͋Δɻ

• CPU: Intel Core i7 2.80 GHz

• Memory: 8 GB

• Language: Python

3.2.1 ো֐෺ͷԕํʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑ

Fig. 3.2ʹࣔ͢Իڹతʹ߶ͳ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͓͍ͯɼࢄཚ೾ͷ޲ࢦಛੑΛ͠ࢉܭɼ

BEM ʹΑΔ݁ࢉܭՌͱൺֱ͢Δ͜ͱʹΑΓఏҊख๏ͷଥ౰ੑʹ͍ͭͯ͢ূݕΔɻ͜ͷͱ͖ɼ༗

ܘ௕ԁ౵ͷੇ๏Λ௚ݶ 2a = 1ɼ͞ߴ 2b = 1ͱ͠ɼ؍ଌ఺Λݪ఺͔Β 5 mͷҐஔʹઃఆͨ͠ɻ·

ͨɼߟࢀ஋ͱͳΔ BEMͷ݁ࢉܭՌͰ͸ 1312ཁૉͷܗ֯ࡾҰఆཁૉʢ࠷େϝογϡ௕ lmaxɿ0.104

[m]ʣΛ༻͍ɼఏҊख๏ͷ݁ࢉܭՌͰ͸ଧͪ੾Γ࣍਺Λ N = 20ͱͨ͠ɻ

ੇ๏͕௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌΛ Fig. 3.3ʹ

ࣔ͢ɻFig. 3.3ΑΓɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸޲ࢦಛੑͷ֓ܗΛΑ͘ଊ͍͑ͯΔͱ͍͑Δɻ͔͠

͠ɼ0◦ ͓Αͼ 180◦ ෇ۙʹ͓͍ͯ BEMʹΑΔ݁ࢉܭՌͱͷ͕ࠩޡେ͖͍޲܏ʹ͋Γɼࢉܭਫ਼౓͕
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(a) 63 Hz
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6.0

(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 3.3 ௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ

ݙΊΒΕΔΑ͏ͳ৔໘ʹ͓͍ͯ͸໰୊ʹͳΓ͏Δɻ·ͨɼจٻ [38]ΛߟࢀʹɼBEMʹΑΔ݁ࢉܭ

Ռͱͷ૬ରࠩޡͷฏۉ஋ εΛࣜ࣍Λ༻͍ͯٻΊɼఏҊख๏ʹΑΔ݁ࢉܭՌͷऩଋʹ͍ͭͯௐ΂ͨɻ

ε =
1

181

181∑

n=1

|pref (rn)− p(rn)|
|pref (rn)|

(3.13)

͜͜ͰɼprefɿBEM ʹΑΓٻΊͨԻѹɼpɿఏҊख๏ʹΑΓٻΊͨԻѹɼrnɿn ൪໨ͷ؍ଌ఺Ͱ

͋ΔɻEq. (3.13)ΑΓͦΕͧΕͷଧͪ੾Γ࣍਺ N ʹରͯ͠૬ରࠩޡͷฏۉ஋ εΛࢉग़ͨ݁͠ՌΛ

Fig. 3.4ʹࣔ͢ɻFig. 3.4ΑΓɼఏҊख๏ʹΑΔ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌʹ͓͚Δ૬ରޡ

ࠩͷฏۉ஋ ε͸ɼଧͪ੾Γ࣍਺ N Λେ͖͘͢Δ͜ͱͰऩଋ͍ͯ͘͜͠ͱ͕֬ೝͰ͖Δɻ·ͨɼଧ

ͪ੾Γ࣍਺Λ N = 20 ͱͨ͠৔߹ʹ͓͚Δ݁ࢉܭՌ͸ɼFig. 3.4 ΑΓे෼ऩଋͨ͠ൣғʹ͋Δ͜

ͱ͔ΒɼFig. 3.3ͷͦΕͧΕͷղੳप೾਺ʹ͓͚Δ݁ࢉܭՌ͸े෼ऩଋͨ݁͠ࢉܭՌͰ͋Δͱ͍͑

Δɻ͔͠͠ͳ͕ΒɼFig. ΋࠷͍͓ͯʹ3.4 BEM ͱͷ૬ରࠩޡͷฏۉ஋ ε ͕খ͞ͳ 500 Hz Ͱ΋ɼ

͕ࠩޡΒΕΔൣғʹ͓͍ͯ΋͑ߟՌ͕े෼ʹऩଋ͍ͯ͠Δͱ݁ࢉܭ 10%ఔ౓ଘ͢ࡏΔɻ͜ͷ͜ͱ

͔ΒɼFig. 3.3ͷఏҊख๏ʹΑΔ݁ࢉܭՌ͸ɼBEMͱͷ͕ࠩޡେ͖͍΋ͷͷଥ౰ͳ݁ࢉܭՌͰ͋

ΓɼఏҊख๏ʹΑΔࢉܭਫ਼౓ͷݶքͱͯ͠ 10%ఔ౓ͷ͕ࠩޡੜͯ͡͠·͏ͱ͍͑Δɻ
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Fig. 3.4 ఏҊख๏ʹΑΔ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋ ε

3.2.2 ো֐෺ͷۙ๣ʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑ

લ߲ʹ͓͚Δো֐෺ͷԕํʹ؍ଌ఺Λઃఆͨ͠৔߹ͷ݁ࢉܭՌ͔Βɼো֐෺ͱ؍ଌ఺ͱͷڑ཭͕

཭Ε͍ͯΔ৔߹ʹ͍ͭͯ͸ɼఏҊख๏ʹ͓͚Δ݁ࢉܭՌ͸͕ࠩޡେ͖͍΋ͷͷଥ౰ͳ݁ࢉܭՌ͕

ಘΒΕ͍ͯΔͱ͑ߟΒΕΔɻҰํͰɼఏҊख๏ʹ͓͍ͯ͸ಘΒΕͨղ͕ऩଋ͢Δ͜ͱ͕อূ͞Εͯ

͍Δ΋ͷͷɼݪཧతʹ Eq. (3.5)͸ো֐෺ʹ֎઀͢Δٿͷ֎෦ r ≥ rmin ʹ͓͍ͯ੒Γཱͭ΋ͷͰ

͋Γɼো֐෺ʹ֎઀͢Δٿͷ಺෦ʹ͓͍ͯ͸ଥ౰ͳ݁ࢉܭՌ͕ಘΒΕͳ͍Մೳੑ͕͋Δɻͦ͜Ͱɼ

ো֐෺ͱ؍ଌ఺ͱͷڑ཭Λ r = 0.6ʢো֐෺ʹ֎઀͢Δٿͷ಺෦ʣɼ 0.707ʢো֐෺ʹ֎઀͢Δٿ

্ʣɼ1.0ʢো֐෺ʹ֎઀͢Δٿͷ֎෦ʣͱͨ͠৔߹ʹ͍ͭͯɼͦΕͧΕࢄཚ೾ͷ޲ࢦಛੑΛ͠ࢉܭɼ

Eq. (3.13) ΑΓ BEM ʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋ ε Λࢉग़ͨ͠ɻҟͳΔ؍ଌ఺ʹ͓͍

ͯɼఏҊख๏ʹΑΔ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌʹ͓͚Δ૬ରࠩޡͷฏۉ஋ εΛͦΕͧΕࢉग़

ͨ݁͠ՌΛ Fig. 3.5ʹࣔ͢ɻఏҊख๏ʹΑΔ݁ࢉܭՌ͸ɼFig. 3.5 (a)ͷ؍ଌ఺Λ༗ݶ௕ԁ౵ʹ֎

઀͢Δٿͷ಺෦ʹઃఆͨ͠৔߹΍ɼ(b)ͷ؍ଌ఺Λ֎઀͢Δ্ٿʹઃఆͨ͠৔߹ͷ݁ՌΑΓɼଧͪ

੾Γ࣍਺ N Λେ͖͘͢Δ͜ͱͰऩଋ͍༷͕ͯ֬͘͠ࢠೝͰ͖Δɻ·ͨɼFig. 3.5 (c)ͷ؍ଌ఺Λ༗

ͷ֎෦ʹઃఆͨ͠৔߹ʹ͍ͭͯ΋ɼ͜Ε·Ͱͱಉ༷ʹਫ਼౓ʹؔͯ͠͸ٿ௕ԁ౵ʹ֎઀͢Δݶ BEM

ͱಉఔ౓ͷ݁ࢉܭՌ͕ಘΒΕΔͱ͸͍͑ͳ͍΋ͷͷɼͦͷऩଋʹؔͯ͠͸໰୊ͳ͍ͱ͍͑Δɻͦͷ

ͨΊɼݪཧతʹ Eq. (3.5)͸ো֐෺ʹ֎઀͢Δٿͷ֎෦ r ≥ rmin ʹ͓͍ͯ੒Γཱͭ΋ͷͰ͸͋Δ

͕ɼจݙ [32–34]ʹ͓͍ͯূ໌͞Εͨఆཧͱಉ༷ʹɼr < rmin Ͱ͋Δൣғͷ݁ࢉܭՌ΋ਅͷ஋ʹ

ऩଋ͍ͯ͘͠ͱ͍͑Δɻ

Ҏ্ΑΓɼఏҊख๏Λ༻͍Ε͹ɼBEMͱൺ΂ͯࠩޡ͸͋Δఔ౓ؚ·Εͯ͠·͏΋ͷͷɼ೚ҙͷ

ՌΛಘΔ͜ͱ͕Ͱ͖Δͱ͍͑Δɻ݁ࢉܭଌ఺ʹ͓͍ͯଥ౰ੑͷ͋Δ؍
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(a) r = 0.6
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(b) r = 0.707
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(c) r = 1.0

Fig. 3.5 ଌ఺ΛͦΕͧΕ؍ r = 0.6ɼ0.707ɼ1.0ͱͨ͠৔߹ͷఏҊख๏ʹΑΔ݁ࢉܭՌͱ BEM

ʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋ ε
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3.2.3 ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ

BEMͰ͸ղͷඇҰҙੑͷ໰୊͕͋ΔͨΊɼղੳप೾਺͕ো֐෺಺෦ͷ Dirichletप೾਺ͱҰக

ͨ͠৔߹ʹղੳਫ਼౓͕௿Լ͠ɼप೾਺Ԡ౴ؔ਺ΛٻΊͨ৔߹ʹෆ࿈ଓ఺͕ੜ͡Δɻͦ͜Ͱɼࢄཚ೾

ͷप೾਺Ԡ౴ؔ਺Λ͠ࢉܭɼఏҊख๏ʹ͓͍ͯղͷඇҰҙੑͷΑ͏ͳෆ࿈ଓ఺͕ੜ͡Δͷ͔Ͳ͏͔

Λ֬ೝ͢Δɻ

Fig. 3.6 ଌ఺ΛͦΕͧΕ؍ʹ R1 = (5, 0, 0)ɼR2 = (0, 5, 0)ɼR3 = (−5, 0, 0) ͱͨ͠৔߹ͷࢄ

ཚ೾ͷप೾਺Ԡ౴ؔ਺ͷ݁ࢉܭՌΛࣔ͢ɻ͜ͷͱ͖ɼఏҊख๏ʹΑΔ݁ࢉܭՌͰ͸ଧͪ੾Γ࣍਺

N = 30ͱ͠ɼBEMʹΑΔ݁ࢉܭՌͰ͸ େϝογϡ௕࠷Ұఆཁૉʢܗ֯ࡾͷݸ2744 lmaxɿ0.079

[m]ʣΛ༻͍ͨɻ͜ͷͱ͖ɼBEMʹΑΔ݁ࢉܭՌͰ͸ղͷඇҰҙੑͷӨڹͱ͑ߟΒΕΔෆ࿈ଓ఺͕

ੜ͍ͯ͡Δɻͦ͜Ͱɼ࣮ࡍʹ༗ݶ௕ԁ౵಺ͷ Dirichletप೾਺Λࢉग़͢Δɻ༗ݶ௕ԁ౵಺ͷԻ৔͸ɼ

ԁ౵࠲ඪܥ (r, ϕ, z)Λ༻͍ͯࣜ࣍Ͱද͞ΕΔ [40]ɻ

Φ(r, t) = Jn(krr) cos(kzz) cos(mϕ)e−2πjkt

k =
√

k2r + k2z

(3.14)

ͨͩ͠ɼJnɿBessel ؔ਺Ͱ͋ΔɻΏ͑ʹɼ༗ݶ௕ԁ౵ͷڥք໘Ͱ͋Δ r = aɼz = ±b ʹ͓͍ͯ

Eq. (3.14)͕θϩͱͳΔͷ͸ɼ

Jn(kra) = 0, cos(kzb) = 0 (3.15)

ͱͳΔ৔߹Ͱ͋Δɻ͜͜Ͱɼn࣍ͷ Besselؔ਺ʹ͓͚Δ l൪໨ͷθϩ఺Λ αn,l ͱ͢Ε͹ɼDirichlet

प೾਺ fd ͸ࣜ࣍Ͱٻ·Δɻ

fd =
c

2π

√(
αn,l

a

)2

+

(
2s− 1

2b
π

)2

l, s = 0, 1, 2, . . .

(3.16)

Eq. (3.16)ΑΓɼ༗ݶ௕ԁ౵಺෦ͷ Dirichletप೾਺ fd Λࢉग़͢Ε͹ɼ500ʙ700 Hzͷؒʹ͓͚Δ

༗ݶ௕ԁ౵಺෦ͷ Dirichletप೾਺͸ɼfd = 578.8ɼ587.5ɼ627.9ɼ664.5 [Hz]ͱͳΓෆ࿈ଓ఺͕

ൃੜ͍ͯ͠Δղੳप೾਺ͱҰக͍ͯ͠Δ͜ͱ͔ΒɼBEMʹΑΔ݁ࢉܭՌʹ͓͍ͯൃੜ͍ͯ͠Δෆ

࿈ଓ఺͸ղͷඇҰҙੑʹΑΔ΋ͷͰ͋Δͱ͍͑ΔɻҰํͰɼఏҊख๏ʹΑΔࢄཚ೾ͷप೾਺Ԡ౴ؔ

਺ͷ݁ࢉܭՌͰ͸ෆ࿈ଓ఺͕ੜ͡Δ͜ͱͳ͘ɼ׈Β͔ͳ݁ࢉܭՌ͕ಘΒΕ͍ͯΔɻ͜Ε͸ɼఏҊख

๏Ͱ͸ BEM͕਺ֶతૅجͱ͍ͯ͠Δੵ෼ํఔࣜΛ༻͍͍ͯͳ͍͜ͱʹՃ͑ɼະ஌ྔ͕ల։܎਺Ͱ

͋ΔͨΊɼBEMͷΑ͏ʹղ͕Ұҙʹٻ·Βͳ͍ͱ͍ͬͨ໰୊͕ੜ͡ͳ͍ͱ͑ߟΒΕΔɻ͔͠͠ͳ

͕ΒఏҊख๏ʹΑΔ݁ࢉܭՌ͸ɼ͜Ε·Ͱʹ΋ࣔͨ͠Α͏ʹ BEMͱͷ૬ର͕͋ࠩޡΔఔ౓ҎԼʹ

͸খ͘͞ͳΒͣɼ1 dBఔ౓ͷ͕ࠩޡੜͯ͡͠·͏ͨΊɼ͜ͷ͜ͱΛྀͯ͠ߟप೾਺Ԡ౴ؔ਺ͷܭ

ՌΛղऍ͠ར༻͢Δඞཁ͕͋Δͱ͍͑Δɻ݁ࢉ



36

500 550 600 650 700
34

35

36

37

38

39

Frequency [Hz]

S
o

u
n

d
 p

re
ss

u
re

 l
ev

el
 [

d
B

 S
P

L
]

 

 

BEM
Proposed (N=30)

(a) ଌ఺R1؍ = (5, 0, 0)
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(b) ଌ఺R2؍ = (0, 5, 0)
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(c) ଌ఺R3؍ = (−5, 0, 0)

Fig. 3.6 Ռ݁ࢉܭཚ೾ͷप೾਺Ԡ౴ؔ਺ͷࢄ
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3.3 ίετࢉܭ

ఏҊख๏ͷࢉܭίετʹ͍ͭͯ͑ߟΔɻఏҊख๏ͷࢉܭίετʹ͓͍ͯɼBEMͱେ͖͘ҟͳΔ

෦෼͸܎਺ྻߦΛಘΔͨΊʹඞཁͳྔࢉܭ΍ϝϞϦͰ͋Δ͜ͱ͔Βɼ͜ͷ఺ʹؔ͢Δࢉܭίετͷ

Δະ஌਺Λ͍༺ʹࢉܭɻBEMͰ͸͏ߦΛ࡯ߟ Nb ͱ͢Ε͹ɼ܎਺ྻߦΛಘΔͨΊʹඞཁͳྔࢉܭ

΍ϝϞϦͷΦʔμʔ͸ͦΕͧΕ O(Nb)ͱͳΔɻҰํͰɼఏҊख๏ʹ͓͍ͯ͸ࢉܭͱͳΔະ஌਺͸

Np = (N + 1)2 ͱͳΔͨΊɼͦͷΦʔμʔ͸ O(N2
p ) ≈ O(N2)ͱͳΔɻҎ্ΑΓɼࢉܭʹ༻͍Δ

ະ஌਺ͷ਺͕ఏҊख๏ͱ BEMͰಉ͡Ͱ͋Δঢ়گʹ͓͍ͯ͸ɼࢉܭίετͷΦʔμʔ͕ಉ͡Ͱ͋Δ

͜ͱ͔ΒɼͲͪΒͷख๏Λ༻͍ͯ΋ࠩ͸ੜ͡ͳ͍ͱ͍͑ΔɻҰํͰɼ࣮ࡍʹϓϩάϥϜΛ࣮ͨ͠ߦ

͚͓ʹ෺ද໘શମ֐ͷͦΕͧΕͷཁૉʹରͯ͠োྻߦ਺܎͸ɼఏҊख๏Ͱ͸͍ͯͭʹؒ࣌ࢉܭͷࡍ

Δੵ෼͕ࢉܭඞཁͱͳΔͨΊɼBEMͱൺ΂ͯؒ࣌ࢉܭ͸େ͖ͳ΋ͷʹͳΔͱ͑ߟΒΕΔɻͦͷͨ

ΊɼຊষͰ༻͍ͨ༗ݶ௕ԁ౵ͷΑ͏ʹɼো֐෺ܗঢ়ʹؔͯ͠ରশੑͳͲ͕͋Γɼੵ෼ࢉܭΛཧ࿦త

͸ఏҊख๏ͷ΄͏͕ෆརͱͳΔ͜ͱ͕༧ͯؔ͠ʹؒ࣌ࢉܭͰ͖Δ෦෼͕͋Δ৔߹Ͱͳ͍ͱɼߦ࣮ʹ

૝Ͱ͖Δɻ

ຊষͰఏҊͨ͠४ཧ࿦ղੳख๏ʹ͓͚Δࢉܭίετ͸ɼ࣍ষͰఏҊ͢Δ४ཧ࿦ղੳख๏ͱಉ౳Ͱ

͋ΔͨΊɼΑΓৄࡉͳূݕʹ͍ͭͯ͸࣍ষͰ͏ߦɻ

3.4 ·ͱΊ

ຊষͰ͸ɼԻ৔Λٿ೾ಈؔ਺Λ༻͍ͨల։දݱͰද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ڥք৚݅ͷೋ৐

ฏࠩޡۉΛධՁؔ਺ͱͯ͠࠷খೋ৐๏Λద༻͢Δ͜ͱͰϚτϦΫεํఔࣜʹؼணͤ͞ɼ਺஋తʹٻ

ΊΔ४ཧ࿦ղੳख๏Λѻͬͨɻ·ͨɼఏҊख๏Λ༻͍ͯ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳΛ͍ߦɼ

ͦͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔ͜ͱͰɼҎԼʹࣔ݁͢ՌΛಘͨɻ

(1) ఏҊख๏Λ༻͍Δ͜ͱͰ೚ҙͷ؍ଌ఺ʹ͓͍ͯଥ౰ੑͷ͋Δ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ

(2) ҰํͰɼఏҊख๏ʹΑΔࢉܭਫ਼౓ʹ͸ݶք͕͋ΓɼBEMͱൺֱ͢Δͱे෼ͳࢉܭਫ਼౓ͷ݁

Ռ͕ಘΒΕΔͱ͸͍͑ͣɼ10%ఔ౓ͷ͕ࠩޡੜͯ͡͠·͏ɻ

(3) ఏҊख๏Λ༻͍ͯप೾਺Ԡ౴ؔ਺Λͨ͠ࢉܭ৔߹ɼBEMͷΑ͏ʹղͷඇҰҙੑͷ໰୊ʹΑ

Γ݁ࢉܭՌʹෆ࿈ଓ఺͕ൃੜ͢Δͱ͍ͬͨ͜ͱ͕ੜͣ͡ɼ׈Β͔ͳप೾਺Ԡ౴ؔ਺ΛٻΊΔ

͜ͱ͕Ͱ͖Δɻ

(4) ো֐෺ܗঢ়ʹରশੑͳͲ͕͋Γɼཧ࿦తʹੵ෼ࢉܭΛ࣮ߦͰ͖Δ෦෼͕͋Δ৔߹Ͱͳ͍ͱɼ

͸͍ͯͭʹؒ࣌ࢉܭ BEMΑΓ΋ෆརʹͳΔͱ༧૝Ͱ͖Δɻ

Ҏ্ΑΓɼຊষʹ͓͍ͯఆࣜԽͨ͠४ཧ࿦ղੳख๏Λ༻͍Δ͜ͱͰଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔ͜

ͱ͕Θ͔ͬͨɻ͔͠͠ͳ͕ΒɼఏҊख๏Ͱ͸࠷খೋ৐๏Λ༻͍͍ͯΔ͜ͱ͔Βɼͦͷࢉܭਫ਼౓ʹ͸

ؔʹਫ਼౓ࢉܭΊΒΕΔΑ͏ͳ৔߹ɼఏҊख๏ͷٻਫ਼౓͕ࢉܭ͍͓ͯʹք͕͋ΔɻͦͷͨΊɼղੳݶ

͢Δݶք͕໰୊ͱͳͬͯ͘Δɻͦ͜Ͱ࣍ষͰ͸ɼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ͱ

ͯ͠ɼKirchhoff–HuygensͷެࣜΛ༻͍ͨ४ཧ࿦ղੳख๏ͷߏஙΛࢼΈΔɻ
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ୈ 4ষ

೾ಈؔ਺ͱٿ Kirchhoff–Huygensͷެࣜ
Λ༻͍ͨࢄཚԻ৔ͷ४ཧ࿦ղੳख๏

લষͰ͸ɼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ͱͯ͠ɼڥք৚݅ͷೋ৐ฏࠩޡۉʹΑ

ΔධՁؔ਺ʹ࠷খೋ৐๏Λద༻͢Δ͜ͱͰɼະ஌ͷల։܎਺ʹؔ͢ΔϚτϦΫεํఔࣜΛಋ͘ख๏

Λѻͬͨɻ͔͠͠ͳ͕Βɼલষʹ͓͚Δ४ཧ࿦ղੳख๏͸ਫ਼౓ʹؔͯ͠ݶք͕͋Γɼࢉܭਫ਼౓͕ٻ

ΊΒΕΔΑ͏ͳ৔߹ʹ͸໰୊ʹͳΔɻͦ͜ͰຊষͰ͸ɼલষͱಉ༷ʹԻ৔ʹ͍ͭͯ͸ٿ೾ಈؔ਺ʹ

ΑΔల։දݱͰද͕͢ɼͦͷల։܎਺ʹ͍ͭͯ͸࠷খೋ৐๏Ͱ͸ͳ͘ Kirchhoff–Huygensͷެࣜ

Λ༻͍ͯϚτϦΫεํఔࣜʹؼணͤ͞ɼ਺஋తʹٻΊΔͱ४ཧ࿦ղੳख๏Λߏங͢Δɻ·ͨɼఏҊ

ख๏ʹΑΔ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌͱͷൺֱ͔ΒఏҊख๏ͷଥ౰ੑΛ֬ೝ͠ɼͦͷ਺஋ಛ

Δɻ͢ূݕ͍ͯͭʹੑ

4.1 ఏҊղੳख๏

4.1.1 ໰୊ઃఆ

Fig. 4.1ʹࣔ͢Α͏ͳɼ3ࣗݩ࣍༝ۭؒதʹ఺Իݯͱ୯Ұͷো֐෺͕ଘ͢ࡏΔ৔߹ͷԻࢄڹཚ໰

୊ʹ͍ͭͯ͑ߟΔɻ͜ͷͱ͖ɼো֐෺ͷத৺Λݪ఺ͱ͠ɼԻݯ͸ো֐෺ʹ֎઀͢Δٿͷ֎෦ʹ͋

Δͱ͢Δɻ·ͨɼ࠲ٿඪܥΛ༻͍ͯ఺ԻݯͷҐஔΛ rs = (rs, θs, ϕs)ɼ؍ଌ఺Λ r = (r, θ, ϕ)ͱ

͢Δɻ

4.1.2 ఆࣜԽ

ୈ 3 ষͱಉ༷ʹɼFig. 4.1 ʹࣔ͢Ի৔͕ઢܗͰ͋Ε͹ɼ؍ଌ఺ r ʹ͓͚Δ଎౓ϙςϯγϟϧ φ

͸ɼೖࣹϙςϯγϟϧ φi ͱࢄཚϙςϯγϟϧ φs Λ༻͍ͯ

φ(r) = φi(r) + φs(r) (4.1)
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Observation point
r = (r, θ, φ)

Source point
rs= (rs, θs, φs)

O y

z

rmin

x

Fig. 4.1 ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔

ͱද͢͜ͱ͕Ͱ͖ɼ఺Իݯͷମੵ଎౓͕ QͰ༩͑ΒΕΔ৔߹ʹೖࣹϙςϯγϟϧ φi ͸ɼ

φi(r) =
∞∑

n=0

n∑

m=−n

Cm
n (rs)R

m
n (r) (4.2)

·ͨɼࢄཚϙςϯγϟϧ φs ʹ͍ͭͯ΋ Am
n Λະ஌ͷల։܎਺ͱͯ͠ɼ

φs(r) =
∞∑

n=0

n∑

m=−n

Am
n Sm

n (r) (4.3)

ͱٿ೾ಈؔ਺Λ༻͍ͨల։දݱͰද͢͜ͱ͕Ͱ͖Δɻ͜͜ͰɼFig. 4.1Ͱࣔͨ͠Ի৔ʹ͍ͭͯɼো

෺ͷද໘֐ Γ ্ͷ఺ r0 ʹ͓͚ΔൺԻڹΠϯϐʔμϯε͕ Z(r0) Ͱ༩͑ΒΕΔ৔߹ɼKirchhoff–

Huygensͷެࣜ͸࣍ͷΑ͏ʹͳΔɻ

φ(r) =
Q

4π|rs − r|e
jk|rs−r| +

∫∫

Γ

(
φ(r0)

∂G(r0, r)

∂n0
− jωρ

Z(r0)
φ(r0)G(r0, r)

)
dS0 (4.4)

͜͜Ͱ G͸ Greenؔ਺Ͱ͋Γɼ3ݩ࣍Ի৔ͷجຊղɼ

G(r0, r) =
1

4π|r0 − r|e
jk|r0−r| (4.5)

Λ࠾༻͢ΔɻGreenؔ਺ʹ͍ͭͯ΋ٿ೾ಈؔ਺Λ༻͍ͯల։͢Ε͹ɼr0 < r ͱ͍͏৚݅ͷ΋ͱɼ

G(r0, r) = jk
∞∑

n=0

n∑

m=−n

R−m
n (r0)S

m
n (r) (4.6)

ͱల։͢Δ͜ͱ͕Ͱ͖ΔɻҎ্ΑΓɼೖࣹϙςϯγϟϧɼࢄཚϙςϯγϟϧ͓Αͼ Greenؔ਺ʹ

͍ͭͯɼͦΕͧΕͷٿ೾ಈؔ਺Λ༻͍ͨల։ද͕ݱಘΒΕͨɻ

.ɼEqʹ࣍ (4.4)ʹɼEq. (4.2)ɼ(4.3)ɼ(4.6)Λద༻͠ɼະ஌ͷల։܎਺ Am
n ʹؔ͢ΔϚτϦΫ

εํఔࣜΛಋ͘ɻ͜ͷͱ͖ɼΓ্ͷ఺ r0 ʹରͯ͠ Eq. (4.3)͸ີݫʹ͸ద༻͢Δ͜ͱ͕Ͱ͖ͳ͍ɻ
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ͱ͜ΖͰɼจݙ [32–34]ʹ͓͍ͯɼจݙதͰఆٛ͞Εͨ׬උ೾ಈؔ਺ܥΛ༻͍Ε͹ɼͦͷҰ݁࣍߹

Ͱ଎౓ϙςϯγϟϧ φ(r)Λද͢͜ͱʹΑΓɼڥք Γ্ͷ଎౓ϙςϯγϟϧ φ(r0)ʹ͍ͭͯ΋ɼਅ

ͷ஋ʹର͢Δೋ৐ฏࠩޡۉΛे෼খ͞ͳਖ਼਺ҎԼʹ͢Δ͜ͱ͕Ͱ͖Δͱ͍͏ఆཧʢҎԼɼ׬උ೾ಈ

ؔ਺ܥͷఆཧͱݺͿʣ͕ূ໌͞Ε͍ͯΔɻͦ͜Ͱɼٿ೾ಈؔ਺ͷಛҟղ Sm
n ͸׬උ೾ಈؔ਺ܥͰ

͋ΔͨΊ [32–34]ɼ׬උҐ೾ಈؔ਺ܥͷఆཧ͕੒ཱ͢ΔͱԾఆ͠ɼΓ ্ͷ೚ҙͷ఺ r0 ʹରͯ͠΋

Eq. (4.3)Λͦͷ··ద༻͢Δ͜ͱͱ͢Δɻ͜ΕΒͷ݁ՌɼEq. (4.4)͸ࣜ࣍ͷΑ͏ʹͳΔɻ

∞∑

n=0

n∑

m=−n

Am
n Sm

n (r) =

∫∫

Γ

[{ ∞∑

n=0

n∑

m=−n

Cm
n (rs)R

m
n (r0) +Am

n Sm
n (r0)

}

×
{

∂

∂n0

∞∑

n=0

n∑

m=−n

jkR−m
n (r0)S

m
n (r)

}

− jωρ

Z(r0)

{ ∞∑

n=0

n∑

m=−n

Cm
n (rs)R

m
n (r0) +Am

n Sm
n (r0)

}

×
{ ∞∑

n=0

n∑

m=−n

jkR−m
n (r0)S

m
n (r)

}]
dS0

(4.7)

͞ΒʹɼEq. ΛಘΔɻࣜ࣍໘ௐ࿨ؔ਺ͷ௚ަੑΛར༻͢Ε͹ٿ͍͓ͯʹ(4.7)

As
l =

∫∫

Γ

[{ ∞∑

n=0

n∑

m=−n

Cm
n (rs)R

m
n (r0) +Am

n Sm
n (r0)

}
∂

∂n0
jkR−s

l (r0)

− jωρ

Z(r0)

{ ∞∑

n=0

n∑

m=−n

Cm
n (rs)R

m
n (r0) +Am

n Sm
n (r0)

}
jkR−s

l (r0)

]
dS0

(4.8)

͜ͷ Eq. (4.8)Λະ஌ͷల։܎਺ Am
n ʹؔͯ͠੔ཧ͢Ε͹ɼ

As
l −

∞∑

n=0

n∑

m=−n

Am
n (Xsm

ln + Y sm
ln ) =

∞∑

n=0

n∑

m=−n

Cm
n (rs)(X̃

sm
ln + Ỹ sm

ln ) (4.9)

ͱͳΔɻͨͩ͠ɼ

Xsm
ln = jk

∫∫

Γ
Sm
n (r0)

∂

∂n0
R−s

l (r0)dS0

Y sm
ln =

∫∫

Γ

kωρ

Z(r0)
Sm
n (r0)R

−s
l (r0)dS0

X̃sm
ln = jk

∫∫

Γ
Rm

n (r0)
∂

∂n0
R−s

l (r0)dS0

Ỹ sm
ln =

∫∫

Γ

kωρ

Z(r0)
Rm

n (r0)R
−s
l (r0)dS0

ͱͨ͠ɻEq. (4.9) ʹ͓͍ͯɼແڃݶ਺࿨Λద౰ͳ࣍਺ N Ͱଧͪ੾Γɼl = 0, 1, 2, . . . , Nɼs =

−l, . . . , l ͱมԽͤ͞Ε͹ɼ(N + 1)2 ਺܎ͷະ஌ͷల։ݸ Am
n ʹؔ͢ΔϚτϦΫεํఔ͕ࣜಘΒ

ΕΔɻ
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4.2 ਺஋ྫࢉܭ

͜͜Ͱ͸ɼҎԼʹ߲ࣔ͢໨ʹ͍ͭͯ਺஋ࢉܭΛ͍ߦɼBEMʹΑΔ݁ࢉܭՌͱͷൺֱ͔ΒɼఏҊ

ख๏ͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

• ಛੑ޲ࢦཚ೾ͷࢄ
– ଧͪ੾Γ࣍਺ N ͷઃఆ

– ো֐෺ۙ๣ʹؔ͢Δূݕ

– ো֐෺ͷΞεϖΫτൺʹؔ͢Δূݕ

• ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ
• ίετࢉܭ

ղੳର৅ͱͳΔো֐෺ܗঢ়ͷઃఆʹؔͯ͠͸ɼલষʹ͓͍ͯఏҊͨ͠࠷খೋ৐๏Λ༻͍ͨ४ཧ࿦

ղੳख๏ͱಉ༷ʹɼٿ೾ಈؔ਺Λར༻͍ͯ͠ΔͨΊɼো֐෺ͷܗঢ়͕ܗٿʹ͍ۙ΋ͷͰ͋Δ΄Ͳఏ

Ҋख๏ͷಛੑ͕ݦஶʹݱΕΔͱ༧૝͞ΕΔɻͦ͜Ͱɼલষͱಉ༷ʹ Fig. 4.2 ʹࣔ͢Α͏ͳɼো֐

෺ܗঢ়͕༗ݶ௕ԁ౵Ͱ͋Δ৔߹ͷࢄཚԻ৔ʹ͍ͭͯѻ͏ɻͳ͓ɼఏҊख๏ʹΑΔղੳʹ͓͍ͯɼ༗

ऴతʹ͸࠷ग़དྷΔ෦෼͕͋Γɼߦ࣮ʹ௕ԁ౵ද໘্Ͱͷ໘ੵ෼͸ཧ࿦ղੳతݶ θ0 ͷΈΛੵ෼ม਺

ͱ͢Δઢੵ෼ͱͯ͠ࢉܭͰ͖Δ [17]ɻͦ͜ͰɼఏҊख๏ʹΑΔղੳͰ͸ɼθ0 = 0ʙπ ͷൣғΛ π/4

ͣͭʹ۠੾ΓɼͦΕͧΕͷ۠ؒΛ 16 ఺ͷ Gauss-Legendre ੵ෼Λ༻͍ͯ਺஋ੵ෼ͨ͠ɻҰํͰɼ

BEMʹΑΔղੳͰ͸ܗ֯ࡾҰఆཁૉΛ༻͍ͯڥքΛ෼ׂ͠ɼͦΕͧΕͷܗ֯ࡾҰఆཁૉʹ͓͚Δ

໘ੵ෼ͷࢉܭʹ͸ 9఺ͷ Gaussੵ෼Λ༻͍ͨɻ

·ͨɼ਺஋ڥ؀ػࢉܭ͍ͨ༺ʹࢉܭ͸ҎԼͷͱ͓ΓͰ͋Δɻ

• CPU: Intel Core i7 2.80 GHz

• Memory: 8 GB

• Language: Python

4.2.1 ಛੑ޲ࢦཚ೾ͷࢄ

͍ͭʹՌͱͷൺֱ͔ΒఏҊख๏ͷଥ౰ੑ݁ࢉܭɼBEMʹΑΔ͠ࢉܭ͍ͯͭʹಛੑ޲ࢦཚ೾ͷࢄ

ͯ֬ೝ͢Δɻ͜ͷͱ͖ɼԻݯͱ؍ଌ఺ͷઃఆ͸ɼԻݯΛ rs = (10, 0, 0)ʹઃஔ͠ɼ؍ଌ఺Λ x–y ฏ

໘্ͷݪ఺͔Β r ͷڑ཭ʹ͓͚Δ ϕ = 0ʙ180◦ ͷൣғʹઃఆͨ͠؍ଌ఺ʢFig. 4.3 (a)ɼcase 1ʣ

ͱɼԻݯΛ rs = (0, 0, 10) ʹઃஔ͠ɼ؍ଌ఺Λ x–z ฏ໘্ͷݪ఺͔Β r ͷڑ཭ʹ͓͚Δ θ = 0ʙ

180◦ ͷൣғʹઃఆͨ͠؍ଌ఺ʢFig. 4.3 (b)ɼcase 2ʣͷ 2छྨΛઃఆͨ͠ɻ

·ͣ͸༗ݶ௕ԁ౵ͷαΠζΛ௚ܘ 2a = 1.0ɼ͞ߴ 2b = 1.0ͱ͠ɼcase 1ɼcase 2ͷͦΕͧΕͷ

ଌ఺ʹ͍ͭͯ͸؍ r = 5.0ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑΛͨ͠ࢉܭɻ͜ͷͱ͖ɼBEMʹΑΔܭ

Ͱ͸ࢉ 1312ཁૉͷܗ֯ࡾҰఆཁૉʢ࠷େϝογϡ௕ lmaxɿ0.104 [m]ʣΛ༻͍ɼఏҊख๏ʹΑΔܭ

਺ΛN࣍Ͱ͸ଧͪ੾Γࢉ = 20ͱͨ͠ɻFig. 4.4ʹ case 1ʹ͓͚Δ݁ࢉܭՌΛɼFig. 4.5ʹ case 2
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(b) x–z ฏ໘ʹ͓͚ΔԻݯͱ؍ଌ఺ͷઃఆʢcase 2ʣ

Fig. 4.3 ղੳର৅ͱͨ͠༗ݶ௕ԁ౵ʹΑΔԻ৔ʹ͓͚ΔԻݯͱ؍ଌ఺ͷઃఆ
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Proposed (N=20)

(a) 63 Hz
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6.0

(b) 125 Hz
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(c) 250 Hz
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BEM
Proposed (N=20)

(d) 500 Hz

Fig. 4.4 ௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʢcase 1ʣ

ʹ͓͚Δ݁ࢉܭՌΛͦΕͧΕࣔ͢ɻFig. 4.4͓Αͼ Fig. 4.5ΑΓɼͲͪΒͷઃఆʹؔͯ͠΋ఏҊख

๏ʹΑΔ݁ࢉܭՌ͸ BEMʹΑΔ݁ࢉܭՌͱඇৗʹΑ͘Ұக͓ͯ͠ΓɼఏҊख๏Λ༻͍Δ͜ͱͰଥ

౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δͱ͍͑Δɻಛʹɼcase 1ʹ͓͚Δ݁ࢉܭՌͰ͸ɼલষͰѻͬͨ࠷

খೋ৐๏Λ༻͍ͨ४ཧ࿦ղੳख๏ΑΓ΋ BEMʹΑΔ݁ࢉܭՌͱͷ͕ࠩޡখ͘͞ɼ࠷খೋ৐๏Λ༻

͍ͨ४ཧ࿦ղੳख๏ΑΓ΋ࠩޡʹؔͯ͠༏ҐͰ͋Δͱ͍͑Δɻ

·ͨɼจݙ [38]Λߟࢀʹɼ૬ରࠩޡͷฏۉ஋ εΛࣜ࣍Λ༻͍ͯٻΊɼఏҊख๏ʹΑΔ݁ࢉܭՌͷ

ऩଋʹ͍ͭͯௐ΂ͨɻ

ε =
1

181

181∑

n=1

|pref (rn)− p(rn)|
|pref (rn)|

(4.10)

͜͜ͰɼprefɿBEMʹΑΓٻΊͨԻѹɼpɿఏҊख๏ʹΑΓٻΊͨԻѹɼrnɿn൪໨ͷ؍ଌ఺Ͱ͋

ΔɻFig. 4.6ͱ Fig. 4.7ʹɼcase 1ɼcase 2ͦΕͧΕͷ৔߹ʹ͓͚ΔఏҊख๏ʹ͓͍ͯଧͪ੾Γ࣍

਺ N ΛมԽͤͨ͞৔߹ͷ૬ରࠩޡͷฏۉ஋ͷมԽΛࣔ͢ɻFig. 4.6͓Αͼ Fig. 4.7ΑΓɼଧͪ੾

Γ࣍਺ N Λେ͖͘͢Δ͜ͱͰఏҊख๏ʹΑΔ݁ࢉܭՌ͸ऩଋ͠ɼBEMʹΑΔ݁ࢉܭՌͱͷ૬ର

ೝͰ͖Δɻ·ͨɼcase͕֬ࢠ஋͕খ͘͞ͳ͍༷ͬͯ͘ۉͷฏࠩޡ 1ͱ case 2ͷͲͪΒͷઃఆʹؔ
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(a) 63 Hz
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Proposed (N=20)

(b) 125 Hz
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(c) 250 Hz
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Proposed (N=20)

(d) 500 Hz

Fig. 4.5 ௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʢcase 2ʣ

ͯ͠΋ɼଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔ͜ͱͰఏҊख๏ʹΑΔ݁ࢉܭՌ͸ऩଋ͠ɼे෼ͳਫ਼౓ͷܭ

ʹՌ͕ಘΒΕΔͱ͍͑Δ͕ɼશମత݁ࢉ case 1ʹ͓͚Δ݁Ռͷ΄͏͕ case 2ʹ͓͚Δ݁ՌΑΓ΋

খ͍͞ɻ͜Ε͸͕ࠩޡ case 1Ͱઃఆͨ͠؍ଌ఺ʹ͓͚Δ݁ࢉܭՌͰ͸ɼԁ౵໘ͷۂ཰͕ٿ໘ͱҰ

ఆͰ͋Δ͜ͱ͔Βɼcase 1ͷ΄͏͕ case 2ΑΓ΋ٿ೾ಈؔ਺ʹΑΔల։දݱͰࢄཚ೾Λද͠ݱ΍

͍ͨ͢ΊͰ͋Δͱ͑ߟΒΕΔɻ

͞ΒʹɼఏҊख๏Λ༻͍ͯ͢ࢉܭΔࡍʹɼे෼ͳਫ਼౓ͷ݁ࢉܭՌ͕ಘΒΕΔͷଧͪ੾Γ࣍਺ N

ͷઃఆʹ͍ͭͯ͑ߟΔɻఏҊख๏Ͱ͸ղੳʹඞཁͱͳΔະ஌਺ͷ਺͸ Np = (N + 1)2 ͱͳΔͨΊɼ

਺࣍ίετ͸ଧͪ੾Γࢉܭ N ʹґଘ͢ΔɻͦͷͨΊղੳର৅ʹରͯ͠࠷దͳଧͪ੾Γ࣍਺ N Λઃ

ఆ͢Δ͜ͱ͕ॏཁͱͳΔɻҰൠతʹɼٿ೾ಈؔ਺ʹΑΔల։ࣜ Eq. (4.3)͕ऩଋ͢ΔͨΊʹ͸࣍ͷ

Λຬͨ͢ඞཁ͕͋Δ͜ͱ͕஌ΒΕ͍ͯΔࣜ܎ؔ [47]ɻ

N ≥ 2krmin (4.11)

Eq. (4.11)Λ༻͍ͯ௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͓͚Δ࠷খͷଧͪ੾

Γ࣍਺ Nmin Λࢉग़͢Ε͹ɼ63ɼ125ɼ250ɼ500 Hzͷղੳप೾਺ʹର͢Δ࠷খͷଧͪ੾Γ࣍਺͸

ͦΕͧΕɼNmin = 2ɼ4ɼ7ɼ13ͱͳΔɻ͜ΕΒΛ Fig. 4.6ɼ4.7ͷ݁ՌͱরΒ͠߹ΘͤΔͱɼ͍ͣ
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Fig. 4.6 ଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ͷมԽʢcase1ʣ
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Fig. 4.7 ଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ͷมԽʢcase2ʣ

Εͷղੳप೾਺ʹ͓͍ͯ΋ Eq. (4.11)ΑΓࢉग़ͨ͠࠷খͷଧͪ੾Γ࣍਺ Nmin ʹ͓͚Δ݁ࢉܭՌ

͸ऩଋͷաఔʹ͋Γɼे෼ʹऩଋͨ݁͠ࢉܭՌΛಘΔͨΊʹ͸࠷খͷଧͪ੾Γ࣍਺ Nmin ΑΓ΋େ

͖ͳଧͪ੾Γ࣍਺Λઃఆ͢Δඞཁ͕͋Δͱ͍͑Δɻ·ͨɼจݙ [47]Ͱ͸ଧͪ੾Γ࣍਺ N ͷઃఆࣜ

ͱͯ͠ɼ୯ਫ਼౓ʹ͓͍ͯ͸ɼ

N = 2krmin + 5 ln(2krmin + π) (4.12)

·ͨഒਫ਼౓ʹ͓͍ͯ͸ɼ

N = 2krmin + 10 ln(2krmin + π) (4.13)
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ͱ͢Ε͹े෼ͳਫ਼౓ͷ݁ࢉܭՌ͕ಘΒΕΔͱ͍ͯ͠Δɻͦ͜Ͱɼ63ɼ125ɼ250ɼ500 Hzͷղੳप೾

਺ʹରͯ͠ Eq. (4.12)ΑΓଧͪ੾Γ࣍਺ N Λࢉग़͢Ε͹ɼN =10ɼ13ɼ18ɼ27ͱͳΔɻಉ༷ʹɼ

Eq. (4.13)ΑΓଧͪ੾Γ࣍਺ N Λࢉग़͢Ε͹ɼN =18ɼ21ɼ30ɼ41ͱͳΔɻ͜ΕΒΛ Fig. 4.6͓

Αͼ 4.7ͷ݁ՌͱরΒ͠߹ΘͤΔͱɼͲͪΒͷઃఆࣜΛ༻͍ͨ৔߹Ͱ΋݁ࢉܭՌ͸े෼ऩଋ͓ͯ͠

Γɼਫ਼౓ʹؔͯ͠΋໰୊ͳ͍ͱ͍͑ΔɻҰํͰɼEq. (4.13)Λଧͪ੾Γ࣍਺ͷઃఆࣜͱͯ͠༻͍ࢉ

ग़ͨ͠ଧͪ੾Γ࣍਺ N ͸ɼఏҊख๏ͷࢉܭਫ਼౓ʹରͯ͠ଟ͗͢Δͱ΋͍͑Δɻ

Ҏ্ΑΓɼ࠷௿Ͱ΋ଧͪ੾Γ࣍਺ͷઃఆࣜͱͯ͠ Eq. (4.12)Λ༻͍ͯࢉग़ͨ͠ଧͪ੾Γ࣍਺ N

Λ༻͍Ε͹ɼఏҊख๏Λ༻͍ͨࡍʹे෼ʹऩଋ͠ɼਫ਼౓ʹؔͯ͠΋໰୊ͷͳ͍݁ࢉܭՌ͕ಘΒΕΔ

ͱ͍͑Δɻ

4.2.2 ো֐෺ۙ๣ʹؔ͢Δূݕ

ΔɻఏҊख๏Ͱ͸ɼ͢ূݕ͍ͯͭʹਫ਼౓ࢉܭ෺ۙ๣ʹઃఆͨ͠৔߹ͷఏҊख๏ͷ֐ଌ఺Λো؍

.ͷఆཧ͕੒Γཱͭͱͯ͠ఆࣜԽ͍ͯ͠Δ΋ͷͷɼEqܥඋ೾ಈؔ਺׬ (4.3) ͸ݪཧతʹো֐෺ʹ

֎઀͢Δٿͷ֎෦Ͱ੒ཱ͢ΔͨΊɼো֐෺ද໘͓Αͼো֐෺ʹ֎઀͢Δٿͷ಺෦ʹ͋Δ؍ଌ఺ʹ

͓͍ͯਫ਼౓ͷྑ͍݁ࢉܭՌΛಘΔͷ͸೉͍͠ͱ༧૝͞ΕΔɻͦ͜ͰɼԻݯͱ؍ଌ఺ͷઃఆͱͯ͠

Fig. 4.3 (a) Λ༻͍ɼ؍ଌ఺ͷҐஔΛݪ఺͔ΒͦΕͧΕ r = 0.6ʢো֐෺ʹ֎઀͢Δٿͷ಺෦ʣɼ

0.707ʢো֐෺ʹ֎઀͢Δ্ٿʣɼ1.0ʢো֐෺ʹ֎઀͢Δٿͷ֎෦ʣͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑ

ΛͦΕͧΕ͠ࢉܭɼBEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋ΛٻΊͨɻ

ো֐෺ۙ๣ͷͦΕͧΕͷ؍ଌ఺ʹ͓͍ͯ૬ରࠩޡͷฏۉ஋Λࢉग़ͨ݁͠ՌΛ Fig. 4.8 ʹࣔ͢ɻ

Fig. 4.8ΑΓɼ(a)ͷ֎઀͢Δٿͷ಺෦ʹ؍ଌ఺Λઃఆͨ͠৔߹Ͱ͸ɼఏҊख๏ʹΑΔ݁ࢉܭՌͱ

BEMͱͷࠩޡ͸େ͖͘ɼ·ͨ݁ࢉܭՌ͕ऩଋ͍༷ͯ͘͠ࢠ΋ݟΒΕͳ͍͜ͱ͔ΒɼఏҊख๏Λ༻

͍ͯো֐෺ʹ֎઀͢Δٿͷ಺෦ʹ؍ଌ఺Λઃఆͯ͠ଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͸Ͱ͖ͳ͍ͱ͍͑

Δɻ·ͨɼ(b)ͷ֎઀͢Δ؍্ٿଌ఺Λઃఆͨ͠৔߹ͷ݁ՌͰ͸ɼ(a)ͷ֎઀͢Δٿͷ಺෦ʹ؍ଌ఺

ʹઃఆͨ͠৔߹ͱൺ΂ͯ݁ࢉܭՌʹ͓͚Δࠩޡ͸վળ͍ͯ͠Δ΋ͷͷɼ63 Hzʹ͓͚Δ݁ՌʹݟΒ

ΕΔΑ͏ʹɼଧͪ੾Γ࣍਺ N Λେ͖͍ͯ͘͘͜͠ͱͰ݁ࢉܭՌ͕Ұ༷ʹऩଋ͍ͯ͘͠ͱ͸͍͑ͣɼ

ಛʹղੳप೾਺͕ 63ɼ125 HzͰ͋Δ৔߹ʹෆ҆ఆͰ͋ΔɻલষͰఏҊͨ͠࠷খೋ৐๏Λ༻͍ͨ४

ཧ࿦ղੳख๏Ͱ͸ɼ͜ͷΑ͏ͳऩଋʹ͓͍ͯෆ҆ఆͳ༷͕֬ࢠೝ͞Εͳ͔ͬͨ͜ͱ͔Βɼr ≤ rmin

Ͱ͋Δൣғʹ͍ͭͯ͸࠷খೋ৐๏Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ΄͏͕҆ఆͨ݁͠ࢉܭՌΛಘΒΕΔɻ

ҰํͰɼ(c)ͷ֎઀͢Δٿͷ֎෦ʹ؍ଌ఺Λઃఆͨ͠৔߹ͷ݁ՌͰ͸ɼఏҊख๏ͷ݁ࢉܭՌͱ BEM

ͱͷࠩޡ΋খ͘͞ɼ·ͨଧͪ੾Γ࣍਺ N Λେ͖͍ͯͬͨ͘͠ࡍ΋Ұ༷ʹऩଋ༷͕ͯ֬͘͠ࢠೝͰ

͖Δɻ

Ҏ্ΑΓɼ؍ଌ఺ͷઃఆʹؔͯ͠ɼr ≤ rmin ͷൣғʹ͓͍ͯ͸ఏҊख๏Λ༻͍ͯ҆ఆͨ͠ࢉܭ

݁ՌΛಘΔ͜ͱ͕Ͱ͖ͳ͍ͨΊɼఏҊख๏Ͱ͸ো֐෺ද໘ʹ͓͚Δ଎౓ϙςϯγϟϧͳͲ͸ٻΊΔ

͜ͱ͕Ͱ͖ͳ͍ͱ͍͑ΔɻͦͷͨΊɼr ≤ rmin ͷൣғʹ͓͍ͯ҆ఆͨ݁͠ࢉܭՌΛಘ͍ͨ৔߹͸

લষͰఏҊͨ͠࠷খೋ৐๏Λ༻͍ͨ४ཧ࿦ղੳख๏Λ༻͍Δ΄͏͕Α͍ɻҰํͰɼr > rmin ͷൣ

ғͰ͋Ε͹ɼఏҊख๏Λ༻͍ͯਫ਼౓ͷΑ͍݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ
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(a) r = 0.6ʢ֎઀͢Δٿͷ಺෦ʣ
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(b) r = 0.707ʢ֎઀͢Δ্ٿʣ
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(c) r = 1.0ʢ֎઀͢Δٿͷ֎෦ʣ

Fig. 4.8 ஋ۉͷฏࠩޡଌ఺ΛมԽͤͨ͞৔߹ͷ૬ର؍
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4.2.3 ো֐෺ͷΞεϖΫτൺʹؔ͢Δূݕ

͜Ε·Ͱͷ݁ࢉܭՌʹ͓͍ͯ༻͍͖ͯͨ༗ݶ௕ԁ౵ͷܗঢ়͸ɼ௚ܘͱ͞ߴͷൺʢҎԼɼΞεϖΫ

τൺͱݺͿʣ͕ a : b = 1 : 1Ͱ͋Γɼ࠷΋ܗٿʹ͍ۙ͜ͱ͔Βɼਫ਼౓͕࠷΋ྑ͍݁ࢉܭՌ͕ಘΒΕ

Δো֐෺ܗঢ়Ͱ͋ͬͨͱ͑ߟΒΕΔɻͦ͜Ͱɼ༗ݶ௕ԁ౵ͷΞεϖΫτൺΛมԽͤ͞ɼো֐෺ܗঢ়

Ռ͕ಘΒΕΔൣ݁ࢉܭͱͰɼఏҊख๏Λ༻͍ͯଥ౰ͳ͜͏ߦΛࢉܭ͍ͯͭʹ߹Β཭Εͨ৔͔ܗٿ͕

ғʹ͍ͭͯ͢ূݕΔɻ͜͜Ͱ͸༗ݶ௕ԁ౵ͷΞεϖΫτൺͱͯ͠ɼTable. 4.1ʹࣔ͢ 4छྨΛઃఆ

͠ɼFig. 4.3ͷ case 1͓Αͼ case 2ʹ͓͍ͯɼ؍ଌ఺Λ r = 5.0ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑ

Λ͢ࢉܭΔɻ

·ͣ͸ Table. 4.1 (a) ͷ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0 ͷ༗ݶ௕ԁ౵ͷ৔߹ʹ͍ͭͯ͢ূݕΔɻ

͜͜ͰɼBEMʹΑΔղੳͰ͸ େϝογϡ௕࠷Ұఆཁૉʢܗ֯ࡾͷݸ1312 lmaxɿ0.074 [m]ʣΛ༻

͍ͨɻFig. 4.9ʹ case 1ʹ͓͚Δ݁ࢉܭՌΛɼFig. 4.11ʹ case 2ʹ͓͚Δ݁ࢉܭՌΛͦΕͧΕࣔ

͢ɻ͜ͷͱ͖ case 1͓Αͼ case 2ͷ݁ࢉܭՌ͸ͲͪΒ΋ɼఏҊख๏Λ༻͍ͯଥ౰ͳ݁ࢉܭՌ͕ಘ

ΒΕ͍ͯΔͱ͍͑Δɻ·ͨɼFig. 4.10 ͱ Fig. 4.12 ʹଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋Λ

ࣔ͢ɻ͜͜ͰɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸ɼଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔ͜ͱͰ݁ࢉܭՌͷࠩޡ

͕૿େ͠ɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕͳ͘ͳΔ͜ͱ͕ಡΈऔΕΔɻ·ͨɼ༗ݶ௕ԁ౵ͷੇ๏ʹ͓͍ͯ

ΞεϖΫτൺΛ 1 : 1ͱͨ͠ Fig. 4.6ͱൺֱͯ͠ Fig. 4.10ʹ͓͚Δ݁Ռ͸શମతʹࠩޡͷఔ౓΋

େ͖͍ɻ͜ͷ͜ͱ͔Βɼ༗ݶ௕ԁ౵ͷੇ๏͕ࡉ௕͘ͳΓ͔ܗٿΒ཭Εͨ͜ͱͰɼఏҊख๏ʹΑΔܭ

΋ࠩޡʹ߹਺Λେ͖͘ͳͬͨ৔࣍େ͖͘ͳͬͨͱ͍͑Δɻ·ͨɼଧͪ੾Γ͕ࠩޡՌʹؚ·ΕΔ݁ࢉ

େ͖͘ͳΔݪҼͱͯ͠͸ɼϚτϦΫεํఔࣜͷ܎਺ྻߦʹ͓͚Δ৚݅਺ͷӨ͑ߟ͕ڹΒΕΔɻͦ͜

Ͱɼ࣮ࡍʹ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͓͚Δɼ܎਺ྻߦͷ৚݅

਺ʹ͍ͭͯௐ΂Δɻ͜ͷͱ͖ɼ܎਺ྻߦʹ͸Իݯ఺ͷ৘ใ͸ؚ·Εͳ͍ͨΊɼcase 1ɼcase 2Ͱ܎

਺ྻߦ͸ಉ͡Ͱ͋Δɻ·ͨɼ৚݅਺͸ࣜ࣍Λ༻͍ͯٻΊͨɻ

κ(L) = ‖L‖ ‖L−1‖ (4.14)

͜͜Ͱɼ‖ɾ‖͸ྻߦͷϊϧϜͰ͋ΔɻTable. 4.2ʹ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0ͷ༗ݶ௕ԁ౵ʹ

ΑΔࢄཚԻ৔ͷղੳʹ͓͚Δ܎਺ྻߦͷ৚݅਺Λࣔ͢ɻTable. 4.2ΑΓɼଧͪ੾Γ࣍਺ N ͕େ͖

͘ͳΔ͜ͱͰɼ܎਺ྻߦͷ৚݅਺͕େ͖͘ͳΔ͜ͱ͕֬ೝͰ͖Δɻ·ͨɼଧͪ੾Γ࣍਺ N ͕ಉ͡

৔߹ʹ͓͍ͯ΋ɼղੳप೾਺͕௿͍΄Ͳɼ৚݅਺͕େ͖͘ͳΔ͜ͱ΋֬ೝͰ͖ΔɻҰൠʹɼ܎਺ߦ

ྻͷ৚݅਺͕େ͖͗͢Δঢ়ଶ͸ѱ৚݅ͱݺ͹Εɼ͜ͷ৔߹ʹ͸ϚτϦΫεํఔࣜͷղʹؚ·ΕΔޡ

Table 4.1 ༗ݶ௕ԁ౵ͷੇ๏ͷઃఆ

ੇ๏ ΞεϖΫτൺ

(a) 2a = 0.5, 2b = 1 1:2

(b) 2a = 0.25, 2b = 1 1:4

(c) 2a = 1, 2b = 0.5 2:1

(d) 2a = 1, 2b = 0.25 4:1
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(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 4.9 ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʢcase 1ʣ

0 5 10 15 20 25 30
10

−3

10
−2

10
−1

10
0

Truncation number N

A
v

er
ag

e 
re

la
ti

v
e 

er
ro

r ε

 

 

63 Hz
250 Hz
500 Hz
500 Hz

Fig. 4.10 ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0 ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʹ

͓͚Δଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ʢcase 1ʣ
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(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 4.11 ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʢcase 2ʣ
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Fig. 4.12 ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1.0 ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʹ

͓͚Δଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ʢcase 2ʣ
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Table 4.2 ௚ܘ 2a = 0.5ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳͰͷ܎਺ྻߦͷ৚݅਺

Condition number

N 63 Hz 125 Hz 250 Hz 500 Hz

5 1.240E+06 5.011E+03 2.971E+01 6.627E+00

10 1.126E+18 1.934E+13 2.625E+08 3.481E+03

15 5.353E+33 3.527E+25 2.333E+17 3.996E+09

20 7.578E+50 1.149E+40 4.377E+28 1.267E+18

25 4.606E+76 2.313E+62 5.900E+47 3.260E+33

30 1.596E+99 2.234E+82 4.273E+65 2.847E+48

͕ࠩେ͖͘ͳΔ [39]ɻ܎਺͕ྻߦѱ৚݅ͱͳͬͨݪҼͱͯ͠͸ɼੵ෼ࢉܭʹ͓͚Δٿ Neumannؔ

਺ͷӨ͛ڍ͕ڹΒΕΔɻٿ Neumannؔ਺͸ɼҾ਺͕খ͞ͳൣғʹ͓͍ͯͦͷઈର஋͕ඇৗʹେ͖

ͳ஋ΛͱΓɼ·ͨ࣍਺͕େ͖͘ͳΔͱઈର஋͕େ͖ͳ஋ͱͳΔൣғ΋͕޿Δͱ͍͏ੑ࣭Λ͍ͯͬ࣋

ΔɻͦͷͨΊɼো֐෺ܗঢ়͕ࡉ௕͘ͳͬͨ͜ͱͰٿ Neumannؔ਺ͷઈର஋͕େ͖ͳൣғʹ͓͍ͯ

ੵ෼ࢉܭΛ͜͏ߦͱʹͳΓɼ܎਺͍͓ͯྻߦඇৗʹେ͖ͳ஋ΛͱΔཁૉ͕ݱΕΔɻͦͷ݁Ռɼѱ৚

݅ͷϚτϦΫεํఔࣜΛղ͘͜ͱʹͳΓɼଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔ͜ͱͰ૿͕ࠩޡେͨ͠ͱ

ΒΕΔɻ͑ߟ

.ɼFigʹ࣍ 4.13ɼ4.14͓Αͼ 4.15ʹɼ༗ݶ௕ԁ౵ͷੇ๏ΛͦΕͧΕ Table. 4.1ͷ (b)ʙ(d)ͱ͠

ͨ৔߹ͷଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋Λࣔ͢ɻ͜ͷͱ͖ɼBEMʹΑΔղੳͰ͸ͦΕͧ

Εɼ(b)Ͱ͸ େϝογϡ௕࠷ʢݸ320 lmaxɿ0.063 [m]ʣɼ(c)Ͱ͸ େϝογϡ௕࠷ʢݸ952 lmaxɿ

0.104 [m]ʣɼ(d)Ͱ͸ େϝογϡ௕࠷ʢݸ736 lmaxɿ0.104 [m]ʣͷܗ֯ࡾҰఆཁૉΛ༻͍ͨɻ͜Ε

Βͷ݁Ռʹ͓͍ͯ΋ɼఏҊख๏ʹΑΔ݁ࢉܭՌʹ͓͍ͯଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔͱࠩޡ΋େ

͖͘ͳΔՕॴ͕֬ೝͰ͖Δɻ·ͨɼ༗ݶ௕ԁ౵ͷΞεϖΫτൺ͕ 1:2 ΍ 2:1 ͷ৔߹ͱൺ΂ͯɼ1:4

΍ 4:1 ͷ৔߹ͷ΄͏͕ɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳ͍ͬͯΔɻ·

ͨɼTable. 4.3ɼ4.4͓Αͼ 4.5ʹɼͦΕͧΕͷ৔߹ʹ͓͚Δ܎਺ྻߦͷ৚݅਺ͷࢉग़݁ՌΛࣔ͢ɻ

.ग़݁Ռʹ͓͍ͯ΋ɼTableࢉΔ৚݅਺ͷ͚͓ʹྻߦ਺܎ 4.2ͱಉ༷ʹɼଧͪ੾Γ࣍਺ N ͕େ͖͘

ͳΔͱ৚݅਺΋ඇৗʹେ͖ͳ஋ͱͳΔ͜ͱ͕֬ೝͰ͖Δɻ͞Βʹɼશମతʹ༗ݶ௕ԁ౵ͷΞεϖΫ

τൺ͕ 1:2΍ 2:1Ͱ͋Δ৔߹ΑΓ΋ɼ1:4΍ 4:1Ͱ͋Δ৔߹ͷ΄͏͕৚݅਺͸େ͖͘ͳΔɻ

Ҏ্ΑΓɼఏҊख๏Ͱ͸ଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔͱ܎਺ྻߦͷ৚݅਺͕େ͖͘ͳΓɼଥ౰

ͳ݁ࢉܭՌ͕ಘΒΕͳ͍৔߹͕͋Δ͜ͱ͕෼͔ͬͨɻ·ͨɼো֐෺ܗঢ়͕͔ܗٿΒဃ཭͢Δ΄Ͳɼ

ଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳΔ͜ͱ΋෼͔ͬͨɻ͜ͷݪҼͱͯ͠͸ɼ

೾ٿཚԻ৔ΛࢄΒဃ཭͢Δ͜ͱͰ͔ܗٿঢ়͕ܗ෺֐ѱ৚݅ʹͳΓ΍͍͢͜ͱʹՃ͑ɼো͕ྻߦ਺܎

ಈؔ਺Λ༻͍ͯද͢ݱΔ͜ͱ͕೉͍͜͠ͱ΋͍ؔͯ͠܎Δͱ͑ߟΒΕΔɻ
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(a) case 1
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(b) case 2

Fig. 4.13 ௚ܘ 2a = 0.25ɼ͞ߴ 2b = 1.0ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋

Table 4.3 ௚ܘ 2a = 0.25ɼ͞ߴ 2b = 1ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳͰͷ܎਺ྻߦͷ৚݅਺

Condition number

N 63 Hz 125 Hz 250 Hz 500 Hz

5 2.572E+05 1.269E+03 1.284E+01 3.366E+00

10 1.016E+19 1.548E+14 1.361E+09 1.165E+04

15 4.725E+36 2.301E+28 9.621E+19 5.290E+11

20 5.357E+62 8.411E+51 5.743E+40 2.047E+30

25 3.604E+87 5.659E+73 8.014E+59 1.047E+46

30 1.820E+113 2.528E+96 8.073E+79 6.859E+62
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(a) case 1
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(b) case 2

Fig. 4.14 ௚ܘ 2a = 1.0ɼ͞ߴ 2b = 0.5ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋

Table 4.4 ௚ܘ 2a = 1ɼ͞ߴ 2b = 0.5ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳͰͷ܎਺ྻߦͷ৚݅਺

Condition number

N 63 Hz 125 Hz 250 Hz 500 Hz

5 2.216E+06 9.505E+03 3.672E+01 9.450E+00

10 4.023E+18 6.468E+13 6.663E+08 1.429E+03

15 1.868E+34 8.214E+25 5.396E+17 3.558E+09

20 6.369E+50 1.126E+40 1.358E+29 5.501E+17

25 1.811E+75 7.724E+60 7.587E+45 7.994E+32

30 3.257E+98 5.351E+81 2.667E+64 8.818E+46
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(a) case 1
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(b) case 2

Fig. 4.15 ௚ܘ 2a = 1.0ɼ͞ߴ 2b = 0.25ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋

Table 4.5 ௚ܘ 2a = 1ɼ͞ߴ 2b = 0.25ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳͰͷ܎਺ྻߦͷ৚݅਺

Condition number

N 63 Hz 125 Hz 250 Hz 500 Hz

5 4.074E+06 1.899E+04 6.913E+01 7.327E+00

10 4.748E+18 7.656E+13 8.152E+08 5.233E+03

15 2.486E+38 1.354E+30 3.583E+21 7.085E+12

20 3.192E+61 4.164E+50 2.266E+39 1.404E+28

25 9.185E+87 2.841E+73 6.034E+58 4.299E+44

30 2.298e+111 3.384E+94 2.031E+77 2.294E+60
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BEM
Proposed (N=20)

Fig. 4.16 ༗ݶ௕ԁ౵௚ܘʢ௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͷʣʹΑΔࢄཚ೾ͷप೾਺Ԡ౴ؔ਺

4.2.4 ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ

ఏҊख๏Λ༻͍ͯࢄཚ೾ͷप೾਺Ԡ౴ؔ਺Λ͠ࢉܭɼղͷඇҰҙੑͷΑ͏ͳ໰୊͕ੜ͡Δ

ͷ͔Ͳ͏͔Λ֬ೝ͢Δɻ͜ͷͱ͖ɼ༗ݶ௕ԁ౵ͷੇ๏͸௚ܘ 2a = 1ɼ͞ߴ 2b = 1ɼԻݯҐஔ

rs = (10, 0, 0)ͱ͠ɼ؍ଌ఺ r = (5, 0 0)ʹ͓͚Δप೾਺Ԡ౴ؔ਺Λͨ͠ࢉܭɻ·ͨɼఏҊख๏ʹ

ΑΔ݁ࢉܭՌͰ͸ଧͪ੾Γ࣍਺ N = 20ͱ͠ɼBEMʹΑΔ݁ࢉܭՌͰ͸ Ұఆཁܗ֯ࡾͷݸ2744

ૉʢ࠷େϝογϡ௕ lmaxɿ0.079 [m]ʣΛ༻͍ͨɻ

Fig. ՌΛࣔ͢ɻҰൠతͳ݁ࢉܭཚ೾ͷप೾਺Ԡ౴ؔ਺ͷࢄʹ4.16 BEMʹ͸ղͷඇҰҙੑͷ໰

୊͕͋ΔͨΊɼBEM ʹΑΔ݁ࢉܭՌͰ͸ࢉܭਫ਼౓͕௿Լ͍ͯ͠Δप೾਺͕ୈ 3 ষʹ͓͚Δप೾

਺Ԡ౴ؔ਺Ͱͷݕ౼ͱಉ༷ʹɼ500ʙ700 Hz ͷؒʹ͓͚Δ༗ݶ௕ԁ౵಺෦ͷ Dirichlet प೾਺͸ɼ

fd = 578.8ɼ587.5ɼ627.9ɼ664.5 [Hz]Ͱ͋Δɻ͜͜ͰɼఏҊख๏ʹΑΔ݁ࢉܭՌͰ͸ɼղͷඇҰ

ҙੑʹΑΔ໰୊͕͜ىΒͣ׈Β͔ͳप೾਺Ԡ౴ؔ਺͕ࢉܭͰ͖͍ͯΔɻఏҊख๏ʹ͓͍ͯ΋ڥք໘

ʹ͓͚Δੵ෼ํఔࣜΛ༻͍͍ͯΔʹ΋ؔΘΒͣɼBEMͷΑ͏ͳਫ਼౓ͷ௿Լ͕ੜ͡ͳ͍ཧ༝ͱͯ͠

͸ɼఆࣜԽʹ͓͍ͯ଎౓ϙςϯγϟϧΛٿ೾ಈؔ਺Λ༻͍ͨల։දݱͰද͠ɼ·ͨ௚ަੑΛར༻͠

ͨ͜ͱͰɼղ͘΂͖ϚτϦΫεํఔࣜʹ͸؍ଌ఺ʹؔ͢Δ৘ใؚ͕·Εͳ͍͜ͱ͕͛ڍΒΕΔɻͦ

ͷͨΊɼҰҙͳղΛٻΊΔ͜ͱ͕Ͱ͖ͳ͍ͱ͍ͬͨ਺ֶతͳ໰୊͕͖ͣىɼશͯͷप೾਺ʹΘͨͬ

ͯ҆ఆͨ݁͠ࢉܭՌ͕ಘΒΕΔɻ

Ҏ্ΑΓɼఏҊख๏Λ༻͍Δ͜ͱͰɼҰൠతͳ BEMͷΑ͏ʹղͷඇҰҙੑʹΑΔӨڹΛड͚Δ

͜ͱͳ͘ɼ׈Β͔ͳप೾਺Ԡ౴ؔ਺Λ͢ࢉܭΔ͜ͱ͕Ͱ͖Δͱ͍͑Δɻ
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4.2.5 ίετࢉܭ

ఏҊख๏ʹ͓͍ͯϚτϦΫεํఔࣜΛಘΔͨΊʹඞཁͳࢉܭίετʹ͍ͭͯ͑ߟΔɻҰൠతͳ

BEMʹ͓͚Δࢉܭίετ͸ɼࢉܭʹ༻͍Δཁૉ਺Λ Nb ͱ͢Ε͹ɼϚτϦΫεํఔࣜΛಘΔͨΊ

ʹඞཁͱͳΔؒ࣌ࢉܭͱϝϞϦͷΦʔμʔ͸ڞʹ O(N2
b )ͱͳΔɻఏҊख๏Ͱ͸ࢉܭίετ͸ଧͪ

੾Γ࣍਺ N ʹґଘ͠ɼ͜ͷଧͪ੾Γ࣍਺͸ Eq. (4.12)ͷΑ͏ʹઃఆ͢Δඞཁ͕͋ΔͨΊɼࢉܭί

ετ͸ো֐෺ͷੇ๏ͱղੳप೾਺ʹґଘ͍ͯ͠Δͱ͍͑Δɻ

·ͣ͸ɼఏҊख๏ʹ͓͍ͯϚτϦΫεํఔࣜΛಘΔͨΊͷඞཁϝϞϦʹ͍ͭͯ͑ߟΔɻఏҊख๏

ʹ͓͚Δະ஌਺ Np = (N + 1)2 Ͱ͋ΔͨΊɼͦͷΦʔμʔ͸ O(N2
p ) ≈ O(N2)Ͱ͋Δɻ͜ͷ͜ͱ

͔ΒɼඞཁϝϞϦʹ͓͍ͯఏҊख๏ͷ΄͏͕ BEMΑΓ΋༗རͳঢ়گͱͯ͠͸ɼղੳʹ༻͍Δະ஌

਺ͷݸ਺͕ BEMΑΓ΋গͳͯ͘ࡁΉঢ়گͰ͋Δͱ͍͑Δɻ

ྔࢉܭΔɻ͑ߟ͍ͯͭʹྔࢉܭఏҊख๏ʹ͓͍ͯϚτϦΫεํఔࣜΛಘΔͨΊʹඞཁͳʹ࣍

ʹ͍ͭͯ΋ɼఏҊख๏ʹ͓͚Δະ஌਺ Np ͸ɼNp = (N + 1)2 ͱͳΔ͜ͱ͔Βɼͦͷྔࢉܭ͸

O(N2
p ) ≈ O(N2)ͷΦʔμʔͱͳΔɻࢉܭίʔυΛ࣮ࡍͨ͠ߦͷϚτϦΫεํఔࣜΛಘΔͨΊʹཁ

ଌͨ݁͠ՌΛܭʹࡍΛ࣮ؒ࣌ࢉܭͨ͠ Fig. 4.17ʹࣔ͢ɻ͜ΕΑΓɼఏҊख๏ʹΑΔؒ࣌ࢉܭ͸΄

΅ N2 ʹൺྫ͍ͯ͠Δ༷͕֬ࢠೝͰ͖Δɻ·ͨɼ༗ݶ௕ԁ౵ͷΑ͏ʹରশੑΛ΋ͭো֐෺Ͱ͋Δ৔

߹ɼඃੵ෼ؔ਺ʹ͓͚ΔੑحۮͳͲΛར༻͢Δ͜ͱͰɼશͯͷཁૉʹ͍ͭͯੵ෼ࢉܭΛ͜͏ߦͱͳ

ద࠷ίʔυΛࢉܭ͍ͯ༺ΛಘΔ͜ͱ͕Ͱ͖ΔɻҎ্ͷΑ͏ͳඃੵ෼ؔ਺ʹ͓͚Δੑ࣭Λྻߦ਺܎͘

Խͨ͠৔߹ʹཁͨؒ࣌͠ࢉܭΛ Fig. 4.17ʹ఺ઢͰࣔ͢ɻ͜ͷ݁ՌΑΓɼ࠷దԽ͢Δ͜ͱͰ࣌ࢉܭ

ؒΛେ෯ʹ௿͢ݮΔ͜ͱ͕ՄೳͰ͋Δͱ͍͑Δɻ·ͨɼBEMʹ͍ͭͯ΋࣮ࢉܭʹࡍίʔυΛ࣮ߦ

਺͕ಉ͡Ͱ͋Δݸଌ͠ɼະ஌਺ͷܭΛؒ࣌ࢉܭϚτϦΫεํఔࣜΛಘΔͨΊʹඞཁͱͯ͠ʹࡍͨ͠

৔߹ʹ͍ͭͯൺֱΛͨͬߦɻͦͷ݁ՌΛ Fig. 4.18ʹࣔ͢ɻ͜ΕΑΓɼBEMʹ͓͍ͯඞཁͱͨ͠

͸ؒ࣌ࢉܭ N2
b ʹൺྫ͍ͯ͠Δ༷͕֬ࢠೝͰ͖Δɻ·ͨɼఏҊख๏ʹ͓͚Δؒ࣌ࢉܭ͸࠷దԽΛద

༻͍ͯ͠ͳ͍৔߹ʹ͸ɼBEMΑΓ΋ଟ͘ͷؒ࣌ࢉܭΛཁ͢Δɻ͜Ε͸ɼఏҊख๏Ͱ͸܎਺ྻߦͷ

ཁૉͦΕͧΕʹ͍ͭͯো֐෺ද໘શମʹΘͨͬͯੵ෼ࢉܭΛ͢Δඞཁ͕͋Γɼੵ෼ࢉܭʹ͔͔Δෛ

ՙ͕ BEMΑΓ΋େ͖͍͜ͱ͕ݪҼͱͯ͛͠ڍΒΕΔɻҰํͰɼఏҊख๏ʹ͓͍ͯ࠷దԽΛద༻͠

ͨ৔߹͸ɼఏҊख๏ʹΑΔؒ࣌ࢉܭͷܭଌ஋͸ BEM ʹΑΔؒ࣌ࢉܭͷܭଌ஋ΑΓ΋͕͖܏খ͞

͘ɼ͋Δະ஌਺ͷݸ਺Ҏ্Ͱ͸྆ख๏Ͱ༻͍Δະ஌਺ͷݸ਺͕ಉ͡৔߹ʹɼఏҊख๏ͷ΄͏͕୹͍

ͰϚτϦΫεํఔ͕ࣜಘΒΕΔͱ͍͑Δɻؒ࣌ࢉܭ

ͦ͜Ͱɼࢉܭίετʹؔͯ͠ఏҊख๏͕ BEMΑΓ΋༗རͳঢ়͑ߟ͍ͯͭʹگΔɻҰൠʹ BEM

Λ༻͍ͯղੳΛ͏ߦ৔߹͸ɼগͳ͘ͱ΋෼ׂʹ༻͍Δཁૉͷ࠷େ௕Λղੳप೾਺ͷ 1/5ʙ1/6ఔ౓

ʹ͢Δඞཁ͕͋Δͱ͞Ε͍ͯΔ [2]ɻ·ͨɼཁૉͷαΠζΛ͋Δఔ౓ଗ͑Δඞཁ΍ɼো֐෺ܗঢ়Λ

ద੾ʹදݱͰ͖͍ͯΔඞཁ͕͋ΔͳͲɼ෼ׂʹؔͯ͠ͷ੍໿͕͋Δɻͦ͜ͰɼBEMʹ͓͍ͯे෼

ͳ݁ࢉܭՌ͕ಘΒΕΔཁૉ਺ʹ͍ͭͯௐ΂Δɻࠓճ༻͍ͨ௚ܘ 2a = 1ɼ2b = 1ͷ༗ݶ௕ԁ౵ʹΑ

ΔࢄཚԻ৔ͷղੳʹ͓͍ͯԻݯ఺ͱ؍ଌ఺ΛɼFig. 4.3 (a) case 1 ʹ͓͍ͯ r = 5 ͱͨ͠৔߹ʹ

͍ͭͯɼཁૉ਺ΛมԽͤͨ͞৔߹ͷ૬ରࠩޡͷมԽΛ Eq. (4.10) Λ༻͍ͯࢉग़ͨ͠ɻͦͷ݁ՌΛ

Fig. 4.19ʹࣔ͢ɻ͜ͷͱ͖ Fig. 4.6ʹ͓͍ͯɼࢉܭ஋͕े෼ऩଋͨ͠ൣғʹ͓͍ͯ΋࠷େͰࠩޡ
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Fig. 4.17 ఏҊख๏ʹ͓͍ͯϚτϦΫεํఔࣜΛಘΔͨΊʹཁͨؒ࣌͠ࢉܭ
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Fig. 4.18 ఏҊख๏ʹ͓͍ͯϚτϦΫεํఔࣜΛಘΔͨΊʹཁͨؒ࣌͠ࢉܭͷ BEMͱͷൺֱ

͕ 3%ఔ౓͋Δ͜ͱ͔ΒɼFig. 4.19ʹ͓͍ͯ΋ߟࢀ஋ͱͯ͠༻͍͖ͯͨ 1312ཁૉΛ༻͍ͨ৔߹ͷ

஋͕ॳΊͯۉͷฏࠩޡՌͱͷ૬ର݁ࢉܭ 3%ҎԼͱͳΔཁૉ਺Λௐ΂Δͱɼ63ɼ125ɼ250ɼ500 Hz

ͷղੳप೾਺ʹରͯͦ͠ΕͧΕNb =288ɼ288ɼ392ɼ728ͱͳΔɻ·ͨɼఏҊख๏Ͱ͸ Eq. (4.12)

ΑΓ 63ɼ125ɼ250ɼ500 Hzͷղੳप೾਺ʹରͯ͠ଧͪ੾Γ࣍਺Λ N =10ɼ13ɼ18ɼ27ͱઃఆ͢

Ε͹Α͍ͨΊɼղੳʹඞཁͳະ஌਺ͷݸ਺͸ Np =121ɼ196ɼ361ɼ784 ͱͳΔɻ͜ͷ͜ͱ͔Βɼ

BEMͱఏҊख๏Ͱղੳʹඞཁͳ࣍਺Λൺֱ͢Δͱɼࠓճ༻͍ͨղੳର৅ʹରͯ͠͸ղੳप೾਺͕

௿͍৔߹ʹ͸ఏҊख๏Λ༻͍ͯ BEM ͱಉఔ౓͔ͦΕҎԼͷະ஌਺Ͱे෼ͳ݁ࢉܭՌ͕ಘΒΕΔ
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Fig. 4.19 BEMʹ͓͍ͯཁૉ਺ΛมԽͤͨ͞৔߹ͷ૬ରࠩޡͷฏۉ஋

ͱ͍͑ΔɻҰํͰղੳप೾਺͕͘ߴͳΔͱɼఏҊख๏ͷ΄͏͕ BEM ΑΓ΋ଟ͘ͷະ஌਺Λඞཁ

ͱ͢Δ৔߹͕͋ΔɻͦͷͨΊɼղੳप೾਺ʹΑͬͯ͸ఏҊख๏Λ༻͍ͨ΄͏͕ؒ࣌ࢉܭʹ͍ͭͯ΋

BEMΑΓ༗རͳ৔߹͕͋Δͱ͍͑Δɻ

Ҏ্ͷ͜ͱ͔ΒɼϚτϦΫεํఔࣜΛಘΔͨΊʹඞཁͳϝϞϦʹ͍ͭͯ͸ɼղੳप೾਺͕௿͍৔

߹ͷ΄͏͕ BEMΑΓ΋ղੳʹඞཁͳະ஌਺ͷݸ਺͕গͳͯ͘ࡁΉ৔߹͕͋ΓɼBEMʹରͯ͠༗

རͳঢ়گͱͳΓ͑Δɻ·ͨɼϚτϦΫεํఔࣜΛಘΔͨΊʹඞཁͱͳΔ࣮ࡍͷؒ࣌ࢉܭʹ͍ͭͯ

͸ɼఏҊख๏ͷ΄͏͕ BEMΑΓ΋ੵ෼ࢉܭʹඞཁͱ͢Δ͕ؒ࣌ࢉܭେ͖͍ͨΊɼجຊతʹ͸ෆར

Ͱ͋Δͱ͍͑Δɻ͔͠͠ɼো֐෺ܗঢ়ʹؔͯ͠ରশੑͳͲΛ༻͍ͯɼੵ෼ࢉܭΛཧ࿦తʹਐΊΔ͜

ͱͷͰ͖Δ෦෼͕͋Δ৔߹ʹ͸ɼؒ࣌ࢉܭʹ͍ͭͯ΋ BEMΑΓ༗རͱͳΔ৔߹͕͋Δɻ
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4.3 ·ͱΊ

ຊষͰ͸ɼࣗ༝ۭؒதʹ୯Ұͷো֐෺͕഑ஔ͞Ε͍ͯΔ৔߹ʹ͓͚ΔࢄཚԻ৔ͷղੳख๏ͱ͠

ͯɼԻ৔Λٿ೾ಈؔ਺Λ༻͍ͨల։දݱͰද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ Kirchhoff–Huygensͷ

ެࣜΛ༻͍ͯϚτϦΫεํఔࣜΛಋ͖ɼ਺஋తʹٻΊΔ४ཧ࿦ղੳख๏Λͨ͠ɻ·ͨɼఏҊख๏

Λ༻͍ͨղੳྫͱͯ͠ɼࣗ༝ۭؒதʹ഑ஔ͞Εͨ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͍ͭͯࢉܭΛ͍ߦɼ

BEMΑΓʹΑΔ݁ࢉܭՌͱͷൺֱ͔ΒఏҊख๏ͷ਺஋ಛੑʹ͍ͭͯূݕΛͨͬߦɻͦͷ݁ՌɼҎ

Լʹࣔ͢Α͏ͳ݁Ռ͕ಘΒΕͨɻ

(1) ఏҊख๏Λ༻͍ͯԕํ৔Λ͢ࢉܭΔ৔߹ɼࢉܭʹ༻͍Δଧͪ੾Γ࣍਺ N Λେ͖͍ͯ͘͘͠

͜ͱͰ݁ࢉܭՌ͸ऩଋ͠ɼBEMͱಉఔ౓ͷਫ਼౓Ͱ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ

(2) ఏҊख๏Λ༻͍Δࡍͷଧͪ੾Γ࣍਺ N ͷઃఆͱͯ͠͸ɼઃఆࣜ

N = 2krmin + 5 ln(2krmin + π)

ΑΓࢉग़ͨ͠ଧͪ੾Γ࣍਺Λ༻͍Ε͹े෼ͳਫ਼౓ͷ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ

(3) ো֐෺ද໘΍ো֐෺ʹ֎઀͢Δٿͷ಺෦ʹ͓͚Δ଎౓ϙςϯγϟϧΛਫ਼౓ྑ͘͢ࢉܭΔ͜ͱ

͸Ͱ͖ͳ͍ɻ͕ͨͬͯ͠ɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔൣғ͸ো֐෺ʹ֎઀͢Δٿͷ֎෦ʹݶ

ఆ͞ΕΔɻ

(4) ো֐෺ܗঢ়͕ࢉܭਫ਼౓ʹ༩͑ΔӨڹ͸େ͖͘ɼো֐෺ܗঢ়͕ܗٿʹ͍ۙ৔߹ͷ΄͏͕ਫ਼౓͕

Α͍ɻ·ͨɼো֐෺ܗঢ়͕͔ܗٿΒဃ཭͍ͯ͠Δ΄Ͳ܎਺ྻߦʹ͓͚Δ৚݅਺͕େ͖͘ͳ

Γɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳΔɻ

(5) ఏҊख๏Ͱ͸ɼҰൠతͳ BEMͷΑ͏ʹղͷඇҰҙੑʹΑΔӨڹΛड͚Δ͜ͱ͕ͳ͘ɼ׈Β

͔ͳप೾਺Ԡ౴ؔ਺ΛಘΔ͜ͱ͕Ͱ͖Δɻ

(6) ఏҊख๏ʹ͓͚Δࢉܭίετ͸ BEMͱൺֱͯ͠ඞͣ͠΋༗རͱ͸͍͑ͳ͍ɻಛʹɼ࣌ࢉܭ

ؒʹ͍ͭͯ͸ఏҊख๏Ͱ͸ੵ෼ࢉܭʹ͔͔Δ͕ؒ࣌େ͖͍͜ͱ͔ΒɼBEMΑΓ΋جຊతʹ

͸ෆརͰ͋ΔɻఏҊख๏ͷ΄͏͕ BEMΑΓ΋ࢉܭίετͷ໘Ͱ༗རͰ͋Δঢ়گͱͯ͠͸ɼ

• ղੳप೾਺͕௿͍৔߹
• ো֐෺ܗঢ়ʹ͓͚ΔରশੑͳͲΛར༻͢Δ͜ͱͰɼཧ࿦తʹੵ෼ࢉܭΛਐΊΔ͜ͱ͕ग़
དྷΔ৔߹

ͳͲͰ͋Δɻ
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ୈ 5ষ

ଟॏ࠶ۃల։Λ༻͍ͨଟॏࢄཚԻ৔ͷ
४ཧ࿦ղੳख๏

ຊষͰ͸ɼୈ 4ষͰఆࣜԽͨ͠४ཧ࿦ղੳख๏Λ΋ͱʹɼԻ৔ͷల։දݱʹଟॏ࠶ۃల։๏Λಋ

ೖ͢Δ͜ͱͰɼෳ਺ݸͷো֐෺ʹΑΔଟॏࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ΛఆࣜԽ͢Δɻ·ͨɼఏҊख

๏ʹΑΔ݁ࢉܭՌͱڥքཁૉ๏ʹΑΔ݁ࢉܭՌͱͷൺֱ͔ΒɼఏҊख๏ͷ਺஋ಛੑʹ͍ͭͯূݕ

͢Δɻ

5.1 ఏҊղੳख๏

5.1.1 ໰୊ઃఆ

͜͜Ͱ͸ Fig. 5.1ʹࣔ͢Α͏ͳɼ3ࣗݩ࣍༝ۭؒதʹ఺ԻݯͱM Δ৔߹ͷ͢ࡏ෺͕ଘ֐ͷোݸ

ଟॏԻࢄڹཚ໰୊ʹ͍ͭͯ͑ߟΔɻ͜ͷͱ͖ɼͦΕͧΕͷো֐෺͸͍ޓʹॏͳΒͳ͍΋ͷͱ͠ɼԻ

ଌ఺Λ؍Λ༻͍ͯɼܥඪ࠲ٿͨ·ͷ֎෦ʹ͋Δͱ͢Δɻٿ෺ʹ֎઀͢Δ֐͸֤োݯ r = (r, θ,ϕ)ɼ

ԻݯҐஔΛ rs = (rs, θs,ϕs)ɼͦΕͧΕͷো֐෺ͷத৺࠲ඪΛ r′p = (r′p, θ
′
p,ϕ

′
p), p = 1, 2, · · · ,Mɼ

ͱ͢Δɻ

Source point
rs=(rs, θs, φs)

Observation point
r=(r, θ, φ)

r1’

r3’

r2’

Fig. 5.1 ෳ਺ݸͷো֐෺ʹΑΔଟॏࢄཚ໰୊
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Observation 
point

r’p

rp min

rp

r

O 

Fig. 5.2 p൪໨ͷো֐෺ʹؔ͢ΔҐஔؔ܎

5.1.2 ఆࣜԽ

ଟॏ࠶ۃల։Λ༻͍ͨԻ৔දݱ
ෳ਺ݸͷো֐෺͕ଘ͢ࡏΔԻ৔ʹ͓͍ͯ΋ɼ؍ଌ఺ʹ͓͚Δ଎౓ϙςϯγϟϧ φ ͸ೖࣹϙςϯ

γϟϧ φi ͱࢄཚϙςϯγϟϧ φs Λ༻͍ͯɼ

φ(r) = φi(r) + φs(r) (5.1)

ͱද͢͜ͱ͕Ͱ͖Δɻ͞Βʹࢄཚϙςϯγϟϧ͍ͭͯ͸ɼͦΕͧΕͷো֐෺͔Βͷد༩ͷ଍͠߹Θ

ͤͱͯ͠ද͢͜ͱ͕Ͱ͖Δɻ

φs(r) =
M∑

p=1

φp(r) (5.2)

͜ͷͱ͖ɼφp(r)͸ p൪໨ͷো֐෺ʹΑΔࢄཚϙςϯγϟϧ΁ͷد༩Ͱ͋Γɼো֐෺ಉ࢜ͷ૬࡞ޓ

༻΋ؚ·Ε͍ͯΔ΋ͷͱ͢Δɻͦ͜Ͱɼ·ͣ͸͜ͷ φp(r) Λ࠲ٿඪܥʹ͓͚ΔҰൠղΛ༻͍ͯද

͢ɻFig. 5.2ʹࣔ͢Α͏ʹɼp൪໨ͷো֐෺ͷத৺࠲ඪ͔Β؍ଌ఺΁ͷϕΫτϧΛ rp ͱ͠ɼ·ͨ p

൪໨ͷো֐෺ʹ֎઀͢Δٿͷ൒ܘΛ rpmin ͱ͢Δɻ͜ͷͱ͖ɼφp ͸ͦΕͧΕ͕ Sommerfeldͷ์

ࣹ৚݅

lim
r→∞

r

(
∂φp

∂r
− jkφp

)
= 0 (5.3)

Λຬͨ͢ඞཁ͕͋ΔͨΊɼr′p Λల։఺ͱ͢Ε͹ rp ≥ rpmin ͱ͍͏৚݅ͷ΋ͱɼ

φp(r) =
∞∑

n=0

n∑

m=−n

A(p)m
n Sm

n (rp)

Sm
n (rp) = h(1)

n (krp)Y m
n (θp,ϕp)

rp = r − r′p, p = 1, 2, . . . ,M

(5.4)
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Observation 
point

r’p

rq

r’q

r’pq

Source
point 

O 

rs

Fig. 5.3 ଟॏ࠶ۃల։Λద༻͢ΔࡍͷҐஔؔ܎

ͷΑ͏ʹٿ೾ಈؔ਺ͷಛҟղ Sm
n (rp)Λ༻͍ͨల։දݱͰද͢͜ͱ͕ద౰Ͱ͋Δɻ͜͜ͰɼA(p)m

n

͸ p൪໨ͷো֐෺ʹΑΔࢄཚϙςϯγϟϧʹؔ͢Δະ஌ͷల։܎਺Ͱ͋Δɻ

ཚϙςϯγϟϧΛѻ͏ͨΊʹɼGumerovࢄ༩ͷ࿨ͱͯ͠දͨ͠د෺ʹΑΔ֐ɼͦΕͧΕͷোʹ࣍

ΒʹΑͬͯఏҊ͞Εͨଟॏ࠶ۃల։๏Λ༻͍Δ [41]ɻ·ͣ͸ q ൪໨ͷো֐෺ʹ͍ͭͯ͑ߟΔɻ

Fig. 5.3ʹଟॏ࠶ۃల։๏Λ༻͍Δ৔߹ʹ͓͚Δো֐෺ಉ࢜ͷҐஔؔ܎Λࣔ͢ɻ͜ͷͱ͖ɼq ൪໨

ͷো֐෺ۙ๣ͷ |rq| ≤ |r′pq| = |r′q − r′p|Ͱ͋Δൣғʹ͓͍ͯɼq ൪໨ͷো֐෺Ҏ֎ͷো֐෺ʹΑΔ

༩د φp(r), p *= q ͸ਖ਼ଇͰ͋ΔɻΏ͑ʹɼಛҟղ Sm
n (rp), p *= q ͸ɼq ൪໨ͷো֐෺ͷத৺࠲ඪ

r′q Λ৽ͨͳల։఺ͱͯ͠ɼٿ೾ಈؔ਺ͷਖ਼ଇղ Rs
l (rq) Λ༻͍ͯ࣍ͷΑ͏ʹల։͠௚͢͜ͱ͕Ͱ

͖Δɻ

Sm
n (rp) =

∞∑

l=0

l∑

s=−l

(S|R)smln (r′pq)R
s
l (rq)

Rs
l (rq) = jl(krq)Y s

l (θq,ϕq)

p, q = 1, 2, · · · ,M, p *= q

(5.5)

͜͜Ͱɼ(S|R)smln ɿ࠶ల։܎਺Ͱ͋Δɻ͜ͷ࠶ల։܎਺ (S|R)smln ͸࣍ͷΑ͏ͳखॱͰٻΊΔ͜ͱ͕

Ͱ͖Δɻ·ͣ͸ɼҎԼͷؔࣜ܎Λ༻͍ͯ࠶ల։܎਺ͷ (S|R)sml|m|ɼ(S|R)sm|s|n ͱͳΔཁૉΛٻΊΔɻ

b−m−1
m+1 (S|R)s,m+1

l,m+1 = b−s
l (S|R)s−1,m

l−1,m − bs−1
l+1 (S|R)s−1,m

l+1,m (5.6)

b−m−1
m+1 (S|R)s,−m−1

l,m+1 = bsl (S|R)s+1,−m
l−1,m − b−s−1

l+1 (S|R)s+1,−m
l+1,m (5.7)

l = 0, 1, . . . , s = −l, . . . , l, m = 0, 1, . . .
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ͨͩ͠ɼ

bmn =






√
(n−m− 1)(n−m)

(2n− 1)(2n+ 1)
, 0 ≤ m ≤ n

−

√
(n−m− 1)(n−m)

(2n− 1)(2n+ 1)
, −n ≤ m ≤ 0

0, |m| > n

(5.8)

·ͨɼॳظ஋ͱͯ͠

(S|R)s0l0 (r
′
pq) = (−1)l

√
4πS−s

l (r′pq) (5.9)

(S|R)0m0n (r′pq) =
√
4πS−s

l (r′pq) (5.10)

Λ༻͍Δɻ͜ͷͱ͖࣍ʹࣔ͢ରশੑΑΓɼ (S|R)sm|s|n ͸ (S|R)sml|m| Λ༻͍ͯٻΊΔ͜ͱ͕Ͱ͖Δɻ

(S|R)−m,−s
|m|l = (−1)l+m(S|R)sml|m|

l = 0, 1, . . . , s = −l, . . . , l, m = −n, . . . , n
(5.11)

Eq. (5.6)ɼ(5.7)͓Αͼ (5.11)Λ༻͍ͯ (S|R)sml|m| ͓Αͼ (S|R)sm|s|n ΛٻΊͨͷͪɼ࣍ͷ܎ؔؼ࠶

ࣜΛ༻͍Ε͹ɼͦͷଞͷ͢΂ͯͷ࠶ల։܎਺͕ٻ·Δɻ

amn−1(S|R)sml,n−1 − amn (S|R)sml,n+1 = asl (S|R)sml+1,n − asl−1(S|R)sml−1,n

l, n = 0, 1, . . . , s = −l, . . . , l, m = −n, . . . , n
(5.12)

ͨͩ͠ɼ

amn =






√
(n+ |m|+ 1)(n− |m|+ 1)

(2n+ 1)(2n+ 3)
, n ≥ |m|

0, |m| > n

(5.13)

Ͱ͋Δɻ͜͜Ͱɼରশੑ

(S|R)smln = (−1)n+l(S|R)−m,−s
nl

l, n = 0, 1, . . . , s = −l, . . . , l, m = −n, . . . , n
(5.14)

͕͋ΔͨΊɼl ≥ n Ͱ͋Δൣғʹ͍ͭͯͷΈࣜ܎ؔؼ࠶ Eq. (5.12) Λ༻͍Ε͹Α͍ɻ͜ΕΒͷख

ଓ͖Λ༻͍ͯ࠶ల։܎਺ΛٻΊͨ৔߹ɼҰ૊ͷ࠶ల։܎਺ΛٻΊΔͨΊͷྔࢉܭ͸ଧͪ੾Γ࣍਺

N ʹରͯ͠ O(N4)ͷΦʔμʔͱͳΔɻ͜͜Ͱ͸ಛҟղΛ৽ͨͳల։఺Ͱͷਖ਼ଇղ΁ม͢׵Δ৔߹

ͷ࠶ల։܎਺ͷΈʹ͍ͭͯѻ͕ͬͨɼಉ༷ͷखॱΛ༻͍ͯಛҟղΛಛҟղ΁ม͢׵Δ৔߹ͷ࠶ల

։܎਺ (S|S)smln ɼ·ͨ͸ਖ਼ଇղΛਖ਼ଇղ΁ม͢׵Δ৔߹ͷ࠶ల։܎਺ (R|R)smln ʹ͍ͭͯ΋ٻΊΔ

͜ͱ͕Ͱ͖Δɻ͜ΕΒͷ࠶ల։܎਺ͷৄ͍͠ٻΊํʹ͍ͭͯ͸จݙ [42]Λߟࢀʹ͞Ε͍ͨɻ·ͨɼ

Ҏ্Ͱ͸ GumerovΒ͕ ChewʹΑͬͯఏҊ͞Εͨํ๏ [43]Λ΋ͱʹఆࣜԽͨ͠ଟॏ࠶ۃల։๏

Λ༻͍͕ͨɼੵ෼දݱΛ਺஋ੵ෼͢Δ͜ͱʹΑΓٻΊΔํ๏ [44]΍ɼClebsch-Gordan܎਺·ͨ͸
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Wignerͷ 3-j ߸ه [45]Λ༻͍ͯද͢ํ๏ [46]ͳͲɼ࠶ల։܎਺ͷٻΊํʹ͸͍͔ͭ͘ͷํ๏͕

͋Δɻ

ೖࣹϙςϯγϟϧʹޙ࠷ φi ʹ͍ͭͯ΋ r′q Λల։఺ͱͯ͠ٿ೾ಈؔ਺Λ༻͍ͯల։͢Ε͹ɼ

|rq| ≤ |rs − r′q|ͱ͍͏৚݅ͷ΋ͱɼ

φi(r) =
Q

4π|rs − r|e
jk|rs−r| =

∞∑

l=0

l∑

s=−l

C(q)s
l Rs

l (rq)

C(q)s
l = jkQS−s

l (rs − r′q)

(5.15)

ͱද͢͜ͱ͕Ͱ͖ΔɻΑͬͯɼq ൪໨ͷো֐෺ۙ๣ rq min ≤ |rq| ≤ |rpq|ʹ͓͚Δ଎౓ϙςϯγϟ
ϧ͸ɼ

φ(r) =
∞∑

l=0

l∑

s=−l

{
A(q)s

l h(1)
l (krq) +B(q)s

l jl(krq)
}
Y s
l (θq,ϕq)

B(q)s
l = C(q)s

l +
M∑

p=1
p'=q

{ ∞∑

n=0

n∑

m=−n

(S|R)smln (r′pq)A
(p)m
n

} (5.16)

ͱͳΔɻ

ϚτϦΫεํఔࣜ
Kirchhoff–HuygensͷެࣜΛ༻͍ͯɼEq. (5.16)ʹ͓͚Δల։܎਺ A(q)s

l Λະ஌਺ͱ͢ΔϚτϦ

ΫεํఔࣜΛಋ͘ɻKirchhoff–Huygens ͷެࣜΑΓɼো֐෺ͷ֎෦ʹ͓͚Δ଎౓ϙςϯγϟϧ͸

ͷΑ͏ʹද͢͜ͱ͕Ͱ͖Δɻࣜ࣍

φ(r) = QG(rs, r) +

∫∫

Γ

(
φ(r0)

∂G(r0, r)

∂n0
− jωρ

Z(r0)
φ(r0)G(r0, r)

)
dS0 (5.17)

͜͜ͰɼΓɿ͢΂ͯͷো֐෺ͷද໘ɼρɿഔ࣭ͷີ౓ɼZ(r0)ɿো֐෺ද໘ͷൺԻڹΠϯϐʔμϯε

Ͱ͋Δɻ͜͜Ͱ͸ɼGreenؔ਺ͱͯ͠ ຊղͰ͋ΔɼجԻ৔ͷݩ࣍3

G(r0, r) =
1

4π|r0 − r|e
jk|r0−r| (5.18)

Λ࠾༻͢Δɻ·ͨɼGreenؔ਺ G(r0, r)ʹ͍ͭͯ΋ɼ|r0 − r′q| < |rq|ͱ͍͏৚݅ͷ΋ͱɼ

G(r0, r) = jk
∞∑

l=0

l∑

s=−l

R−s
l (r0 − r′q)S

s
l (rq), (5.19)

ͱٿ೾ಈؔ਺ʹΑΔల։ࣜܗͰද͢͜ͱ͕Ͱ͖ΔɻEq. (5.17)ʹ Eq. (5.1)ɼEq. (5.2)Λ୅ೖͯ͠

੔ཧ͢Δͱɼ

M∑

q=1

φq(r) =
M∑

q=1

∫∫

Γq

(
φ(r0)

∂G(r0, r)

∂n0
− jωρ

Z(r0)
φ(r0)G(r0, r)

)
dS0 (5.20)
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ͱͳΔɻ͜͜ͰɼΓq ͸ q ൪໨ͷো֐෺ͷද໘Ͱ͋ΔɻΏ͑ʹɼEq. (5.20)ΑΓղ͘΂͖ํఔࣜ͸ɼ

φq(r) =

∫∫

Γq

(
φ(r0)

∂G(r0, r)

∂n0
− jωρ

Z(r0)
φ(r0)G(r0, r)

)
dS0

q = 1, 2, . . . ,M

(5.21)

ͱͳΔɻ͜͜ͰɼEq. ͑ߟ೾ಈؔ਺Λ༻͍ͯදͨ͠଎౓ϙςϯγϟϧΛద༻͢Δ͜ͱΛٿʹ(5.21)

Δɻ͜ͷͱ͖ɼEq. (5.16)͸ |r0| > rq,min ʹ͓͍ͯ੒ཱ͢Δ΋ͷͰ͋ΔͨΊɼີݫʹ͸ద༻͢Δ

͜ͱ͕Ͱ͖ͳ͍͕ɼୈ 4ষʹ͓͚ΔఆࣜԽͱಉ༷ɼ׬උ೾ಈؔ਺ܥͷఆཧ [32–34]ʹΑΓ Γq ্Ͱ

Eq. (5.16)͕੒ཱ͢ΔͱԾఆͯ͠ఆࣜԽΛ͢͢ΊΔɻEq. (5.21)ʹ Eq. (5.4)ɼEq. (5.16)͓Αͼ

Eq. (5.19)Λ୅ೖ͠ɼٿ໘ௐ࿨ؔ਺ͷ௚ަੑΛར༻͢Ε͹ɼ

A(q)j
i −

∞∑

l=0

l∑

s=−l

A(q)s
l (X(q)js

il + Y (q)js
il )

−
M∑

p=1
p'=q

[ ∞∑

l=0

l∑

s=−l

{ ∞∑

n=0

n∑

m=−n

(S|R)smln (r′pq)A
(p)m
n

}
(X̃(q)js

il + Ỹ (q)js
il )

]

=
∞∑

l=0

l∑

s=−l

C(q)s
l (X̃(q)js

il + Ỹ (q)js
il )

q = 1, 2, . . . ,M

(5.22)

ΛಘΔɻͨͩ͠ɼ

X(q)js
il = jk

∫∫

Γq

Ss
l (r0 − r′q)

∂

∂n0
R−j

i (r0 − r′q)dS0

Y (q)js
il =

∫∫

Γq

kωρ

Z(r0)
Ss
l (r0 − r′q)R

−j
i (r0 − r′q)dS0

X̃(q)js
il = jk

∫∫

Γq

Rs
l (r0 − r′q)

∂

∂n0
R−j

i (r0 − r′q)dS0

Ỹ (q)js
il =

∫∫

Γq

kωρ

Z(r0)
Rs

l (r0 − r′q)R
−j
i (r0 − r′q)dS0

ͱ͓͍ͨɻEq. (5.22) ʹ͓͍ͯɼແڃݶ਺࿨Λద౰ͳ࣍਺ N Ͱଧͪ੾Γɼi = 0, 1, . . . , Nɼ

j = −i, . . . , iͱมԽͤ͞Ε͹ɼNp = M × (N + 1)2 ఔࣜΛಘΔɻํ࣍ͷະ஌਺͔ΒͳΔ࿈ཱҰݸ

͜ͷ Eq. (5.22)ΛɼϚτϦΫεํఔࣜͷܗͰද͢ɻ·ͣ͸ɼະ஌ͷల։܎਺ A(q)s
l Λ࣍ͷΑ͏ͳ

ϕΫτϧͰද͢ɻ

A(q) =
{
A(q)0

0 , A(q)−1
1 , A(q)0

1 , A(q)1
1 , · · · , A(q)N

N

}T
(5.23)

͜͜Ͱɼఴࣈͷ T ͸సஔΛද͍ͯ͠Δɻಉ༷ʹɼೖࣹϙςϯγϟϧͷల։܎਺ C(q)s
l ʹ͍ͭͯ΋



67

C(q) ͱ͓͘ɻ·ͨɼ࠶ల։܎਺ (S|R)smln (r′pq)ʹ͍ͭͯ΋ɼ

(S|R)(qp) =





(S|R)0000 (S|R)0−1
01 · · · (S|R)0N0N

(S|R)−10
10 (S|R)−1−1

11 · · · (S|R)−1N
1N

...
...

. . .
...

(S|R)N0
N0 (S|R)N−1

N1 · · · (S|R)NN
NN




(5.24)

ͱ͓͖ɼW (q)js
il ɼW̃ (q)js

il ʹ͍ͭͯ΋ಉ༷ʹɼW (q)ɼW̃ (q) ͱ͢Δɻ͜ͷΑ͏ʹɼͦΕͧΕͷཁૉ

ΛϚτϦΫεͰදͤ͹ɼEq. (5.22)͸ɼ

M∑

p=1

L(qp)A(p) = D(q), q = 1, 2, · · · ,M (5.25)

ͱද͢͜ͱ͕Ͱ͖Δɻͨͩ͠ɼ

L(qp) =

{
I −W (q), q = p

−W̃ (q)(S|R)(qp), q *= p

D(q) = W̃ (q)C(q)

Ͱ͋ΓɼIɿ୯ҐྻߦͰ͋Δɻ

5.2 ਺஋ྫࢉܭ

ఏҊख๏ʹΑΔղੳྫͱͯ͠ɼ1ͭͷ఺Իݯͱɼෳ਺ݸͷ༗ݶ௕ԁ౵͕഑ஔ͞ΕͨԻ৔ʹ͍ͭͯ

ղੳΛ͏ߦɻ͜͜Ͱ͸ɼҎԼʹ߲ࣔ͢໨ʹ͍ͭͯ਺஋ࢉܭΛ͍ߦɼBEMʹΑΔ݁ࢉܭՌͱͷൺֱ

͔ΒɼఏҊख๏ͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

• ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ
• ಛੑ޲ࢦཚ೾ͷࢄ

– Ռͷऩଋ݁ࢉܭ

– ো֐෺ۙ๣ʹؔ͢Δূݕ

– ো֐෺ؒͷڑ཭

– ͦΕͧΕͷো֐෺ͷੇ๏͕ҟͳΔ৔߹

– ো֐෺ͷݸ਺

– ղੳʹඞཁͳࢉܭίετ

• ίετࢉܭ

ͳ͓ୈ 3ষͱಉ༷ʹɼఏҊख๏ʹΑΔղੳͰ͸܎਺ྻߦΛٻΊΔࡍʹඞཁͳ໘ੵ෼͸ɼো֐෺ܗ

ঢ়ͷରশੑΛ༻͍ͯ θ0 ͷΈʹґଘ͢Δඃੵ෼ؔ਺΁ͱม͠׵ɼઢੵ෼ͱ࣮ͯ͠ߦͰ͖ΔΑ͏ʹ͠

ͨɻ͜ͷઢੵ෼ͷੵ෼ࢉܭʹ͓͍ͯ͸ɼθ0 = 0ʙπ ͷൣғΛ π/4ͣͭʹ۠੾ΓɼͦΕͧΕͷ۠ؒΛ

16఺ͷ Gauss-Legendreੵ෼Λ༻͍ͯ਺஋ੵ෼ͨ͠ɻ·ͨɼBEMʹΑΔղੳͰ͸ɼܗ֯ࡾҰఆཁ

ૉΛ༻͍ͯڥքΛ෼ׂ͠ɼ֤ڥքཁૉʹ͓͚Δ໘ੵ෼ͷࢉܭʹ͸ɼ9఺ͷ Gaussੵ෼Λ༻͍ͨɻ
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·ͨɼ਺஋ڥ؀ػࢉܭ͍ͨ༺ʹࢉܭ͸ҎԼͷͱ͓ΓͰ͋Δɻ

• CPU: Intel Core i7 2.80 GHz

• Memory: 8 GB

• Language: Python

O

x

y

z

2a

2b

Fig. 5.4 ղੳର৅ͱͨ͠ 2ͭͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔
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y

d
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Source
point

(10, 0, 0)
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R
1
=(5, 0, 0)

r’1

r’2

r

φ

Fig. 5.5 2ͭͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͓͚ΔԻݯͱ؍ଌ఺ͷઃఆ
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Fig. 5.6 Ռ݁ࢉܭཚ೾ͷप೾਺Ԡ౴ؔ਺ͷࢄ

5.2.1 ཚ೾ͷप೾਺Ԡ౴ؔ਺ࢄ

Fig. 5.4ʹࣔ͢Α͏ͳɼ2ͭͷԻڹతʹ߶ͳ༗ݶ௕ԁ౵ʹΑΔԻ৔Λѻ͏ɻো֐෺Ͱ͋Δ༗ݶ௕

ԁ౵ͷੇ๏͸ͲͪΒ΋௚ܘ 2a = 1.0 [m]ߴɼ ͞ 2b = 1.0 [m]ͱͨ͠ɻ·ͨɼFig. 5.5ʹࣔ͢Α͏ʹɼ

1൪໨ͷ༗ݶ௕ԁ౵ͷத৺࠲ඪΛ r′1 = (0, 1, 0)ɼ2൪໨ͷ༗ݶ௕ԁ౵ͷத৺࠲ඪΛ r′2 = (0,−1, 0)

ʹͦΕͧΕઃఆ͠ɼ༗ݶ௕ԁ౵ؒͷڑ཭͕ d = 1.0ͱͳΔΑ͏ʹͨ͠ɻ͜ͷ༗ݶ௕ԁ౵ͷ഑ஔʹର

ͯ͠ɼ఺ԻݯΛ rs = (10, 0, 0)ʹ഑ஔ͠ɼ؍ଌ఺R1 = (5, 0, 0)ʹ͓͚Δࢄཚ೾ͷप೾਺Ԡ౴ؔ਺

.ɻFigͨͬߦΛࢉܭ͍ͯͭʹ 5.6 ʹ 500ʙ700 Hz ·Ͱͷप೾਺Ԡ౴ؔ਺ͷ݁ࢉܭՌΛࣔ͢ɻ͜͜

ͰɼBEMʹΑΔ݁ࢉܭՌ͸ɼ5488ݸͷܗ֯ࡾҰఆཁૉʢ࠷େϝογϡ௕ɿ0.079 [m]ʣΛ༻͍ͯ

਺Λ࣍Ռ͸ଧͪ੾Γ݁ࢉܭ΋ͷͰ͋ΓɼఏҊख๏ʹΑΔͨ͠ࢉܭ N = 20ʢະ஌਺ͷ਺ Np = 882ʣ

ͱͯͨ͠͠ࢉܭɻFig. 5.6ΑΓɼBEMʹΑΔ݁ࢉܭՌͰ͸ɼ༗ݶ௕ԁ౵಺෦ͷ Dirichletप೾਺෇

ۙʹɼղͷඇҰҙੑ [21]ʹΑΓࢉܭਫ਼౓͕௿Լͨ͠ͱ͑ߟΒΕΔෆ࿈ଓ఺͕ੜ͍ͯ͡ΔɻҰํͰɼ

ఏҊख๏ʹΑΔ݁ࢉܭՌͰ͸ෆ࿈ଓ఺͕ੜͣ͡ɼ׈Β͔ͳप೾਺Ԡ౴ؔ਺͕ࢉܭͰ͖͍ͯΔɻఏҊ

ख๏ʹ͓͍ͯ΋ BEMͱಉ༷ʹڥք໘ʹ͓͚Δੵ෼ํఔࣜΛ༻͍͍ͯΔ͕ɼఆࣜԽͷաఔʹ͓͍ͯ

Green ؔ਺Λٿ೾ಈؔ਺Λ༻͍ͯల։͢Δ͜ͱͰ؍ଌ఺ʹؔΘΔ߲Λ෼཭͠ɼ͞Βʹٿ໘ௐ࿨ؔ

਺ͷ௚ަੑΛར༻͢Δ͜ͱͰɼղ͘΂͖ϚτϦΫεํఔࣜʹ͸؍ଌ఺ͷ৘ใؚ͕·Εͳ͍ɻͦͷͨ

Ίɼো֐෺಺෦ͷ Dirichletप೾਺෇ۙʹ͓͍ͯ΋ɼBEMͷΑ͏ͳෆ࿈ଓ఺Λੜ͡Δ͜ͱͷͳ͍

Λ༻͍Δ͜ͱͰղͷඇݱՌΛಘΔ͜ͱ͕Ͱ͖Δͱ͍͑Δɻ͜ͷΑ͏ʹɼGreenؔ਺ͷల։ද݁ࢉܭ

Ұҙੑͷ໰୊ΛճආͰ͖Δ͜ͱ͸ɼจݙ [48]Ͱ΋ࣔ͞Ε͍ͯΔɻ

Ҏ্ΑΓɼୈ 3ষͱಉ༷ʹෳ਺ݸͷো֐෺ʹΑΔଟॏࢄཚԻ৔ͷղੳʹ͓͍ͯ΋ɼ४ཧ࿦ղੳख

๏Λ༻͍Δ͜ͱͰෆ࿈ଓ఺ͷੜ͡ͳ͍ɼ׈Β͔ͳप೾਺Ԡ౴ؔ਺͕ࢉܭͰ͖͍ͯΔͱ͍͑Δɻ
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5.2.2 ূݕՌͷऩଋʹؔ͢Δ݁ࢉܭ

ఏҊख๏ʹΑΔ݁ࢉܭՌͷଧͪ੾Γ࣍਺ N ʹର͢ΔऩଋΛௐ΂Δɻ༗ݶ௕ԁ౵ͷੇ๏ͱ഑ஔ

ʹؔͯ͠͸લ߲ͱಉ༷Ͱ͋Δɻ·ͣ͸ɼ؍ଌ఺Λ x − y ฏ໘্ͷݪ఺͔Β 5 m ͷڑ཭ʹ͓͍ͯ

0◦ ≤ ϕ ≤ 180◦ ͷൣғʢObservation points 1ʣʹઃఆͨ͠ɻFig. 5.7ʹఏҊख๏ʹ͓͍ͯଧͪ੾

Γ࣍਺Λ N = 20ͱͨ͠৔߹ʹ݁ࢉܭՌΛࣔ͢ɻ͞Βʹɼ͜ΕΒͷ؍ଌ఺ʹ͓͚Δࢄཚ೾ͷ݁ࢉܭ

Ռ͔Βɼจݙ [38]Λߟࢀʹ͠ɼ૬ରࠩޡͷฏۉ஋ εΛٻΊͨɻ

ε =
1

181

181∑

n=1

|pref (rn)− p(rn)|
|pref (rn)|

(5.26)

͜͜ͰɼprefɿBEMʹΑΔ݁ࢉܭՌɼpɿఏҊख๏ʹΑΔ݁ࢉܭՌɼrnɿn൪໨ͷ؍ଌ఺Ͱ͋Δɻ

·ͨɼBEMʹΑΔ݁ࢉܭՌͰ͸ େϝογϡ௕࠷Ұఆཁૉʢܗ֯ࡾͷݸ2624 0.104 [m]ʣΛ༻͍ͯ

.΋ͷΛ༻͍ͨɻFigͨ͠ࢉܭ 5.8ʹɼղੳप೾਺ΛͦΕͧΕ 63ɼ125ɼ250ɼ500 Hzͱͨ͠ࡍͷ ε

Λࣔ͢ɻFig. 5.8ΑΓɼଧͪ੾Γ࣍਺Λେ͖͘͢Δ͜ͱͰ݁ࢉܭՌ͕ऩଋ͍ͯ͘͠ͱ͍͑Δɻ͔͠

͠ɼFig. 5.8ʹ͓͚Δ 63Hzͷ݁Ռʹ͓͍ͯɼଧͪ੾Γ࣍਺Λ N = 30ʢະ஌਺ Np = 1922ʣͱ͠

ͨ৔߹ʹ૿͕ࠩޡՃ͍ͯ͠Δ͜ͱ͕֬ೝͰ͖ΔɻͦͷݪҼͱͯ͠ɼఏҊख๏Ͱ͸ϚτϦΫεํఔࣜ

ͷ܎਺ྻߦʹ͓͚Δ৚݅਺͕ඇৗʹେ͖͘ͳΔ͜ͱ͕͛ڍΒΕΔɻTable. 5.1ʹɼଧͪ੾Γ࣍਺N

ʹΑΔ৚݅਺ͷ݁ࢉܭՌΛࣔ͢ɻ͜ͷͱ͖ɼ৚݅਺͸ࣜ࣍ΑΓٻΊͨɻ

κ(L) = ‖L‖ ‖L−1‖ (5.27)

͜͜Ͱɼ‖ɾ‖͸ྻߦͷϊϧϜͰ͋ΔɻTable. 5.1ΑΓɼଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔͱɼ৚݅਺

΋ඇৗʹେ͖ͳ஋ͱͳΔ͜ͱ͕֬ೝͰ͖ΔɻҰൠʹɼ৚݅਺͕େ͖ͳ஋Ͱ͋Δ৔߹͸ϚτϦΫεํ

ఔࣜͷղʹؚ·ΕΔ͕ࠩޡେ͖͘ͳΔɻͦͷͨΊɼFig. ͬ͜ىͷ૿Ճ͕ࠩޡΒΕΔΑ͏ͳݟʹ5.8

ͨͱ͍͑Δɻ·ͨɼఏҊख๏ʹ͓͍ͯ৚݅਺͕ඇৗʹେ͖ͳ஋ͱͳͬͨݪҼͱͯ͠͸ɼੵ෼ࢉܭʹ

ؚ·ΕΔٿ Neumannؔ਺ͷӨ͛ڍ͕ڹΒΕΔɻ࣍ߴͷٿ Neumannؔ਺͸ɼҾ਺͕খ͞ͳ৔߹ʹ

͓͍ͯͦͷઈର஋͸ඇৗʹେ͖ͳ஋ΛऔΓɼͦͷൣғʹ͓͍ͯੵ෼ࢉܭΛ݁ͨͬߦՌ΋ඇৗʹେ͖

ͳ஋ͱͳΔɻͦͷͨΊɼ܎਺ྻߦʹ͓͚Δཁૉͷઈର஋͕ඇৗʹେ͖͘ͳͬͨ͜ͱ͕৚݅਺ͷѱԽ

ʹͭͳ͕ΓɼϚτϦΫεํఔࣜͷղʹӨڹΛ༩͑ͯ͠·ͬͨͱ͑ߟΒΕΔɻ͜ΕΑΓɼ63 HzҎ֎

ͷղੳप೾਺ʹ͍ͭͯ΋ɼଧͪ੾Γ࣍਺Λ͞Βʹେ͖ͨ͘͠৔߹ʹ͸ϚτϦΫεํఔࣜΛղ͘ࡍͷ

ܭՃ͢Δͱ༧૝Ͱ͖ΔͨΊɼఏҊख๏ʹ͓͍ͯଥ౰ͳ૿͕ࠩޡେ͖͘ͳΓɼͦͷ݁Ռͱ͕ͯࠩ͠ޡ

ΒΕΔɻ͑ߟΔͱ͕͋ݶ਺ʹ͸্࣍Ռ͕ಘΒΕΔଧͪ੾Γ݁ࢉ

·ͨɼࢉܭʹඞཁͳଧͪ੾Γ࣍਺ͷઃఆࣜʹ͍ͭͯ͑ߟΔɻҰൠతʹɼٿ೾ಈؔ਺ʹΑΔల։ࣜ

Eq. (5.4)͕ऩଋ͢ΔͨΊʹ͸ɼN > 2krpmin ͱ͢Δඞཁ͕͋Δ [47]ɻ͜Εʹै͑͹ɼ࠷খͷଧͪ

੾Γ࣍਺ Nmin ͸ 63ɼ125ɼ250ɼ500 Hzͷղੳप೾਺ʹରͯͦ͠ΕͧΕɼNmin = 2, 4, 7, 13ͱ

ͳΔɻ·ͨɼจݙ [41]ʹΑΕ͹ɼ1ͭͷٿʹΑΔࢄཚԻ৔ͷղੳʹର͠ɼ

N ≥ [ekrpmin] , e = 2.71828 . . . (5.28)
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(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 5.7 2ͭͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ
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Fig. 5.8 2ͭͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷ݁ࢉܭՌʹ͓͚Δ૬ରࠩޡͷฏۉ஋
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Table 5.1 ఏҊख๏ʹ͓͚Δ܎਺ྻߦͷ৚݅਺

Condition number

N 63 Hz 125 Hz 250 Hz 500 Hz

5 4.957E+04 5.996E+02 2.572E+01 1.193E+01

10 4.831E+16 9.049E+11 8.174E+06 1.543E+02

15 8.671E+31 3.250E+23 8.927E+14 1.135E+07

20 2.129E+47 3.541E+36 1.220E+25 9.701E+13

25 4.297E+64 3.652E+50 3.060E+36 1.276E+22

30 1.765E+83 1.150E+66 6.376E+48 1.403E+31

ͱͨ͠Γɼ2ͭͷٿʹΑΔࢄཚԻ৔ͷղੳʹର͠ɼٿͷத৺ؒͷڑ཭ r′pq Λ༻͍ͯɼ

N =

[
1

2
ekr′12

]
(5.29)

ͱઃఆ͢Δ͜ͱͰɼे෼ͳਫ਼౓ͷ݁ࢉܭՌ͕ಘΒΕΔ͜ͱΛ͍ࣔͯ͠Δɻͦ͜ͰɼEq. (5.28)ΑΓ

ଧͪ੾Γ࣍਺Λࢉग़͢Ε͹ɼ63ɼ125ɼ250ɼ500 Hzͷղੳप೾਺ʹରͯͦ͠ΕͧΕɼN =2ɼ4ɼ

8ɼ17ͱͳΔɻ·ͨɼEq. (5.29)ΑΓଧͪ੾Γ࣍਺Λࢉग़͢Ε͹ɼ63ɼ125ɼ250ɼ500 Hzͷղੳप

೾਺ʹରͯͦ͠ΕͧΕɼN =3ɼ6ɼ12ɼ24ͱͳΔɻͦ͜Ͱɼࢉग़ͨ͠ଧͪ੾Γ࣍਺ͱ Fig. 5.8ͷ

݁ՌͱΛরΒ͠߹ΘͤΔͱɼղੳप೾਺͕ 63ɼ125 HzͰ͋Δ৔߹ʹ͸ɼEq. (5.28)ɼ(5.29)Λ༻͍

΋େ͖͍ࠩޡͨ·Ռ͸ͲͪΒ΋ऩଋ͍ͯ͠Δͱ͸͍͑ͣɼ݁ࢉܭ਺ʹ͓͚Δ࣍ग़ͨ͠ଧͪ੾Γࢉͯ

ͨΊɼΑΓଟ͘ͷ࣍਺͕ඞཁͰ͋ΔɻҰํͰɼղੳप೾਺͕ 250ɼ500 Hzͷ৔߹͸ɼEq. (5.28)Α

Γࢉग़ͨ͠ଧͪ੾Γ࣍਺Ͱ݁ࢉܭՌ͕΄΅ऩଋ͍ͯ͠Δ͜ͱ͔Βɼଧͪ੾Γ࣍਺ͷઃఆࣜͱͯ͠ɼ

Eq. (5.28)Λ΋ͱʹԿΒ͔ͷิਖ਼ΛՃ͑Δ͜ͱΛ͑ߟΔɻͦ͜Ͱɼจݙ [47]Λߟࢀʹɼ

N = ekrpmin + 5 ln (ekrpmin + π) (5.30)

ͱઃఆ͢Ε͹ɼଧͪ੾Γ࣍਺͸ 63ɼ125ɼ250ɼ500 Hzͷղੳप೾਺ʹରͯͦ͠ΕͧΕɼN =10ɼ

13ɼ18ɼ27ͱͳΓɼFig. 5.8ͷ݁Ռ͔Β΋ɼଧͪ੾Γ࣍਺ͷઃఆͱͯ͠े෼Ͱ͋Δͱ͍͑ΔɻҎ্

ΑΓɼଧͪ੾Γ࣍਺ͷઃఆࣜͱͯ͠͸ɼEq. (5.30)ͷΑ͏ʹɼEq. (5.28)ʹิਖ਼ΛՃ͑ͨ΋ͷʹ͢

Δඞཁ͕͋Δɻ·ͨɼଧͪ੾Γ࣍਺͕େ͖ͳ৔߹ʹ͸܎਺ྻߦͷ৚݅਺͕ѱԽ͕ݪҼͱͳΓɼಘΒ

Εͨల։܎਺ʹؚ·ΕΔ͕ࠩޡେ͖͘ͳΔ͜ͱ͔Βɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ʹ͸

෺ͷੇ๏ͱղੳप೾਺Λม͑ͳ͕Βɼ֐਺ͷઃఆࣜʹؔͯ͠ɼো࣍Δͱ͍͑Δɻଧͪ੾Γ͕͋ݶ্

ਫ਼౓ͷྑ͍݁ࢉܭՌ͕ಘΒΕΔൣғʹ͍ͭͯ͞Βʹ͍ͯ͘͠ূݕඞཁ͕͋Δɻ
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5.2.3 ো֐෺ۙ๣ʹؔ͢Δূݕ

Ռ͕݁ࢉܭଌ఺ʹ͓͍ͯଥ౰ͳ؍෺͔Β཭ΕͨҐஔʹઃఆͨ͠৔߹ʹ͸ɼͦΕΒͷ֐ଌ఺Λো؍

ಘΒΕΔ͜ͱ͕Θ͔ͬͨɻҰํͰɼࣜ Eq. (5.4)͸جຊతʹ rp > rpmin ʹ͓͍ͯ੒ཱ͢Δ΋ͷͰ

͋Γɼো֐෺෇ۙʹ͓͍ͯ͸ଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕೉͍͠ͱ༧૝͞Δɻ࣮ࡍʹɼୈ 4ষʹ͓

͍ͯఏҊͨ͠୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏Ͱ͸ɼো֐෺ۙ๣ʹ͓͚Δࢉܭਫ਼౓͕

ѱ͘ɼ·ͨ݁ࢉܭՌͷऩଋʹؔͯ͠΋ෆ҆ఆͰ͋Γଥ౰ͳ݁ࢉܭՌΛಘΔͷ͕ࠔ೉Ͱ͋ͬͨɻͦ͜

Ͱɼো֐෺෇ۙʹ͓͚Δ݁ࢉܭՌͷਫ਼౓ͱऩଋʹ͍ͭͯ͢ূݕΔɻো֐෺ͷੇ๏ʹ͍ͭͯ͸ͲͪΒ

΋௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͱ͠ɼͦΕͧΕͷத৺࠲ඪΛ r′1 = (0, 1, 0)ɼr′2 = (0,−1, 0)ͱͨ͠ɻ

ଌ఺ʹ͍ͭͯ͸؍ Fig. 5.9 ͷΑ͏ʹɼো֐෺ؒͷڑ཭ d = 1.0 ͱ͠ɼ؍ଌ఺Λ x − y ฏ໘্ʹ͓

͍ͯɼr1 = 0.6ʢ֎઀͢Δٿͷ಺෦ʣ, 0.707ʢ֎઀͢Δ্ٿʣ, 0.8ʢ֎઀͢Δٿͷ֎෦ 1ʣ, 1.0ʢ֎઀

͢Δٿͷ֎෦ 2ʣͷڑ཭ʹ͓͍ͯɼ0◦ ≤ ϕ1 < 360◦ ͷൣғʢObservation points 2ʣʹઃఆ͠ɼͦ

ΕͧΕͷڑ཭ʹઃఆͨ͠؍ଌ఺Ͱͷ૬ରࠩޡͷฏۉ஋ εΛࣜ Eq. (5.26)ͱಉ༷ͷධՁࣜΛ༻͍ͯ

Ίͨɻ͜ͷ݁ՌΛٻ Fig. 5.10ʹࣔ͢ɻ͜ͷͱ͖ɼFig. 5.10 (a)Ͱ͸ɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸

BEMͱͷ͕ࠩޡେ͖͘ɼ·ͨऩଋ͢Δ༷ࢠ΋ΈΒΕͳ͍ɻ࣍ʹɼFig. 5.10 (b)ͷ؍ଌ఺Λ֎઀͢

Δ্ٿʹઃఆͨ͠৔߹ʹ͍ͭͯ͸ɼBEMͱͷࠩޡʹؔͯ͠͸؍ଌ఺Λ֎઀͢Δٿͷ಺෦ʹઃఆ͠

ͨ৔߹ͱൺ΂ͯখ͘͞ͳ͍ͬͯΔ΋ͷͷɼ݁ࢉܭՌ͕Ұ༷ʹऩଋ͍ͯ͘͠ͱ͸͍͑ͣɼ͜ͷ৔߹ʹ

͍ͭͯ΋݁ࢉܭՌ͸ෆ҆ఆͰ͋Δɻ͞ΒʹɼFig. 5.10 (c)ɼ(d)ͷ؍ଌ఺Λ֎઀͢Δٿͷ֎෦ʹઃ

ఆͨ͠৔߹͸ɼBEMͱͷࠩޡ΋খ͘͞ɼ·ͨ݁ࢉܭՌ΋ଧͪ੾Γ࣍਺Λେ͖͘͢Δ͜ͱͰҰ༷ʹ

ऩଋ͍ͯ͠Δɻ͔͠͠ͳ͕ΒɼFig. 5.10 (c)ͷ΄͏͕ (d)ͱൺֱͯ͠ɼ҆ఆͨ݁͠ࢉܭՌ͕ಘΒΕ

Δଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳ͍ͬͯΔɻ͜ͷΑ͏ʹͳͬͨݪҼͱͯ͠ɼࢄཚϙςϯγϟϧΛٻ

ΊΔࡍͷٿ Neumannؔ਺͕ݪҼͱͯ͛͠ڍΒΕΔɻTable. 5.1ΑΓɼղੳप೾਺ 63 Hzʹ͓͍ͯ

ଧͪ੾Γ࣍਺Λ ͷ৚݅਺͸ྻߦ਺܎ͱͨ͠৔߹ʹ͓͍ͯɼ࣍20 1047 ͷΦʔμʔͰ͋ΓɼಘΒΕͨ

਺܎ཚϙςϯγϟϧͷల։ࢄ A(q)s
l ʹ͓͚Δࠩޡ΋େ͖͘ͳ͍ͬͯΔͱ༧૝͞ΕΔɻ·ͨɼલ߲Ͱ

΋ड़΂ͨΑ͏ʹٿ Neumannؔ਺͸Ҿ਺͕খ͞ͳ৔߹΄Ͳɼͦͷઈର஋͸ඇৗʹେ͖ͳ஋ΛऔΔɻ

ͦͷͨΊɼ؍ଌ఺͕ো֐෺ʹ͍ۙ΄Ͳɼల։܎਺ʹؚ·ΕΔࢄ͕ࠩޡཚϙςϯγϟϧʹ༩͑ΔӨڹ

͕େ͖͘ͳΓɼ҆ఆͨ݁͠ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳͬͨͱ͑ߟΒΕΔɻ
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(a) |r1| = 0.6

0 5 10 15 20 25 30
10

−3

10
−2

10
−1

10
0

Truncation number N

A
v

er
ag

e 
re

la
ti

v
e 

er
ro

r ε

 

 

63 Hz
125 Hz
250 Hz
500 Hz

(b) |r1| = 0.707
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(c) |r1| = 0.8
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(d) |r1| = 1.0

Fig. 5.10 ো֐෺ۙ๣ͷ݁ࢉܭՌʹ͓͚Δ૬ରࠩޡͷฏۉ஋
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(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 5.11 ো֐෺ؒͷڑ཭ dΛڱΊͨ৔߹ͷଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ͷมԽ

5.2.4 ো֐෺ؒͷڑ཭ʹؔ͢Δূݕ

ো֐෺ؒͷڑ཭ʹؔ͢Δূݕͱͯ͠ɼFig. 5.5ʹ͓͚Δ༗ݶ௕ԁ౵ؒͷڑ཭ dͷมԽ͕݁ࢉܭՌ

ଌ఺Λ؍ௐ΂Δɻ͜͜Ͱ͸ɼ͍ͯͭʹڹӨ͢΅ٴʹ x − y ฏ໘্ͷݪ఺͔Β 5 mͷڑ཭ʹ͓͍ͯ

ϕ = 0◦ʙ180◦ ͷൣғʢObservation points 1ʣʹઃఆͨ͠ɻ·ͨɼ༗ݶ௕ԁ౵ͷੇ๏͸ͲͪΒ΋௚

ܘ 2a = ɼߴ1 ͞ 2b = 1ͱ͠ɼͦ ΕͧΕͷத৺࠲ඪ͸ r′1 = (0, (d+1)/2, 0)ɼr′2 = (0,−(d+1)/2, 0)

ͱͨ͠ɻ·ͣ͸ɼো֐෺ؒͷڑ཭ dΛڱΊ͍ͯͬͨ৔߹ʹ͍ͭͯͷূݕΛͨͬߦɻFig. 5.11ʹଧ

ͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ εͷมԽΛࣔ͢ɻ͜ͷͱ͖ɼd͕ 0.2ҎԼͷ৔߹͸ఏҊख๏

ʹΑΔղੳ݁Ռ͸Ұ༷ʹऩଋͤͣɼෆ҆ఆͰ͋Δ͜ͱ͕Θ͔Δɻ͜Εʹ͍ͭͯ͸ɼ༗ݶ௕ԁ౵ʹ֎

઀͢Δ͕ٿ΋͏Ұํͷ༗ݶ௕ԁ౵ͱॏͳͬͯ͠·͏ͨΊʹɼٿ೾ಈؔ਺ʹΑΔల։දݱͱͯ͠ͷଥ

౰ੑΛࣦͬͯ͠·͍ͬͯΔ͜ͱ͕ݪҼͱͯ͛͠ڍΒΕΔɻΏ͑ʹɼো֐෺ͷ഑ஔʹؔͯ͠͸ɼͦΕ

ͧΕͷো֐෺ʹ֎઀͢Δ͕ٿଞͷো֐෺ʹॏͳΒͳ͍Α͏ʹ͢Δඞཁ͕͋Δɻ

৔߹ʹ͍ͭͯͷ݁ՌΛ͍ͨͬͯ͛޿ɼdΛʹ࣍ Fig. 5.12ʹࣔ͢ɻ͜ͷͱ͖ɼো֐෺ؒͷڑ཭ʹ

ؔΘΒͣɼ݁ࢉܭՌͷऩଋͷ޲܏͸ಉ༷Ͱ͋ΔͨΊɼଧͪ੾Γ࣍਺ͷઃఆʹؔͯ͠͸ Eq. (5.30)Λ
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(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 5.12 ো֐෺ؒͷڑ཭ dΛͨ͛޿৔߹ͷଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ͷมԽ

݁ࢉܭΔ͜ͱͰɼ҆ఆ͕ͨ͠޿཭͕ڑ෺ؒͷ֐ΒΕΔɻҰํͰɼো͑ߟ४ʹઃఆ͢Ε͹Α͍ͱج

ՌΛಘΒΕΔଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳ͍ͬͯΔͷ͕֬ೝͰ͖Δɻ͜Ε͸ɼઃఆͨ͠؍ଌ఺

ʢObservation point 1ʣͱো֐෺ͱͷڑ཭͕ۙͮ͘͜ͱͰɼల։܎਺ʹ͓͚ΔࠩޡͷӨ͕ڹେ͖͘

ͳͬͨ͜ͱ͕ݪҼͰ͋Δͱ͑ߟΒΕΔɻ
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Table 5.2 2ͭͷ༗ݶ௕ԁ౵ͷੇ๏ͷઃఆ

֤༗ݶ௕ԁ౵ͷੇ๏

(a) 2a1 = 2b1 = 1.2ɼ2a2 = 2b2 = 0.8

(b) 2a1 = 2b1 = 1.5ɼ2a2 = 2b2 = 0.5

(c) 2a1 = 2b1 = 1.8ɼ2a2 = 2b2 = 0.2

5.2.5 ো֐෺ͷੇ๏͕ҟͳΔ৔߹ʹ͍ͭͯͷূݕ

ෳ਺͋ݸΔো֐෺ͷੇ๏͕ͦΕͧΕҟͳΔ৔߹ʹ͍ͭͯ͢ূݕΔɻ͜͜Ͱ͸ɼFig. 5.5ͱಉ༷ͷɼ

2ͭͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͍ͭͯ͑ߟΔɻ·ͨɼো֐෺ 1ͷத৺࠲ඪΛ r′1 = (0, 1, 0)ɼো

෺֐ 1ͷத৺࠲ඪΛ r′2 = (0,−1, 0)ͱ͠ɼ؍ଌ఺͸ r = 5.0ͷڑ཭ʹઃఆͨ͠ɻ

2ͭͷ༗ݶ௕ԁ౵ͷੇ๏ͱͯ͠ Table. 5.2ʹࣔ͢Α͏ʹ 3छྨΛઃఆ͠ɼଧͪ੾Γ࣍਺ N ʹର

͢Δ૬ରࠩޡͷฏۉ஋ΛٻΊͨɻͦͷ݁ՌΛ Fig. 5.13ʹࣔ͢ɻFig. 5.13ͷͦΕͧΕͷ݁Ռʹ͓͍

ͯɼղੳप೾਺Λ 500 Hzͱͨ͠৔߹ʹ஫໨͢Δɻ͜ͷͱ͖ɼ૬ରࠩޡͷฏۉ஋ʹ͓͚ΔมԽ͕؇

΍͔ʹͳΓ͸͡ΊΔଧͪ੾Γ࣍਺͸ɼ(a) N = 10ɼ(b) N = 11ɼ(c) N = 15ͱಡΈऔΕΔɻ͜ͷ

͜ͱ͔Βɼো֐෺ 1ͷੇ๏͕େ͖͘ͳΔ͜ͱͰɼղੳʹඞཁͳଧͪ੾Γ࣍਺͕େ͖͘ͳͬͨͱ͍͑

Δɻ·ͨɼো֐෺ 2ͷੇ๏ʹؔͯ͠͸খ͘͞ͳ͍ͬͯΔ͕ɼͦͷ͜ͱͰऩଋ͕ૣ·Δͱ͍ͬͨΑ͏

ͳ͜ͱ͸ͳ͍ɻΑͬͯɼଧͪ੾Γ࣍਺͸ෳ਺͋ݸΔো֐෺ͷதͰ࠷΋େ͖ͳੇ๏ͷো֐෺ʹ߹Θͤ

ͯઃఆ͢Δඞཁ͕͋Δͱ͍͑Δɻ

5.2.6 ো֐෺ͷݸ਺ʹؔ͢Δূݕ

͜͜Ͱ͸ɼো֐෺ͷݸ਺ͱ഑ஔʹؔ͢ΔূݕΛ͏ߦɻ͜ͷͱ͖ɼͦΕͧΕͷ༗ݶ௕ԁ౵ͷੇ๏͸

શͯ௚ܘ 2a = 1ɼ͞ߴ 2b = 1ͱͨ͠ɻ

·ͣ͸ɼจݙ [49]Λߟࢀʹɼ3ͭͷ༗ݶ௕ԁ౵Λ௚ઢঢ়ʹ഑ஔͨ͠৔߹ͱԁঢ়ʹ഑ஔͨ͠৔߹ʹ

͍ͭͯղੳͨ͠ɻ͜ͷͱ͖ɼ؍ଌ఺Λ x− yฏ໘্ͷݪ఺͔Β 5 mͷڑ཭ʹ͓͍ͯ 0◦ ≤ ϕ ≤ 180◦

ͷൣғʹઃఆͨ͠ɻFig. 5.14ʹ 3ͭͷ༗ݶ௕ԁ౵Λ௚ઢঢ়ʹ഑ஔͨ͠৔߹ɼFig. 5.15ʹ 3ͭͷ༗

஋ۉͷฏࠩޡ਺ʹର͢Δ૬ର࣍௕ԁ౵Λԁঢ়ʹ഑ஔͨ͠৔߹ͷଧͪ੾Γݶ εͷมԽΛࣔ͢ɻ͜ͷ৔

߹͸ͲͪΒͷ഑ஔʹؔͯ͠΋ɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸ଧͪ੾Γ࣍਺ͷ૿ՃʹԠͯ͡ऩଋͯ͠

͍͖ɼਫ਼౓ͷྑ͍݁ࢉܭՌ͕ಘΒΕ͍ͯΔͱ͍͑Δɻ͜͜ͰɼFig. 5.14Ͱ͸ɼFig. 5.12ʹ͓͍ͯ

d = 2.0ͱͨ͠৔߹ͱಉ͡Α͏ʹɼো֐෺ؒͷڑ཭͕࠷େͰ 2 m཭Ε͍ͯΔ͕ɼ؍ଌ఺͕ো֐෺ʹ

͍ۙ͜ͱʹΑΔղੳਫ਼౓ͷѱԽ͕ੜ͍ͯ͡ͳ͍ɻ͜Ε͸ɼ܎਺ྻߦͷ৚݅਺͕ Fig. 5.12ʹ͓͍ͯ

d = 2.0ΑΓ΋վળ͞Εɼࠩޡͷ૿େ͕ੜ͡ͳ͔ͬͨͱ͑ߟΒΕΔɻ

ɼ5ʹ࣍ ͭͷ༗ݶ௕ԁ౵Λ഑ஔͨ͠৔߹ʹ͍ͭͯ΋ղੳΛͨͬߦɻ͜ͷ৔߹ͷ݁ՌΛ Fig. 5.16

ʹࣔ͢ɻ͜ͷ৔߹΋ɼFig. 5.12ʹ͓͍ͯ d = 2.0ͱͨ͠৔߹ͱಉ͡Α͏ʹɼো֐෺ؒͷڑ཭͕࠷

େͰ 2 m཭Ε͍ͯΔɻ͔͠͠ɼFig. 5.14ͱ͸ҟͳΓɼղੳਫ਼౓ͷѱԽ͕ੜ͍ͯ͡Δͷ͕֬ೝͰ͖

Δɻͦ͜Ͱɼղੳप೾਺ 125 Hzʹ͓͍ͯɼଧͪ੾Γ࣍਺ΛM = 28, 29, 30ͱͨ͠৔߹ͷ৚݅਺
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(a) 2a1 = 2b1 = 1.2ɼ2a2 = 2b2 = 0.8ͱͨ͠৔߹ͷଧͪ੾Γ࣍਺ʹର͢Δ૬ର
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(b) 2a2 = 2b2 = 1.5ɼ2a2 = 2b2 = 0.5ͱͨ͠৔߹ͷଧͪ੾Γ࣍਺ʹର͢Δ૬ର
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(c) 2a2 = 2b2 = 1.8ɼ2a2 = 2b2 = 0.2 ͱͨ͠৔߹ͷଧͪ੾Γ࣍਺ʹର͢Δ૬ର
஋ۉͷฏࠩޡ

Fig. 5.13 2ͭͷ༗ݶ௕ԁ౵ͷੇ๏͕ҟͳΔ৔߹ͷ૬ରࠩޡͷฏۉ஋ͷมԽ
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(b) ଧͪ੾Γ࣍਺ʹର͢Δ૬ରࠩޡͷฏۉ஋ͷมԽ

Fig. 5.14 3ͭͷ༗ݶ௕ԁ౵Λ௚ઢঢ়ʹ഑ஔͨ͠৔߹
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Table 5.3 ղੳप೾਺ 125 Hzʹ͓͚Δ܎਺ྻߦͷ৚݅਺ʢaɿ2ͭͷ৔߹ɼbɿ3ͭͷ৔߹ɼcɿ

5ͭͷ৔߹ʣ

Condition number

N a b c

28 8.237E+59 8.254E+59 2.152E+60

29 2.496E+63 6.366E+62 3.457E+63

30 1.338E+67 1.521E+66 3.281E+67

Λௐ΂ͨɻͦͷ݁ՌΛ Table. 5.3ʹࣔ͢ɻ͜͜Ͱɼ༗ݶ௕ԁ౵ͷݸ਺ʹରͯ͠ aɿ2ͭͷ৔߹ɼbɿ

3ͭͷ৔߹ɼcɿ5ͭͷ৔߹ͱͨ͠ɻTable. 5.3ΑΓɼaΑΓ bͷ΄͏͕શମతʹ৚݅਺͕খ͘͞ɼ

·ͨɼaΑΓ cͷ΄͏͕৚݅਺͕େ͖͍ͱ͍͏݁Ռ͕ಘΒΕͨɻͦͷͨΊɼFig. ࠩޡ͍͓ͯʹ5.16

ͷ૿େ͕ݟΒΕͨͷ͸ɼ܎਺ྻߦͷ৚݅਺ͷѱԽʹΑΔ΋ͷͩͱ͍͑Δɻ

Ҏ্ΑΓɼো֐෺ͷݸ਺΍഑ஔ΋ɼ܎਺ྻߦͷ৚݅਺ʹӨڹΛٴ΅ͨ͢Ίɼಉ͡ղੳप೾਺΍؍

ଌ఺ͷઃఆͰ΋ɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕͳ͍৔߹͕͋Δͱ͍͑ΔɻͦͷͨΊɼ͜ΕΒͷؔ܎ʹͭ

͍ͯ͸ɼ͞ΒʹূݕΛ͏ߦඞཁ͕͋Δɻ

5.2.7 ίετࢉܭ

ͯؔ͠ʹίετࢉܭΔɻ͢ূݕ͍ͯͭʹίετࢉܭɼఏҊख๏ͷʹޙ࠷ BEMͱେ͖͘ҟͳΔ෦

෼͸ɼ܎਺ྻߦΛಘΔͨΊʹඞཁͱͳΔࢉܭίετͰ͋Δɻͦ͜ͰɼͦΕͧΕͷख๏ʹ͓͍ͯ܎਺

Ͱ༻͍Δཁૉ਺ΛࢉܭΔɻBEMͰ͸ɼ͑ߟ͍ͯͭʹίετࢉܭΛಘΔͨΊʹඞཁͱͳΔྻߦ Nb

ͱ͢Ε͹ɼඞཁͱͳΔؒ࣌ࢉܭͱϝϞϦ͸ڞʹ O(N2
b )ͱͳΔɻҰํͰɼఏҊख๏ͷࢉܭίετ͸

ো֐෺ͷݸ਺ͱଧͪ੾Γ࣍਺ʹґଘ͠ɼଧͪ੾Γ࣍਺͸ࣜ (23)ͷΑ͏ʹো֐෺ͷੇ๏ͱղੳप೾

਺ʹґଘ͢Δɻ

ͦ͜Ͱɼ·ͣ͸ఏҊख๏ʹ͓͍ͯ܎਺ྻߦΛಘΔͷʹඞཁͱͳΔϝϞϦʹ͍ͭͯ͑ߟΔɻ͜ͷͱ

͖ɼఏҊख๏ʹ͓͚Δະ஌਺ͷ਺͸ Np = M × (N + 1)2 ͱͳΔ͜ͱ͔ΒɼඞཁϝϞϦͷΦʔμʔ

͸ O(M2N4)ͱͳΔɻΏ͑ʹɼϝϞϦʹؔͯ͠͸ɼఏҊख๏ͷ΄͏͕ BEMΑΓ΋ղੳʹඞཁͳ

ະ஌਺ͷ਺͕গͳͯ͘ࡁΉ৔߹ʹɼఏҊख๏ͷ΄͏͕༗རͱͳΔɻ͜͜ͰɼBEMʹΑΔղੳͰ͸

ཁૉ਺ Nb ͸୯७ʹͦΕͧΕͷো֐෺ͷද໘ੵʹґଘ͢ΔɻҰํͰɼఏҊख๏ʹΑΔղੳͰ͸ɼଧ

ͪ੾Γ࣍਺ΛͦΕͧΕͷো֐෺ʹ֎઀͢Δٿͷ൒ܘ rpmin ʹ͓͚Δ࠷େ஋ʹ߹Θͤͯઃఆ͢Δඞ

ཁ͕͋ΔɻͦͷͨΊɼো֐෺ͷੇ๏ʹؔͯ͠͹Β͖͕ͭେ͖ͳ৔߹͸ɼখ͞ͳো֐෺ʹରͯ͠΋ଧ

ͪ੾Γ࣍਺͕େ͖͘ͳΓɼશମͱͯ͠ଟ͘ͷະ஌਺͕ඞཁͱͳΔɻΑͬͯɼఏҊख๏Ͱ͸ͦΕͧΕ

ͷো֐෺ͷੇ๏ʹؔͯ͠͹Β͖͕ͭখ͞ͳ΄͏͕ଧͪ੾Γ࣍਺͸খ͘͞ͳΔɻ͞ΒʹɼͦΕͧΕͷ

ো֐෺ͷੇ๏͕খ͍͞৔߹ͷ΄͏͕ɼಉ͡ղੳप೾਺Ͱ΋ଧͪ੾Γ࣍਺͕খͯ͘͞ࡁΉ͜ͱ͔Βɼ

ͦͷΑ͏ͳ৔߹ʹ͸ BEMΑΓ΋ະ஌਺͕গͳ͘ͳΓɼϝϞϦʹؔͯ͠ BEMΑΓ΋༗རͰ͋Δͱ

༧૝Ͱ͖Δɻ

ΔɻఏҊख๏Ͱ͸͑ߟ͍ͯͭʹྔࢉܭΛಘΔͨΊʹඞཁͱͳΔྻߦ਺܎͍͓ͯʹɼఏҊख๏ʹ࣍

W (q) ౳ͷࢉܭɼ࠶ల։܎਺ (S|R)(qp) ͷࢉܭʹͦΕͧΕ O(N4) ͷ͕ྔࢉܭো֐෺ͷݸ਺ʹԠ͡
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Fig. 5.18 ͷؒ࣌ࢉܭΛಘΔͨΊʹཁͨ͠ྻߦ਺܎ BEMͱͷൺֱ

ͯඞཁͱͳΓɼ͞Βʹɼྻߦͷ৐ࢉʹ O(N6)͕ඞཁͱͳΔɻͦͷͨΊɼྔࢉܭ C ͸ c1, c2, c3 Λ

ίʔυʹґଘ͢Δఆ਺ͱͯ͠ɼࢉܭ

C ≈ 2c1 MN4 + c2 MC2N
4 + c3 M(M − 1)N6 (5.31)

ͱͳΔɻ͜͜ͰɼFig. 5.17 ʹɼఏҊख๏Λ༻͍ͯ 2 ͭͷ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔Λղੳ͢Δ

.Λࣔ͢ɻFigؒ࣌ࢉܭΛಘΔͷʹཁͨ͠ྻߦ਺܎ɼʹࡍ 5.17ΑΓɼؒ࣌ࢉܭ͸΄΅ N4 ʹൺྫ͠

͓ͯΓɼؒ࣌ࢉܭʹ͓͍ͯେ෦෼Λ઎ΊΔͷ͸W (q) ౳ͷࢉܭͰ͋Δͱ͍͑ΔɻఏҊख๏Ͱ͸ɼ

W (q) ౳ͷҰͭͷཁૉʹରͯ͠ɼର৅ͱͳΔো֐෺ͷද໘શମʹ͓͚Δੵ෼͕ࢉܭඞཁͱͳΔͨ



84

0 500 1000 1500 2000 2500
10

−3

10
−2

10
−1

10
0

Number of elements

A
v

er
ag

e 
re

la
ti

v
e 

er
ro

r ε

 

 
63 Hz
125 Hz
250 Hz
500 Hz

Fig. 5.19 BEMʹ͓͍ͯཁૉ਺ΛมԽͤͨ͞৔߹ͷ૬ରࠩޡͷฏۉ஋

Ίɼ͜ͷΑ͏ͳ݁Ռʹͳͬͨͱ͑ߟΒΕΔɻ͔͠͠ͳ͕Βɼ͜ͷղੳର৅ͷΑ͏ʹɼো֐෺ͷܗঢ়

͕ಉ͡Ͱ͋Δ৔߹͸ɼW (q)ɼW̃ (q) ΛҰ౓͚ͩ͢ࢉܭΕ͹Α͍ͨΊɼؒ࣌ࢉܭͷ௿͕ݮՄೳͰ͋Δ

ʢOptimized 1ʣɻ·ͨɼ༗ݶ௕ԁ౵ͷΑ͏ʹɼো֐෺ܗঢ়ʹରশੑ΍ɼθq Δඃੵ෼ؔ਺ؔ͢ʹ޲ํ

ͷੑحۮͳͲɼཧ࿦తʹੵ෼ࢉܭΛਐΊΔ͜ͱ͕Ͱ͖Δ෦෼͕͋Δ৔߹ʹ͸ɼ͞Βʹؒ࣌ࢉܭΛ௿

Δ͜ͱ͕Ͱ͖ΔʢOptimized͢ݮ 2ʣɻ

ɼఏҊख๏ͱʹޙ࠷ BEMͷະ஌਺͕ಉ͡Ͱ͋Δ৔߹ʹ͍ͭͯɼ܎਺ྻߦΛಘΔͷʹཁͨ͠ࢉܭ

Λൺֱͨ͠ɻͦͷ݁ՌΛؒ࣌ Fig. 5.18 ʹࣔ͢ɻFig. 5.18 ͔ΒɼఏҊख๏ʹ͓͍ͯཧ࿦తʹղੳ

Ͱ͖Δ෦෼Λશྀͯͨ͠ߟ৔߹ʢOptimized 2ʣ͸ɼBEMͱಉఔ౓ͷؒ࣌ࢉܭͰ܎਺ྻߦΛಘΔ

͜ͱ͕Ͱ͖͍ͯΔɻ·ͨɼBEM ʹΑΔࢉܭʹ͓͍ͯ༻͍Δཁૉ਺ΛมԽͤ͞ɼ5.2.2 ߲౳ʹ͓͍

͍ͨ༺஋ͱͯ͠ߟࢀͯ ஋Λௐ΂ͨ݁ۉͷฏࠩޡՌͱͷ૬ର݁ࢉܭҰఆཁૉʹΑΔܗ֯ࡾͷݸ2624

ՌΛ Fig. 5.19ʹࣔ͢ɻ͜͜ͰɼఏҊख๏ʹΑΔ݁ࢉܭՌͱߟࢀ஋ͱͷ૬ରࠩޡͷฏۉ஋͸ɼे෼

ʹऩଋͨ݁͠ࢉܭՌʹ͓͍ͯ΋ 3%ఔ౓͋Δ͜ͱ͔ΒɼFig. 5.19ͷ݁Ռʹ͓͍ͯ΋૬ରࠩޡͷฏ

஋͕ۉ 3%ҎԼͱͳΔཁૉ਺Λௐ΂Ε͹ɼ63ɼ125ɼ250ɼ500 Hzͷղੳप೾਺ʹରͯͦ͠ΕͧΕ

Nb =576ɼ576ɼ784ɼ1120ͱͳΔɻҰํͰɼఏҊख๏ʹ͓͍ͯ͸ɼ5.2.2߲Ͱड़΂ͨΑ͏ʹɼ63ɼ

125ɼ250ɼ500 Hz ͷղੳप೾਺ʹରͯ͠ଧͪ੾Γ࣍਺ N ΛͦΕͧΕ N =10ɼ13ɼ18ɼ27 ͱઃ

ఆ͢Ε͹े෼ͳ͜ͱ͔ΒɼࢉܭʹඞཁͱͳΔະ஌਺ͷ਺͸ Np =242ɼ392ɼ722ɼ1568ͱͳΔɻ͜

ΕΑΓɼจݙ [18, 50, 51]ʹ΋͋ΔΑ͏ʹɼো֐෺ͷੇ๏΍ղੳप೾਺ʹΑͬͯ͸ɼఏҊख๏Ͱ͸

BEM ΑΓ΋গͳ͍ະ஌਺Ͱे෼ͳ݁ࢉܭՌΛಘΒΕΔ৔߹͕͋ΓɼͦͷΑ͏ͳ৔߹ʹ͓͍ͯ͸ɼ

BEMͱൺֱͯ͠গͳ͍ؒ࣌ࢉܭͰे෼ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δͱ͍͑Δɻ͞ΒʹɼͦΕͧ

Εͷো֐෺ܗঢ়͕ಉ͡Ͱɼͦͷݸ਺͕૿͑ͨ৔߹ʹ͸ɼఏҊख๏Ͱ͸࠶ల։܎਺Λ৽ͨʹ͢ࢉܭΔ

͚ͩͰ܎਺͕ྻߦಘΒΕΔͨΊɼΑΓ୹͍ؒ࣌ࢉܭͰे෼ͳ݁ࢉܭՌ͕ಘΒΕΔͱ༧૝͞ΕΔɻ

Ҏ্ΑΓɼఏҊख๏ʹ͓͚Δࢉܭίετ͸ো֐෺ͷݸ਺ͱଧͪ੾Γ࣍਺ʹґଘ͠ɼଧͪ੾Γ࣍਺
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͸ Eq. (5.30)ͷΑ͏ʹো֐෺ͷੇ๏ͱղੳप೾਺ʹґଘ͢Δɻ͜ͷͱ͖ɼඞཁϝϞϦʹ͓͍ͯఏҊ

ख๏͕ BEMΑΓ΋༗རͳ৔߹͸ɼղੳʹඞཁͱͳΔະ஌਺ͷ਺͕ BEMΑΓ΋গͳͯ͘ࡁΉΑ͏

ͳ৔߹Ͱ͋ΓɼͦͷΑ͏ͳ৔߹ͱͯ͠ɼ

• ͦΕͧΕͷো֐෺ͷੇ๏ʹؔ͢Δ͹Β͖͕ͭখ͍͞
• ো֐෺ͷੇ๏͕খ͍͞

ͱ͍ͬͨ͜ͱ͕͛ڍΒΕΔɻ·ͨɼ࣮ࢉܭʹࡍίʔυΛ࣮ࡍͨ͠ߦͷؒ࣌ࢉܭʹ͍ͭͯ͸ɼఏҊख

๏Ͱ͸ੵ෼ࢉܭʹཁ͢Δ͕ؒ࣌େ͖͍͜ͱ͔ΒɼղੳʹඞཁͱͳΔະ஌਺ͷ਺͕ BEMΑΓ΋গͳ

͍͚ͩͰ͸༗རͱ͸͍͑ͳ͍ɻͦͷͨΊɼະ஌਺ͷ਺͕ BEMΑΓ΋গͳ͍͜ͱʹՃ͑ɼ

• ͦΕͧΕͷো֐෺ܗঢ়͕ಉ͡Ͱ͋Δ
• ো֐෺ܗঢ়ʹରশੑͳͲ͕͋Γੵ෼ࢉܭΛཧ࿦తʹਐΊΔ͜ͱ͕Ͱ͖Δ

ͳͲɼੵ෼ࢉܭʹཁ͢Δؒ࣌Λ୹ॖͰ͖Δ৔߹ʹ͸ɼؒ࣌ࢉܭʹ͍ͭͯ΋ BEMΑΓ༗རͱͳΔ͜

ͱ͕͋Δͱ͍͑Δɻ
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5.3 ·ͱΊ

ຊষͰ͸ɼࣗ༝ۭؒதʹෳ਺ͷো֐෺͕഑ஔ͞Ε͍ͯΔ৔߹ͷࢄཚԻ৔ͷղੳख๏ͱͯ͠ɼԻ৔

Λٿ೾ಈؔ਺ͱଟॏ࠶ۃల։Λ༻͍ͯද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ Kirchhoff–Huygensͷެࣜ

Λར༻ͯ͠ϚτϦΫεํఔࣜΛಋ͖਺஋తʹٻΊΔ४ཧ࿦ղੳख๏ΛఏҊͨ͠ɻ·ͨɼఏҊख๏Λ

༻͍ͨղੳྫͱͯ͠ɼෳ਺ݸͷ༗ݶ௕ԁ౵͕ࣗ༝ۭؒதʹ഑ஔ͞ΕͨࢄཚԻ৔ʹ͍ͭͯࢉܭΛߦ

͍ɼBEMʹΑΔ݁ࢉܭՌͱͷൺֱ͔Βɼ਺஋ಛੑʹ͍ͭͯͷূݕΛͨͬߦɻͦͷ݁ՌɼҎԼʹࣔ

͢Α͏ͳ݁Ռ͕ಘΒΕͨɻ

(1) ఏҊख๏Ͱ͸ɼBEMʹ͓͍ͯੜ͡Δো֐෺಺෦ͷ Dirichletप೾਺ʹ͓͚ΔղͷඇҰҙੑ

ʹΑΔਫ਼౓ͷ௿ԼͷΑ͏ͳ໰୊͕ͳ͘ɼ׈Β͔ͳप೾਺Ԡ౴ؔ਺ͷ݁ࢉܭՌ͕ಘΒΕΔɻ

(2) ఏҊख๏ʹ͓͍ͯ΋ɼ୯Ұͷো֐෺ͷ৔߹ͱಉ༷ʹɼଧͪ੾Γ࣍਺͕େ͖͘ͳΔͱ܎਺ྻߦ

ͷ৚݅਺ͷѱԽ͠ɼಘΒΕͨల։܎਺ʹؚ·ΕΔ͕ࠩޡେ͖͘ͳΔͨΊɼଥ౰ͳ݁ࢉܭՌΛ

ಘΒΕͳ͍৔߹͕͋Δɻ·ͨɼ৚݅਺ʹ͸ো֐෺ͷݸ਺΍഑ஔ΋͍ؔͯ͠܎Δɻ

(3) ʹ෺֐Ռ͕ಘΒΕΔɻ·ͨɼো݁ࢉܭ෺͔Β཭ΕͨҐஔʹ͋Δ΄Ͳɼ҆ఆͨ͠֐ଌ఺͕ো؍

֎઀͢Δٿͷ಺෦ʹ؍ଌ఺Λઃఆͨ͠৔߹͸ɼଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖ͳ͍ɻ

(4) ো֐෺ؒͷڑ཭͸ࢉܭਫ਼౓ʹ༩͑ΔӨ͕ڹେ͖͘ɼো֐෺ͷ഑ஔʹؔͯ͠͸ɼͦΕͧΕͷো

෺ʹॏͳΒͳ͍Α͏ʹ͢Δඞཁ͕͋Δɻ͜ͷ͜ͱ͕อͨΕͯ֐ɼଞͷো͕ٿ෺ʹ֎઀͢Δ֐

͍ͳ͍৔߹͸݁ࢉܭՌ͕ऩଋͤͣɼෆ҆ఆͳৼΔ෣͍Λ͢Δɻ

(5) ఏҊख๏ʹ͓͚Δࢉܭίετ͸ো֐෺ͷݸ਺΍ੇ๏ɼղੳप೾਺ʹґଘ͢Δɻ͜ͷͱ͖ɼͦ

ΕͧΕͷো֐෺ʹ͓͚Δੇ๏ͷ͹Β͖͕ͭখ͘͞ɼ·ͨɼো֐෺ͷੇ๏͕খ͍͞΄͏͕ɼղ

ੳʹඞཁͳଧͪ੾Γ࣍਺͕খͯ͘͞ࡁΉͨΊɼBEMΑΓ΋ඞཁϝϞϦͷ໘Ͱ༗རͰ͋Δɻ

(6) ཁ͢Δʹࢉܭ͸ɼఏҊख๏ͷ΄͏͕ੵ෼͍ͯͭʹؒ࣌ࢉܭͷࡍͨ͠ߦίʔυΛ࣮ࢉܭʹࡍ࣮

͸ؒ࣌ࢉܭେ͖͍ͨΊ͕ؒ࣌ BEMΑΓ΋େ͖͘ͳΔɻ͔͠͠ɼ(5)ͷΑ͏ʹղੳʹඞཁͳ

ະ஌਺ͷ਺͕ BEMΑΓ΋গͳ͍͜ͱʹՃ͑ɼͦΕͧΕͷো֐෺ͷܗঢ়͕ಉ͡Ͱɼ͔ͭ༗ݶ

௕ԁ౵ͷΑ͏ʹো֐෺ܗঢ়ʹରশੑ͕͋ΔͳͲɼੵ෼ࢉܭΛཧ࿦తʹਐΊΔ͜ͱ͕ग़དྷΔ৔

߹͸ɼؒ࣌ࢉܭʹ͓͍ͯ΋༗རͱͳΔ͜ͱ͕͋Δɻ
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ୈ 6ষ

ପԁମ೾ಈؔ਺ͱ Kirchhoff–Huygensͷ
ެࣜΛ༻͍ͨࢄཚԻ৔ͷ४ཧ࿦ղੳ
ख๏

લষ·ͰͰఆࣜԽ͖ͯͨ͠४ཧ࿦ղੳख๏Ͱ͸ɼԻ৔Λ೾ಈؔ਺Λ༻͍ͯల։͢Δࡍʹɼٿ೾ಈ

ؔ਺Λ༻͍͖ͯͨɻ͔͠͠ͳ͕Βୈ 4ষʹ͓͚ΔఏҊख๏ͷ਺஋ಛੑʹؔͯ͠ɼBEMʹΑΔࢉܭ

݁Ռͱͷൺֱ͔ΒূݕΛ݁ͨͬߦՌɼো֐෺ܗঢ়͕ܗٿʹ͍ۙ΄Ͳਫ਼౓͕Α͘ɼ͔ܗٿΒဃ཭͢Δ

΄Ͳਫ਼౓͕ѱԽ͢Δ͜ͱ͕෼͔ͬͨɻͦ͜ͰຊষͰ͸ɼো֐෺͕୯ҰͰ͋Γɼ·ͨো֐෺ܗঢ়͕ፏ

ฏͳ৔߹ͷ४ཧ࿦ղੳख๏ͱͯ͠ɼԻ৔ͷల։දݱͱͯ͠ପԁମ೾ಈؔ਺Λ༻͍ͨख๏Λߏங͢

ΔɻఆࣜԽͨ͠४ཧ࿦ղੳख๏Λ༻͍ͯো֐෺ܗঢ়͕ፏฏͳ৔߹ʹ͍ͭͯࢉܭΛ͍ߦɼಘΒΕͨܭ

ՌΛ݁ࢉ BEMʹΑΔ݁ࢉܭՌͱൺֱ͢Δ͜ͱͰɼఏҊख๏ͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ

6.1 ఏҊղੳख๏

6.1.1 ໰୊ઃఆ

͜͜Ͱ͸ɼୈ 3ষ͓Αͼୈ 4ষͱಉ༷ʹɼ୯Ұͷো֐෺ͱ఺Ի͔ݯΒͳΔࢄཚԻ৔ʹ͍ͭͯ͑ߟ

Δɻ͜ͷͱ͖ɼፏฏͳো֐෺ͷத৺఺Λݪ఺ͱ͠ɼͦ ͷো֐෺ʹ֎઀͢Δፏٿ໘͕ፏ࠲ٿඪܥΛ༻͍

ͯ ξmin Ͱ༩͑ΒΕΔͱ͢Δɻ·ͨɼ؍ଌ఺ͷ࠲ඪΛ r = (ξ, η ϕ)ɼԻݯͷ࠲ඪΛ rs = (ξs, ηs ϕs)ɼ

ো֐෺ද໘্ͷ࠲ඪΛ r0 = (ξ0, η0 ϕ0)ͱͦΕͧΕፏ࠲ٿඪܥΛ༻͍ͯද͠ɼԻݯ͸ো֐෺ʹ֎઀

͢Δፏٿ໘ͷ֎෦ʹ͋Δͱ͢Δɻ
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Observation point
r = (ξ, η, φ)

Source point
rs= (ξs, ηs, φs)

O y

z

ξmin

x

Fig. 6.1 ፏฏͳো֐෺ʹΑΔࢄཚԻ৔

6.1.2 ఆࣜԽ

ፏ࠲ٿඪܥʹ͓͚Δପԁମ೾ಈؔ਺Λ༻͍Ε͹ɼ఺ԻݯʹΑΔೖࣹϙςϯγϟϧ͸࣍ͷΑ͏ʹల

։͢Δ͜ͱ͕Ͱ͖Δɻ

φi(r, rs) =
∞∑

m=0

∞∑

n=m

jk

2π

2− δ0m
Nmn

Smn(−jh, η)Smn(−jh, ηs) cosm(ϕ− ϕs)

×
{

R(1)
mn(−jh, jξ)R(3)

mn(−jh, jξs), ξ < ξs
R(1)

mn(−jh, jξs)R
(3)
mn(−jh, jξ), ξ > ξs

(6.1)

͜͜Ͱ δ0mɿKroneckerͷσϧλɼ·ͨ Nmnɿਖ਼نԽҼࢠͰ͋Γɼ

Nmn =

∫ 1

−1
Smn(−jh, η)Smn(−jh, η)dη (6.2)

Ͱ͋Δɻಉ༷ʹɼࢄཚϙςϯγϟϧʹ͍ͭͯ͸࣍ͷΑ͏ʹల։͢Δɻ

φs(r) =
∞∑

m=0

∞∑

n=m

BmnR
(3)
mn(−jh, jξ)Smn(−jh, η) cosm(ϕ− ϕs) (6.3)

·ͨɼKirchhoff–Huygensͷެࣜ͸ࣜ࣍Ͱ༩͑ΒΕΔɻ

φ(r) =
Q

4π|rs − r|e
jk|rs−r| +

∫∫

Γ

(
φ(r0)

∂G(r0, r)

∂n0
− jωρ

Z(r0)
φ(r0)G(r0, r)

)
dS0 (6.4)

͜͜ͰɼԻݯҐஔ͸ ξmin < ξs ͷൣғʹઃఆ͍ͯ͠ΔͨΊɼৗʹ ξ0 < ξs ͕੒ΓཱͭɻΏ͑ʹɼೖ

ࣹϙςϯγϟϧͷପԁମ೾ಈؔ਺ʹΑΔల։දݱ͸

φi(r0, rs) =
∞∑

m=0

∞∑

n=m

Amn(ξs, ηs)R
(1)
mn(−jh, jξ0)Smn(−jh, η0) cosm(ϕ0 − ϕs)

Amn(ξs, ηs) =
jkQ

2π

2− δ0m
Nmn

R(3)
mn(−jh, jξs)Smn(−jh, ηs)

(6.5)
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Ͱ༩͑ΒΕΔɻ·ͨɼGreenؔ਺ͱͯ͠ Ε͹͢༺࠾ຊղΛجԻ৔ʹ͓͚Δݩ࣍3 ξ0 < ξ ͱ͍͏৚

݅ͷ΋ͱɼͦͷల։දݱ͸

G(r0, r) =
∞∑

m=0

∞∑

n=m

jk

2π

2− δ0m
Nmn

Smn(−jh, η0)Smn(−jh, η) cosm(ϕ− ϕ0)

×R(1)
mn(−jh, jξ0)R

(3)
mn(−jh, jξ)

(6.6)

ͱͳΔɻEq. (6.6)Λ Kirchhoff–Huygensͷެࣜʹ୅ೖ͠ɼSmn(−jh, η) cosmϕʹؔ͢Δ௚ަੑɼ

∫ 2π

0

∫ 1

−1
Smn(−jh, η)Sji(−jh, η) cosmϕ cos jϕ dηdϕ = πNmnδjmδin (6.7)

Λར༻͢Ε͹ɼ

Bji cos jϕs =

∫∫

Γ

{
φ(r0)

∂

∂n0

jk

2π

1− δ0j
Nji

R(1)
ji (−jh, jξ0)Sji(−jh, η0) cos jϕ0

− jωρ

Z(r0)
φ(r0)

jk

2π

1− δ0j
Nji

R(1)
ji (−jh, jξ0)Sji(−jh, η0) cos jϕ0

}
dS0

j = 0, 1, 2, . . . , i = j, j + 1, j + 2, . . .

(6.8)

͕ಘΒΕΔɻ͞Βʹɼ଎౓ϙςϯγϟϧʹؔͯ͠ Eq. (6.3)ɼ(6.5)Λ୅ೖ͠ɼະ஌ͷల։܎਺ Bmn

ʹ͍ͭͯ੔ཧ͢Ε͹ɼ

Bji cos jϕs −
∞∑

m=0

∞∑

n=m

Bmn(X
ji
mn + Y ji

mn) = Amn(X̃
ji
mn + Ỹ ji

mn)

j = 0, 1, 2, · · · , i = j, j + 1, j + 2, · · ·

(6.9)

ͨͩ͠ɼ

Xji
mn =

jk

2π

1− δ0j
Nji

∫∫

Γ
Ψ(3)

mn(ξ0, η0) cosm(ϕ0 − ϕs)
∂

∂n0
Ψ(1)

ji (ξ0, η0) cos jϕ0 dS0

Y ji
mn = −1− δ0j

Nji

∫∫

Γ

kωρ

2πZ(r0)
Ψ(3)

mn(ξ0, η0) cosm(ϕ0 − ϕs)Ψ
(1)
ji (ξ0, η0) cos jϕ0 dS0

X̃ji
mn =

jk

2π

1− δ0j
Nji

∫∫

Γ
Ψ(1)

mn(ξ0, η0) cosm(ϕ0 − ϕs)
∂

∂n0
Ψ(1)

ji (ξ0, η0) cos jϕ0 dS0

Ỹ ji
mn = −1− δ0j

Nji

∫∫

Γ

kωρ

2πZ(r0)
Ψ(1)

mn(ξ0, η0) cosm(ϕ0 − ϕs)Ψ
(1)
ji (ξ0, η0) cos jϕ0 dS0

·ͨɼ

Ψ(1)
mn(ξ, η) = R(1)

mn(−jh, jξ)Smn(−jh, η)

Ψ(3)
mn(ξ, η) = R(3)

mn(−jh, jξ)Smn(−jh, η)

ͱ͓͍ͨɻEq. (6.8)ʹ͓͚Δແڃݶ਺࿨Λద౰ͳ࣍਺ N Ͱଧͪ੾Ε͹ɼ(N + 1)(N + ͷݸ2/(2

ະ஌ͷల։܎਺ Bmn ͔ΒͳΔϚτϦΫεํఔ͕ࣜಘΒΕΔɻ
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x

y

z

2a

2b

r

Observation
points

Source point
(0, 0, 10)

θ

5

-5

Fig. 6.2 ፏฏͳ༗ݶ௕ԁ౵ͱ఺ԻݯʹΑΔࢄཚԻ৔

6.2 ਺஋ྫࢉܭ

͜͜Ͱ͸ఏҊख๏Λ༻͍ͯো֐෺ʹΑΔࢄཚԻ৔Λ࣮ࡍʹղੳ͠ɼఏҊख๏ͷଥ౰ੑΛ֬ೝ͢Δ

ͱͱ΋ʹɼఏҊख๏ͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔɻ͜ͷͱ͖ɼఏҊख๏ʹΑΔ݁ࢉܭՌͱͷൺֱର

৅ͱͯ͠͸ɼ͜Ε·Ͱͱಉ༷ʹ BEMʹΑΔ݁ࢉܭՌΛ༻͍Δɻ·ͨɼো֐෺ܗঢ়ͱͯ͠͸ɼୈ 4

ষʹ͓͍ͯఏҊͨ͠ٿ೾ಈؔ਺ͱ Kirchhoff–HuygensͷެࣜΛ༻͍ͨ४ཧ࿦ղੳख๏Ͱ͸ղੳ͢

Δ͜ͱ͕೉͔ͬͨ͠ɼፏฏͳো֐෺ܗঢ়ʹ͍ͭͯѻ͏ɻҎԼʹɼຊઅͰ࣮͢ߦΔࢉܭλεΫΛࣔ͢ɻ

• ಛੑ޲ࢦཚ೾ͷࢄ
– ো֐෺ܗঢ়͕ፏฏͳ༗ݶ௕ԁ౵Ͱ͋Δ৔߹

– ো֐෺ܗঢ়͕ਖ਼ํܗ൘ܗঢ়Ͱ͋Δ৔߹

– ো֐෺ܗঢ়͕௕ํܗ൘ܗঢ়Ͱ͋Δ৔߹

• ίετࢉܭ

͜͜ͰɼఏҊख๏ͷࢉܭϓϩάϥϜΛ࣮૷͢Δࡍʹඞཁͳପԁମ೾ಈؔ਺͸ɼZhang ʹΑΔ

Fortranίʔυ [52, 53]Λجʹͨ͠΋ͷ͕ Python༻ͷՊֶٕज़ࢉܭύοέʔδͰ͋Δ Scipy [54]

ʹ͓͍࣮ͯ૷͞Ε͍ͯΔ͕ɼਫ਼౓΍҆ఆੑͷ໘Ͱ໰୊͕͋ͬͨͨΊɼࣗΒ࣮૷ͨ͠΋ͷΛ༻͍ͨɻ

ͦͷৄࡉ͸෇࿥ʹ͢هɻ

·ͨɼ਺஋ڥ؀ػࢉܭ͍ͨ༺ʹࢉܭ͸ҎԼͷͱ͓ΓͰ͋Δɻ

• CPU: Intel Core i7 2.80 GHz

• Memory: 8 GB

• Language: Python
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6.2.1 ፏฏͳ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳ

͜͜Ͱ͸ো֐෺ܗঢ়ͱͯ͠ፏฏͳ༗ݶ௕ԁ౵Λઃఆ͠ɼFig. 6.2ʹࣔ͢Ի৔ʹ͓͚Δࢄཚ೾ͷࢦ

͸͍ͯͭʹܘ௕ԁ౵ͷੇ๏Λ௚ݶΔɻ͜ͷͱ͖ɼ༗͢ࢉܭಛੑΛ޲ 2a = 1Ͱݻఆ͠ɼ͞ߴʹ͍ͭ

ͯ͸ 2b =0.5ɼ0.25ɼ0.1ɼ0.05 ͱঃʑʹখ͘͞มԽ͍ͤͯͬͨ͞৔߹ʹ͍ͭͯࢉܭΛͨͬߦɻ·

ͨɼԻݯ఺͸ rs = (0, 0, 10)ͱ͠ɼ؍ଌ఺͸ݪ఺͔Β 5 mͷҐஔʹઃఆͨ͠ɻ

·ͣ͸ɼ༗ݶ௕ԁ౵ͷੇ๏Λ௚ܘ 2a = 1.0ɼ͞ߴ 2b = 0.5ͱͨ͠৔߹ʹ͍ͭͯͨ͠ࢉܭɻ͜ͷ

ͱ͖ BEMʹΑΔࢉܭͰ͸ େϝογϡ௕ɿ0.104࠷Ұఆཁૉʢܗ֯ࡾͷݸ952 [m]ʣΛ༻͍ͨɻ·

ͨɼఏҊख๏ʹΑΔࢉܭͰ͸য఺ؒͷڑ཭Λ d = 1ɼଧͪ੾Γ࣍਺Λ N = 10 ͱ͠ɼੵ෼ࢉܭ͸

BEMͰ༻͍ͨܗ֯ࡾҰఆཁૉͱಉ͡΋ͷΛ༻͍࣮ͯͨ͠ߦɻ

Fig. 6.3ʹɼ௚ܘ 2a = 1.0ɼ͞ߴ 2b = 0.5ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ೾ͷ݁ࢉܭՌΛࣔ͢ɻ͜͜

Ͱ BEMɿBEMʹΑΔ݁ࢉܭՌɼSphericalɿୈ 4ষͰఆࣜԽͨ͠ٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳ

ख๏Λ༻͍ͨ৔߹ͷ݁ࢉܭՌɼSpheroidalɿຊষͰఆࣜԽͨ͠ପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳ

ख๏Λ༻͍ͨ৔߹ͷ݁ࢉܭՌͰ͋ΔɻFig. 6.3ΑΓɼପԁମ೾ಈؔ਺Λ༻͍ͨख๏ʹΑΔ݁ࢉܭՌ

͸ɼ޲ࢦಛੑͷ֓ܗʹ͍ͭͯ͸ଊ͑ΒΕ͍ͯΔ΋ͷͷɼٿ೾ಈؔ਺Λ༻͍ͨख๏ͱൺֱͯ͠ਫ਼౓͕

ྑ͍ͱ͸͍͑ͳ͍ɻ͞Βʹɼղੳप೾਺͕େ͖͘ͳΔ΄ͲɼఏҊख๏ͷ݁ࢉܭՌʹ͓͚Δࠩޡ΋େ

͖͘ͳ͍ͬͯΔ͜ͱ͕֬ೝͰ͖Δɻ·ͨɼ͜Ε·Ͱͱಉ༷ʹɼ

ε =
1

181

181∑

n=1

|pref (rn)− p(rn)|
|pref (rn)|

(6.10)

ͱͯ͠ɼఏҊख๏ʹΑΔ݁ࢉܭՌͱ BEM ʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋Λௐ΂ͨɻ

Fig. 6.4ʹɼࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋Λ Eq. (6.10)Λ༻͍ͯࢉग़ͨ݁͠ՌΛࣔ

͢ɻFig. 6.4ΑΓɼଧͪ੾Γ࣍਺ N Λେ͖ͯ͘͠΋݁ࢉܭՌ͸ऩଋ͠ͳ͍͜ͱ͕֬ೝͰ͖Δɻ·

ͨɼBEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋΋͕େ͖͍ɻ͜ͷ͜ͱ͔Βɼ೾ಈؔ਺ͱͯ͠ପԁ

ମ೾ಈؔ਺Λ༻͍ͨ৔߹͸ɼ͜͜Ͱ༻͍ͨ௚ܘ 2a = 1.0ɼ͞ߴ 2b = 0.5ͷ༗ݶ௕ԁ౵ʹΑΔࢄཚ

Ի৔Λे෼ͳਫ਼౓Ͱ͢ࢉܭΔͷ͸೉͍͠ͱ͍͑Δɻ

Λ͞ߴ͍͓ͯʹ௕ԁ౵ͷੇ๏ݶɼ༗ʹ࣍ 2b = 0.25ͱͨ͠৔߹ʹ͍ͭͯ΋ࢄཚ೾ͷ޲ࢦಛੑʹͭ

ՌͰ͸݁ࢉܭɻ͜ͷͱ͖ɼBEMʹΑΔͨͬߦΛࢉܭ͍ͯ େϝογϡ࠷Ұఆཁૉʢܗ֯ࡾͷݸ736

௕ɿ0.104 [m]ʣΛ༻͍ͨɻ·ͨɼఏҊख๏ʹΑΔ݁ࢉܭՌͰ͸য఺ؒͷڑ཭Λ d = 1ɼଧͪ੾Γ

਺Λ࣍ N = 10ͱ͠ɼੵ෼ࢉܭʹ͸ BEMͰ༻͍ͨ΋ͷͱಉ͡ܗ֯ࡾҰఆཁૉΛ༻͍࣮ͯͨ͠ߦɻ

͜ͷ৔߹ʹ͓͚Δ݁ՌΛ Fig. 6.5 ʹࣔ͢ɻ͜͜Ͱɼପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ʹΑ

Δ݁ࢉܭՌ͸ɼٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ʹΑΔ݁ࢉܭՌͱಉఔ౓ͷ݁ࢉܭՌ͕ಘΒΕ

͓ͯΓɼBEMʹΑΔ݁ࢉܭՌͱͷࠩޡ΋গͳ͍ɻΏ͑ʹɼ͜ͷ৔߹͸ପԁମ೾ಈؔ਺Λ༻͍ͨ४

ཧ࿦ղੳख๏Ͱଥ౰ͳ݁ࢉܭՌ͕ಘΒΕ͍ͯΔͱ͍͑Δɻ͞Βʹɼଧͪ੾Γ࣍਺ N ΛมԽͤ͞ɼ

ͦΕͧΕଧͪ੾Γ࣍਺ʹ͓͚Δ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋Λௐ΂ͨɻ

Fig. 6.6ʹͦͷ݁ՌΛࣔ͢ɻ͜͜ͰɼFig. 6.6 (a)͸ପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ʹ͓

͚Δ૬ରࠩޡͷฏۉ஋ɼFig. 6.6 (b)͸ٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ʹ͓͚Δ૬ରࠩޡͷฏ

.஋Ͱ͋ΔɻFigۉ 6.6 (a) ΑΓɼଧͪ੾Γ࣍਺ N Λେ͖ͨ͘͠৔߹ʹࠩޡͷ૿େ͕ݟΒΕΔ΋ͷ



92

0 30 60 90 120 150 180
0

0.5

1.0

1.5

2.0

2.5
x 10

−4

Observation angle θ [deg.]

S
o

u
n

d
 p

re
ss

u
re

 a
m

p
li

tu
d

e 
[P

a]

 

 
BEM
Spherical (N=10)
Spheroidal (N=10)

(a) 63 Hz

0 30 60 90 120 150 180
0

2.0

4.0

6.0

8.0
x 10

−4

Observation angle θ [deg.]

S
o

u
n

d
 p

re
ss

u
re

 a
m

p
li

tu
d

e 
[P

a]

 

 
BEM
Spherical (N=10)
Spheroidal (N=10)

(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 6.3 ͞ߴ 2b = 0.5ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑ

0 2 4 6 8 10 12 14 16 18 20
10

−2

10
−1

10
0

Truncation number N

A
v

er
ag

e 
re

la
ti

v
e 

er
ro

r ε

 

 

63 Hz
125 Hz
250 Hz
500 Hz

Fig. 6.4 ͞ߴ 2b = 0.5ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋ͷมԽ
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(b) 125 Hz
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(c) 250 Hz

0 30 60 90 120 150 180
0

0.5

1.0

1.5

2.0

2.5
x 10

−3

Observation angle θ [deg.]

S
o

u
n

d
 p

re
ss

u
re

 a
m

p
li

tu
d

e 
[P

a]

 

 
BEM
Spherical (N=10)
Spheroical (N=10)

(d) 500 Hz

Fig. 6.5 ͞ߴ 2b = 0.25ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑ

ͷɼ͖͞΄Ͳͷ Fig. 6.4ͷ݁Ռͱൺֱͯ͠ɼ҆ఆͨ݁͠ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ N ͷ্ݶ

͕େ͖͘ͳ͍ͬͯΔɻ·ͨɼٿ೾ಈؔ਺Λ༻͍ͨ৔߹ͷ݁ՌͰ͋Δ Fig. 6.6 (b)ͱൺֱͯ͠΋ɼଥ

౰ͳ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ N ͷ্ݶʹ͍ͭͯվળ͕ݟΒΕΔɻ͞Βʹɼࠩޡͷ૿Ճͷ

౓߹͍ʹؔͯ͠΋ٿ೾ಈؔ਺Λ༻͍ͨ৔߹ͷ४ཧ࿦ղੳख๏ͱൺ΂ͯ؇΍͔Ͱ͋ΔɻͦͷͨΊɼߴ

͞Λ 2b = 0.25ͱͨ͠৔߹͸ଧͪ੾Γ࣍਺ N ͷ্ݶʹؔͯ͠ɼຊষͰఏҊͨ͠ପԁମ೾ಈؔ਺Λ

༻͍ͨ४ཧ࿦ղੳख๏ͷ΄͏͕ɼલষʹ͓͍ͯఏҊͨ͠ٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ΑΓ΋

҆ఆͨ݁͠ՌΛಘΔ͜ͱ͕Ͱ͖Δͱ͍͑Δɻ

͞Βʹɼ༗ݶ௕ԁ౵ͷ͞ߴΛ 2b = 0.1ͱ͠ɼପԁମ೾ಈؔ਺Λ༻͍ͨ৔߹ͱٿ೾ಈؔ਺Λ༻͍ͨ

৔߹ʹ͍ͭͯͦΕͧΕɼBEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋Λࢉग़ͨ͠ɻ͜ͷͱ͖ BEM

ʹΑΔ݁ࢉܭՌͰ͸ େϝογϡ௕ɿ0.104࠷Ұఆཁૉʢܗ֯ࡾͷݸ664 [m]ʣΛ༻͍ͨɻ·ͨɼఏ

Ҋख๏ʹΑΔࢉܭͰ͸য఺ؒͷڑ཭Λ d = 1ͱ͠ɼੵ෼ࢉܭ͸ BEMͰ༻͍ͨܗ֯ࡾҰఆཁૉͱಉ

͡΋ͷΛ༻͍࣮ͯͨ͠ߦɻ͜ͷ৔߹ͷ݁ՌΛ Fig. 6.7ʹࣔ͢ɻFig. 6.7 (a)ΑΓɼପԁମ೾ಈؔ਺

Λ༻͍ͨ৔߹ʹ͸ɼଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔ͜ͱͰɼ݁ࢉܭՌʹ͓͚Δ BEMͱͷࠩޡ΋খ

͘͞ͳΓɼ݁ࢉܭՌ͕ऩଋ͍༷ͯ͘͠ࢠΛ֬ೝ͢Δ͜ͱ͕Ͱ͖ΔɻҰํͰɼFig. 6.7 (b)ͷٿ೾ಈ
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0 2 4 6 8 10 12 14 16 18 20
10

−2

10
−1

10
0

Truncation number N

A
v

er
ag

e 
re

la
ti

v
e 

er
ro

r ε

 

 

63 Hz
125 Hz
250 Hz
500 Hz

(b) .೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ৔߹ʢFigٿ 4.15 (b)ɼܝ࠶ʣ

Fig. 6.6 ͞ߴ 2b = 0.25ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋ͷมԽ

ؔ਺Λ༻͍ͨ৔߹ͷ݁Ռʹؔͯ͠͸ɼଧͪ੾Γ࣍਺ N ͕ N ≤ 10Ͱ͋Δൣғʹ͍ͭͯ͸ BEMͱ

ͷࠩޡ͸ऩଋ͍͕ͯ͘͠ɼN > 10Ͱ͋Δൣғʹ͍ͭͯ͸ܹٸ͕ࠩޡʹ૿Ճ͠ɼଥ౰ͳ݁ࢉܭՌ͕

ಘΒΕͳ͍͜ͱ͕෼͔Δɻ

Λ͞Βʹখ͘͞͠ɼ2b͞ߴ௕ԁ౵ͷݶɼ༗ʹޙ࠷ = 0.05ͱͨ͠৔߹ʹ͍ͭͯͨ͠ࢉܭɻ͜ͷͱ

͖ɼBEMʹΑΔ݁ࢉܭՌͰ͸ େϝογϡ௕ɿ0.104࠷Ұఆཁૉʢܗ֯ࡾͷݸ592 [m]ʣΛ༻͍ͨɻ

·ͨɼఏҊख๏ʹΑΔ݁ࢉܭՌͰ͸য఺ؒͷڑ཭Λ d = 1ͱ͠ɼੵ෼ࢉܭʹ͸ BEMͰ༻͍ͨ΋ͷ

ͱಉ͡ܗ֯ࡾҰఆཁૉΛ༻͍࣮ͯͨ͠ߦɻ͜ͷ৔߹ʹ͓͍ͯɼBEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡ
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(b) ߹೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ৔ٿ

Fig. 6.7 ͞ߴ 2b = 0.1ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋ͷมԽ

ͷฏۉ஋Λɼପԁମ೾ಈؔ਺Λ༻͍ͨ৔߹ͱٿ೾ಈؔ਺Λ༻͍ͨ৔߹ͷͦΕͧΕʹରͯ͠ࢉग़ͨ͠

݁ՌΛ Fig. 6.8ʹࣔ͢ɻFig. 6.8 (a)ΑΓɼପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ৔߹ɼࠓճ

Ռ͕ಘΒΕ͍ͯΔͱ͍͑݁ࢉܭՌ͸ऩଋ͓ͯ͠Γɼ҆ఆͨ݁͠ࢉܭғʹ͓͍ͯ͸ൣͨͬߦΛࢉܭ

ΔɻҰํͰɼFig. 6.8 (b)ͷٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ৔߹ʹ͸ɼઌ΄Ͳͷ༗ݶ௕ԁ౵

ͷ͞ߴΛ 2b = 0.1ͱͨ͠ Fig. 6.7 (b)ͷ݁Ռͱಉ༷ʹɼଧͪ੾Γ࣍਺ N ͕ N > 10Ͱ͋Δൣғʹ

͍ͭͯ͸ܹٸ͕ࠩޡʹ૿Ճ͍ͯ͘͜͠ͱ͕֬ೝͰ͖ɼਫ਼౓΍ऩଋͷ҆ఆͨ݁͠ࢉܭՌΛಘΔͷ͸೉

͍͠ͱ͍͑Δɻ
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(b) ߹೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ৔ٿ

Fig. 6.8 ͞ߴ 2b = 0.05ͱͨ͠৔߹ͷࢄཚ೾ͷ޲ࢦಛੑʹ͓͚Δ૬ରࠩޡͷฏۉ஋ͷมԽ

Ҏ্ΑΓɼো֐෺͕ፏฏͳ༗ݶ௕ԁ౵Ͱ͋Δ৔߹ͷࢄཚ೾ͷ޲ࢦಛੑΛɼ೾ಈؔ਺ͱͯ͠ପԁମ

೾ಈؔ਺Λ༻͍ͨ৔߹ͱٿ೾ಈؔ਺Λ༻͍ͨ৔߹ͷͦΕͧΕʹ͍ͭͯ͠ࢉܭɼൺֱͨ͜͠ͱ͔Βಘ

ΒΕͨ݁ՌΛ·ͱΊΔͱɼପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏͸ো֐෺ܗঢ়͕ፏฏͰ͋Δ΄Ͳ

Λ༻͍ͯፏฏ཰ࣜ࣍Ռ͕ಘΒΕΔͱ͍͑Δɻͦ͜Ͱɼ݁ࢉܭ͍ྑ ∆Λઃఆ͢Δɻ

∆ =
a− b

a
= 1− b

a
(6.11)

Eq. (6.11)ΑΓɼຊ߲Ͱઃఆͨ͠༗ݶ௕ԁ౵ͷੇ๏ʹ͓͚Δፏฏ཰͸ͦΕͧΕ ∆ = 0.5, 0.75, 0.9,
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Fig. 6.9 ਖ਼ํܗ൘ܗঢ়ͷো֐෺ͱ఺ԻݯʹΑΔࢄཚԻ৔

0.95ͱͳΔɻፏฏ཰ ∆Λج४ͱͯ͠ପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͷ΄͏͕ٿ೾ಈؔ਺

Λ༻͍ͨ४ཧ࿦ղੳख๏ΑΓ΋ྑ͍݁Ռ͕ಘΒΕΔൣғʹ͍ͭͯ͑ߟΕ͹ɼো֐෺ʹ͓͚Δፏฏ཰

͕ ∆ ≥ 0.75Ͱ͋Δൣғ͕ପԁମ೾ಈؔ਺Λ༻͍Δͷʹదͨ͠ঢ়گͰ͋Δͱ͍͑ΔɻͦͷͨΊɼ೾

ಈؔ਺ͷબ୒ʹؔͯ͠ɼପԁମ೾ಈؔ਺ɾٿ೾ಈؔ਺Λద੾ʹ͍࢖෼͚ΔͨΊʹ͸ɼো֐෺ܗঢ়ͷ

ፏฏ཰Λྀ͢ߟΔඞཁ͕͋Δɻ

6.2.2 ਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ͷղੳ

લ߲Ͱ͸ɼ༗ݶ௕ԁ౵ͷ௚ܘʹ͍ͭͯ͸ 2a = 1Ͱݻఆ͠ɼ͞ߴ 2bΛมԽͤ͞ɼͦΕͧΕͷ༗ݶ

௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳΛ͜͏ߦͱͰɼఏҊख๏ͷଥ౰ੑʹ͍ͭͯ֬ೝ͢Δ͜ͱ͕Ͱ͖ͨɻຊ

߲Ͱ͸ো֐෺ܗঢ়ͱͯ͠ਖ਼ํܗ൘ܗঢ়Λઃఆ͠ɼࢄཚ೾ͷ޲ࢦಛੑΛ͢ࢉܭΔ͜ͱͰఏҊख๏ͷద

༻ൣғʹ͍ͭͯ͢ূݕΔɻ·ͣ͸ɼ೔ຊݐஙֶձɾԻڹ਺஋ղੳখҕһձʹΑΓެ։͞Ε͍ͯΔϕ

ϯνϚʔΫ໰୊ [25]Λߟࢀʹɼੇ๏͕ 1× 1× 0.05 [m]ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ʹ

͍ͭͯղੳΛ͏ߦɻ

·ͣ͸ɼFig. 6.9 ʹࣔ͢Α͏ͳɼੇ๏ 1 × 1 × 0.05 [m] ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾

ͷ޲ࢦಛੑʹ͍ͭͯ͢ࢉܭΔɻ͜ͷͱ͖ɼBEM ʹΑΔࢉܭͰ͸ 480 ཁૉͷܗ֯ࡾҰఆཁૉʢ࠷

େϝογϡ௕ɿ0.100 [m]ʣΛ༻͍ͯࢉܭΛͨͬߦɻ·ͨɼఏҊख๏ʹΑΔࢉܭͰ͸য఺ؒͷڑ཭

d =
√
2ɼଧͪ੾Γ࣍਺ N = 15ͱ͠ɼੵ෼ࢉܭʹ͸ BEMͰ༻͍ͨ΋ͷͱಉ͡ܗ֯ࡾҰఆཁૉΛ

.ɻFigͨ͠ߦ࣮͍ͯ༺ 6.10ʹɼੇ๏͕ 1 × 1 × 0.05 [m]ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ

.ՌΛࣔ͢ɻFig݁ࢉܭಛੑͷ޲ࢦ 6.10ΑΓɼ༗ݶ௕ԁ౵ʹ͓͍ͯ͞ߴ 2b = 0.05ͱͨ͠৔߹ͱಉ

༷ʹɼఏҊख๏ʹΑΔղੳ݁Ռ͸ BEMʹΑΔղੳ݁Ռͱൺ΂ͯ΋ɼਫ਼౓Α͘ࢉܭͰ͖͍ͯΔͱ͍

͑Δɻ͞Βʹɼଧͪ੾Γ࣍਺ N Λେ͖͍ͯͬͨ͘͠ࡍʹ͓͚Δ૬ରࠩޡͷฏۉ஋ͷมԽʹ͍ͭͯ

ௐ΂ͨ݁ՌΛ Fig. 6.11ʹࣔ͢ɻ͜ͷ݁ՌΑΓɼଧͪ੾Γ࣍਺ N Λେ͖͍ͯ͘͘͜͠ͱͰɼఏҊख
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(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz

0 30 60 90 120 150 180
0

1.0

2.0

3.0

4.0
x 10

−3

Observation angle θ [deg.]

S
o

u
n

d
 p

re
ss

u
re

 a
m

p
li

tu
d

e 
[P

a]

 

 
BEM
Spheroidal (N=15)

(d) 500 Hz

Fig. 6.10 ੇ๏ 1× 1× 0.05 [m]ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ޲ࢦಛੑ
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Fig. 6.11 ੇ๏ 1× 1× 0.05 [m]ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ

ʹ͓͚Δ૬ରࠩޡͷฏۉ஋
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Fig. 6.12 Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ͱ఺ԻݯʹΑΔࢄཚԻ৔

๏ʹΑΔ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋͸খ͘͞ͳΓɼ͋Δ஋ʹऩଋͯ͠

͍͘ͱ͍͑Δɻ

.Δɻ͜ͷͱ͖ɼFig͢ࢉܭ͍ͯͭʹ߹Δ৔͋ʹ޲Ґஔ͕ࣼΊํݯɼԻʹ࣍ 6.12 ʹࣔ͢Α͏ͳɼ

Fig. 6.9ͱಉ͡ਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ʹ͓͍ͯɼԻݯҐஔ͕ rs = (−10, 0, 10)Ͱ͋

Δ৔߹Λ૝ఆͨ͠ɻFig. 6.13ʹɼԻ͕ࣼݯΊํ޲ʹ͋Δ৔߹ͷੇ๏͕ 1 × 1 × 0.05 [m]ͷਖ਼ํܗ

൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌΛࣔ͢ɻFig. 6.13ΑΓɼઌ΄Ͳͱಉ༷ʹɼ͜

ͷ৔߹ʹ͓͍ͯ΋ఏҊख๏ʹΑΔղੳ݁Ռ͸ BEMʹΑΔղੳ݁Ռʹର͢Δࠩޡ΋খ͘͞ɼਫ਼౓Α

਺࣍Ͱ͖͍ͯΔͱ͍͑Δɻ·ͨɼଧͪ੾Γࢉܭ͘ N Λେ͖͍ͯͬͨ͘͠ࡍʹ͓͚Δ૬ରࠩޡͷฏ

஋ͷมԽʹ͍ͭͯௐ΂ͨ݁ՌΛۉ Fig. 6.14ʹࣔ͢ɻ͜ͷ݁Ռʹ͍ͭͯ΋ɼଧͪ੾Γ࣍਺N Λେ͖

͍ͯ͘͘͜͠ͱͰɼఏҊख๏ʹΑΔ݁ࢉܭՌͱ BEMʹΑΔ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋͸খ͞

͘ͳΓɼ͋Δ஋ʹऩଋ͍ͯ͘͠ͱ͍͑Δɻ

Ҏ্ΑΓɼো֐෺ܗঢ়͕ਖ਼ํܗ൘ܗঢ়Ͱ͋Δ৔߹ʹ͍ͭͯ΋ɼఏҊख๏Λ༻͍ͯଥ౰ͳ݁ࢉܭՌ

͕ಘΒΕΔͱ͍͑ΔɻҰํͰɼຊষʹ͓͚Δପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ʹ͍ͭͯ΋ɼ

ୈ 2छ Radialؔ਺͸Ҿ਺ͷখ͞ͳ৔߹ʹઈର஋͕ඇৗʹେ͖ͳ஋ͱͳΔɻͦͷͨΊɼୈ 5ষ·Ͱ

ͰఏҊ͖ͯͨ͠ٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ͱಉ༷ʹɼଧͪ੾Γ࣍਺ N ͕େ͖͘ͳΔ͜ͱ

Ͱ܎਺ྻߦͷ৚݅਺΋େ͖͘ͳΓɼͦͷ݁ՌɼಘΒΕͨల։܎਺ Bmn ʹؚ·ΕΔ͕ࠩޡେ͖͘ͳ

ΔͨΊɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕͳ͍ঢ়͜ى͕گΔͱ༧૝Ͱ͖Δɻ
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Proposed (N=15)

(a) 63 Hz
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(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 6.13 ੇ๏ 1× 1× 0.05 [m]ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹରͯ͠Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹

ͷࢄཚ೾ͷ޲ࢦಛੑ
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Fig. 6.14 ੇ๏ 1× 1× 0.05 [m]ͷਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹରͯ͠Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹

ͷࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʹ͓͚Δ૬ରࠩޡͷฏۉ஋
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Fig. 6.15 ௕ํܗ൘ܗঢ়ͷো֐෺ͱ఺ԻݯʹΑΔࢄཚԻ৔

6.2.3 ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ͷղੳ

೔ຊݐஙֶձɾԻڹ਺஋ղੳখҕһձʹΑΓެ։͞Ε͍ͯΔϕϯνϚʔΫ໰୊ ɼ͍ͨͮجʹ[25]

Fig. 6.15ʹࣔ͢Α͏ͳɼੇ๏ 3× 4.5× 0.075 [m]ͷ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔Λѻ͏ɻ

͜͜ͰɼBEMʹΑΔ݁ࢉܭՌͰ͸ 3064ཁૉͷܗ࢛֯Ұఆཁૉʢ࠷େϝογϡ௕ɿ0.10 [m]ʣΛ༻

͍ͨɻ·ͨɼఏҊख๏ʹΑΔ݁ࢉܭՌͰ͸ɼয఺ؒͷڑ཭ d =
√
32 + 4.52 = 5.408ɼଧͪ੾Γ࣍

਺ N = 20ͱͨ͠ɻ͞ΒʹɼఏҊख๏ʹ͓͚Δੵ෼ࢉܭͰ͸ؒ࣌ࢉܭͷ౎߹্ɼBEMʹΑΔࢉܭ

Ͱ༻͍ͨཁૉͰ͸ͳ͘ɼ1532 ཁૉͷܗ֯ࡾҰఆཁૉʢ࠷େϝογϡ௕ɿ0.20 [m]ʣΛ৽ͨʹ࡞੒

ͯ͠༻͍ͨɻੇ๏ 3 × 4.5 × 0.075 [m]ͷ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭ

ՌΛ Fig. 6.16 ʹࣔ͢ɻFig. 6.16 ΑΓɼ͜͜Ͱ༻͍ͨղੳର৅ͷΑ͏ͳൺֱతେ͖ͳো֐෺ʹର

ͯ͠΋ଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖͍ͯΔͱ͍͑Δɻ͔͠͠ͳ͕ΒɼFig. 6.16 (d) ͷղੳप

೾਺Λ 500 Hzͱͨ͠৔߹Ͱ͸ɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸޲ࢦಛੑͷ֓ܗ͸ଊ͑ΒΕ͍ͯΔ΋ͷ

ͷɼBEMͱͷࠩޡ͸େ͖͍ɻ·ͨɼFig. 6.17ʹଧͪ੾Γ࣍਺ N Λେ͖͍ͯͬͨ͘͠ࡍͷ૬ରޡ

ࠩͷฏۉ஋ͷมԽΛࣔ͢ɻFig. 6.17ΑΓɼղੳप೾਺͕ͦΕͧΕ 63ɼ125ɼ250 HzͰ͋Δ৔߹ʹ

͍ͭͯ͸ɼଧͪ੾Γ࣍਺Λେ͖͘͢Δ͜ͱͰ૬ରࠩޡͷฏۉ஋͕খ͘͞ͳΓɼ݁ࢉܭՌ͕ऩଋͯ͠

ೝͰ͖ΔɻҰํͰɼղੳप೾਺͕͕֬ࢠ༷͍͘ 500 HzͰ͋Δ৔߹ʹ͍ͭͯ͸ɼBEMͱͷ૬ରޡ

ࠩͷฏۉ஋͸େ͖͍··Ͱ͋ΔɻͦͷͨΊɼݱঢ়Ͱ͸য఺ؒͷڑ཭ d ͱ೾਺ʹґଘ͢Δύϥϝʔ

λ h = kd/2͕େ͖ͳ৔߹ʹ͸ɼఏҊख๏Λ༻͍ͯ BEMͱಉఔ౓ͷਫ਼౓Ͱ݁ࢉܭՌΛಘΔͷ͸೉

͍͠ͱ͍͑Δɻ͜ͷͱ͖ɼղੳର৅ʹ͓͍ͯղੳप೾਺Λ 500 Hz ͱͨ͠৔߹͸ h ≈ 50 Ͱ͋Δɻ

Αͬͯɼো֐෺ͷੇ๏͕খ͘͞য఺ؒͷڑ཭ dͷઃఆ͕খͯ͘͞ࡁΉΑ͏ͳ৔߹ʹ͓͍ͯ΋ɼղੳ

प೾਺͕͘ߴɼύϥϝʔλ h͕ 50Ҏ্ͱͳΔΑ͏ͳൣғʹ͓͍ͯ͸ɼਫ਼౓ͷྑ͍݁ࢉܭՌΛಘΔ

ͷ͸೉͍͠ͱ༧૝Ͱ͖Δɻ
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Spheroidal (N=20)

(a) 63 Hz
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(b) 125 Hz
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Spheroidal (N=20)

(c) 250 Hz
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(d) 500 Hz

Fig. 6.16 ੇ๏ 3× 4.5× 0.075 [m]ͷ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ޲ࢦಛੑ
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Fig. 6.17 ੇ๏ 3× 4.5× 0.075 [m]ͷ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭ

Ռʹ͓͚Δ૬ରࠩޡͷฏۉ஋
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BEM
Proposed (Optimized)

Fig. 6.18 ͷൺֱؒ࣌ࢉܭΛಘΔͨΊʹඞཁͱͨ͠ྻߦ਺܎

6.2.4 ίετࢉܭ

ఏҊख๏ͷࢉܭίετʹ͍ͭͯ͑ߟΔɻఏҊख๏ʹ͓͍ͯࢉܭʹඞཁͱͳΔະ஌਺ͷ਺͸

Np = (N +1)(N +2)/2Ͱ͋ΔͨΊɼ܎਺ྻߦΛಘΔͨΊʹඞཁͳࢉܭίετ͸ྔࢉܭɾϝϞϦڞ

ʹ O(N2
p ) ≈ O(N2)ͷΦʔμʔͱͳΔɻͦ͜Ͱɼ༗ݶ௕ԁ౵ͷੇ๏͕௚ܘ 2a = 1ɼ͞ߴ 2b = 0.05

Ͱ͋Δ৔߹ͷࢄཚԻ৔Λ͢ࢉܭΔࡍʹɼ܎਺ྻߦΛಘΔͨΊʹඞཁͱͨؒ࣌͠ࢉܭΛܭଌ͠ɼBEM

ͱͷൺֱΛͨͬߦɻ͜ͷͱ͖ɼఏҊख๏ʹ͓͚Δ݁ՌͰ͸ɼ༗ݶ௕ԁ౵ͷ ϕํ޲ͷ௚ަੑΑΓඃੵ

෼ؔ਺͸m *= j ͷ৔߹ʹθϩͱͳΓɼ͞Βʹ ηํ޲ͷੑحۮΑΓ (n−m)͓Αͼ (i− j)͕ۮʹڞ

਺·ͨ͸ح਺Ͱ͋Δ৔߹Ҏ֎͸θϩͱͳΔੑ࣭Λར༻͠ɼ਺஋ੵ෼ࢉܭʹ͔͔ΔෛՙΛܰͨ͠ݮɻ

·ͨ໘ੵ෼ͷ࣮ߦʹ͸ 592ཁૉͷܗ֯ࡾҰఆཁૉΛ༻͍ͨɻFig. ΛಘΔͨΊʹඞྻߦ਺܎ʹ6.18

ཁͱͨؒ࣌͠ࢉܭͷ݁ՌΛࣔ͢ɻ͜ͷ݁ՌΑΓɼࢉܭʹ༻͍Δະ஌਺ͷ਺͕ಉ͡Ͱ͋Δ৔߹ɼఏҊ

ख๏͸ BEMͱൺ΂ͯඇৗʹଟ͘ͷ͕ؒ࣌ࢉܭඞཁͱͳΔ͜ͱ͕Θ͔Δɻ্هͷඃੵ෼ؔ਺ʹ͓͚

Δੑ࣭Λར༻͢Δ͜ͱʹΑΓɼ࣮ࡍʹੵ෼͕ࢉܭඞཁͳ܎਺ྻߦͷཁૉͷ਺͸গͳ͘ͳ͍ͬͯΔʹ

΋͔͔ΘΒͣɼ͜ͷΑ͏ͳ݁Ռ͕ಘΒΕͨͷ͸ɼੵ෼ࢉܭʹ͔͔Δ͕ؒ࣌ࢉܭඇৗʹେ͖͍ͨΊͩ

ͱ͍͑Δɻલষ·Ͱͷٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏Ͱ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔Λ͢ࢉܭΔ

৔߹ͷΑ͏ʹɼো֐෺ܗঢ়ͷಛ௃Λར༻ͯ͠໘ੵ෼Λઢੵ෼ʹม͢׵ΔͳͲɼ਺஋ੵ෼ࢉܭΛ͞Β

ঢ়Ͱ͸ݱͰ͖Δ৔߹Ͱͳ͍ͱɼݮܰʹ BEMΑΓ΋ؒ࣌ࢉܭʹؔͯ͠͸ෆརͰ͋ΔɻͦͷͨΊɼੵ

෼ࢉܭʹ͔͔Δؒ࣌ࢉܭΛ௿͢ݮΔͨΊʹ͞ΒͳΔ͕ূݕඞཁͰ͋Γɼ·ͨɼఏҊख๏Λ༻͍Δ͜

ͱͰे෼ͳਫ਼౓ͷ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ N ͷઃఆʹؔ͢Δূݕ΋ඞཁͰ͋Δͱ͍͑Δɻ
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6.3 ·ͱΊ

ຊষͰ͸ো֐෺ܗঢ়͕ፏฏͳ৔߹ʹ͓͚Δ४ཧ࿦ղੳख๏ͱͯ͠ɼԻ৔ʹ͍ͭͯ͸ପԁମ೾ಈؔ

਺Λ༻͍ͨల։දݱͰද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ Kirchhoff–HuygensͷެࣜΛ༻͍ͯϚτϦ

Ϋεํఔࣜʹؼணͤ͞਺஋తʹٻΊΔख๏ΛߏஙɾఏҊͨ͠ɻຊষͰఏҊͨ͠ख๏Λ༻͍ͯፏฏͳ

༗ݶ௕ԁ౵΍ɼਖ਼ํ͓ܗΑͼ௕ํܗͷ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ͷղੳ͔ΒɼҎԼʹࣔ͢Α͏

ͳ݁ՌΛಘͨɻ

(1) ఏҊख๏Λ༻͍Δ͜ͱͰɼፏฏͳܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔Λղੳ͢Δ͜ͱ͕Ͱ͖Δɻ

(2) ఏҊख๏Λ༻͍ͨ΄͏͕ୈ 4ষͰఏҊͨ͠ٿ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ΑΓ΋༗རͰ

͋Δͷ͸ɼো֐෺ͷፏฏ཰͕∆ ≥ 0.75ͱͳΔൣғͰ͋ΔɻͦͷͨΊɼো֐෺ͷፏฏ཰∆͕

0.75ΑΓখ͞ͳ৔߹ʹ͸ɼٿ೾ಈؔ਺ʹΑΔख๏Λ༻͍ͨ΄͏͕ద౰Ͱ͋Δɻ

(3) ఏҊख๏Λ༻͍ͨ৔߹ɼղੳ͢Δঢ়گʹ͓͍ͯύϥϝʔλ h ≈ 50ͱͳΔ৔߹ʹਫ਼౓ͷྑ͍

ঢ়ɼ·ͨ͸ղੳप೾਺ܗ෺֐ՌΛಘΔ͜ͱ͕೉͍͜͠ͱ͕֬ೝ͞ΕͨɻͦͷͨΊɼো݁ࢉܭ

͕େ͖͘ɼύϥϝʔλ h͕ 50Ҏ্ͱͳΔΑ͏ͳ৔߹͸ɼଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖

ͳ͍༧૝Ͱ͖Δɻ

ຊষʹ͓͍ͯ͞࢒Εͨ՝୊ͱͯ͠ɼࢉܭίετʹؔ͢ΔΑΓৄࡉͳ͛ڍ͕ূݕΒΕΔɻݱঢ়Ͱ͸

ఏҊख๏ͷੵ෼ࢉܭͰ͸ɼBEMͷΑ͏ʹো֐෺ද໘Λཁૉ෼ׂͯ͠ੵ෼ࢉܭΛ࣮͍ͯ͠ߦΔͨΊɼ

ະ஌਺͕গͳ͍৔߹ʹ͓͍ͯ΋͕ؒ࣌ࢉܭඇৗʹେ͖͍ɻຊষʹ͓͚ΔఏҊख๏ʹ͓͍ͯ΋ɼલষ

·ͰͰఏҊ͖ͯͨ͠४ཧ࿦ղੳख๏ͱಉ༷ʹɼো֐෺ܗঢ়ʹΑͬͯ͸໘ੵ෼͕ઢੵ෼ʹม׵Ͱ͖Δ

ͳͲɼཧ࿦తʹੵ෼ࢉܭΛ͑ߦΔ෦෼͕͋Δͱ༧૝Ͱ͖ɼఏҊख๏ʹ͓͚Δੵ෼ࢉܭʹؔͯ͠ΑΓ

਺࣍Ռ͕ಘΒΕΔଧͪ੾Γ݁ࢉܭඞཁ͕͋Δɻ·ͨɼे෼ͳਫ਼౓ͷ͏ߦΛূݕͳࡉৄ N ͷઃఆʹ

ؔ͢Δূݕ΋ඞཁͰ͋Δͱ͍͑Δɻ

͞Βʹɼຊষʹ͓͍ͯఏҊͨ͠४ཧ࿦ղੳख๏Ͱ͸ɼް͕͞θϩͰ͋Δബ൘ʹ͍ͭͯ͸ѻ͏͜

ͱ͕Ͱ͖ͳ͍͜ͱ͕෼͔͍ͬͯΔɻ͜Ε͸ɼো֐෺ܗঢ়͕ബ൘Ͱ͋Δ৔߹͸ɼϚτϦΫεํఔࣜ

ʹ͓͍ͯԻݯʹؔ͢ΔྻϕΫτϧ͕ྵϕΫτϧͱͳΔͨΊͰ͋Δɻো֐෺ܗঢ়͕ബ൘Ͱ͋Δ৔߹ɼ

ੵ෼ࢉܭʹ͓͍ͯৗʹ ξ0 = 0 ͱͳΔ͕ɼ͜ͷͱ͖ͦΕͧΕͷ࣍਺ʹ͓͍ͯɼୈ 1छ Radial ؔ਺

Rmn(−jh, 0)ɼ·ͨ͸ͦͷ 1֊ඍ෼ R′
mn(−jh, 0)ͷͲͪΒ͔͕θϩͱͳΓɼఆࣜԽʹ͓͍ͯପԁ

ମ೾ಈؔ਺Λ༻͍͍ͯΔ͜ͱ͕ݪҼͰ͋Δɻো֐෺ܗঢ়͕൘ܗঢ়Ͱ͋ΔࢄཚԻ৔ͷղੳʹ͓͍ͯɼ

ͦͷް͕͞ղੳप೾਺ͷ೾௕ͱൺֱͯ͠ඇৗʹখ͍͞৔߹ɼো֐෺ܗঢ়Λബ൘ͱͯ͠ѻ͏͜ͱ͕ग़

དྷΕ͹ࢉܭίετͷ໘Ͱ༗རʹͳΓಘΔɻͦ͜Ͱɼ࣍ষͰ͸ബ൘ʹΑΔࢄཚԻ৔ͷղੳΛ໨తͱ͠

ͨ४ཧ࿦ղੳख๏ʹ͍ͭͯ͑ߟΔɻ
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ୈ 7ষ

ପԁମ೾ಈؔ਺ͱ࠷খೋ৐๏Λ༻͍ͨ
ബ൘ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏

લষͰఏҊͨ͠ପԁମ೾ಈؔ਺ͱ Kirchhoff–HuygensͷެࣜΛ༻͍ͨ४ཧ࿦ղੳख๏Ͱ͸ɼബ

൘ͷΑ͏ͳো֐෺ͷް͕͞θϩͰ͋Δো֐෺ܗঢ়Λѻ͏͜ͱ͕Ͱ͖ͳ͍ɻ൘ܗঢ়ͷো֐෺ʹΑΔࢄ

ཚԻ৔ͷղੳʹ͓͍ͯɼͦͷް͕͞ղੳप೾਺ͷ೾௕ͱൺֱͯ͠ඇৗʹখ͍͞৔߹ɼো֐෺Λബ൘

ͱͯ͠ѻ͏͜ͱ͕ग़དྷΕ͹ɼ਺஋ੵ෼ʹ͔͔ΔෛՙΛܰݮͰ͖ΔͨΊࢉܭίετͷ໘Ͱ༗རʹͳΓ

ಘΔɻͦ͜ͰɼຊষͰ͸ Kirchhoff–HuygensͷެࣜͰ͸ͳ͘ɼڥք৚݅ʹؔ͢ΔධՁؔ਺Λઃఆ

͠ɼͦͷධՁؔ਺ʹ࠷খೋ৐๏Λద༻͢Δ͜ͱͰల։܎਺Λະ஌਺ͱͨ͠ϚτϦΫεํఔࣜΛಋ͘

ख๏ΛఆࣜԽ͢Δɻ

7.1 ఏҊղੳख๏

7.1.1 ໰୊ઃఆ

఺Իݯͱް͕͞θϩͰ͋ΔԻڹతʹ߶ͳബ൘͕ଘ͢ࡏΔ Δɻ͜͜Ͱɼബ͑ߟ͍ͯͭʹԻ৔ݩ࣍3

൘͸ x–y ฏ໘্ʹ͋Δͱ͠ɼো֐෺ʹ֎઀͢Δԁͷ௚͕ܘ dͱͳΔΑ͏ʹઃఆ͢Δɻ·ͨɼԻݯ

rs = (ξs, ηs,ϕs)ͱ؍ଌ఺ r = (ξ, η,ϕ) ͸ো֐෺ʹ֎઀͢Δԁͷ֎෦ʹ͋Δ΋ͷͱ͢Δɻ

7.1.2 ఆࣜԽ

ୈ 6ষͱಉ༷ʹɼೖࣹϙςϯγϟϧ φi ͓Αͼࢄཚϙςϯγϟϧ φs Λପԁମ೾ಈؔ਺ʹΑΔల

։දݱͰද͢ɻପԁମ೾ಈؔ਺Λ༻͍Ε͹ͦΕͧΕ࣍ͷΑ͏ʹల։͢Δ͜ͱ͕Ͱ͖Δɻ

φi(r) =
∞∑

m=0

∞∑

n=m

Amn(ξs, ηs)Ψ
(1)
mn(ξ, η) cosm(ϕ− ϕs) (7.1)

φs(r) =
∞∑

m=0

∞∑

n=m

BmnΨ
(3)
mn(ξ, η) cosm(ϕ− ϕs) (7.2)
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x

y

z

d/2O

Observation point
r=(ξ, η, φ)

Source point
rs=(ξs, ηs, φs)

Fig. 7.1 ఺Իݯͱബ൘ʹΑΔࢄཚԻ৔

͜͜Ͱɼ

Ψ(1)
mn(ξ, η) = R(1)

mn(−jh, jξ)Smn(−jh, η)

Ψ(3)
mn(ξ, η) = R(3)

mn(−jh, jξ)Smn(−jh, η)

ͱ͓͍ͨɻ·ͨɼBmn ͸ະ஌ͷల։܎਺Ͱ͋Γɼ͜ͷ Bmn ʹؔ͢ΔϚτϦΫεํఔࣜΛҎԼͰ

ಋ͘ɻ

.Δɻ͜ͷͱ͖ɼFig͑ߟ͍ͯͭʹք৚݅ʹؔ͢ΔධՁؔ਺ڥɼʹ࣍ 7.2ͷࣔ͢Α͏ʹɼബ൘ʹΑ

ΔڥքΛ Γin ͱ͠ɼΓin ্ͷ఺Λ rin ͱ͢Δɻ·ͨɼബ൘ʹ֎઀͢Δԁͷ಺෦ʹ͓͍ͯ Γin Ҏ֎ͷ

ྖҬΛ Γout ͱ͠ɼΓout ্ͷ఺Λ rout ͱ͢Δɻ·ͣ͸ Γin ʹ͓͚ΔධՁؔ਺ͱͯ͠ڥք৚݅ͷೋ

৐ฏࠩޡۉΛ༻͍ͯ

Ein =

∫∫

Γin

∣∣∣∣
∂φ(rin)

∂nin

∣∣∣∣
2

dSin (7.3)

ͱઃఆ͢Δɻ͜Ε͸ɼి࣓৔ղੳʹ͓͚ΔϞʔυ੔߹๏ [35]Ͱ༻͍ΒΕ͍ͯΔධՁؔ਺ͱಉ༷ͷɼ

ো֐෺ද໘ʹ͓͚Δڥք৚݅Λྀͨ͠ߟ΋ͷͰ͋Δɻ࣍ʹɼΓout ʹ͓͚ΔධՁؔ਺ͱͯ͠ɼ

Eout =

∫∫

Γout

|φs(rout)|2 dSout (7.4)

Λઃఆ͢Δɻ͜Ε͸ɼബ൘ʹΑΔࢄཚԻ৔ʹ͓͍ͯɼബ൘ͱಉ͡ฏ໘ʢࠓճͷ໰୊ઃఆʹ͓͍ͯ͸

x–y ฏ໘ʣʹ͓͍ͯɼബ൘ͷ֎෦ʹ͓͚Δࢄཚϙςϯγϟϧ͸θϩʹͳΔͱ͍͏ੑ࣭ [55, 56]Λߟ

ྀͨ͠΋ͷͰ͋ΔɻҎ্ΑΓɼશମͷධՁؔ਺ E ͱͯࣜ࣍͠Λઃఆ͢Δɻ

E = Ein + wEout (7.5)

͜͜ͰɼwɿॏΈ܎਺Ͱ͋Δɻ͜ͷΑ͏ʹͯ͠ಘΒΕͨධՁؔ਺ E খೋ৐๏Λద༻͢Δɻ࠷ʹ

∂E

∂Bji
= 0

j = 0, 1, . . . , i = j, j + 1, . . . ,

(7.6)
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x

y

O

Γin

Γout

z

ξ = 0 

Fig. 7.2 ධՁؔ਺ʹؔ͢ΔྖҬͷઃఆ

ͦͷ݁ՌɼҎԼͷҰํ࣍ఔ͕ࣜಘΒΕΔɻ
∫∫

Γin

∂

∂nin
Ψ(3)

ji (ξin, ηin) cos j(ϕin − ϕs)
∂

∂nin
{φ(rin)}∗ dSin

+

∫∫

Γout

Ψ(3)
ji (ξout, ηout) cos j(ϕout − ϕs) {φs(rout)}∗ dSout = 0

j = 0, 1, 2, · · · , i = j, j + 1, j + 2, · · ·

(7.7)

Eq. (7.7)Λະ஌ͷల։܎਺ Bmn ʹؔͯ͠੔ཧ͢Ε͹ɼ

∞∑

m=0

Bmn(X
mn
ji + Y mn

ji ) = −
∞∑

m=0

AmnX̃
mn
ji

j = 0, 1, 2, . . . , i = j, j + 1, j + 2, . . .

(7.8)

ͱͳΔɻͨͩ͠ɼ

Xmn
ji =

∫∫

Γin

∂

∂nin
Ψ(3)

ji (ξin, ηin) cos j(ϕin − ϕs)

× ∂

∂nin
Ψ(4)

ji (ξin, ηin) cos j(ϕin − ϕs) dSin

(7.9)

X̃mn
ji =

∫∫

Γin

∂

∂nin
Ψ(3)

ji (ξin, ηin) cos j(ϕin − ϕs)

× ∂

∂nin
Ψ(1)

ji (ξin, ηin) cos j(ϕin − ϕs) dSin

(7.10)

Y mn
ji =

∫∫

Γout

Ψ(3)
ji (ξout, ηout) cos j(ϕout − ϕs)

×Ψ(4)
ji (ξout, ηout) cos j(ϕout − ϕs) dSout

(7.11)

ͱͨ͠ɻEq. (7.8)ʹ͓͚Δແڃݶ਺࿨Λద౰ͳ࣍਺ N Ͱଧͪ੾Ε͹ɼ(N + 1)(N + ͷະݸ2/(2

஌ͷల։܎਺ Bmn ͔ΒͳΔϚτϦΫεํఔ͕ࣜಘΒΕΔɻ

͜͜ͰɼEq. (7.9)ɼ(7.10)ɼ(7.11)ͷ֤߲ʹ͍ͭͯ͑ߟΔɻͦΕͧΕͷ߲ʹ͓͍ͯɼξ ʹ͍ͭͯ

͸ ξin = 0ɼξout = 0ͱͳΔɻ·ͨɼΓin ʹ͓͚Δ๏ઢํੵ޲෼͸ ∂/∂nin = ∂/∂ξinɼͱͳΔɻҎ
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্Λྀ͢ߟΕ͹ɼEq. (7.9)ɼ(7.10)ɼ(7.11)͸ͦΕͧΕɼ

Xmn
ji = R(3)

ji

′
(−jh, 0)R(4)

ji

′
(−jh, 0)

×
∫∫

Γin

Sji(−jh, ηin) cos j(ϕin − ϕs)Sji(−jh, ηin) cos j(ϕin − ϕs) dSin

(7.12)

X̃mn
ji = R(3)

ji

′
(−jh, 0)R(1)

ji

′
(−jh, 0)

×
∫∫

Γin

∂

∂nin
Sji(−jh, ηin) cos j(ϕin − ϕs)Sji(−jh, ηin) cos j(ϕin − ϕs) dSin

(7.13)

Y mn
ji = R(3)

ji (−jh, 0)R(4)
ji (−jh, 0)

×
∫∫

Γout

Sji(−jh, ηout) cos j(ϕout − ϕs)Sji(−jh, ηout) cos j(ϕout − ϕs) dSout

(7.14)

ͱͳΔɻ·ͨɼηinɼηout ʹؔ͢Δඃੵ෼ؔ਺ͷੑحۮΛར༻͢Ε͹ɼ

Xmn
ji






*= 0, (n−m) and (i− j) are odd

*= 0, (n−m) and (i− j) are even

= 0, otherwise

(7.15)

ͱͳΔɻ·ͨɼX̃mn
ji ɼY mn

ji ʹ͍ͭͯ΋ಉ༷ͷੑ࣭͕͋Γɼ܎਺ྻߦΛ͢ࢉܭΔࡍʹ͸ɼ(n −m)

ͱ (i − j)͕ۮʹڞ਺ͷ৔߹ɼ·ͨ͸ (n −m)ͱ (i − j)͕حʹڞ਺ͷ৔߹ʹ͍ͭͯͷΈੵ෼ࢉܭ

Λ͑ߦ͹Α͍ɻ

7.2 ਺஋ྫࢉܭ

͜͜Ͱ͸ɼো֐෺ͱͯ͠Իڹతʹ߶ͳബ൘ͱ఺ԻݯʹΑΔࢄཚԻ৔ʹ͍ͭͯղੳΛ͏ߦɻ͜ͷͱ

͖ɼఏҊख๏ʹΑΔ݁ࢉܭՌͷଥ౰ੑΛ֬ೝ͠ɼ·ͨ਺஋ಛੑʹ͍ͭͯ͢ূݕΔͨΊʹɼൺֱର

৅ͱͯ͠؍ଌ఺ʹؔ͢Δ๏ઢํ޲ඍ෼Λద༻ͨ͠ Kirchhoff ʵ Huygens ͷެࣜΛجʹͨ͠ BEM

ʢNDFʣʹΑΔ݁ࢉܭՌΛ༻͍ΔɻҎԼʹຊઅͰ࣮͢ߦΔࢉܭλεΫΛࣔ͢ɻ

• ਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ
• ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ
• ධՁؔ਺ʹ͓͚ΔॏΈ܎਺ w ͷઃఆʹؔ͢Δূݕ

·ͨɼ਺஋ڥ؀ػࢉܭ͍ͨ༺ʹࢉܭ͸ҎԼͷͱ͓ΓͰ͋Δɻ

• CPU: Intel Core i7 2.80 GHz

• Memory: 8 GB

• Language: Python
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Source point
(0, 0, 10)

x

y

z

Observation 
points

1.0

1.0 O

rθ

Fig. 7.3 ੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔

7.2.1 ਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ

͜͜Ͱ͸ୈ 6ষͰѻͬͨਖ਼ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔ʹ͓͍ͯɼো֐෺ͷް͞Λθϩͱ

ͨ͠৔߹ʹ͍ͭͯղੳΛ͏ߦɻ

·ͣ͸ੇ๏ 1 × 1 [m] ͷਖ਼ํܗͷബ൘ͱ఺ԻݯʹΑΔࢄཚԻ৔ʹ͍ͭͯղੳΛ͏ߦɻ͜͜Ͱɼ

Fig. 7.3ʹࣔ͢Α͏ʹԻݯҐஔΛ rs = (0, 0, 10)ɼ؍ଌ఺Λݪ఺͔Β 5 mͷҐஔʹઃఆͨ͠ɻ·ͨɼ

BEMʹΑΔࢉܭͰ͸ 400ཁૉͷܗ࢛֯Ұఆཁૉʢ࠷େϝογϡ௕ɿ0.05 [m]ʣΛ༻͍ɼఏҊख๏

ʹΑΔࢉܭͰ͸য఺ؒͷڑ཭ d =
√
2ɼଧͪ੾Γ࣍਺N = 20ɼॏΈ܎਺ w = 1.0ͱͨ͠ɻFig. 7.4

ʹɼਖ਼ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌΛࣔ͢ɻఏҊख๏ʹΑΔ݁ࢉܭՌ͸ɼશͯͷ

ղੳप೾਺ʹ͓͍ͯ BEMʹΑΔ݁ࢉܭՌͱͷ͕ࠩޡೝΊΒΕΔ΋ͷͷɼ޲ࢦಛੑͷ֓ܗʹ͍ͭͯ

͸Α͘Ұக͍ͯ͠Δͱ͍͑Δɻ·ͨɼ͜Ε·Ͱͱಉ༷ʹࣜ࣍Λ༻͍ͯఏҊख๏ͷ݁ࢉܭՌʹ͓͚Δ

૬ରࠩޡͷฏۉ஋Λࢉग़͠ɼఏҊख๏ʹΑΔ݁ࢉܭՌͷऩଋʹ͍ͭͯௐ΂ͨɻ

ε =
1

181

181∑

n=1

|pref (rn)− p(rn)|
|pref (rn)|

(7.16)

͜͜ͰɼprefɿBEMʹΑΔ݁ࢉܭՌɼpɿఏҊख๏ʹΑΔ݁ࢉܭՌɼrnɿn൪໨ͷ؍ଌ఺Ͱ͋Δɻ

Fig. 7.5ʹɼଧͪ੾Γ࣍਺ N ʹର͢Δ૬ରࠩޡͷฏۉ஋ͷมԽΛࣔ͢ɻFig. 7.5ΑΓɼఏҊख๏ʹ

ΑΔ݁ࢉܭՌ͸ɼଧͪ੾Γ࣍਺ N Λେ͖͘͢Δ͜ͱͰ BEMʹΑΔ݁ࢉܭՌͱͷ૬ର͕ࠩޡখ͞

͘ͳ͍༷͕ͬͯ֬͘ࢠೝͰ͖Δɻ
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BEM
Proposed (N=20)

(a) 63 Hz
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BEM
Proposed (N=20)

(b) 125 Hz
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BEM
Proposed (N=20)

(c) 250 Hz
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BEM
Proposed (N=20)

(d) 500 Hz

Fig. 7.4 ੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ
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Fig. 7.5 ੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ͓͚Δ૬ରࠩޡͷฏۉ஋
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Source point
(-10, 0, 10)

x

y

z

Observation 
points

1.0

1.0 O

r

θ

5

-5 5

Fig. 7.6 Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹ʹ͓͚Δੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔

.ɼFigʹ࣍ 7.6ʹࣔ͢Α͏ͳɼো֐෺ʹରͯࣼ͠Ίํ޲ʹԻ͕͋ݯΔ৔߹ͷࢄཚ೾ͷ޲ࢦಛੑʹ

͍ͭͯ΋ࢉܭΛͨͬߦɻ͜ͷ৔߹ʹ͓͍ͯ΋ɼBEM ʹΑΔࢉܭͰ͸ 400 ཁૉͷܗ࢛֯Ұఆཁૉ

ʢ࠷େϝογϡ௕ɿ0.05 [m]ʣΛ༻͍ɼఏҊख๏ʹΑΔࢉܭͰ͸য఺ؒͷڑ཭ d =
√
2ɼଧͪ੾Γ࣍

਺ N = 20ɼॏΈ܎਺ w = 1.0ͱͨ͠ɻFig. 7.7ʹɼ͜ͷ৔߹ʹ͓͚Δࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭ

ՌΛࣔ͢ɻFig. 7.7ΑΓɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸ BEMʹΑΔ݁ࢉܭՌͱଟগͷݟ͕ࠩޡΒΕ

Δ΋ͷͷɼ޲ࢦಛੑͷ֓ܗΛΑ͘ଊ͓͑ͯΓɼଥ౰ͳ݁ࢉܭՌͰ͋Δͱ͍͑Δɻ·ͨɼBEMʹΑ

Δ݁ࢉܭՌͱͷ૬ରࠩޡͷฏۉ஋ εΛࢉग़ͨ݁͠ՌΛ Fig. 7.8ʹࣔ͢ɻFig. 7.8ΑΓɼԻ͕ࣼݯΊ

਺࣍Ռ͸ଧͪ੾Γ݁ࢉܭΔ৔߹ʹ͍ͭͯ΋ɼఏҊख๏ʹ͓͚Δ͋ʹ޲ํ N Λେ͖͘͢Δ͜ͱͰɼ

BEMʹΑΔ݁ࢉܭՌͱͷ૬ର͕ࠩޡখ͘͞ͳ͍༷͕ͬͯ֬͘ࢠೝͰ͖Δɻ

Ҏ্ͷ݁ՌΑΓɼੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ʹ͍ͭͯ͸ɼఏҊख๏Λ༻͍ͯ

ଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖͍ͯΔͱ͍͑Δɻ·ͨɼଧͪ੾Γ࣍਺ N Λେ͖͘͢Δ͜ͱͰɼ

ఏҊख๏Λ༻͍ͨ৔߹ͷ݁ࢉܭՌʹ͓͚Δࠩޡ͸খ͘͞ͳΓɼऩଋ͢Δͱ͍͑Δɻ
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Proposed (N=20)

(a) 63 Hz
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Proposed (N=20)

(b) 125 Hz
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Proposed (N=20)

(c) 250 Hz
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Proposed (N=20)

(d) 500 Hz

Fig. 7.7 Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹ͷੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ
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Fig. 7.8 Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹ͷੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑ

ͷ݁ࢉܭՌʹ͓͚Δ૬ରࠩޡͷฏۉ஋ͷมԽ
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Source point
(-10.6, 0, 10.6)

x

y

z

11.25

Observation 
points

3.0

4.5 O

θ

r

Fig. 7.9 ੇ๏ 3× 4.5 [m]ͷ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔

7.2.2 ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ

ബ൘ͷܗঢ়΍େ͖͞ʹؔ͢Δূݕͱͯ͠ɼੇ๏Λ 3 × 4.5 [m] ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔

.ɻ͜͜ͰɼFigͨ͠ࢉܭ͍ͯͭʹ 7.9 ʹࣔ͢Α͏ʹɼԻݯҐஔΛ rs = (−10.6, 0, 10.6)ɼ؍ଌ఺

Λݪ఺͔Β 11.25 m ͷҐஔʹઃఆͨ͠ɻ·ͨɼBEM ʹΑΔࢉܭͰ͸ 1380 ཁૉͷܗ࢛֯Ұఆ

ཁૉʢ࠷େϝογϡ௕ɿ0.10 [m]ʣΛ༻͍ͯࢉܭΛ͍ߦɼఏҊख๏ʹΑΔࢉܭͰ͸য఺ؒͷڑ཭

d =
√
32 + 4.52 = 5.408ɼଧͪ੾Γ࣍਺ N = 25ͱ͠ɼॏΈ܎਺ w = 1.0ͱͨ͠ɻFig. 7.10ʹɼ

௕ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌΛࣔ͢ɻFig. 7.10ΑΓɼ௕ํܗͷബ൘ʹΑΔࢄ

ཚԻ৔ͷղੳʹ͓͍ͯ΋ɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸ BEMʹΑΔ݁ࢉܭՌͱࠩޡ͸͋Δ΋ͷͷɼ

ଥ౰ͳ݁ࢉܭՌ͕ಘΒΕ͍ͯΔͱ͍͑Δɻ͔͠͠ͳ͕ΒɼFig. 7.10 (d)ͷղੳप೾਺Λ 500 Hzͱ

ͨ͠৔߹ͷ݁ࢉܭՌʹ΋ݟΒΕΔΑ͏ʹɼղੳप೾਺͕͘ߴͳͬͨ৔߹ʹɼ޲ࢦಛੑͷ֓ܗʹ͍ͭ

ͯ͸ྨ͍ͯ͠ࣅΔ΋ͷͷɼ޲ࢦಛੑʹ͓͚ΔԜತͷҐஔʹؔͯ͠ BEM ʹΑΔ݁ࢉܭՌͱͷͣΕ

਺࣍Ռʹ͓͍ͯɼଧͪ੾Γ݁ࢉܭཚԻ৔ͷࢄͷബ൘ʹΑΔܗΒΕΔɻ·ͨɼ௕ํݟ͕ N Λେ͖͘

͍ͯͬͨ͠৔߹ͷ૬ରࠩޡͷฏۉ஋ͷมԽΛ Fig. 7.11ʹࣔ͢ɻFig. 7.11ΑΓɼղੳप೾਺͕ 500

HzҎ֎ͷ৔߹Ͱ͸ɼଧͪ੾Γ࣍਺ N Λେ͖͍ͯ͘͘͜͠ͱͰɼ૬ରࠩޡͷฏۉ஋͸খ͘͞ͳΓɼ

ऩଋ͍༷͕ͯ֬͘͠ࢠೝͰ͖ΔɻҰํͰɼղੳप೾਺͕ 500Hzͷ৔߹Ͱ͸ɼଧͪ੾Γ࣍਺Λେ͖

ͯ͘͠΋૬ରࠩޡͷฏۉ஋ʹ΄ͱΜͲมԽ͸ͳ͘ɼ૬ରࠩޡ͸େ͖͍··Ͱ͋Δɻղੳप೾਺͕

500 HzͰ͋Δ৔߹ɼୈ 6ষʹ͓͍ͯੇ๏ 3× 4.5× 0.075ͷ௕ํܗ൘ܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔

ʹ͍ͭͯղੳͨ͠ͱ͖ͱಉ༷ʹύϥϝʔλ h ≈ 50Ͱ͋ΔͨΊɼύϥϝʔλ h͕େ͖͘ͳΔͱਫ਼౓

ͷྑ͍݁ࢉܭՌΛಘΔͷ͸೉͍͠ͱ͍͑Δɻ͞ΒʹɼFig. 7.10ͷ݁ࢉܭՌʹ͓͍ͯɼҐ૬ʹ͍ͭ
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BEM
Proposed (N=25)

(a) 63 Hz
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Proposed (N=25)

(b) 125 Hz
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(c) 250 Hz
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Proposed (N=25)

(d) 500 Hz

Fig. 7.10 ੇ๏ 3× 4.5 [m]ͷ௕ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌ
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Fig. 7.11 ੇ๏ 3 × 4.5 [m] ͷ௕ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷ݁ࢉܭՌʹ͓͚Δ૬ର

஋ͷมԽۉͷฏࠩޡ
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Proposed (N=25)

(a) 63 Hz
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Proposed (N=25)

(b) 125 Hz
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(c) 250 Hz
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(d) 500 Hz

Fig. 7.12 ੇ๏ 3× 4.5 [m]ͷ௕ํܗͷബ൘ʹΑΔࢄཚ೾ͷ޲ࢦಛੑͷҐ૬

ͯϓϩοτͨ݁͠ՌΛ Fig. 7.12ʹࣔ͢ɻ͜ΕΑΓɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸ղੳप೾਺͕େ͖

͘ͳΔ΄ͲҐ૬ʹ͓͚Δ͕ࠩޡେ͖͘ɼFig. 7.12 (d)ͷղੳप೾਺͕ 500 HzͰ͋Δ৔߹ʹ͸ɼଥ

౰ͳ݁ࢉܭՌ͕ಘΒΕ͍ͯΔͱ͸͍͑ͳ͍ɻ͜ͷ݁ՌΑΓɼఏҊख๏ʹΑΔ݁ࢉܭՌ͸Ґ૬ʹؔ͢

Δ͕ࠩޡେ͖͘ɼ͜Ε͕ݪҼͱͳΓ Fig. 7.11ʹ͓͚Δ૬ରࠩޡͷฏۉ஋͕খ͘͞ͳΒͳ͍ͱ͑ߟ

ΒΕΔɻ

Ҏ্ΑΓɼఏҊख๏Λ༻͍Δ͜ͱͰബ൘ʹΑΔࢄཚԻ৔ʹ͍ͭͯղੳ͢Δ͜ͱ͕Ͱ͖Δͱ͍͑

Δɻͨͩ͠ɼୈ 6ষʹ͓͚ΔఏҊख๏ͱಉ༷ʹɼύϥϝʔλ h͕େ͖͘ͳΔͱଥ౰ͳ݁ࢉܭՌΛಘ

Δ͜ͱ͕೉͘͠ɼো֐෺ͷੇ๏͕େ͖ͳ৔߹ɼ·ͨ͸ղੳप೾਺͕େ͖ͳ৔߹ʹ͍ͭͯղੳ͢Δͷ

͸ࠔ೉Ͱ͋Δͱ͍͑Δɻ
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7.2.3 ॏΈ܎਺ͷઃఆʹؔ͢Δূݕ

ఏҊख๏Ͱ͸ɼධՁؔ਺ʹ͓͍ͯॏΈ܎਺ w Λ೚ҙͷ஋ʹઃఆ͢Δ͜ͱ͕Ͱ͖Δɻͦ͜Ͱɼॏ

Έ܎਺ w ͷ஋ͷมԽ͕ɼఏҊख๏ʹΑΔ݁ࢉܭՌͷਫ਼౓౳΁ٴ΅͢Ө͢ূݕ͍ͯͭʹڹΔɻ

·ͣ͸ɼFig. 7.3ͷੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳʹ͓͍ͯॏΈ܎਺ w =

0.1ɼ10ɼ100ͱมԽͤͨ͞৔߹ʹ͍ͭͯ૬ରࠩޡͷฏۉ஋ΛٻΊͨɻͦͷ݁ՌΛ Fig. 7.13ʹࣔ͢ɻ

Fig. 7.13 (a)ͷॏΈ܎਺Λ w = 0.1ͱͨ͠৔߹ͷ݁ՌͰ͸ɼॏΈ܎਺Λ w = 1ͱͨ͠ Fig. 7.5ʹ

͓͚Δ݁Ռͱ΄ͱΜͲҧ͍͸ΈΒΕͳ͍ɻҰํͰɼॏΈ܎਺Λ w =10ɼ100ͱͨ͠ Fig. 7.13 (b)ɼ

(c)ʹ͓͚Δ݁ՌͰ͸ɼBEMͱͷ͕ࠩޡվળ͓ͯ͠Γɼಛʹղੳप೾਺͕ 63ɼ125 Hzͷ৔߹ʹͦ

ͷݦ͕޲܏ஶͰ͋Δɻ

.ɼFigʹ࣍ 7.6ͷԻ͕ࣼݯΊํ޲ʹ͋Δ৔߹ͷੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷ

ղੳʹ͓͍ͯɼॏΈ܎਺ w = 0.1ɼ10ɼ100ͱมԽͤͨ͞৔߹ʹ͍ͭͯ૬ରࠩޡͷฏۉ஋ΛٻΊͨɻ

ͦͷ݁ՌΛ Fig. 7.14ʹࣔ͢ɻ͜ͷ৔߹ʹ͓͍ͯ΋ɼFig. 7.14 (b)ͷॏΈ܎਺Λ w = 0.1ͱͨ͠΋

ͷͱɼFig. 7.5ͷॏΈ܎਺Λ w = 1ͱͨ͠΋ͷ݁Ռʹ΄ͱΜͲҧ͍͸ݟΒΕͳ͍ɻ·ͨɼ͜ͷ৔߹

ʹ͓͍ͯ΋ॏΈ܎਺Λ w =10ɼ100ͱͨ͠ Fig. 7.14 (b)ɼ(c)ʹ͓͚Δ݁ՌͰ͸ɼBEMͱͷࠩޡ

͕վળ͓ͯ͠Γɼಛʹղੳप೾਺͕ 63ɼ125 Hzͷ৔߹ʹͦͷݦ͕޲܏ஶͰ͋Δɻ͜ΕΒͷ͜ͱ͔

ΒɼॏΈ܎਺ͷઃఆʹؔͯ͠͸ԻݯҐஔ΍؍ଌ఺͸ؔ܎ͳ͘ɼো֐෺ͷੇ๏͕ؔͯ͘͠܎Δͱ͑ߟ

ΒΕΔɻ

.ɼFigʹޙ࠷ 7.9ͷ 3× 4.5 [m]ͷ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳʹ͍ͭͯ΋ಉ༷ʹɼॏΈ܎

਺ w = 0.1ɼ10ɼ100ͱมԽͤͨ͞৔߹ʹ͍ͭͯ૬ରࠩޡͷฏۉ஋ΛٻΊͨɻͦͷ݁ՌΛ Fig. 7.15

ʹࣔ͢ɻ͜ͷ৔߹ʹ͓͍ͯ΋ɼॏΈ܎਺Λ w = 0.1ͱͨ͠৔߹ͷ݁Ռ͸ɼॏΈ܎਺Λ w = 1ͱ͠

ͨ Fig. 7.11ͷ݁Ռͱେ͖ͳҧ͍͸ͳ͍ɻҰํͰɼFig. 7.11 (b)ͷॏΈ܎਺Λ w = 10ͱͨ͠৔߹

Ͱ͸ɼґવͱͯ͠ BEMͱͷࠩޡ͸େ͖͍΋ͷͷɼղੳप೾਺Λ 500 Hzͱͨ͠৔߹ʹ͓͚Δ૬ର

͸޲܏஋͕վળ͍ͯ͠Δɻ͜ͷۉͷฏࠩޡ Fig. 7.11 (c)ͷॏΈ܎਺Λ w = 100ͱͨ͠৔߹ʹ΋Έ

ΒΕΔɻ͔͠͠ͳ͕Βɼղੳप೾਺͕ 63ɼ125 HzͰ͋Δ৔߹ʹ͸ٯʹॏΈ܎਺Λେ͖ͨ͘͜͠ͱ

ͰɼॏΈ܎਺͕ w = 1ͷ৔߹ΑΓ΋૬ରࠩޡͷฏۉ஋͕૿େ͍ͯ͠Δɻ·ͨɼ͜Ε·Ͱͷ݁ՌΑ

ΓɼॏΈ܎਺Λ w = 0.1ͱͨ͠৔߹͸શͯ w = 1ͱͨ͠৔߹ͱҧ͍͕΄ͱΜͲݟΒΕͳ͔ͬͨ͜

ͱ͔ΒɼॏΈ܎਺͸ w ≥ 1ͱ͢Δ΂͖Ͱ͋Δͱ͍͑Δɻ

Ҏ্ͷ͜ͱ͔ΒɼॏΈ܎਺ w ΛมԽͤ͞Δ͜ͱͰɼఏҊख๏ͷ݁ࢉܭՌͷਫ਼౓΍ऩଋ΋มԽ͢

Δ͜ͱ͕Θ͔ͬͨɻ·ͨɼো֐෺ͷੇ๏΍ղੳप೾਺ʹΑͬͯ͸ɼॏΈ܎਺Λେ͖ͨ͘͜͠ͱͰ૬

ର͕ࠩޡѱԽ͢Δ৔߹΋͋Δ͜ͱ͔ΒɼͦΕΒΛྀͯ͠ߟద౰ͳ w ≥ 1ͱͳΔॏΈ܎਺Λઃఆ͢

Δඞཁ͕͋Δͱ༧૝͞ΕΔɻ



117

0 5 10 15 20
10

−2

10
−1

10
0

Truncation number N

A
v

er
ag

e 
re

la
ti

v
e 

er
ro

r ε

 

 

63 Hz
125 Hz
250 Hz
500 Hz

(a) ॏΈ܎਺ w = 0.1
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(b) ॏΈ܎਺ w = 10
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(c) ॏΈ܎਺ w = 100

Fig. 7.13 ੇ๏ 1× 1 [m]ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳʹ͓͍ͯॏΈ܎਺ w ΛมԽ͠

ͨ৔߹ͷ૬ରࠩޡͷฏۉ஋
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(a) ॏΈ܎਺ w = 0.1
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(b) ॏΈ܎਺ w = 10
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63 Hz
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500 Hz

(c) ॏΈ܎਺ w = 100

Fig. 7.14 Ի͕ࣼݯΊํ޲ʹ͋Δ৔߹ͷੇ๏ 1 × 1 [m] ͷਖ਼ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳ

ʹ͓͍ͯॏΈ܎਺ w ΛมԽͨ͠৔߹ͷ૬ରࠩޡͷฏۉ஋
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(a) ॏΈ܎਺ w = 0.1
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(b) ॏΈ܎਺ w = 10
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(c) ॏΈ܎਺ w = 100

Fig. 7.15 ੇ๏ 3× 4.5 [m]ͷ௕ํܗͷബ൘ʹΑΔࢄཚԻ৔ͷղੳʹ͓͍ͯॏΈ܎਺ w ΛมԽ

ͨ͠৔߹ͷ૬ରࠩޡͷฏۉ஋
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7.3 ·ͱΊ

ຊষͰ͸ബ൘ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ͱͯ͠ɼԻ৔Λପԁମ೾ಈؔ਺ʹΑΔల։දݱͰ

ද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ڥք৚݅ΛجʹධՁؔ਺Λઃఆ͠ɼͦ͜ʹ࠷খೋ৐๏Λద༻͢Δ͜

ͱͰϚτϦΫεํఔࣜʹؼணͤ͞਺஋తʹٻΊΔख๏ΛఆࣜԽͨ͠ɻఏҊख๏Λਖ਼ํ͓ܗΑͼ௕

Ռͱͷൺֱ͔ΒҎԼͷࣔ݁͢ՌΛ݁ࢉܭཚԻ৔ͷղੳʹద༻͠ɼBEMʹΑΔࢄͷബ൘ʹΑΔܗํ

ಘͨɻ

(1) ബ൘ʹΑΔࢄཚԻ৔ͷղੳʹରͯ͠ޮՌ͕ೝΊΒΕΔ͕ɼୈ 6ষͰఏҊͨ͠ख๏ͱಉ༷ʹɼ

ύϥϝʔλ h͕େ͖͘ͳΔͱఏҊख๏ͷղੳਫ਼౓͸ѱԽ͠ɼଥ౰ͳ݁ࢉܭՌΛಘΔͷ͸ࠔ೉

Ͱ͋Δɻ

(2) ॏΈ܎਺ΛมԽͤ͞Δ͜ͱͰղੳਫ਼౓͸มԽ͢Δɻ͜ͷͱ͖ɼো֐෺ͷੇ๏΍ղੳप೾਺ʹ

Αͬͯ࠷దͳॏΈ܎਺͸ҟͳΔͱ༧૝͞ΕΔɻ

ຊతͳੑೳʹ͍ͭͯ͸ࣔ͢͜ͱ͕Ͱ͖ͨɻ͔͠͠ͳجΑΓɼఏҊख๏ͷʹྫࢉܭճѻͬͨ਺஋ࠓ

͕ΒɼॏΈ܎਺ͷઃఆʹؔͯ͠͸՝୊΋ଟ͘ɼޙࠓɼղੳର৅ʹԠͯ͡࠷దͳॏΈ܎਺Λઃఆ͢Δ

ͨΊͷํ๏ʹ͍ͭͯݕ౼͢Δඞཁ͕͋Δɻ·ͨɼຊষʹ͓͚ΔఏҊख๏͸ڥք৚݅ͱͯ͠͸Իڹత

ʹ߶ͳ৔߹ʹ͔͠ద༻͢Δ͜ͱ͕Ͱ͖ͳ͍ɻͦͷͨΊബ൘͕ٵԻڥքͰ͋Δ৔߹ͳͲΛղੳ͢Δͨ

Ίʹ͸ධՁؔ਺ͷઃఆʹ͍ͭͯݕ౼͢Δඞཁ͕͋ΔͳͲɼ՝୊͕͍ͯͬ࢒Δɻ
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ୈ 8ষ

݁࿦

ܭͷઃثػڹங෺΍Իݐ਺஋ղੳख๏ࣗମͷ։ൃɾվྑʹΑΓɼڹͷॆ࣮΍ɼ೾ಈԻݯࢿػࢉܭ

ʹର͢Δ਺஋ղੳख๏ͷద༻͸͞ޙࠓΒʹॏཁੑΛ૿͢ͱ͑ߟΒΕΔɻ͜ͷΑ͏ͳதͰɼো֐෺ʹ

ΑΔࢄཚԻ৔ʹ͍ͭͯղੳΛࡍ͏ߦʹɼͦͷղੳख๏ͱͯ͠ BEM Λ༻͍Δͷ͸ඇৗʹ༗ޮͰ͋

Δɻ͔͠͠ͳ͕ΒɼݶΒΕͨݯࢿػࢉܭΛ༗ޮʹར༻͢ΔͨΊʹ͸ɼͲͷΑ͏ͳղੳର৅ʹରͯ͠

΋ BEMΛ༻͍ΔͷͰ͸ͳ͘ɼো֐෺ܗঢ়΍ղੳप೾਺ʹԠͯ͡ద੾ͳղੳख๏Λબ୒͢Δ΂͖Ͱ

͋Δɻ

ͦ͜Ͱɼຊ࿦จͰ͸ɼൺֱత୯७ͳো֐෺ʹΑΔࢄཚԻ৔ͷ೾ಈԻڹղੳख๏ͱͯ͠ɼԻ৔Λద

౰ͳ೾ಈؔ਺ʹΑΔల։දݱΛ༻͍ͯද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ڥք৚݅ΛجʹϚτϦΫεํ

ఔࣜʹؼணͤ͞਺஋తʹٻΊΔ४ཧ࿦ղੳख๏ΛఏҊͨ͠ɻҎԼʹɼຊ࿦จͰಘΒΕͨ஌ݟͱ͞࢒

Εͨ՝୊ʹ͍ͭͯ͢هɻ

ཚԻ৔ͷ४ཧ࿦ղੳख๏ࢄ͍ͨ༺খೋ৐๏Λ࠷೾ಈؔ਺ͱٿ

ୈ 3ষͰ͸ɼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ͱͯ͠ɼԻ৔Λٿ೾ಈؔ਺Λ༻͍ͨ

ల։දݱͰද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ڥք৚݅ͷೋ৐ฏࠩޡۉΛධՁؔ਺ͱͯ͠࠷খೋ৐๏Λ

ద༻͢Δ͜ͱͰϚτϦΫεํఔࣜʹؼணͤ͞ɼ਺஋తʹٻΊΔ४ཧ࿦ղੳख๏ΛΛѻͬͨɻఏҊख

๏Λ༻͍ͯ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ͷղੳΛ͍ߦɼͦͷ਺஋ಛੑʹ͍ͭͯ͢ূݕΔ͜ͱͰɼ࣍ʹ

ࣔ͢Α͏ͳ݁ՌΛಘͨɻ

(1) ఏҊख๏Λ༻͍Δ͜ͱͰ೚ҙͷ؍ଌ఺ʹ͓͍ͯଥ౰ੑͷ͋Δ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ

(2) ҰํͰɼఏҊख๏ʹΑΔࢉܭਫ਼౓ʹ͸ݶք͕͋ΓɼBEMͱൺֱ͢Δͱे෼ͳࢉܭਫ਼౓Ͱ݁

Ռ͕ಘΒΕΔͱ͸͍͑ͳ͍ɻ

(3) ఏҊख๏Λ༻͍ͯप೾਺Ԡ౴ؔ਺Λͨ͠ࢉܭ৔߹ɼBEMʹ͓͍ͯղͷඇҰҙੑͷ໰୊ʹΑ

Γ݁ࢉܭՌʹෆ࿈ଓ఺͕ൃੜ͢Δͱ͍ͬͨ͜ͱ͕ੜͣ͡ɼ׈Β͔ͳप೾਺Ԡ౴ؔ਺ΛٻΊΔ

͜ͱ͕Ͱ͖Δɻ
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波動関数

マトリクス
方程式

障害物

単一障害物複数障害物

障害物形状が球に近い

単一障害物

球波動関数 楕円体波動関数

多重極
再展開

Kirchhoff-Huygens の公式 最小二乗法

第 3章 第 4章 第 5章 第 6章 第 7章

最小二乗法

扁平な
障害物形状 薄板

Fig. 8.1 ຊ࿦จͰఏҊͨ͠४ཧ࿦ղੳख๏ʢFig. 1.2ɼܝ࠶ʣ

೾ಈؔ਺ͱٿ Kirchhoff-HuygensͷެࣜΛ༻͍ͨࢄཚԻ৔ͷ४ཧ࿦ղੳख๏

ୈ 4 ষͰ͸ɼ୯Ұͷো֐෺ʹΑΔࢄཚԻ৔ʹରͯ͠ɼԻ৔Λٿ೾ಈؔ਺Λ༻͍ͨల։දݱͰද

͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ Kirchhoff–HuygensͷެࣜΛ༻͍ͯϚτϦΫεํఔࣜΛಋ͖ɼ਺஋

తʹٻΊΔख๏ΛఆࣜԽͨ͠ɻ·ͨɼఏҊख๏Λ༻͍ͯ༗ݶ௕ԁ౵ʹΑΔࢄཚԻ৔ʹ͍ͭͯղੳ

͠ɼ࣍ʹࣔ͢Α͏ͳ݁ՌΛಘͨɻ

(1) ఏҊख๏Λ༻͍ͯԕํ৔Λ͢ࢉܭΔ৔߹ɼࢉܭʹ༻͍Δଧͪ੾Γ࣍਺ N Λେ͖͍ͯ͘͘͠

͜ͱͰ݁ࢉܭՌ͸ऩଋ͠ɼBEMͱಉఔ౓ͷਫ਼౓Ͱ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ

(2) ఏҊख๏Λ༻͍ͯղੳ͢Δ৔߹ɼଧͪ੾Γ࣍਺N ͷઃఆࣜN = 2krmin+5 ln(2krmin+π)

ΑΓࢉग़ͨ͠ଧͪ੾Γ࣍਺Λ༻͍Δ͜ͱͰɼे෼ͳਫ਼౓ͷ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖Δɻ

(3) ো֐෺ද໘΍ো֐෺ʹ֎઀͢Δٿͷ಺෦ʹ͓͚Δ଎౓ϙςϯγϟϧΛਫ਼౓ྑ͘͢ࢉܭΔ͜ͱ

͸Ͱ͖ͳ͍ɻ͕ͨͬͯ͠ɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔൣғ͸ো֐෺ʹ֎઀͢Δٿͷ֎෦ʹݶ

ఆ͞ΕΔɻ

(4) ো֐෺ܗঢ়͕ࢉܭਫ਼౓ʹ༩͑ΔӨڹ͸େ͖͘ɼো֐෺ܗঢ়͕ܗٿʹ͍ۙ৔߹ͷ΄͏͕ਫ਼౓͕

Α͍ɻ·ͨɼো֐෺ܗঢ়͕͔ܗٿΒဃ཭͍ͯ͠Δ΄Ͳ܎਺ྻߦʹ͓͚Δ৚݅਺͕େ͖͘ͳ

Γɼଥ౰ͳ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ͷ্͕ݶখ͘͞ͳΔɻ

(5) ఏҊख๏Ͱ͸ɼҰൠతͳ BEMͷΑ͏ʹղͷඇҰҙੑʹΑΔӨڹΛड͚Δ͜ͱ͕ͳ͘ɼ׈Β

͔ͳप೾਺Ԡ౴ؔ਺ΛಘΔ͜ͱ͕Ͱ͖Δɻ

(6) ఏҊख๏ʹ͓͚Δࢉܭίετ͸ BEM ͱൺֱͯ͠ඞͣ͠΋༗རͱ͸͍͑ͳ͍ɻಛʹɼࢉܭ
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جେ͖͍͜ͱ͔ΒɼBEMΑΓ΋͕ؒ࣌ࢉܭΔ͔͔ʹࢉܭ͸ఏҊख๏Ͱ͸ੵ෼͍ͯͭʹؒ࣌

ຊతʹෆརͰ͋ΔɻఏҊख๏ͷ΄͏͕ BEM ΑΓ΋ࢉܭίετͷ໘Ͱ༗རͰ͋Δঢ়گͱ͠

ͯ͸ɼ

• ղੳप೾਺͕௿͍৔߹΍ɼো֐෺ͷੇ๏͕খ͞ͳ৔߹
• ো֐෺ܗঢ়ʹ͓͚ΔରশੑͳͲΛར༻͢Δ͜ͱͰɼཧ࿦తʹੵ෼ࢉܭΛਐΊΔ͜ͱͷͰ
͖Δ෦෼͕͋Γɼ਺஋ੵ෼ࢉܭ΁ͷґଘΛ௿ݮͰ͖Δ৔߹

ͳͲͰ͋Δɻ

ଟॏ࠶ۃల։Λ༻͍ͨଟॏࢄཚԻ৔ͷ४ཧ࿦ղੳख๏

ୈ 5ষͰ͸ɼෳ਺ͷো֐෺͕഑ஔ͞Ε͍ͯΔ৔߹ͷࢄཚԻ৔ͷղੳख๏ͱͯ͠ɼԻ৔Λٿ೾ಈؔ

਺ͱଟॏ࠶ۃల։Λ༻͍ͯද͠ɼͦͷల։܎਺ʹ͍ͭͯ͸ Kirchhoff–HuygensͷެࣜΛར༻ͯ͠

ϚτϦΫεํఔࣜΛಋ͖਺஋తʹٻΊΔ४ཧ࿦ղੳख๏ΛఏҊͨ͠ɻ·ͨɼఏҊख๏Λ༻͍ͨղੳ

ྫͱͯ͠ɼෳ਺ݸͷ༗ݶ௕ԁ౵͕ࣗ༝ۭؒதʹ഑ஔ͞ΕͨࢄཚԻ৔ʹ͍ͭͯࢉܭΛ͍ߦɼBEMʹ

ΑΔ݁ࢉܭՌͱͷൺֱ͔Βɼ਺஋ಛੑʹ͍ͭͯͷূݕΛ͍ߦɼ࣍ʹࣔ͢Α͏ͳ݁ՌΛಘͨɻ

(1) ఏҊख๏Ͱ͸ɼBEMͷΑ͏ʹো֐෺಺෦ͷ Dirichletप೾਺෇ۙʹ͓͍ͯ΋ɼղͷඇҰҙ

ੑʹΑΔ໰୊͕ੜ͡Δ͜ͱͳ݁͘ࢉܭՌΛಘΒΕΔɻ

(2) ఏҊख๏ʹ͓͍ͯ΋ɼ୯Ұͷো֐෺ͷ৔߹ͱಉ༷ʹɼଧͪ੾Γ࣍਺͕େ͖͘ͳΔͱ܎਺ྻߦ

ͷ৚݅਺ͷѱԽ͠ɼಘΒΕͨల։܎਺ʹؚ·ΕΔ͕ࠩޡେ͖͘ͳΔͨΊɼଥ౰ͳ݁ࢉܭՌΛ

ಘΒΕͳ͍৔߹͕͋Δɻ·ͨɼ৚݅਺ʹ͸ো֐෺ͷݸ਺΍഑ஔ΋͍ؔͯ͠܎Δɻ

(3) ʹ෺֐Ռ͕ಘΒΕΔɻ·ͨɼো݁ࢉܭ෺͔Β཭ΕͨҐஔʹ͋Δ΄Ͳɼ҆ఆͨ͠֐ଌ఺͕ো؍

֎઀͢Δٿͷ಺෦ʹ؍ଌ఺Λઃఆͨ͠৔߹͸ɼଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖ͳ͍ɻ

(4) ো֐෺ؒͷڑ཭͸ࢉܭਫ਼౓ʹ༩͑ΔӨ͕ڹେ͖͘ɼো֐෺ͷ഑ஔʹؔͯ͠͸ɼͦΕͧΕͷো

෺ʹॏͳΒͳ͍Α͏ʹ͢Δඞཁ͕͋Δɻ͜ͷ͜ͱ͕อͨΕͯ֐ɼଞͷো͕ٿ෺ʹ֎઀͢Δ֐

͍ͳ͍৔߹͸݁ࢉܭՌ͕ऩଋͤͣɼෆ҆ఆͳৼΔ෣͍Λ͢Δɻ

(5) ఏҊख๏ʹ͓͚Δࢉܭίετ͸ো֐෺ͷݸ਺΍ੇ๏ɼղੳप೾਺ʹґଘ͢Δɻ͜ͷͱ͖ɼͦ

ΕͧΕͷো֐෺ʹ͓͚Δੇ๏ͷ͹Β͖͕ͭখ͘͞ɼ·ͨɼো֐෺ͷੇ๏͕খ͍͞΄͏͕ɼղ

ੳʹඞཁͳଧͪ੾Γ࣍਺͕খͯ͘͞ࡁΉͨΊɼBEMΑΓ΋ඞཁϝϞϦͷ໘Ͱ༗རͰ͋Δɻ

(6) ཁ͢Δʹࢉܭ͸ɼఏҊख๏ͷ΄͏͕ੵ෼͍ͯͭʹؒ࣌ࢉܭͷࡍͨ͠ߦίʔυΛ࣮ࢉܭʹࡍ࣮

͸ؒ࣌ࢉܭେ͖͍ͨΊ͕ؒ࣌ BEMΑΓ΋େ͖͘ͳΔɻ͔͠͠ɼ(5)ͷΑ͏ʹղੳʹඞཁͳ

ະ஌਺ͷ਺͕ BEMΑΓ΋গͳ͍͜ͱʹՃ͑ɼͦΕͧΕͷো֐෺ͷܗঢ়͕ಉ͡Ͱɼ͔ͭ༗ݶ

௕ԁ౵ͷΑ͏ʹো֐෺ܗঢ়ʹରশੑ͕͋ΔͳͲɼੵ෼ࢉܭΛཧ࿦తʹਐΊΔ͜ͱ͕ग़དྷΔ৔

߹͸ɼؒ࣌ࢉܭʹ͓͍ͯ΋༗རͱͳΔ͜ͱ͕͋Δɻ
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ପԁମ೾ಈؔ਺ͱ Kirchhoff-HuygensͷެࣜΛ༻͍ͨፏฏͳো֐෺ʹΑΔࢄཚԻ৔

ͷ४ཧ࿦ղੳख๏

ୈ 6ষͰ͸ɼো֐෺ܗঢ়͕ፏฏͳ৔߹ʹରͯ͠ɼ೾ಈؔ਺ͱͯ͠ପԁମ೾ಈؔ਺Λ༻͍ɼల։܎

਺ʹ͍ͭͯ͸ୈ 4ষͱಉ༷ʹɼKirchhoff-HuygensͷެࣜΛ༻͍ͯϚτϦΫεํఔࣜʹؼணͤ͞Δ

ख๏ΛఆࣜԽͨ͠ɻఏҊख๏Λ༻͍ͯፏฏͳ༗ݶ௕ԁ౵΍ɼਖ਼ํ͓ܗΑͼ௕ํܗͷ൘ܗঢ়ͷো֐෺

ʹΑΔࢄཚԻ৔ͷղੳ͔Βɼ࣍ʹࣔ͢Α͏ͳ݁ՌΛಘͨɻ

(1) ఏҊख๏Λ༻͍Δ͜ͱͰɼፏฏͳܗঢ়ͷো֐෺ʹΑΔࢄཚԻ৔Λղੳ͢Δ͜ͱ͕Ͱ͖Δɻ

(2) ୈ 6ষͰఏҊͨ͠ପԁମ೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏Λ༻͍ͨ΄͏͕ɼୈ 4ষͰఏҊ͠

෺ͷፏฏ཰͕֐೾ಈؔ਺Λ༻͍ͨ४ཧ࿦ղੳख๏ΑΓ΋༗རͰ͋Δͷ͸ɼোٿͨ ∆ ≥ 0.75

ͱͳΔൣғͰ͋ΔɻͦͷͨΊɼো֐෺ͷፏฏ཰ ∆͕ 0.75ΑΓখ͞ͳ৔߹ʹ͸ɼٿ೾ಈؔ਺

ʹΑΔख๏Λ༻͍ͨ΄͏͕ద౰Ͱ͋Δͱ͍͑Δɻ

(3) ఏҊख๏Λ༻͍ͨ৔߹ɼղੳ͢Δঢ়گʹ͓͍ͯύϥϝʔλ h ≈ 50ͱͳΔ৔߹ʹਫ਼౓ͷྑ͍

ঢ়ɼ·ͨ͸ղੳप೾਺ܗ෺֐ՌΛಘΔ͜ͱ͕೉͍͜͠ͱ͕֬ೝ͞ΕͨɻͦͷͨΊɼো݁ࢉܭ

͕େ͖͘ɼύϥϝʔλ h͕ 50Ҏ্ͱͳΔΑ͏ͳ৔߹͸ɼଥ౰ͳ݁ࢉܭՌΛಘΔ͜ͱ͕Ͱ͖

ͳ͍༧૝Ͱ͖Δɻ

͜͜Ͱ͞࢒Εͨ՝୊ͱͯ͠͸ɼࢉܭίετʹؔ͢ΔΑΓৄࡉͳ͛ڍ͕ূݕΒΕΔɻݱঢ়Ͱ͸ఏҊ

ख๏ʹ͓͍ͯੵ෼ࢉܭΛ࣮͢ߦΔࡍʹɼBEMͷΑ͏ʹܗ֯ࡾཁૉΛ༻͍͍ͯΔͨΊɼະ஌਺͕গ

ͳ͍৔߹ʹ͓͍ͯ΋͕ؒ࣌ࢉܭඇৗʹେ͖͍ɻຊষʹ͓͚ΔఏҊख๏ʹ͓͍ͯ΋ୈ 3ষɼୈ 4ষ͓

Αͼୈ 5ষͰఏҊͨ͠ख๏ͱಉ༷ʹɼো֐෺ܗঢ়ʹΑͬͯ͸໘ੵ෼͕ઢੵ෼ʹม׵Ͱ͖ΔͳͲɼཧ

࿦తʹੵ෼ࢉܭΛ͑ߦΔ෦෼͕͋Δͱ༧૝Ͱ͖ɼఏҊख๏ʹ͓͚Δੵ෼ࢉܭʹؔͯ͠ΑΓৄࡉͳݕ

ূΛ͏ߦඞཁ͕͋Δɻ·ͨɼे෼ͳਫ਼౓ͷ݁ࢉܭՌ͕ಘΒΕΔଧͪ੾Γ࣍਺ N ͷઃఆʹؔ͢Δݕ

ূ΋ඞཁͰ͋Δͱ͍͑Δɻ

ପԁମ೾ಈؔ਺ͱ࠷খೋ৐๏Λ༻͍ͨബ൘ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏

ୈ 7ষͰ͸ɼബ൘ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ͱͯ͠ɼପԁମ೾ಈؔ਺Λ༻͍ɼల։܎਺ʹ

͍ͭͯ͸ڥք৚݅ΛجʹධՁؔ਺Λઃఆ͠ɼͦ͜ʹ࠷খೋ৐๏Λద༻͢Δ͜ͱͰϚτϦΫεํఔࣜ

ཚԻ৔ͷղੳ͔ࢄͷബ൘ʹΑΔܗΑͼ௕ํ͓ܗணͤ͞Δख๏ΛఆࣜԽͨ͠ɻఏҊख๏Λਖ਼ํؼʹ

Βɼ࣍ʹࣔ͢Α͏ͳ݁ՌΛಘͨɻ

(1) ബ൘ʹΑΔࢄཚԻ৔ͷղੳʹରͯ͠ޮՌ͕ೝΊΒΕΔ͕ɼୈ 6ষͰఏҊͨ͠ख๏ͱಉ༷ʹɼ

ύϥϝʔλ h͕େ͖͘ͳΔͱఏҊख๏ͷղੳਫ਼౓͸ѱԽ͠ɼଥ౰ͳ݁ࢉܭՌΛಘΔͷ͸ࠔ೉

Ͱ͋Δɻ

(2) ॏΈ܎਺ΛมԽͤ͞Δ͜ͱͰղੳਫ਼౓͸มԽ͢Δɻ͜ͷͱ͖ɼো֐෺ͷੇ๏΍ղੳप೾਺ʹ

Αͬͯ࠷దͳॏΈ܎਺͸ҟͳΔͱ༧૝͞ΕΔɻ
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ҰํͰɼ਺஋ྫࢉܭʹΑΓɼఏҊख๏ͷബ൘ʹΑΔࢄཚԻ৔ͷ४ཧ࿦ղੳख๏ͱͯ͠ͷଥ౰ੑʹ

͍ͭͯ͸ࣔ͢͜ͱ͕Ͱ͖ͨ΋ͷͷɼղੳର৅ʹԠͯ͡࠷దͳॏΈ܎਺Λઃఆ͢ΔͨΊͷํ๏ʹ͍ͭ

ͳͲͷ౼ݕ͍ͯͭʹքͰ͋Δ৔߹ʹ͍ͭͯղੳ͢ΔͨΊͷධՁؔ਺ͷઃఆڥԻٵ΍ɼബ൘͕౼ݕͯ

՝୊͕͍ͯͬ࢒Δɻ

Ҏ্ͷ͜ͱ͔Βɼղੳର৅ͷԻ৔ʹΑͬͯ͸ຊ࿦จʹͯఏҊͨ͠४ཧ࿦ղੳख๏Λ༻͍ͯ΋े෼

ͳਫ਼౓ͷ݁ࢉܭՌ͕ಘΒΕɼ͞Βʹ͸ɼఏҊͨ͠४ཧ࿦ղੳख๏ͷ΄͏͕ࢉܭίετͷ໘Ͱ༗རͱ

ͳΔঢ়͕گଘ͠ࡏɼ४ཧ࿦ղੳख๏Λ༻͍Δ͜ͱͷҙٛΛ֬ೝ͢Δ͜ͱ͕Ͱ͖ͨɻͦͷͨΊɼཧ࿦

ղੳղɼຊ࿦จʹͯఏҊ֤ͨ͠छͷ४ཧ࿦ղੳख๏ɼ͓Αͼ BEMͳͲͦͷଞͷ೾ಈԻڹ਺஋ղੳ

ख๏Λɼղੳର৅ͱͳΔԻ৔ͷಛ௃ʹԠͯ͡ద੾ʹ͍࢖෼͚Δ͜ͱ͕ɼޮ཰తͳղੳΛͨ͏ߦΊʹ

ॏཁͱͳͬͯ͘Δͱ͍͑Δɻ·ͨɼ४ཧ࿦ղੳख๏Λطଘͷ೾ಈԻڹղੳख๏Λ૊Έ߹ΘͤΔ͜ͱ

ͰɼΑΓ෯͍޿Իڹ໰୊Λѻ͏͜ͱ͕Ͱ͖ΔΑ͏ʹͳΔͱ͑ߟΒΕΔɻ
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෇࿥ A

ପԁମ೾ಈؔ਺ιʔείʔυ

ٿ೾ಈؔ਺ʹ͓͚Δٿ Besselؔ਺΍ജ Legendreؔ਺ʹؔͯ͠͸ɼGNU Scientific Library [57]

Λ͸͡Ίɼ֤छϓϩάϥϛϯάޠݴʹ͓͍࣮ͯ૷͕ͳ͞Ε͍ͯΔɻҰํͰɼପԁମ೾ಈؔ਺ʹ͍ͭ

ͯ͸Mathematica [58]ʹ͓͍࣮ͯ૷͞Ε͍ͯΔ΋ͷͷɼجຊతʹ͸ࣗΒ࣮૷͢Δඞཁ͕͋Δɻͦ

͜Ͱɼପԁମ೾ಈؔ਺ΛຊڀݚͰ࢖༻͢ΔͨΊʹ࣮૷ͨ͠ιʔείʔυΛ͢هɻҎԼͰࣔ͢ιʔε

ίʔυ͸ PythonΛ༻͍ͯهड़͞Ε͓ͯΓɼσϑΥϧτͷύοέʔδҎ֎ʹɼՊֶٕज़͚޲ࢉܭͷ

ύοέʔδͰ͋Δ NumPy [59]͓Αͼ SciPyΛ༻͍͍ͯΔɻ

࣮૷ʹ͓͍ͯ͸ɼͦΕͧΕҎԼͷࣜΛ༻͍͍ͯΔɻ

Smn(−jh, η) =






(1− η2)
∞∑

k=0

cmn
2k (1− η2)k, (n−m) even

η(1− η2)
∞∑

k=0

cmn
2k (1− η2)k, (n−m) odd

(A.1)

R(1)
mn(−jh, jξ) =

(
ξ2 + 1

ξ2

)m/2
∞∑

r=0,1

′
(−1)(r−n+m)/2

∞∑
r=0,1

′
(2m+r)!

r! dmn
r (−jh)

(2m+ r)!

r!
dmn
r (−jh)jm+r(hξ)

(A.2)

R(2)
mn(−jh, jξ) =

(
ξ2 + 1

ξ2

)m/2
∞∑

r=0,1

′
(−1)(r−n+m)/2

∞∑
r=0,1

′
(2m+r)!

r! dmn
r (−jh)

(2m+ r)!

r!
dmn
r (−jh)ym+r(hξ)

(A.3)

͜͜Ͱ cmn
2k ͸

cmn
2k =






1

2mk!(m+ k)!

∞∑

r=k

(2m+ 2r)!

(2r)!
(−r)k(m+ r + 1/2)k d

mn
2r , (n−m) even

1

2mk!(m+ k)!

∞∑

r=k

(2m+ 2r + 1)!

(2r + 1)!
(−r)k(m+ r + 3/2)k d

mn
2r , (n−m) odd

(A.4)

Ͱ͋Γɼ(α)k = α(α+1)(α+2) . . . (α+k+1)Ͱ͋Δɻ·ͨɼξ͕খ͞ͳൣғʹ͓͍ͯɼEq. (A.3)
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͸ऩଋ͕ѱ͘ͳΔ͜ͱ͔Βࣜ࣍Λ༻͍͍ͯΔɻ

R(2)
mn(−jh, jξ) = Q∗

mn(−jh)R(1)
mn(−jh, jξ)

[
tan−1 ξ − 1

2
π

]
+ gmn(−jh, jξ) (A.5)

͜͜Ͱɼ

Q∗
mn(−jh) =






[j−mκ(1)
mn(−jh)]2

h

m∑

r=0

αmn
r (−jh)

(2m− 2r)!

r![2m−r(m− r)!]2
, (n−m) even

− [j−m−1κ(1)
mn(−jh)]2

h

m∑

r=0

αmn
r (−jh)

(2m− 2r − 1)!

r![2m−r(m− r)!]2
, (n−m) odd

(A.6)

κ(1)
mn(−jh) =






(2m+ 1)(n+m)!
∑∞

r=0
′
dmn
r

(2m+r)!
r!

2n+mdmn
0 hm+1m!

(
n−m

2

)
!
(
n+m

2

)
!
, (n−m) even

(2m+ 3)(n+m+ 1)!
∑∞

r=0
′
dmn
r

(2m+r)!
r!

2n+mdmn
1 hm+1m!

(
n−m−1

2

)
!
(
n+m+1

2

)
!

(n−m) odd

(A.7)

αmn
r =

{
dr

dxr

1

[
∑∞

k=0 c
mn
2k (−jh)xk]

2

}

x=0

(A.8)

·ͨɼ

gmn(−jh, jξ) =






(ξ2 + 1)−
1
2m

∞∑

r=0

Bmn
2r ξ2r+1, (n−m) even

(ξ2 + 1)−
1
2m

∞∑

r=0

Bmn
2r ξ2r, (n−m) odd

(A.9)

Ͱ͋Γɼ܎਺ Bmn
2r ͸ࣜ࣍Λ༻͍Δ͜ͱͰٻ·Δɻ

(2r + 2)(2r + 3)Bmn
2r+2 + [(2r + 1)(2r − 2m+ 2) +m(m− 1)− λmn(−jh)]Bmn

2r + h2Bmn
2r−2

= −2Q∗
mn(−jh)[j−mκ(1)

mn(−jh)]−1
∞∑

k=r−m+1
cmn
2k (−jh)(2k +m) k+m−1Cr, (n−m) even

(A.10)

(2r + 1)(2r + 2)Bmn
2r+2 + [(2r + 1)(2r − 2m+ 1) +m(m− 1)− λmn(−jh)]Bmn

2r + h2Bmn
2r−2

= −2Q∗
mn(−jh)[j−m−1κ(1)

mn(−jh)]−1

[ ∞∑
k=r−m

cmn
2k (−jh)(2k +m+ 1) k+mCr

−
∞∑

k=r−m−1
cmn
2k (−jh)(2k +m) k+m+1Cr

]
, (n−m) odd

(A.11)

͜͜ͰɼnCr ͸ೋ߲܎਺Ͱ͋Δɻ

Ҏ্ͷࣜʹ࣮͖ͮج૷ͨ͠ίʔυΛ Code A.1ʹࣔ͢ɻ·ͨɼ࣌ݱ఺ʹ͓͚Δ໰୊఺ͱͯ͠ɼύ

ϥϝʔλ h ͕େ͖ͳൣғͰ͸ୈ 2 छ Radial ؔ਺ʹ͓͍ͯਫ਼౓ͷѱԽ͕ݟΒΕΔɻͦ͜Ͱɼύϥ
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ϝʔλ h͕େ͖ͳൣғʹ͓͍ͯ͸࣍ͷΑ͏ͳ Laguerreؔ਺ʹΑΔۙࣅల։Λ༻͍ͨପԁମ೾ಈؔ

਺Λ༻͍Δͷ͕Α͍ͱ͞Ε͍ͯΔ [60]ɻ

R(4)
mn(−jh, jξ) ≈ 2π(2h)njn−m+1

m!Amn
−ν

e−2h(ξ2 + 1)m/2
∞∑

s=−ν

Amn
s ejhξUm

ν+s(2h(1− jξ)) (A.12)

Um
n (z) ≈ e−j(n+1/2)πez

n!πzn+m+1

∞∑

r=0

(n+ r)!(n+m+ r)!

r!zr
(A.13)

ν =






n−m

2
, (n−m) even

n−m− 1

2
, (n−m) odd

ͨͩ͠ɼUm
nɿୈ 2छ Laguerreؔ਺Ͱ͋Δɻ·ͨɼ܎਺Amn

s ͸ Laguerreؔ਺ͷ॥؀ࣜ Eq. (A.14)

͔ΒಘΒΕΔɻ

(s+ ν + 1)(s+ ν +m+ 1)Amn
s+1 − [Λ+ 2s(2ν +m+ 1− 2h+ s)]Amn

s

+(s+ ν)(s+ ν +m)Amn
s−1 = 0

(A.14)

͜͜ͰɼΛmn ͸ࣜ࣍ͷ࿈෼਺දࣔͰ༩͑ΒΕΔɻ

Λmn =
Q0

2

Λmn + P−1 −
Q−1

2

Λmn + P−2 − · · ·

+
Q1

2

Λmn + P1 −
Q2

2

Λmn + P2 − · · ·
Qs = (s+ ν)(s+ ν +m)

Ps = 2s(2ν +m+ 1− 2h+ s)

(A.15)

Code A.1Λ࣮͢ߦΔͱɼ࣍ͷΑ͏ͳग़ྗ͕ಘΒΕΔɻ! "
> python swf.py 2 3 4 0 2 -1

Wronskian check
xi exact calculated error [%]
0.000000 2.500000e-01 2.500000e-01 0.000000e+00
0.200000 2.403846e-01 2.403846e-01 5.773160e-14
0.400000 2.155172e-01 2.155172e-01 3.090861e-13
0.600000 1.838235e-01 1.838235e-01 2.566836e-13
0.800000 1.524390e-01 1.524390e-01 8.921752e-13
1.000000 1.250000e-01 1.250000e-01 1.831868e-12
1.200000 1.024590e-01 1.024590e-01 3.332001e-12
1.400000 8.445946e-02 8.445946e-02 5.290879e-12
1.600000 7.022472e-02 7.022472e-02 5.578804e-11
1.800000 5.896226e-02 5.896226e-02 5.689886e-10
2.000000 5.000000e-02 5.000000e-02 6.003531e-10
max error : 6.003531e-10# $
͜͜ͰɼίϚϯυϥΠϯҾ਺͸͔ࠨΒɼҐ਺mɼ࣍਺ nɼύϥϝʔλ hɼξminɼξmaxɼճసପԁମ

ࣔ͢ʹࣜ࣍ͷ൑அʹରԠ͓ͯ͠Γɼͦͷग़ྗ͸ܥඪ࠲ٿɾፏܥඪ࠲ Radialؔ਺ͷWronskianΛɼ

[ξmin ξmax]ͷൣғʹ͍ͭͯٻΊͨ݁ՌͰ͋Δɻ

R(1)
mn(−jh, jξ)R(2)

mn

′
(−jh, jξ)−R(1)

mn

′
(−jh, jξ)R(2)

mn(−jh, jξ) =
1

h(ξ2 + 1)
(A.16)

Eq. (A.16)ΑΓWronskianͷཧ࿦஋ͱࢉܭ஋ͷࠩޡΛࢉग़͢Δ͜ͱͰɼ͞ࢉܭΕͨ Radialؔ਺

ͷਫ਼౓ΛධՁ͢Δ͜ͱ͕Ͱ͖Δɻ
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Code A.1 swf.py! "
# This is python module for calculating spheroidal wave functions .
#

# dependencies
import numpy as np
# Bessel functions , associated legendre functions , and log(gamma(x))
from scipy.special import jv, yv, lpmn , lqmn , gammaln
from scipy.misc import factorial
from matplotlib.mlab import amap

__all__ = [’proAng1 ’, ’proAng1p ’, ’proRad1 ’, ’proRad1p ’, ’proRad2 ’, ’proRad2p ’,
’proRad3 ’, ’proRad3p ’, ’proRad4 ’, ’proRad4p ’,
’oblAng1 ’, ’oblAng1p ’, ’oblRad1 ’, ’oblRad1p ’, ’oblRad2 ’, ’oblRad2p ’
’oblRad3 ’, ’oblRad3p ’, ’oblRad4 ’, ’oblRad4p ’,]

# ----- spherical bessel functions -----
def sph_besselj(n, xi):

""" Spherical bessel functions """
N = n + 0.5
jn = np.zeros(xi.size)

index1 = np.where(xi == 0.0)[0]
index2 = np.where(xi > 0.0)[0]
if n == 0:

jn[index1] = 1.0
else:

jn[index1] = 0.0

jn[index2] = np.sqrt(np.pi/(2*xi[index2 ])) * jv(N, xi[index2 ])

return jn

def sph_besseljp(n, xi):
""" First derivative of spherical bessel functions """
jp = np.zeros(xi.size)

if n == 0:
jp = -sph_besselj (1, xi)

else:
jp = 1.0/(2*n+1.0) * (n*sph_besselj(n-1, xi) - (n+1)* sph_besselj(n+1, xi))

return jp

def sph_bessely(n, xi):
""" Spherical neumann function """
N = n + 0.5
yn = np.zeros(xi.size)

index1 = np.where(xi == 0.0)[0]
index2 = np.where(xi > 0.0)[0]
yn[index1] = -np.inf
yn[index2] = np.sqrt(np.pi/(2*xi[index2 ])) * yv(N, xi[index2 ])

return yn

def sph_besselyp(n, xi):
""" First derivative of spherical neumann function """
yp = np.zeros(xi.size)

if n == 0:
yp = -sph_bessely (1, xi)

else:
index1 = np.where(xi == 0.0)[0]
index2 = np.where(xi > 0.0)[0]
yp[index1] = np.inf
yp[index2] = 1.0/(2*n+1.0) \

* (n*sph_bessely(n-1, xi[index2 ]) - (n+1)* sph_bessely(n+1, xi[index2 ]))
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return yp

# ----- spheroidal wave functions -----
def coeffDq(m, r, hh):

nume = r * (r-1.0)
deno = (2*m+2*r-3.0) * (2*m+2*r -1.0)

dq = (nume / deno) * hh

return dq

def coeffEq(m, r, hh):

nume = 2*(m+r) * (m+r+1.0) - 2*m*m - 1.0
deno = (2*m+2*r-1.0) * (2*m+2*r+3.0)

eq = (nume / deno) * hh + (m+r)*(m+r+1.0)

return eq

def coeffFq(m, r, hh):

nume = (2*m+r+2.0) * (2*m+r+1.0)
deno = (2*m+2*r+3.0) * (2*m+2*r+5.0)

fq = (nume / deno) * hh

return fq

def eignValue(m, n, h, sign =1):
"""
m, n : mode parameter
h : spheroidal parameter
sign : if sign == 1 (default value) return prolate , else return oblate
"""

N = n + 5 + int(h) # truncation number
A = np.zeros((N, N))

s = 0 if (n - m) % 2 == 0 else 1
hh = h**2 if sign == 1 else -h**2

for q in xrange(N):
if q == 0:

A[q, q] = coeffEq(m, 2*q+s, hh)
A[q, q+1] = np.sqrt(coeffDq(m, 2*(q+1)+s, hh)* coeffFq(m, 2*q+s, hh))

elif q == N-1:
A[q, q-1] = np.sqrt(coeffDq(m, 2*q+s, hh)* coeffFq(m, 2*(q-1)+s, hh))
A[q, q] = coeffEq(m, 2*q+s, hh)

else:
A[q, q-1] = np.sqrt(coeffDq(m, 2*q+s, hh)* coeffFq(m, 2*(q-1)+s, hh))
A[q, q] = coeffEq(m, 2*q+s, hh)
A[q, q+1] = np.sqrt(coeffDq(m, 2*(q+1)+s, hh)* coeffFq(m, 2*q+s, hh))

segv = np.linalg.eigvals(A)

return segv[int((n-m)/2)]

def swfCoeff(m, n, h, sign =1):
"""
m, n : mode parameter
h : spheroidal parameter
sign : if sign == 1 (default value) return prolate , else return oblate
"""
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s = 0 if (n - m) % 2 == 0 else 1
p = 50 + 2*n + 2*int(h) + s # downward recursion started at p
hh = h**2 if sign == 1 else -h**2

tmp1 , tmp2 , g = 0.0, 0.0, 0.0
hpr , hr , fr , dr = np.zeros(p+1), np.zeros(p+1), np.zeros(p+1), np.zeros(p+1)
segv = eignValue(m, n, h, sign)

if h == 0.0: # special case
dr[n-m] = 1.0

else:
for r in xrange(s, (n-m)+2, 2):

if r == s:
hr[s] = 1.0

elif r == s+2:
hr[r] = -(coeffEq(m, r-2, hh) - segv) / coeffFq(m, r-2, hh)

else:
hr[r] = -((coeffEq(m, r-2, hh) - segv)*hr[r-2] \

+ coeffDq(m, r-2, hh)*hr[r-4]) / coeffFq(m, r-2, hh)

# backward recurrence
for r in xrange(p, s-2, -2):

if r == p:
hpr[p] = 1e-100

elif r == p-2:
hpr[r] = -(coeffEq(m, r+2, hh) - segv)*hpr[r+2] / coeffDq(m, r+2, hh)

else:
hpr[r] \

= -(coeffFq(m, r+2, hh)*hpr[r+4] + (coeffEq(m, r+2, hh)-segv)*hpr[r+2])
\

/ coeffDq(m, r+2, hh)
hr[n-m+2:p+2:2] = hr[n-m] / hpr[n-m] * hpr[n-m+2:p+2:2]

# normalization using flammer ’s schime
for r in xrange(s, p+2, 2):

fr[r] = (( -1.0)**((r-s)/2) / 2.0**r) \
* np.exp(gammaln(r+2*m+s+1) - gammaln ((r-s)/2+1) - gammaln ((r+2*m+s)/2+1))

if abs(fr[r]) == np.inf:
fr = fr[:r-1]
hr = hr[:r-1]
break

g = np.dot(fr, hr) / fr[n-m]
dr = hr / g

return dr

def swfCoeff2(m, n, h, dr , sign =1):
"""
Compute the expansion coefficients of the prolate and oblate spheroidal
functions for negative
"""
s = 0 if (n - m) % 2 == 0 else 1
p = 50 + 2*n + 2*int(h) + s + 2*m
hh = h**2 if sign == 1 else -h**2

hr = np.zeros(p+1)
fr = np.zeros(p+1)
dn = np.zeros(p+1)
segv = eignValue(m, n, h, sign)

for r in xrange(1, m+1):
t = coeffEq(m, -2*m+s, hh) - segv
for l in xrange(m-r):

t = (coeffEq(m, -2*(m-l-1)+s, hh) - segv) \
- coeffDq(m, -2*(m-l-1)+s, hh) * coeffFq(m, -2*(m-l)+s, hh) / t

hr[2*r-s] = -coeffFq(m, -2*r+s, hh) / t

frac = 1.0
for r in xrange(1, m+1):

frac *= hr[2*r-s]
dn[2*r-s] = dr[s] * frac

fr[-1] = coeffEq(m, -p-2, hh) - segv
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for r in xrange(p-2, 2*m-s, -2):
fr[r] = (coeffEq(m, -r, hh) - segv) \

- coeffDq(m, -r, hh) * coeffFq(m, -r-2, hh) / fr[r+2]
hr[r] = -coeffFq(m, -r, hh) / fr[r]

dnp = dr[s] if m == 0 else dn[2*m-s]

dn[2*m+2-s] = ( -1)**s * dnp * hh / ((2.0*m -1.0)*(2.0*m+1.0 -4.0*s)*fr[2*m+2-s])
for r in xrange (2*m+4-s, p+2, 2):

dn[r] = hr[r] * dn[r-2]

return dn

def coeffC2k(m, n, dr):
"""
Compute the expansion coefficients of
the prolate and oblate spheroidal functions c2k
"""

p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
kMax = (p - s) / 2
c2k = np.zeros(kMax *2+1)

for k in xrange(kMax +1):
for r in xrange(k, kMax +1):

term1 = np.exp(gammaln (2*m+2*r+s+1) - gammaln (2*r+s+1))
term2 = 1.0
for i in xrange(k):

term2 *= (-r+i) * (m+r+0.5+s+i)

c2k [2*k] += term1 * term2 * dr[2*r+s]

c2k [2*k] /= (2**m) * factorial(k) * factorial(m+k)

if abs(c2k[2*k]) == np.inf:
c2k = c2k [:2*(k -1)+1]
break

return c2k

def joinFactorK1(m, n, h, dr):
"""
Compute joining factor kmn of the 1st kind
for the prolate and oblate spheroidal functions
"""

p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
kmn1 = 0.0

for r in xrange(s, p+2, 2):
kmn1 += dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))

nume = (2*m+1.0+2.0*s) * factorial(n+m+s)
deno = 2.0**(n+m)*dr[s]*h**(m+s) \

* (factorial(m)* factorial (0.5*(n-m-s))* factorial (0.5*(n+m+s)))
kmn1 *= nume / deno

return kmn1

def joinFactorK2(m, n, h, dr , dn , sign =1):
"""
Compute joining factor kmn of the 2nd kind
for the prolate and oblate spheroidal functions
"""

p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
kmn2 = 0.0
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for r in xrange(s, p+2, 2):
kmn2 += dr[r] * factorial (2*m+r) / factorial(r)

dnp = dr[s] if m == 0 else dn[2*m-s]

nume = 2**(n-m)* factorial (2*m)* factorial (0.5*(n-m-s))* factorial (0.5*(n+m+s)) * dnp
if s == 0:

deno = (2.0*m -1.0) * (factorial(m) * factorial(n+m)) * h**(m-1)
else:

deno = (2.0*m -3.0) * (2.0*m-1.0) * (factorial(m) * factorial(n+m+1)) * h**(m-2)

kmn2 *= nume / deno * ( -1.0)**s

return kmn2

def spheroidalNorm(m, n, h, sign =1):

dr = swfCoeff(m, n, h, sign)
p = dr.size -1
s = 0 if (n - m) % 2 == 0 else 1

Nmn = 0.0
for r in xrange(s, p+2, 2):

nume = 2.0 * factorial(r+2*m) * (dr[r]**2)
deno = (2.0*r+2.0*m+1.0) * factorial(r)
Nmn += nume / deno

return Nmn

# ===== prolate spheroidal wave functions =====
# ----- prolate angular function of the 1st kind -----
def pro_S1(m, n, h, eta):

"""
Compute prolate angular function of the 1st kind
"""

dr = swfCoeff(m, n, h, 1)
c2k = coeffC2k(m, n, dr)
s = 0 if (n - m) % 2 == 0 else 1
kMax = (c2k.size - 1) / 2
ang1 = np.zeros(eta.size)

for k in xrange(kMax +1):
ang1 += c2k [2*k] * (1-eta **2)**k

ang1 *= (1-eta **2)**(0.5*m) if s == 0 else eta * (1-eta **2)**(0.5*m)

return ang1

def pro_S1p(m, n, h, eta):

dr = swfCoeff(m, n, h, 1)
c2k = coeffC2k(m, n, dr)
s = 0 if (n - m) % 2 == 0 else 1
kMax = (c2k.size - 1) / 2
ang1p = np.zeros(eta.size)

if s == 0:
if m == 0:

for k in xrange(1, kMax +1):
ang1p += -c2k [2*k] * (k) * (1-eta **2)**(k-1) * 2*eta

elif m == 1:
index1 = np.where(eta == -1.0)[0]
index2 = np.where(eta == 1.0)[0]
index3 = np.where(abs(eta) != 1.0)[0]
ang1p[index1] = np.inf
ang1p[index2] = -np.inf
for k in xrange(kMax +1):

ang1p[index3] += -c2k[2*k] * (k+0.5*m) * (1-eta[index3 ]**2)**(k+0.5*m-1) *
2*eta[index3]

else:
for k in xrange(kMax +1):
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ang1p += -c2k [2*k] * (k+0.5*m) * (1-eta **2)**(k+0.5*m-1) * 2*eta
else:

if m == 0:
ang1p [:] = c2k [0]
for k in xrange(1, kMax +1):

ang1p += c2k [2*k] * (1-eta **2)**k
ang1p += -c2k [2*k] * k * (1-eta **2)**(k-1) * 2*eta **2

elif m == 1:
index1 = np.where(abs(eta) == 1.0)[0]
index2 = np.where(abs(eta) != 1.0)[0]
ang1p[index1] = -np.inf
for k in xrange(kMax +1):

ang1p[index2] += c2k [2*k] * (1-eta[index2 ]**2)**(k+0.5*m)
ang1p[index2] += -c2k[2*k] * (k+0.5*m) * (1-eta[index2 ]**2)**(k+0.5*m-1) *

2*eta[index2 ]**2
else:

for k in xrange(kMax +1):
ang1p += c2k [2*k] * (1-eta **2)**(k+0.5*m)
ang1p += -c2k [2*k] * (k+0.5*m) * (1-eta **2)**(k+0.5*m-1) * 2*eta**2

return ang1p

# ----- prolate radial function of the 1st kind -----
def pro_R1(m, n, h, xi):

""" Prolate radial function of the 1st kind """
dr = swfCoeff(m, n, h, 1)
p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
eps = 1e-14
ar = np.zeros(p+1)
rad1 = np.zeros(xi.size)

for r in xrange(s, p+2, 2):
ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
rad1 += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_besselj(m+r, h*xi)

rad1 = rad1 * (1 -1.0/(xi **2))**(0.5*m) / sum(ar)

return rad1

def pro_R1p(m, n, h, xi):
""" First derivative of prolate radial function of the 1st kind """

dr = swfCoeff(m, n, h, 1)
p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
ar = np.zeros(p+1)
rad1p = np.zeros(xi.size)

term1 , term2 = np.zeros(xi.size), np.zeros(xi.size)
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
term1 += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_besselj(m+r, h*xi)
term2 += ( -1.0)**(0.5*(r+m-n)) * ar[r] * h*sph_besseljp(m+r, h*xi)

term1 *= -m/((xi )**(3.0)*(1.0 -1.0/( xi **2)))
rad1p = (term1 + term2) * (1 -1.0/(xi **2))**(0.5*m) / sum(ar)

return rad1p

def pro_R2(m, n, h, xi):
""" Prolate radial function of the 2nd kind """
dr = swfCoeff(m, n, h, 1)
p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
eps = 1e-10
ar = np.zeros(p+1)
rad2 = np.zeros(xi.size)

sw = np.zeros(xi.size)
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
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rad2 += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_bessely(m+r, h*xi)
index1 = np.where(abs(rad2 - sw) > abs(rad2)*eps )[0]
index2 = np.where(abs(rad2 - sw) <= abs(rad2)*eps )[0]
sw = rad2.copy()

rad2[index2] = rad2[index2] * (1 -1.0/(xi[index2 ]**2))**(0.5*m) / sum(ar)

dn = swfCoeff2(m, n, h, dr, 1)
kmn2 = joinFactorK2(m, n, h, dr, dn , 1)
val= np.zeros(len(index1 ))
for r in xrange (-2*m+s, p, 2):

if r < 0:
if m + r < 0:

q1 = legendreQ(m, 1, xi[index1 ])
q0 = legendreQ(m, 0, xi[index1 ])
for k in xrange(0, m+r+1, -1):

qmn = ((2*k+1) * xi[index1] * q0 - (k-m+1) * q1) / (k+m)
q1 = q0
q0 = qmn

val += dn[abs(r)] * qmn
else:

val += dn[abs(r)] * legendreQ(m, m+r, xi[index1 ])[0]
else:

val += dr[r] * legendreQ(m, m+r, xi[index1 ])[0]

for r in xrange (2*(m+1)-s, len(dn), 2):
val += dn[r] * legendreP(m, r-m-1, xi[index1 ])[0]

rad2[index1] = val / kmn2

return rad2

def pro_R2p(m, n, h, xi):
""" First derivative of prolate radial function of the 2nd kind """
dr = swfCoeff(m, n, h, 1)
p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
eps = 1e-10
ar = np.zeros(p+1)
rad2p = np.zeros(xi.size)

sw = np.zeros(xi.size)
term1 = np.zeros(xi.size)
term2 = np.zeros(xi.size)
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
term1 += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_bessely(m+r, h*xi)
term2 += ( -1.0)**(0.5*(r+m-n)) * ar[r] * h * sph_besselyp(m+r, h*xi)
index1 = np.where(abs(term2 - sw) > abs(term2 )*eps )[0]
index2 = np.where(abs(term2 - sw) < abs(term2 )*eps )[0]
sw = term2.copy()

term1[index2] *= (m / (xi[index2 ]**3 * (1-1/xi[index2 ]**2)))
rad2p[index2] = (term1[index2] + term2[index2 ]) * (1-1/xi[index2 ]**2)**(0.5*m) / sum(ar

)

dn = swfCoeff2(m, n, h, dr, 1)
kmn2 = joinFactorK2(m, n, h, dr, dn , 1)
val= np.zeros(len(index1 ))
for r in xrange (-2*m+s, p, 2):

if r < 0:
if m + r < 0:

q1 = legendreQ(m, 1, xi[index1 ])
q0 = legendreQ(m, 0, xi[index1 ])
if s == 0:

for k in xrange(0, m+r+1, -1):
qmn = ((2*k+1) * xi[index1] * q0 - (k-m+1) * q1) / (k+m)
qd = ((k-m)*q0 - k*xi[index1 ]*qmn) / (xi[judge1 ]**2 - 1)
q1 = q0
q0 = qmn

else:
for k in xrange(0, m+r, -1):

qmn = ((2*k+1) * xi[index1] * q0 - (k-m+1) * q1) / (k+m)
qd = (k*xi[index1 ]*q0 - (k+m)*qmn) / (xi[judge1 ]**2 - 1)
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q1 = q0
q0 = qmn

val += dn[abs(r)] * qd
else:

val += dn[abs(r)] * legendreQ(m, m+r, xi[index1 ])[1]
else:

val += dr[r] * legendreQ(m, m+r, xi[index1 ])[1]

for r in xrange (2*(m+1)-s, len(dn), 2):
val += dn[r] * legendreP(m, r-m-1, xi[index1 ])[1]

rad2p[index1] = val / kmn2;

return rad2p

def legendreP(m, n, x):
pmn , pd = np.zeros(len(x)), np.zeros(len(x))
for i in xrange(len(x)):

val1 , val2 = lpmn(m, n, x[i])
pmn[i], pd[i] = val1[m, n], val2[m, n]

return pmn , pd

def legendreQ(m, n, x):
qmn , qd = np.zeros(len(x)), np.zeros(len(x))
for i in xrange(len(x)):

val1 , val2 = lqmn(m, n, x[i])
qmn[i], qd[i] = val1[m, n], val2[m, n]

return qmn , qd

# ===== oblate spheroidal wave functions =====
# ----- oblate angular function of the 1st kind -----
def obl_S1(m, n, h, eta):

""" Oblate angular function of the 1st kind """

dr = swfCoeff(m, n, h, -1)
c2k = coeffC2k(m, n, dr)
s = 0 if (n - m) % 2 == 0 else 1
kMax = (c2k.size - 1) / 2
ang1 = np.zeros(eta.size)

for k in xrange(kMax +1):
ang1 += c2k [2*k] * (1-eta **2)**k

ang1 *= (1-eta **2)**(0.5*m) if s == 0 else eta * (1-eta **2)**(0.5*m)

return ang1

def obl_S1p(m, n, h, eta):
""" Fist derivative of oblate angular function of the 1st kind """
dr = swfCoeff(m, n, h, -1)
c2k = coeffC2k(m, n, dr)
s = 0 if (n - m) % 2 == 0 else 1
kMax = (c2k.size - 1) / 2
ang1p = np.zeros(eta.size)

if s == 0:
if m == 0:

for k in xrange(1, kMax +1):
ang1p += -c2k [2*k] * (k) * (1-eta **2)**(k-1) * 2*eta

elif m == 1:
index1 = np.where(eta == -1.0)[0]
index2 = np.where(eta == 1.0)[0]
index3 = np.where(abs(eta) != 1.0)[0]
ang1p[index1] = np.inf
ang1p[index2] = -np.inf
for k in xrange(kMax +1):

ang1p[index3] += -c2k[2*k] * (k+0.5*m) * (1-eta[index3 ]**2)**(k+0.5*m-1) *
2*eta[index3]

else:
for k in xrange(kMax +1):
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ang1p += -c2k [2*k] * (k+0.5*m) * (1-eta **2)**(k+0.5*m-1) * 2*eta
else:

if m == 0:
ang1p [:] = c2k [0]
for k in xrange(1, kMax +1):

ang1p += c2k [2*k] * (1-eta **2)**k
ang1p += -c2k [2*k] * k * (1-eta **2)**(k-1) * 2*eta **2

elif m == 1:
index1 = np.where(abs(eta) == 1.0)[0]
index2 = np.where(abs(eta) != 1.0)[0]
ang1p[index1] = -np.inf
for k in xrange(kMax +1):

ang1p[index2] += c2k [2*k] * (1-eta[index2 ]**2)**(k+0.5*m)
ang1p[index2] += -c2k[2*k] * (k+0.5*m) * (1-eta[index2 ]**2)**(k+0.5*m-1) *

2*eta[index2 ]**2
else:

for k in xrange(kMax +1):
ang1p += c2k [2*k] * (1-eta **2)**(k+0.5*m)
ang1p += -c2k [2*k] * (k+0.5*m) * (1-eta **2)**(k+0.5*m-1) * 2*eta**2

return ang1p

# ----- oblate radial function of the 1st kind -----
def obl_R1(m, n, h, xi):

""" Oblate radial function of the 1st kind """
dr = swfCoeff(m, n, h, -1)
p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
eps = 1e-14
ar = np.zeros(p+1)
rad1 = np.zeros(xi.size)

index1 = np.where(xi == 0.0)[0]
index2 = np.where(xi > 0.0)[0]
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
rad1[index2] += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_besselj(m+r, h*xi[index2 ])

rad1[index2] = rad1[index2] * (1+1.0/( xi[index2 ]**2))**(0.5*m) / sum(ar)

if s == 0:
nume = ( -1)**(0.5*(n-m)) * (2*h)**m * factorial(m) * dr[0]
deno = (2*m+1) * sum(ar)
rad1[index1] = nume / deno

else:
rad1[index1] = 0.0

return rad1

def obl_R1p(m, n, h, xi):
""" First derivative of oblate radial function of the 1st kind """
dr = swfCoeff(m, n, h, -1)
p = dr.size - 1
s = 0 if (n - m) % 2 == 0 else 1
ar = np.zeros(p+1)
rad1p = np.zeros(xi.size)

term1 , term2 = np.zeros(xi.size), np.zeros(xi.size)
index1 = np.where(xi == 0.0)[0]
index2 = np.where(xi > 0.0)[0]
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
term1[index2] += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_besselj(m+r, h*xi[index2 ])
term2[index2] += ( -1.0)**(0.5*(r+m-n)) * ar[r] * h*sph_besseljp(m+r, h*xi[index2 ])

term1[index2] *= -m/((xi[index2 ])**(3.0)*(1.0+1.0/( xi[index2 ]**2)))
rad1p[index2] = (term1[index2] + term2[index2 ]) * (1+1.0/( xi[index2 ]**2))**(0.5*m) /

sum(ar)

if s == 0:
rad1p[index1] = 0.0

else:
nume = ( -1)**(0.5*(n-m-1)) * h * (2*h)**m * factorial(m) * dr[1]
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deno = (2*m+3) * sum(ar)
rad1p[index1] = nume / deno

return rad1p

# ---- sub functions for oblate radial function of the 2nd kind -----
def qstar(m, n, h, c2k , kmn1):

s = 0 if (n - m) % 2 == 0 else 1
ar = np.zeros(m+1)
qmn = 0.0

ar[0] = 1.0 / (c2k [0]**2)
for r in xrange(1, m+1):

term1 = 0.0
for i in xrange(1, r+1):

term2 = 0.0
for k in xrange(i+1):

term2 += c2k [2*k] * c2k [2*(i-k)]
term1 += term2 * ar[r-i]

ar[r] = -ar[0] * term1

qmn = ar[m]
for r in xrange(1, m+1):

term3 = 1.0
for k in xrange(1, r+1):

term3 *= (2.0*k+s)*(2.0*k-1.0+s)/((2.0*k)**2)
qmn += ar[m-r]*term3

qmn *= ( -1.0)**s * kmn1 **2 / h

return qmn

def coeffBr(m, n, h, c2k , kmn1 , qmn):

s = 0 if (n - m) % 2 == 0 else 1
nm = (c2k.size - 1) / 2
segv = eignValue(m, n, h, -1)
n2 = nm - 2

qt = -2.0 / kmn1 * qmn
v, w, br = np.zeros(nm), np.zeros(nm), np.zeros(n2)
for r in xrange(1, nm):

v[r-1] = (2.0*r-1.0-s)*(2.0*(r-m)-s) + m*(m-1.0)- segv
w[r-1] = (2.0*r-s) * (2.0*r+1.0-s)

if s == 0:
rad1 = obl_R1(m, n, h, np.array ([0.0]))
ref = 1/(h*rad1) - qmn*rad1
for r in xrange(n2):

s1 = 0.0
kStart = r-m+1 if r-m+1 >= 0 else 0
for k in xrange(kStart , nm+1):

r1 = 1.0
for j in range(1, r+1):

r1 *= (k+m-1.0-(r-j)) / j
s1 += c2k[2*k] * (2.0*k+m) * r1

br[r] = qt * s1
else:

ref = -1/(h*obl_R1p(m, n, h, np.array ([0.0])))
for r in xrange(n2):

s1 = 0.0
kStart = r-m+1 if r-m+1 >= 0 else 0
for k in xrange(kStart , nm+1):

r1 = 1.0
for j in range(1, r+1):

r1 *= (k+m-1.0-(r-j)) / j
s1 += c2k [2*(k -1)]*(2.0*k+m -1.0)* r1 if k > 0 else 0
s1 += -c2k [2*k] * (2.0*k+m) * r1

br[r] = qt * s1
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w[0] /= v[0]
br[0] /= v[0]
for r in xrange(2, n2+1):

t = v[r-1] - w[r-2] * h**2
w[r-1] /= t
br[r-1] = (br[r-1]-br[r-2]*h**2) / t

for r in xrange(n2 -1, 0, -1):
br[r-1] += -w[r-1] * br[r]

ref = ref / br[0]
br *= ref

return br

def Gmn(m, n, h, xi, br):

s = 0 if (n - m) % 2 == 0 else 1
nm = br.size
xm = (1.0+ xi **2)**( -0.5*m)
gf0 , gd0 = np.zeros(xi.size), np.zeros(xi.size)

for k in xrange(nm):
gf0 += br[k] * xi**(2*k)

gf = xm * gf0 * xi**(1.0 -s)

gd1 = -m*xi / (1.0+( xi **2)) * gf
for k in xrange(1, nm):

if s == 0:
gd0 += (2.0*k -1.0) * br[k-1] * xi **(2.0*k-2.0)

else:
gd0 += 2.0*k * br[k] * xi **(2.0*k-1.0)

gd = gd1 + xm*gd0

return (gf, gd)

# ----- oblate radial function of the 2nd kind -----
def obl_R2(m, n, h, xi):

""" Oblate radial function of the 2nd kind """
dr = swfCoeff(m, n, h, -1)
p = dr.size -1
s = 0 if (n - m) % 2 == 0 else 1
eps = 1e-10
ar = np.zeros(p+1)
rad2 = np.zeros(xi.size)

index1 = np.where(xi != 0.0)[0]
index2 = np.where(xi == 0.0)[0]

sw = np.zeros(xi.size)
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
rad2[index1] += ( -1.0)**(0.5*(r+m-n)) * ar[r] * sph_bessely(m+r, h*xi[index1 ])
index1 = np.where(abs(rad2 - sw) > abs(rad2)*eps )[0]
index3 = np.where(abs(rad2 - sw) <= abs(rad2)*eps )[0]
sw = rad2.copy()

rad2[index3] *= (1+1.0/( xi[index3 ]**2))**(0.5*m) / sum(ar)

index4 = np.where(abs(rad2) == np.inf )[0]
index1 = np.concatenate ((index4 , index1 ))

c2k = coeffC2k(m, n, dr)
kmn1 = joinFactorK1(m, n, h, dr)
qmn = qstar(m, n, h, c2k , kmn1)
br = coeffBr(m, n, h, c2k , kmn1 , qmn)

gmn = Gmn(m, n, h, xi[index1], br)[0]
rad2[index1] = qmn * obl_R1(m, n, h, xi[index1 ]) \

* (np.arctan(xi[index1 ]) - 0.5*np.pi) + gmn
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if s == 0:
rad2[index2] = -0.5 * np.pi * qmn * sum(c2k) / kmn1

else:
rad2[index2] = br[0]

return rad2

def obl_R2p(m, n, h, xi):

dr = swfCoeff(m, n, h, -1)
p = dr.size -1
s = 0 if (n - m) % 2 == 0 else 1
eps = 1e-10
ar = np.zeros(p+1)
rad2p = np.zeros(xi.size)

index1 = np.where(xi != 0.0)[0]
index2 = np.where(xi == 0.0)[0]

sw = np.zeros(xi.size)
term1 = np.zeros(xi.size)
term2 = np.zeros(xi.size)
for r in xrange(s, p+2, 2):

ar[r] = dr[r] * np.exp(gammaln (2*m+r+1) - gammaln(r+1))
term1[index1] += ( -1.0)**(0.5*(r+m-n)) \

* ar[r] * sph_bessely(m+r, h*xi[index1 ])
term2[index1] += ( -1.0)**(0.5*(r+m-n)) \

* ar[r] * h * sph_besselyp(m+r, h*xi[index1 ])
index1 = np.where(abs(term2 - sw) > abs(term2 )*eps )[0]
index3 = np.where(abs(term2 - sw) < abs(term2 )*eps )[0]
sw = term2.copy()

rad2p[index3] = -m/((xi[index3 ])**(3.0)*(1.0+1.0/( xi[index3 ]**2)))* term1[index3] \
+ term2[index3]

rad2p[index3] *= (1+1.0/( xi[index3 ]**2))**(0.5*m) / sum(ar)

index4 = np.where(abs(term2) == np.inf )[0]
index1 = np.concatenate ((index4 , index1 ))

c2k = coeffC2k(m, n, dr)
kmn1 = joinFactorK1(m, n, h, dr)
qmn = qstar(m, n, h, c2k , kmn1)
br = coeffBr(m, n, h, c2k , kmn1 , qmn)
gp = Gmn(m, n, h, xi[index1], br)[1]
R1 , R1p = obl_R1_all(m, n, h, xi[index1 ])
rad2p[index1] = qmn * (R1p*(np.arctan(xi[index1 ]) - 0.5*np.pi) \

+ R1/(1.0 + xi[index1 ]**2)) + gp

if s == 0:
rad2p[index2] = qmn * sum(c2k) / kmn1 + br[0]

else:
rad2p[index2] = -0.5 * np.pi * qmn * sum(c2k) / kmn1

return rad2p

def proAng1(m, n, h, eta):
flag = 0
if np.isscalar(eta):

eta = np.array([float(eta)])
flag = 1

result = pro_S1(m, n, h, eta)

if flag:
result = result [0]

return result

def proAng1p(m, n, h, eta):
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flag = 0
if np.isscalar(eta):

eta = np.array([float(eta)])
flag = 1

result = pro_S1p(m, n, h, eta)

if flag:
result = result [0]

return result

def proRad1(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = pro_R1(m, n, h, xi)

if flag:
result = result [0]

return result

def proRad1p(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = pro_R1p(m, n, h, xi)

if flag:
result = result [0]

return result

def proRad2(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = pro_R2(m, n, h, xi)

if flag:
result = result [0]

return result

def proRad2p(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = pro_R2p(m, n, h, xi)

if flag:
result = result [0]

return result

def proRad3(m, n, h, xi):
result = proRad1(m, n, h, xi) + 1j*proRad2(m, n, h, xi)

return result
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def proRad3p(m, n, h, xi):
result = proRad1p(m, n, h, xi) + 1j*proRad2p(m, n, h, xi)

return result

def proRad4(m, n, h, xi):
result = proRad1(m, n, h, xi) - 1j*proRad2(m, n, h, xi)

return result

def proRad4p(m, n, h, xi):
result = proRad1p(m, n, h, xi) - 1j*proRad2p(m, n, h, xi)

return result

def oblAng1(m, n, h, eta):
flag = 0
if np.isscalar(eta):

eta = np.array([float(eta)])
flag = 1

result = obl_S1(m, n, h, eta)

if flag:
result = result [0]

return result

def oblAng1p(m, n, h, eta):
flag = 0
if np.isscalar(eta):

eta = np.array([float(eta)])
flag = 1

result = obl_S1p(m, n, h, eta)

if flag:
result = result [0]

return result

def oblRad1(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = obl_R1(m, n, h, xi)

if flag:
result = result [0]

return result

def oblRad1p(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = obl_R1p(m, n, h, xi)

if flag:
result = result [0]

return result

def oblRad2(m, n, h, xi):
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flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = obl_R2(m, n, h, xi)

if flag:
result = result [0]

return result

def oblRad2p(m, n, h, xi):
flag = 0
if np.isscalar(xi):

xi = np.array ([ float(xi)])
flag = 1

result = obl_R2p(m, n, h, xi)

if flag:
result = result [0]

return result

def oblRad3(m, n, h, xi):
result = oblRad1(m, n, h, xi) + 1j*oblRad2(m, n, h, xi)

return result

def oblRad3p(m, n, h, xi):
result = oblRad1p(m, n, h, xi) + 1j*oblRad2p(m, n, h, xi)

return result

def oblRad4(m, n, h, xi):
result = oblRad1(m, n, h, xi) - 1j*oblRad2(m, n, h, xi)

return result

def oblRad4p(m, n, h, xi):
result = oblRad1p(m, n, h, xi) - 1j*oblRad2p(m, n, h, xi)

return result

def wronskian_check(m, n, h, xi, sign =1):

if sign == 1:
exact = 1.0 / (h * (xi**2 - 1))
R1 , R1p = proRad1(m, n, h, xi), proRad1p(m, n, h, xi)
R2 , R2p = proRad2(m, n, h, xi), proRad2p(m, n, h, xi)

else:
exact = 1.0 / (h * (xi**2 + 1))
R1 , R1p = oblRad1(m, n, h, xi), oblRad1p(m, n, h, xi)
R2 , R2p = oblRad2(m, n, h, xi), oblRad2p(m, n, h, xi)

wronskian = R1 * R2p - R1p * R2

error = abs(exact - wronskian) / exact * 100

print("\nWronskian check")
print("xi exact calculated error [%]")
for cnt in xrange(len(xi)):

print("%2f %e %e %e" %(xi[cnt], exact[cnt], wronskian[cnt], error[cnt]))

print("max error : %e\n" %max(error))

return
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if __name__ == ’__main__ ’:
import sys
argvs = sys.argv
argc = len(argvs)
if argc != 7:

print("Please check the arguments are correct")
quit()

m, n, h = int(argvs [1]), int(argvs [2]), float(argvs [3])
xi_min , xi_max = float(argvs [4]), float(argvs [5])
sign = int(argvs [6])
xi = np.linspace(xi_min , xi_max , 11)
wronskian_check(m, n, h, xi, sign)# $
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ँࣙ

ຊ࿦จ͸ɼචऀ͕۝भେֶେֶӃܳज़ֶ޻෎ ܳज़ֶ޻ઐ߈ത࢜՝ఔʹ͓͍ͯɼಉઐ߈ ࠸ౡढ़ࡻ

।ڭतͷ͝ࢦಋͷ΋ͱڀݚͨͬߦΛ·ͱΊͨ΋ͷͰ͢ɻ

ಋ͝ฬᎪΛ͍͖ͨͩɼ·ͨղੳͷ͓΋͠Ζ͞ɾԞਂ͞ࢦ࢝͝ऴͯؔ͠ʹڀݚतʹ͸ɼຊڭౡ।ࡻ

Λ͖͍ͩͨͯ͑ڭ·ͨ͠ɻ͜͜ʹਂँ͍ͨ͠·͢ɻ

ಉઐ߈ तʹ͸ɼຊ࿦จΛ͝ਫ਼ಡ͍͖ͨͩɼ༗ӹͳίϝϯτڭतͳΒͼʹඌຊষ।ڭᚸҰ࿠ٶؠ

Λ͍͖ͨͩ·ͨ͠ɻ͜͜ʹਂ͓͘ྱਃ্͛͠·͢ɻ

ࢯయٱ౻ձࣾͷᴡࣜגػͳΒͼʹϠϚϋൃಈ࢜ॴͷอᅳዳҰതڀݚ৘ใֶཱࠃͰ͋Δऀڀݚಉڞ

ʹ͸ɼڞஶ࿦จΛຊ࿦จͷߟࢀ࿦จͱͯ͠ఏग़͢Δ͜ͱʹ͝շ୚͍͖ͨͩ·ͨ͠ɻ͜͜ʹਂ͓͘ྱ

ਃ্͛͠·͢ɻ

ֶձ΍ڀݚձʹ͓͍ͯ͸ɼ౦ژେֶͷؒٱࠤ఩࠸।ڭत΍ਆಸ઒େֶͷ҆ా༸հ।ڭतΛ͸͡Ί

ͱ͠ɼଟ͘ͷํʑ͔ΒຊڀݚͷҐஔ͚ͮɾҙٛʹର͠༗ӹͳΞυόΠεΛ͍͖ͨͩ·ͨ͠ɻ͜͜ʹ

͓ྱਃ্͛͠·͢ɻ

ഐͷํʑʹ͸ɼ೔ৗͷٞ࿦ΛޙͷઌഐɾࣨڀݚΛ͸͡Ίɼࢯ݈࢘ాتաͨ͝͠ʹڞͰࣨڀݚౡࡻ

ͱ͓ͯ͠ଟ͘ͷ஌ࣝ΍ܹࢗΛ͍͖ͨͩ·ͨ͠ɻ͜͜ʹ͓ྱਃ্͛͠·͢ɻ

ͯ͑ࢧΛ׆ձΛ༩͑ͯͩ͘͞Γɼ·ֶͨੜੜػ՝ఔʹਐֶ͢Δ࢜ͳΓ·͕ͨ͠ɼචऀʹതʹޙ࠷

ͩͬͨ྆͘͞਌ʹ͍ͨ͠ँײ·͢ɻ


