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Chapter 1

Introduction

Investigations into special orthogonal polynomial systems by using unitary transformations
have a long history. We actually historically know that the composition of Laplace and
Cayley transforms provides correspondence between Laguerre and power polynomials. In
addition, Shen [She] established a connection between Laguerre polynomials and circular
Jacobi polynomials using a Fourier transform, and Koornwinder [Ko] found a link between
Laguerre and Meixner-Pollaczek polynomials by using a Mellin transform.

Let us describe the picture in the one variable case more precisely. We put a > 1,
I'(a+m m —m
(@) = HoE = a(a+ 1) (a+m—1), (}) = (~)"FE, D= {w e C| v < 1},
T:={2€C|Rez>0}, H:={2€C|Imz>0},0H=R, X:={c€C|o =7}, mis
the Lebesgue measure on C. Further, we introduce the following function spaces and their
complete orthogonal bases.

(1) fr(ff ) : power polynomials

HZ(D) :={f : D — C| f is analytic in D and || f]|2 5 < oo},
a—1 _
1712 = /D F@)E(1 = [w?)*? m(dw),

) = D

m!
(2) Jai Cayley transform of the power polynomials
H2(T) :={F : T — C| F is analytic in T and ||F|]2 ; < oo},

a—1 o
= | IF@P ),

- 2R(15)" ()"

170G =




(3) @/Jﬁ,? ) ;exponential multiplied by Laguerre polynomials
Liy(Rs0) == {¢ : Roo — C| [¥[3 ., < 00},
[l = g [ P
o) = e o) = e S (1) e

k=0

(4) q,(ﬁ‘ )(s) ; Meixner-Pollaczek polynomials
Liy(R) = {g: R — C|[lql5z < oo},

12 [ 2
lgl2 g = ———— [ la)P|T (is+ )| ds,
27 () 2

@) () 1= i~m P37 <S; g) = % i(_l)k (Z) %2

Im

(5) plo )(t) Modified Fourier transform of the Laguerre polynomials

H2(0H) :={¥:R — C| ||\I/||33H < oo and V¥ is continued analytically to H
as a holomorphic function which satisfies with

|W(x +iy)|* dr < oo} ,

o0

sup —
0<y<oo 2m

(&) g0 oo
v —2 7 ()] dt
912 o = = g | 1O

(6) P (o) ; circular Jacobi polynomials
H%(X) :={¢: X — C | ¢ is continued analytically to D as a holomorphic function

and [|¢]7 5 < oo},
a—1 m(dU)

I = i [P =T 1 —a)F mE
a+1
( ) (1—0’)k.

¢7(5)0 ::(—mzm% ( ) ()

m!

We remark that
(@)m

150e = I War = 15 om0 = I e = 1952 [ 0m = 162155 = =1
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Furthermore, the following unitary isomorphisms are known.
Modified Cayley transform 1

ColHA(T) = HA(D), (CPF)(w) = (1 —w)™“F <1+—w) :

1—w

Modified Cayley transform 2

a+1

C-l: HX(0H) S HA(D), (C2'W)(0) = (1_“> ) \If(z'H“).

l—0

Modified Laplace transform

Lo : L2(Rsag) = HA(T), (Loth)(2) := FQ(Z) /000 e u 1) (u) du

Modified Mellin transform

- 1 e
Mo I2(Rag) 5 L2(R), (Mat)(s) i= ﬁ/ w145 ) du
2
Modified (inverse) Fourier transform
Fit+ (o) 5 HAOH), (P00 = gy [ e vty
P} 0

To summarize, we obtain the following picture given by the unitary transformations.

(6) (5)

SO NPRE /1CY
m

H2(X) <—— H?(0

a

m
2(0H)
HAD) = WD) R =5 2(R)

Y W Y W

Y = B e ) g

(1) (2) (3) (4)

Moreover, some parts of the picture have been generalized to the multivariate case. That is

HaD)Y — HUTQ)N < LAQF — LIRS (1.0.1)
oqt Lo Mo

Here, as we will introduce the notations in Chapter 2, () is the symmetric cone and T§, is
the associated tube domain with 2. From this picture, similar to the one variable case, we
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obtain the well-known correspondence between Laguerre and spherical polynomials. A link
between Laguerre and Meixner-Pollaczek polynomials from a spherical Fourier transform has
recently been established that was also established by Davidson, Olafsson and Zhang [DOZ],
and Faraut and Wakayama [FW1]. This setting is not only beneficial for introducing the
above orthogonal systems, but also studying their fundamental properties (orthogonality,
generating functions, difference or differential equations and recurrence formulas).

This thesis has two purposes. The first is to study a multivariate analogue of the results
obtained by Shen [She]. Namely, we consider a modified Fourier transform of L2(Q)% and
multivariate Laguerre polynomials. Using this unitary isomorphism and the modified Cayley
transform, we introduce some new multivariate special orthogonal polynomials, which are
a multivariate analogue of circular Jacobi polynomials. These polynomials, which we call
multivariate circular Jacobi (MCJ) polynomials, are generalizations of the spherical (zonal)
polynomials that are different from the Jack or Macdonald polynomials, which are well
known as an extension of spherical polynomials. We also remark that the weight function
of their orthogonality relation coincides with the circular Jacobi ensemble defined by Bour-
gadeetal. [BNR|. Furthermore, we provide a generating function for the MCJ polynomials
and a differential equation that is satisfied by the modified Cayley transform of the MCJ
polynomials.

The second purpose is to introduce some multivariate discrete orthogonal polynomi-
als within the setting (1.0.1) that are multivariate analogues of Meixner, Charlier and
Krawtchouk polynomials, and to establish their main properties, that is, duality, degener-
ate limits, generating functions, orthogonality relations, difference equations and recurrence
formulas. A particularly important and interesting result is that “the generating function of
the generating function” for the Meixner polynomials coincides with the generating function
of the Laguerre polynomials. We derive the above properties for the multivariate Meixner,
Charlier and Krawtchouk polynomials from some properties of the multivariate Laguerre
polynomials and the unitary picture (1.0.1) by using this key lemma. This scheme has pre-
viously not been known even for the one variable case. It is also interesting to note that there
is correspondence between Laguerre and Meixner polynomials. The former has orthogonality
defined by the integral on the symmetric cone and the latter is defined by the summation
on partitions.

Let us now describe the content of the following chapters. The basic definitions and
fundamental properties of Jordan algebras and symmetric cones, and lemmas for analysis on
symmetric cones and tube domains have been presented in the first section of Chapter 2, so
that they can be referred to later. The next section presents a compilation of basic facts for
the multivariate Laguerre polynomials and their unitary picture. In particular, we construct
the unitary isomorphism between L2 (€2)* and L2 ,(R")®r. Since we do not need to use the
Gutzmer formula, our construction is much simpler than [FW1] and is regarded as a multiple
analogue of Koornwinder’s construction [Ko|]. Based on these preparations, in Chapter 3, we
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complete the picture (1.0.1) as follows

Ha(D)* % HAT) «—  LAQF —— LR
In addition, using the above picture, we obtain the MCJ polynomials and their fundamental
properties which are one of the main results in this thesis. The other main results on some
multivariate discrete orthogonal polynomials are discussed in Chapter 4.

Finally, in the appendix, we extend the results for the operator ordering problem that is
to related the Meixner-Pollaczek polynomials in [Kol, [HZ].
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Chapter 2

Preliminaries

Throughout the paper, we denote the ring of rational integers by Z, the field of real numbers
by R, the field of complex numbers by C, the partition set of length r by &2

P ={m=(my,...,my) €Ly |mi>--->m,}. (2.0.1)
For any vector s = (s1,...,s,) € C", we put
Res := (Resy,...,Res,), (2.0.2)
|s| == s1+ -+ s, (2.0.3)
I8l == ([sal,-- - [se])- (2.0.4)

Moreover, for m € &
m!:=mq!---m,!

and we set 6 := (r — 1,7 —2,...,1,0). Refer to Faraut and Koranyi [FK] for the details in
this chapter.

2.1 Analysis on symmetric cones

Let € be an irreducible symmetric cone in V' which is a finite dimensional simple Euclidean
Jordan algebra of dimension n as a real vector space and rank r. The classification of irre-
ducible symmetric cones is well-known. Namely, there are four families of classical irreducible
symmetric cones II.(R), I1,.(C), II,.(H), the cones of all r x r positive definite matrices over
R, C and H, the Lorentz cones A, and an exceptional cone II3(Q) (see [FK]p.97). Also, let
VC be its complexification. For w, z € VC, we define

L(w)z = wz,
wlz := L(wz) + [L(w), L(2)],
P(w, z) == L(w)L(2) + L(z) L(w) — L(wz),
P(w) := P(w,w) = 2L(w)? — L(w?).



We denote the Jordan trace and determinant of the complex Jordan algebra VC by tr x and
by A(x) respectively.

Fix a Jordan frame {cy,...,c.} that is a complete system of orthogonal primitive idem-
potents in V' and define the following subspaces:

V= {r € V| Liey)x = a},

1 1
Vi := {x € V‘L(cj)x =52 and L(cg)zx = —x} :

2
Then, V; = Re; for j = 1,...,r are 1-dimensional subalgebras of V', while the subspaces Vj
for j,k =1,...,r with 7 < k all have a common dimension d = dimg Vj;. Then, V has the

Peirce decomposition

(@) (2]

which is the orthogonal direct sum. It follows that n = r + &r(r — 1). Let G(Q) denote
the automorphism group of €2 and let G be the identity component in G(2). Then, G acts
transitively on Q and Q = /K where K € G is the isotropy subgroup of the unit element,
e € V. K is also the identity component in Aut (V).

For any = € V, there exists k € K and Aq,...,\, € R such that

r=k> Nej, (M ==\

From this polar decomposition, we obtain the following integral formula (see [FK] Theorem VI.

Lemma 2.1.1. Let f be an integrable function on V. We have

dr = ¢ kX Ay — N|Edkd)y - - - d),. 1.
[r@dar=a [ an TI =l dra (211

1<p<g<r

Here, dx is the Fuclidean measure associated with the Fuclidean structure on V' given by
(ulv) = tr(uv), dk is the normalized Haar measure on the compact group K, A =375 | Ajc;
and ¢y is defined by

r nor gl
= H +1) 2” HFF ; (2.1.2)

gl 2=7 + )

In particular, for f € LY(V)E

/f(a;)dx:a)/ FOu o) TT = Al d - di, (2.1.3)
v .

1<p<q<r

2.3).



As in the case of V, we also have the following spectral decomposition for V. Every z

in V€ can be written
,
z=u E Ajcj,
=1

with u in U which is the identity component of Str(VE) nU(VE), \; > -+ > )\, > 0.
Moreover, we define the spectral norm of z € VC by |z| = A\; and introduce open unit ball
D € VT as follows.

D={zeV"||z| <1}

We define ¥ as the set of invertible elements in V® such that z~! = %, which coin-
cides with the Shilov boundary of D. For ¥, the following result is well known (see [FK]
Proposition X.2.3).

Lemma 2.1.2. For z € VC, the following properties are equivalent:

i)z € %,

(i) z=e? =" e%c; with=37"_ 0;¢c; €V,

(ii) z € c~1(V),

where ¢ (t) := (t —ie)(t +ie)™! = e — 2i(t +ie)™" is called the inverse Cayley transform.
We will later need the following integral formula on ¥ to describe the MCJ polynomials.

Lemma 2.1.3. Let p denote the measure associated with the Riemannian structure on X
induced by the Euclidean structure of V.
(1) If ¢ is an integrable function on X, then

/E 6(0) dp(o) = 2" /V (=1 (1)|A e — it) 2|2 dt. (2.1.4)

(2) If U is an integrable function on' V', then

/pr(t) dtzzn/xp(c(o—))m(e—a)H?du(a). (2.1.5)

2

Here, c is a Cayley transform defined by c(o) :=i(e + o)(e — o)™t = —ie + 2i(e — o)7L

(3) If ¥ is an integrable function on V' and a K-invariant, then
/ o) du(o) = [ o(e®) T 16 — e™[2doy - db,. (2.1.6)
= s 1<p<q<r
Here, S" is the direct product of r copies of S*.

Proof. (1) is Proposition X.2.4 of [FK] itself and (2) also immediately follows from some
proposition. Hence, we only prove (3).
Let ¢ € L'(X)®. Since for any k € K

U (kt) = (k(t — ie))(k(t +ie)) ™" = k((t +ie)(t — ie) ™) = ke (t),
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from Lemma2.1.1, we have

/¢ ) du(o /¢ L) A(e +t3)7 " dt

=2”c"6/ S(c (kA)A(e+ (k)7 [T 1A = Agl“dkdA - - dA,
K xR"

1<p<g<r

=2'G [ S WA+ X)) T A — AghdAr - dA,
R’I‘

1<p<g<r

If we put \; = —cot (é) then

Zcot( )c] _ zzizz (Zu +ei"f)cj> (Zu —ewl)cl) o ().

j=1 =1
Therefore,
2(2-1) 1 d
— a 16, -0
o(o) du(o) =273 | () [ sin (—J) o (;( b =) | 4 s,
= Sr =1 1<p<q<r | SIN <3 sin (g)
_ 6{)/ ¢<619) H |626'p 19q|d do do
’ 1<p<q<r
m

For j=1,...,r,let ej :=c; +---+¢;, and set
VU = {z e V| L(ej)z = x}.
Denote the orthogonal projection of V' onto the subalgebra V) by P;, and define
Aj(x) = 85(P)
for x € V, where 0; denotes the Koecher norm function for V0. In particular, 6, = A.

Then, A; is a polynomial on V' that is homogeneous of degree j. Let s := (sq,...,s,) € C"
and define the function Ag on V' by

Au(z) o= Adx)r [T A (). (2.1.7)

That is the generalized power function on V. Furthermore, for m € &, A,, becomes a
polynomial function on V', which is homogeneous of degree |m|.
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The gamma function I'g for the symmetric cone 2 is defined, for s € C", with Res; >

dG—-1)(j=1,...,r) by
Tas) = /Q @A (2)A(2)F da.

Its evaluation gives
,

Fofs) = (2m)% [ 1 (ss-50-1).

Hence, I'g extends analytically as a meromorphic function on C".

Lemma 2.1.4. For anyy € Q,8 € C,Re83 >0 and Res; > g(j —1):

/Qe‘“y'%swmm)-? dr = To(s)As((By)™)-

For s € C" and m € &, we define the generalized shifted factorial by

S ="TT6

It follows from (2.1.9) that
r d .
Sn =TI (5-56-1) -
=1 ™;
Lemma 2.1.5. Ifs € C",m,k € & and m D Kk, then

(8)m | _ (sl +d(r —1)
(S)e | = (lIslf +d(r —1)

)m
.

(2.1.8)

(2.1.9)

(2.1.10)

(2.1.11)

(2.1.12)

(2.1.13)

Proof. We remark that for any s € C,N € Z> and j = 1,...,r, the following is satisfied.

Hence,

r

d, .
(Sj + /ﬂj — 5(] — 1))
mj—k;

Jj=1 3
T d .

<11 3]+ - d(r = 1) = 5 — 1)
j=1 mj—Fk;j

(sl +d(r = 1)),

(Isll +d(r = 1)),

12

d d d
s+N—§(j—1)‘S]5|—|—N—|—d('r—1)—§(j—1):]5\+N+§(2r—j—1).



Corollary 2.1.6. Ifs€ C",m € &, then

|(8)m| < ([Isll +d(r = 1))m Ilbﬂ+dr—1» (2.1.14)

The space, P(V), of the polynomial ring on V' has the following decomposition.

:®Pma

me

where each P, are mutually inequivalent, and finite dimensional irreducible G-modules.
Further, their dimensions are denoted by dp,. For dp,, the following formula is known (see,
[Up] Lemma 2.6 or [FK]p.315).

Lemma 2.1.7. For any m € &2,

_ c(—p)
dm_c@—nﬁdm—p) (2.1.15)

vieer  3a—p) B (my —mq, §(q — p +1))
M) = 1 d I (m, —mg+4qg—p+1))
= my, —mg + (¢ —p)) - :
T (57) EF(%;‘)Q 1S1];[q§r( Pty [ (my—mg+5(g—p—1)+1)
(2.1.17)

Here, p=(p1,...,pr), pj = %(2j —r — 1), and c is the Harish-Chandra function:

In particular, for d = 2

2
dn= ]I ("%_”%+q_p) = sm(l,...,1)% (2.1.18)

Here, sy is the Schur polynomial corresponding to m € & defined by

det (A7#F77F)

O N =
sm( M ) det (VT F)

The following lemma is necessary to evaluate the Fourier transform of the multivariate
Laguerre polynomial.
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Lemma 2.1.8 ([FK] Theorem XI.2.3). For p € Py, Rea > (r — 1)%, and y € Q +1iV,

/Q () A2)* % dz = To(m + a)A®) “py). (2.1.19)

Here, « is regarded as (a,...,a) € C".

For each m € &, the spherical polynomial of weight |m| on 2 is defined by
O (g) = / A (k) d. (2.1.20)
K

We often omit multiplicity d of W (). The algebra of all K-invariant polynomials on V,
denoted by P(V)X, decomposes as

PV = @ CPp.

meY

By analytic continuation to the complexification V¢ of V, we can extend tr, A and ®,, to
polynomial functions on V.

Remark 2.1.9. (1) Since ®,,, € PEK, for z = k > j=1AiCjs Pm(z) can be expressed by

Pn(Ar,. s N) o= Py (Z Ajcj) (= P (2)).
j=1
®,,(x) also has the following expression (see [F]).

PO )

d
(A, N = P(%)(l . .
SUCT

(2.1.21)

2
Here, Plgd)()\l, ..., A\;) is an r-variable Jack polynomial (see [M], Chapter. VI.10). In partic-
ular, since Plgl)()\l, e Ar) = Sm(AL, A, ®{? becomes the Schur polynomial.

smOA, A 5!

PNy, ... \) = =
m( . ’ ) Sm(17"'71) Hp<q(mp_mq+q_p

)sm()\l,...,/\r). (2.1.22)

(2) When r = 2, @ has the following hypergeometric expression (see [Sa]).

—(my —ma),d A — A
(I)gz,mQ()‘h)‘Q):)‘gnl)‘gnZQFl( <m1 dm2>’2; 1)\1 2)

Gosomp, (_ ~ra—maf ),

( )m1—m2 my _mQ) _§+1’)‘_1

— M1 yym2
_)‘1 )‘2

Q| vl

14



We remark that the function ®,(e + ) is a K-invariant polynomial of degree |m| and
define the generalized binomial coefficients (11’:) 4 by using the following expansion.
2

m d
OW(e+a)= > (k>d<I>l(()(:c). (2.1.23)
|k|<|m]
For (rli‘)%, we also often omit g. The fact that if k ¢ m, then (Ilz’) = 0, is well known. Hence,

e Bunletz) =Y (I;‘) Oy (). (2.1.24)

kCm

Lemma 2.1.10. For z = UZ;:1 Ajicj withuw e U, \y > --- >\, >0 and m € &, we have
1D (2)] < AT < A =@ (), (2.1.25)

Lemma 2.1.11. For any o € C,z € D,w € D, we have

> dm%%(z)%(w) = A(w)“"/ A(kw™ — 2)~* dk. (2.1.26)

meX (%)m K

The spherical function, g, on  for s € C" is defined by

pulw)i= [ Dyl (2.1.27)
K
We remark that for x € €}
ps(z7) = ps() (2.1.28)
and for z € Q,m € &
Pm(z) = Pm—p(T). (2.1.29)

Let D(Q) be the algebra of G-invariant differential operators on 2, P(V)¥X be the space
of K-invariant polynomials on V, and P(V x V)¢ be the space of polynomials on V x V,
which are invariant in the sense that

p(9z, &) = p(r,g%¢), (9 €q).

Here, we write g* for the adjoint of an element g (i.e., (gz|y) = (x|g*y) for all z,y € V'). The
spherical function g is an eigenfunction of every D € D(Q2). Thus, we denote its eigenvalues
by 7(D)(s), that is, Dos = v(D)(s)eps.
The symbol op of a partial differential operator D which acts on the variable x € V' is
defined by
Del™® = g1 (z,£)e™®) (z,€ € V).

Differential operator D on 2 is invariant under G if and only if its symbol op belongs to
P(V x V)9 In addition, the map D + op establishes a linear isomorphism from D(£2) onto
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P(V x V). Moreover, the map D ~ op(e,u) is a vector space isomorphism from D(Q)
onto P(V)E. In particular, for k € 2, s € C", we put

e(8) = 7 (Pu(0e))(8) = Puc(Dr) s ()] = (2.1.30)

Here, @y (0,) is a unique G-invariant differential operator, which is satisfied with
Ta(0,)(e, &) = Pi(§) € PV)E, ie., @k(ax)e@'%:e = D (6)eTC.

We remark that ®(9,) = 0% and y(s) = s(s — 1)+ (s — k + 1) in the r = 1 case, and for
any a € C, k € &, we have
mla —p) = ()M (—a). (2.1.31)

The function vp is an r variable symmetric polynomial and map D + ~p is an algebra
isomorphism from D(£2) onto algebra P(R")®r, which is a special case of the Harish-Chandra
isomorphism.

Lemma 2.1.12. If 5 € C,Re8 > 0,Res; > %(r — 1), then for allk € &, we have
/ e PP (1) s (u)A(u) "7 du = (—1)M B0 g (s + p)yi(—s). (2.1.32)
Q

Here, we choose the branch of 575!, which takes the value 1 at = 1.

Proof. We remark that the left hand side of (2.1.32) is converges absolutely under the as-
sumptions. Hence,

[ A0 du = (-5)M [ (@) o)A@ du
Q Q

= ) Mu(0,) [ [ A ) M) i

r—=e

= (—=8) M@y () /K /Q e Bhel AL () A(u) ™ dudk

Tr=e

By Lemma2.1.4,

Therefore,

/ﬂe—ﬂtr ”(Pk(u)gps(u)A(u)_% du = (_1)\k\5—ls+klrﬂ(s + P)‘I)k(az) /K As+p(kx—1) dk

= (— )M BTEIG (5 + p) Py (9,) 9o (%) |ome-

Ir=e
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If a K-invariant function ¢ is analytic in the neighborhood of e, it admits a spherical
Taylor expansion near e:

(e + ) de {cpk 1 )1(2) | e } P ().

ke 7‘ k

By the definition of -, we have
1
ps(le+x) = Z dkw’Yk(S)q)k(x)'
Kk

Since P, = Ym—p,

(Illz) di (Tl)k%c(m p)-

For a complex number «, we define the following differential operator on €2:
D, = A(z)' ™ A(9,)A(z) 2.
For this operator, we have
. d
D,)(s) = —a+Z(r=1)). 2.1.33
(D)) H( ot {1 (213
The operators Dj%, = 0,...,7 — 1 generate algebra D(2).

Lemma 2.1.13. For all k € &2, there exist some constant C > 0 and integer N such that
for any s € C”

ha(s)l < O] <|Sl| + le(r — 1)> . (2.1.34)

T d N
sl < I (i + 50 -1) (2.1.35)
Proof. Since algebra D(2) is generated by Dj%, j=0,...,r =1, for &y (0,) € D(Q),
@)= D0 e Dy DTy

lo,...,lr—1;finite

Here, we remark that for j =0,...,r —1

T

H(8;+Z(r—1) d )

=1

HDagy1)(5)] =

Therefore,

N
IS Y iy, 1Dy ()" ADpya)(s “1<0H(\slr+ r—l)).
=1

lo,...,lr—1;finite

We immediately derive (2.1.35) from (2.1.34). O
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Lemma 2.1.14. For all s € C", there exist some | € Z>y and some constant C' > 0 such
that for alll Ck € &

I'o(Re(s) + p+ k)
To)| = C

Proof. For fixed s € C", we assume the integral

/Q € 1By (1) Ay () D) | du

I'o(Re(s) + p)
FQ(S)

nl(=s)f < C

’ (IRe(s)|| +d(r —1))k.  (2.1.36)

converges absolutely. Hence, for all [ C k € &7,
/ e Uy () Ay, () A (1) | du < 00,
Q

By Lemma2.1.12,

n

1)kl
(s) = o [ A AW du

Hence,

1
[Ca(s)]

1 n
< //e_““Ak(u)ARe(S)+p(ku)A(u)_rdudk.
Ca(s)| Jk Jo

IN

(=3 / e (1) A ()| A ()% ds

Since K is a compact group and | Ak =1, there exists some k € K such that

//e_tr“Ak(u)ARe(sHP(k‘u)A(u)_: dudk:S/e_tr“Ak(u)ARe(s)+p(Eu)A(u)_7 du.
K Jo Q

Moreover, since Ay is a homogeneous degree |k| polynomial and k € K is a linear transfor-
mation on V', there exists some constant C' > 0 such that

n

e ) e p(w D) Fdu € [ e ) D) F d
Q Q

Therefore, by using the definition of I'g, we have

Me(—s)| < |F§S)| /98_ U AR, (S)+p+k(u)A(u)_% du
I'o(Re(s)+p+k)

Ca(s)|
FQ(RG (S) + ,0)
La(s)
I'o(Re(s) + p)

FQ(S)

=C

IA
Q

\ (Re (s) + ol

IN

C

\ (IRe (8)]) + d(r — D)

18



T

The final inequality follows from
d,.
Re(s) + il =TT | (Re(o)+ 5 - 56 - 1)
j,l k

< H (|Re (r - 1>)k < (IRe (8)]| + d(r — D

J

J

Lemma 2.1.15. For allm,k € &2, we have

Y(m — p) > 0. (2.1.37)

Proof. Since v (m — p) = i (%)k (%) and dx, (%)k > 0, it suffices to show (') > 0 for all
m, k € &. From [OO], generalized binomial coefficients are written as

(m) _ B (myg)
kg Hpl
where P} (m; £) is the shifted Jack polynomial and H ) (k) > 0 is a deformation of the hook

length. Moreover, by using (5.2) in [OO]

. d 4_dimm/k
B (m; —) _ /K ml — 1) - (Jm - k] + 1),

2 Ql— dim m

Further, the positivity of the generalized dimensions of the skew Young dlagram -dimm/k,
follows from (5.1) of [OO] and Chapter VI. 6 of [M]. Therefore, we obtain the p081t1V1ty of
the shifted Jack polynomial and the conclusion. O

Theorem 2.1.16. (1) Forw e D,k € &, a € C, we have

() A (e — w) ™ Py (w( =) dyr (X — p) D (w), (2.1.38)
xeP 7“ X
Here, we choose the branch of A(e —w)~* which takes the value 1 at w = 0.
(2) Forw € V€ k € P, a K-invariant analytic function e Y ®y(w) has the following expan-
S10M.
xeP 7" X

Proof. (1) We take w = Uzj:1)\jcj € Dwithue Uand 1> X > ... > )\, > 0. By
Lemmas 2.1.10 and 2.1.13, there exist some C' > 0 and N € Z>( such that
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Therefore, the right hand side of (2.1.38) converges absolutely. By analytic continuation, it
is sufficient to show the assertion when Rea > 4(r — 1) and w € QN (e — Q) C D.

0.) " dy ?f (2)®(w)

xS 7“

z=e xXEP X

= > demnx = p) ().

XEP

=Y d EO‘;" B1e(.) P (2)]s—e P (W)
(@)
(%)

X

On the other hand,

0.y d Z D (w)

xXeP

= @k(ﬁz)A(w)_a/ Alkw™ — 2)"*dk

K

z=e€ z=e

= Alw)™ /K Pp(0)A(kw™" — 2)7|___dk.

Here, from kw™' — z € Ty, for all k € K and Lemma 2.1.8,

1
FQ(O()

91(04) /
" To(a) /
= ()kA(w™

Dy (0)A(kw™! — 2)7%|__, = u(0.) / ke A ()0 A () da

p1

e

Q

0.)e™) | eI A () A ) E da
) —(kx|(w™ -

(I)k(
(I)k(
—e) P ((wt —e)™h).

Therefore,

= A(w)™“ /K(oz)kA(w_l —e) P ((w™ —e) ) dk

= (a)Ae — w) @y (w(e —w) ™).
(2) Since the right hand side of (2.1.39) converges absolutely due to a similar argument of
(1), we have
-« -1
e Py (w) = lim (a)kA (e — E) Py (E (e — E) )
a—+00 (0] (0] (0]

-t o (2)

xXEP 7‘
Zd vk x — p) Oy (w).
xXeEP T
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Next, we preview the gradient for a C-valued and V-valued function f on simple Euclidean
Jordan algebra V. In this parts, we refer to [Di]. For differentiable function f:V — R and
z,u € V, we define the gradient, Vf(x) € V, of f by

(VI @)fu) = Duf(x) = 5 fla + tu)

t=0

For a C-valued function f = fi + ifs, we define Vf = Vf; + iV f,. For z = 2 +iy € VC,
we define D, = D, +iD,. Moreover, if {e;,...,e,} is an orthonormal basis of V' and
x =" xe; € VE then

We remark that this expression is independent of the choice of an orthonormal basis of V.
For a V-valued function f :V — V expressed by f(z) =3"_, fj(v)e;, we define V f by

Vf(z)= Z afj(x)ejel.

=1 Oz
That is also well defined. Let us present some derivation formulas.
Lemma 2.1.17. (1) The product rule of differentiation: For V -valued function f,h, we have

tr (V(f(x)h(x))) =tr (Vf(z))h(z)+ f(z)tr (Vh(z)). (2.1.40)

For C-valued functions f,h,

V(f(@)h(z)) = (Vf(z)h(z) + f(2)(Vh(z)). (2.1.41)
©) )
Vz = e (2.1.42)

(3) For any invertible element v € V',

tr (xV)a™ ' = tr (x(Va ™)) = —gtr x (2.1.43)

(4) For 3 € C and an invertible element v € VC,

V(A(2)?) = BA(z) Pzt (2.1.44)
(1),(2), and (4) are well known (see [FK], [Di], and [FW1]). (3) follows from (1), (2), and
V(zz™') =V(e) = 0.

The following recurrence formulas for the spherical functions, some of which involve the
gradient, are also well known (see [Di] and [FW1]).
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Lemma 2.1.18. Lets € C" and x € V. Put

a;(s) = % — g ‘%Sji—k;% (2.1.45)
Then,
(ir 2)ala) = Zw (@) (2.1.46)
(o) = 22 (550 =1 ) 9o 147
(ir (2V))pa(r) = Z (50 1= 1) as)pess (0. (2.1.43)

Finally, we provide a Plancherel theorem, which is needed to investigate the MCJ poly-
nomials.

Lemma 2.1.19. Put

LX(Q) == {¢: Q@ — C | [[$]|§ < o},
H*(V) :={V:V — C |V is continued analytically to Hq as a holomorphic function
and || V]| < oo} .

Here,

il = [ WP 91 = g [ wor e

The (inverse) Fourier transform of an integrable function, 1, on Q is defined as

(F~1)(t) := / ey (u) du. (2.1.49)
Q
We have
F~1L2(Q) = H*(V) (unitary). (2.1.50)
In particular,
F7Uo L2 ()F = HA2 (V)X (unitary). (2.1.51)

Proof. From Theorem IX.4.1 in [FK], we have
F':L%(Q) S H?(Hg) (unitary),
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where

H?(Hg) = {V : HQ =V + i) — C | U is analytic in Hq and ||\I/HH < o0},

91, = sup oo [ [+ i)
Hq 271.)n v

ye

FI()() = / ¢ () du

Moreover, from Corollary IX.4.2 in [FK], for function ¥ € H2(Hg), y € €2, we write \T/y(x) =
U(z + iy); then,

lim ¥, =V, Wo(t) := /Qei(t")ﬂ)(u) du = F~(a)(t),

y—0,y€N

exists in L2(V) and the map U — W, is an isometric embedding of H2(Hg) into L2(V).
Hence, the map F~! : ¢ — W, is unitary. The surjectivity of this map follows from the
above facts and the definition of H%(V).

Furthermore, since the inverse Fourier transform F~! and the action of K are commuta-
tive, the above unitary isomorphism also holds for the K-invariant spaces. O

2.2 Multivariate Laguerre polynomials and their uni-
tary picture

In this section, we promote a unitary picture associated with the multivariate Laguerre
polynomials and provide some fundamental lemmas based on [FK], [FW1].

First, we recall some function spaces and their complete orthogonal basis as in the case
of one variable. Let a > 2% —1, m € &, Ty := Q + iV, and &, be the symmetric group of
order 7.

(1) f,S? ) ; spherical polynomials

H2(D)E = {f :D — (C | f is K-invariant and analytic in D, and || f||2 p < oo},
I = o gy AR (),
™ I'g
h(w) == Det(]vc — 2w|:lw + P(w)P(w))?n,
Y9 (w) :=d %(I)m(u).

(D

Here, Det stands for the usual determinant of a complex linear operator on V.
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(2) £ ; Cayley transform of the spherical polynomials

HZ(To)" := {F : T — C | F is K-invariant and analytic in Ty, and || F||2 ;,, < oo},

_ 1 To(w o
IF|I2 7, = @ To(a=12) |, |F(2)PA(x)*~ " m(dz),

T

(@) .= (&)m ctz) " z—e)(z+e)™h).
PR = g (57) Bl =)+

(3) wﬁﬁ‘) ; Multivariate Laguerre polynomials (to multiply exponential)
L2(Q)" :={¢ : Q — C | is K-invariant and |42 o < oo},
27”@ a,,
61 = oy [ WP A

{9 (u) == e*tr upieT (2u)

Here, L,(T? _%)(u) is the multivariate Laguerre polynomial defined by

L () 1=y 1m (‘E) (_al)lk By (1)

%)m kCm (
(@om o (m—p)
=dm —1)dy Py (u).
(2., 2 (T ey g ol

(4) ¢ (s) : Multivariate Meixner-Pollaczek polynomials
LZ(R™)®" := {q: R" — C | q is &,-invariant and ||q||in < 00},

12 o2 P 2 m(ds)
= @n) Tota) Jo 1) (is+ 2 +0) (is)

0 (s) = iR (85

HQHi,R’“

Here, P (s;60) is the multivariate Meixner-Pollaczek polynomial defined by

P (s:6) = im0, 20)m ( >—ZS =) () g2ioyu

n )k

T m kCm
_ z-\mwd 20)m (M — p)y(—is — a)(l _ 20yl
(& k (& .
m 1§n ) (200)x

We remark that

m

1o = 1E e, = 180150 = la 112 g de(—

=2
~——
8
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and the orthogonality relations of @D,(nof ) and qﬁg) also hold for ao > 2 — 1.
Next, similar to the one variable case, we will consider some unitary isomorphisms.
Modified Cayley transform 1

Cal Ho(Ta)"™ = HA(D)®, (CTTF)(w) := Ale —w)™F ((e +w)(e —w)™").

Modified Laplace transform

Lo LA(Q)F = HA(TQ)Y, (Lo¥)(2) = 2" /Qe_(Z“)A(u)O‘_r@/J(u) du.

Modified Mellin transform

1
FQ (zs—l-p-l-%)

My I2(Q)K 3 2R, (Ma)(s) = AwawAwﬁ

To summarize the above, we obtain the following picture.

HADYS = MATo)N & LAQF - LE(R)S
o a a

o

w w w \
(Y (I ()

(0
(1) (2) (3) (4)

Furthermore, the link between wl(ﬁ) and qﬁﬁ‘) obtained by the modified Mellin transform is

extended to the correspondence between wﬁ,‘:) and qr(;f ) (s) := e‘“m‘GPI(n%)(s; 0).
Theorem 2.2.1. We put a> 2 —1,0 <6 <27 and

L2 ,(R)® = {q:R" — C | q is &,~invariant and ||q||2 gr- < 00},
1 (2sing)™ o« 2 m(ds)
2
.= r ( @
9llaoz = Gy T(a) o (is+3+7) e(is)?
Mao(®)(s) := (1 = icot0) 12T Mq (e M) (s)
(1 —icot@)lsl+ar n

— eicot@tru i (u Alu S— w w) du.
Pt 2 o sl o)

afs)]?e "
RT

Here, we choose the branch of (1 — icot 0)!S+27 which takes the value 1 at 6 = 5. Then,

we have

Mg LZ(OQF = L2 4(R7)®"  (unitary).
Y W

« a,l
G N ()
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Proof. Let us evaluate (M, o efctftr “)(@br(ﬁ))(s) By using this assumption, we can apply
Lemma2.1.12 to this one. Thus, we have

1 - n
—(1—icotO)tr u e

e D (u)pisra(uw)A(u)" r du
Q(iS‘i‘% p)/ () s (W) A )

T
RN P —ifs|-gr—[kl, (_;q &
(—1)™(1 —icot ) 7k< is 2).

Ma(eicotQtr ue—tr uq)k) (S)

Hence, we have

(Mg o e ) (y2)(s) = dun

B (o

= (1 —icot §) =27 glef)(g).

Since 1) + €'t %) i5 the unitary transform on L2 (), M, o e!*?tr v ig also the unitary
isomorphism from L2 () onto L2(R")®". Therefore,

I ae = (Mo o @ @7 g = [|(1 —icot )P 57q D (s) 2 g (2221)
Finally, if we adjust the weight function and norm, we obtain the conclusion. O]
(a,0)

We obtain the generating function for ¢m™~ as an application of this theorem.

Lemma 2.2.2. (1) For any a € C,u € Q and z € D, we have

> e 7%)(u)(13m(2) =Ale—2)® /K e~ (hul=e=)"Y) g (2.2.2)

meY

Here, we define the branch by A(e)™ = 1.
(2)Let2:u’zgzlajcj cDwith ecU,1>a;>...>2a>0,a€C,0<60 <21 and
seR". Ifa; < %, then

S a0 m(5) = Ale = 2) ping(le—e e —2) ). (223)

mey

Proof. (1) By referring to [FK], (2.2.2) holds for & > % — 1 = d(r — 1). Moreover, the right
hand side of (2.2.2) is well defined for any o € C. Hence, by analytic continuation, it is
sufficient to show the absolute convergence of the left hand side under the assumption. By
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Lemmas2.1.5, 2.1.10 and 2.1.11,

S I e £ 3 i () )] Bt
me mEWka 7’ (a)k
1
<1§@dk (®), Gl + dir— D <™
> o+ W= D (1 — ) ()
me <T)m

a1
(1 —a r|a| —dr(r—1) dk ( U)
l;@ r) 1-— ap
= (1 — q)~lol=drr=D = e o (2.2.4)
(2) From the proof of (1), for a > % — 1, we have

Mo (Z rwg?><u><1>m<z>|> (5) = Moo (Z e ULSS?><2u><I>m<z>|> (%)

me» me

1-3a
S (1-& ) r|lo|—dr(r— I)M ( = all tru)(s)‘

1-3a
By 1 —3a; > 0, we can apply Lemma2.1.12 to M, g(e o T “)(s). Thus,

a ‘ —ils|—gr
Ma,e (Z |@[)E§‘)(u)@m<z)|> (S) < (1 — al)—r|a|—dr(r—1) (1 . — (1 B 6_2Z0)) ‘

me

Hence, the exchange of integration and summation is justified and we obtain

Mg <Z D& (1) Prm(2 ) =) Mgt = 3 ge0(8)Bpn(2).

mey mey mey

On the other hand,

Moy (Z w£s><u><1>m<z>> () = e = 2 Mo [ e 1) )

meY

We remark that if z € D, then (e + z)(e — 2) ™' € To, Mayg (f |~ (kul(et2)(e=2) dk|) (s) is
convergent under these conditions. Therefore, by Lemma 2.1.4,

Moy ( [ ettt dk)() s (e — e 202)(e — 2)7).
K

Hence, for o > % — 1, it can be seen that this assertion holds.
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Finally, from a similar argument to that in (1), it is sufficient to prove the absolute
convergence of the generating function of qﬁff 9 (s) for all a € C.

o Tk 5 — 92
> i (ol < 3 3 e (V) 2 e o
me 2 me P kCm k
1 ‘71( (_ 3)| .k
< Z dk (2sin0)
2 5Ta) a4 dir— )
al+d(r—1))m
3 ’ = D () (a)
meP (;)m
2
<y dkhk ‘@k ( il sina) .
(2 1 — a
ke r/k
Moreover, by Lemma 2.1.14, there exists some constants, Cl, Cy > 0 and [ € Z>y, such that
—I— 2
D7 g (s)® )|<c*1+c2 p > di ) U sind) < .
‘FQ 1-— aq
me ICkeZ k

]

Let us consider the operators D((Xj) for j = 1,2,3. The operator D((xl) is a first order
differential operator on the domain D:

DY = 2tr (wV,). (2.2.5)
Since this is the Euler operator,
DY fi? (w) = 2| 2 (w).
The operators D and DY are respectively defined by C 1D = D&DC’; L and EQDS’) =
DPL,. Hence, DY F (w) = 2|m|F{ (w) and
DR (u) = 2m]y 3 (u). (2.2.6)
Moreover, they have the following expressions.
D® =tr ((2* — )V, + a(z — ae)),
r (—uV? —aV, +u—ae).



; (”““ﬂ (r= J>) (xf ta-1- go - 1)) (%) Dy, (u).  (2:2.10)

.

Here,

d .
. ri—xr—S(j—k—1)
aj(x) = a;(x —p) =] | ~ ST :
’ ’ g = — 50— k)

(2.2.11)
(3) For any C € C,

Ctr uDé) —C'tr uq) 1 _ 02 Z d] x+ej

Jj=1

—I—Z (2z; + a) — )Py (u)

- z (524 50-9) (55 +a=1-56- 1) G-x) 0
(2.2.12)

(2.2.9) is a corollary of Lemma3.18 in [FW1]. However, since Faraut and Wakayama’s
lemma is incorrect in terms of the sign, we re-prove it.

Proof. (1) The modified Laplace transform of g is given by

2r FQ(S + o+ p)

Lops)(z) = /e(z|“) JWAW)YTF du = 27 _s—al2).
(Lape)(2) = Fory [ Pataw) e
Thus, from the definition of D and Lemma 2.1.18,
Lo(DPps)(2) = D (Laws)(2)
Fa(s+a+p) o
= 2" D —s—al?
d relo(s +a+p)
- Z (Sa a— Z(T - 1)) aj(s + )2 T(@)#Lsfafq(z)
7=1
Lo(s +a+p)
—ra2™ _s—alz
- d olals+a+p)
> (50 G0 =) s a2l o



Since

_ Ta(s+a+p)
P—s—azte; (Z> - FQ(S +a+t p:i: ej)ﬁoz(goszl:e]-)(z>7
we have
. Lo(s+a+p)
(2 — _ iy — A Q
D (Eapee) = 32 (5= 4= 1)) o), T s e )2
—ra(Laps)(z )

Mﬂ

3 (s G- D) s 2 )

= FQ(s+0z—|—p—ej)

a< 8)Pste; (1) — raps(u)

7=1

(sj + 50— 1)) (sj ta-— %l(r 1) - 1) (=) e, (u>> (2).

(2) Put s=m — pin (2.2.9).
(3) By

<

h

Mﬁ

Jj=1

Oy O — e (LW Uty (yW2)e Ol = (2 iy y
and the product rule of differentiation, we remark that
ety (uV2)e O D, (u) = tr (uV?3) Dy (u)
+2tr (ue” " "V, (e7C T )V, (Dy (1))
+ TP, (u) tr uVie Oy
= {tr (uV2 + C*tr u) — 2C|x|} Px(v)

and

e tr (Vy)e O d, (u) = Oy(u) tr (9T UV,e O ™) 4+ tr (V) Py (u)
= —Crd(u) + tr (V,)Px(u).

Hence,

Crup®e=Ctrug (y) = DD, (u) — C*tr udy(u) + C(2]x| + 7a) Dy (u).

[0}

Therefore, from (2.2.10) and (2.1.46), we have the conclusion.
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Chapter 3

Multivariate circular Jacobi
polynomials

In the first section of this chapter, we complete the picture (2.2.1) below

nﬁé“ (3.0.1)

HoD) = HITo)* < LIQF —— LIRS
C,;l ‘COé M(z,@ ’
W Y Y Y
© R e ) s g

(1) (2) (3) (4)

and introduce a new multivariate orthogonal polynomial, ngf? (o;0,v) = quﬁ"V) (o), which is a
2-parameter deformation of the spherical polynomial. This is also regarded as a multivariate
analogue of the circular Jacobi polynomial. Hence, we call this polynomial the multivariate
circular Jacobi (MCJ) polynomial that degenerates to a 1-parameter deformation of the usual
circular Jacobi polynomial, <;§£ff )(ew), in the one variable case. Further, the weight function
of its orthogonality relation coincides with the circular Jacobi ensemble defined by Bourgade
et al. [BNR].

We derive the generating function of ¢£ﬁ’”) in section 3.2 and the pseudo-differential equa-
tion for U{o” in the section 3.3. Moreover, we study the one variable case in more detail in
section 3.4. Finally, we describe future work for ¢£ﬁ’”).

Unless otherwise specified, we have assumed a > * — 1 = %(r — 1) and v € R in this

chapter.
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3.1 Definitions and orthogonality

Following Chapter 2, we introduce some function space, functions that become complete
orthogonal bases and unitary transformations required to provide the MCJ polynomials.

(5) U'e") . Modified Fourier transform of ¢

Hi,y(V)K ={V:V — C| Ve H*V) is K-invariant and ||\I/||?WV < oo},
ora 2

1 n
115,y = (o) 9(2 o+t +w> 1|2
ol (1(“”)“”)2 WP T P = Al d---dx
- al\ls - — cedy,
(2m)" Ta(a) 2 r R o !
VEe(t) = A(e - it)_%(“%)_"”\lf(o"”) (),
(o) Tla+12) +iv
777:1’11ka (C()k

Here, A = >°"_, Ajc; and we choose the branch of A(e — it)_%(aJr%)_i” which takes the value
latt=0.
(6) o™ : MCJ polynomials

H:,(2)% :={¢: ¥ — C| ¢ is K-invariant and continued analytically to D

as a holomorphic function which satisfies with [|¢]|2 5, < oo},

H¢Hauz (2717)" Fﬂl(a) K (% (a + g) + il/) 2/2 (o) ]?| Ae — g)%(a—%)+iu‘2 dy(o)
= (2?),1%() o <% <a + ;) —l—iy)

|¢ 19 |2H| 1 _ o % a—%)+z’y|2 H |€i9p —€i0q|dd91-"d9r.

1<p<qsr
Here, we define the multivariate circular Jacobi polynomial by

o (o3, v) = ol (o) == amz “( )<§(aioi)k+w)k®k(e—a). (3.1.1)

m kCm

The main purpose of this section is to show that these polynomials form the complete
orthogonal basis of H, gﬁy(E)K and to explicitly write their orthogonal relations. To achieve
that purpose, we introduce a modified Fourier transform F,! for a function % on Q and the
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second inverse modified Cayley transform C ., as follows.

cr;1w>@>:=:Ik2<l(;_Fn))<F’1@A<u>5@fhp»(ﬂ (3.12)

1

_ DA ()2 @) du 1.
T F AR e

w;mww:A@—mwﬁW”“wwwnzA(

These give the following unitary isomorphisms.

Theorem 3.1.1. (1)

Fori=Folon+ LEOQF = HZ,(V)E (unitary).

In particular, {\Il,(rﬁ‘”')}meg form the complete orthogonal basis ofHO%,V(V)K and for allm,n €

Z,

FQ(O&"FHI) 1
(D Do (5 (a4 2) +iv)

1 oV o,V
(2n)n/v‘115“’ YT (4) dt = dpy |25mn. (3.1.5)

(2)
Coj’llj: Hi,u(V)K = HCZ,(,,,(E)K (unitary).

W
\1151(;:#) AN gﬁJ/)

Furthermore, the MCJ polynomials form the complete orthogonal basis of HCQM,V(Z)K and for
allmmn e &,

# (0)|Ale — )3 DT (o)

¢a,, ( 19) al/ 6’0 H| 1—6 %(a—%)+iu|2 H |€i9k —€i91|dd91-“d¢9r

(27T )"
1<k<I<r
r 1
—d “(O; +m) O (3.1.6)
(D [Ta (3 (a+3) +iv)
Proof. (1) Observing that
L2 = L2(Q)K (unitary),
w w




H2 (VK = H?*(V)& (unitary).

W W
o (e i)

In addition to using Lemma 2.1.19, we immediately obtain the following unitary isomorphism
Fil

LK = L2(Q)K = H*(V)K = H2,(V)K.
W \)] W W
gra % %a_% +iv -1 ZLQQ %O&—% +iv —1

o () Bty o (A e) o Fw)

Next, we evaluate the modified Fourier transform of wﬁﬁ) which forms the complete
orthogonal basis for L2 (Q)%. From Lemma2.1.8, we obtain

Fasle™ " i) (t) = G (a4 5)+ ) Ale—it) 2 )@y (e — i) ™).

Hence,

Fall0@) ) = S F A ) )

a,v\¥m

n — (wl(rrclt)u wl(la))azg

= (Fap (W), Fad (b)) v

2 |Po (5 (a+ ))+w|2/ () (G 7
— : T ()W (1) dt.

(2) We remark that the inverse Cayley transform ¢! is a holomorphic bijection of Hg onto
D and the inverse map of C;}j is given by

o 01(t))§(a+2)+iv

. () = Ale —it) 2T oL (1). (3.1.7)

Cor)t)i= (
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Hence, since {\Ifﬁﬁ*”)}me » form the complete orthogonal basis of HZ (V) it is sufficient to

show the statement for {\Ifsﬁ“’”)}me@ and {¢1(§’”)}m6@.
By the definition, we have

—_—

o oy -har) e o
v = (“57) Ae — ie(o)) 1D 18 (e(0) = 65 (o),

and from (2.1.5) of Lemma2.1.3, we have

[P =2 [ 1@ = o) R cto)) P uto)

. . %(a—&-%)—i—iu 2
zzn/ Ale — o) 22 A(e “)
> 2

—2 [ e PIA e o)
¥

(Coo v (@) dpulo)

o,V m

Therefore, we obtain
(665, 8 s = (CoW), C (U s = (UG, W = o™

(3.1.6) follows from (2.1.6) of Lemma 2.1.3 immediately. O

Remark 3.1.2. (1) The weight function of the left hand side for (3.1.6)

T

H(l — et )%( *)”l’(l — e—wj)%(a—%)—iv H |ez‘9p . 6i0q|d

j=1 1<p<q<r

coincides with the circular Jacobi ensemble defined by [BNR].
(2) When o = 2, v =0, (3.1.1) and (3.1.6) degenerate to

¢ 19 —dg, Z k|< )(I)k(e _ eié) _ qu)m(eie), (3.1.8)

kCm

0w (o) du(o)

¢m (e )qbfl%’o)(e"") H [T R Ry pp—

(27T) 1<p<g=r Lo (7

Therefore, ¢'3") (€) is regarded as a 2-parameter deformation of the spherical polynomial.

As a generalization of spherical polynomial <I>m, the Jack polynomial P ) which is
a generalization for multiplicity d is well known (see [M], Chapter VI). This multivariate
special orthogonal polynomial system is derived as the simultaneous eigenfunctions of some
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commuting dlfferentlal operators On the other hand, using the unitary picture, we obtain
another extension ngm , which is different from the Jack polynomial, that is, instead of the
multiplicity d, we con51der deformations for real 2-parameters a and v.

(3) From (2.1.31), for any € R and m € &, we have

$2) (ei%e) = g% (u —i (2% + p)) . (3.1.10)

3.2 Generating function

By using these unitary isomorphisms, we present the generating functions of MCJ polyno-
mials from (2.2.2).

Theorem 3.2.1. We assume z = UZEZI ajc; € DwithueU,1>a>...>a >0 and
a; < %

(1) For allt €V,

S G () Pu(z) = Ale —2)° /KA<<e+z><e — ) —ikt) BT Ak (3.2.)

meY

(2) For any 0 € X,

> 38 (0)Pm(2) = Ale — 2) /KA((e — )7 = (2(e — 2) ko) 2T dk (3.2.2)

meP

Proof. (1) From a similar argument to that in (2) of Lemma2.2.2,

Fab (Z wf;*><u><1>m<z>|> () < (1= ay) "I arC D F 1 (o T g

me
1 n :
1—-3 —i(a—i-;)—w
= (1 — al)ir‘OK'idr(ril)A (1—(116 — ’Lt) < 0.

Hence, the exchange of integration and summation is justified and we obtain

Z q,(a v Z ¢(a) P (2)

meP me

=Fau (Z v (U)@m(Z)) (t)

me

_ Afe—2)oFt ( [ et dk> (0).
K
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Moreover, by Lemma 2.1.8,

. 1
F_1 / —(kul(e+2)(e—2z)"") dk) t) =
(L R GErDrw)

/ez(tu)A<u)é(a:)+w/ —(ku|(e+z)(e—z) dkdu
Q

K

1
FQ % o+ )+w)

/ / —(ulk(e+2)(e—2)~ 1—zt)A( )%(af%)Jriu dudk

/A(k(e+z)(e—z) —it)” a0t 8)=v g,

_ / A((e+ 2)(e — 2)t — ikt) 3o 3) = gp.
K
(2) Applying the modified Cayley transform C_}, to (3.2.1), we obtain

> ot 0)0m(z) = e = 2)C:E ([ Alte a)e - 27—k e ar) (0

meP
o — g\ ~2laty)-w
=A(e—2z2)""A ( 5 )
| Alle+2)(e- 21— ike(o)) 2 (o) g,
(3.2.3)
Since
(e +2)(e—2)t —ike(o) = 2z(e — 2) "t + 2k(e — o)1,
we have
Ale — o) 2(ot? / A(zle — 2)™" + k(e — o))z (otE) = g,
= [ Al (ke = e =) B
_ /K Ale+ (2(e — 2) (e — ko)) 3@+ g
Alle—2z)" = (z(e—2)~ )ka)_%(aJr%)_w dk.
O
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3.3 Differential equation for \Ifﬁﬁ’y)

Considering some pseudo-differential operator that is defined by
tr (V;he™ = tr (u™1)e™  (any t € V,u € Q), (3.3.1)
we obtain the explicit (pseudo-) differential equations for i) as follows.

Theorem 3.3.1. The operator DEW on V s defined by the relation Da V]-"‘ .FOZ,EDS).
Then, we obtain

2
DY), =tr <—z’(e + OV + (2 =it )t —ae+i Gl (a=2) + 1/2> vtl) . (332)

r

and
DO W) (1) = 2m| W) (1), (3.3.3)

Q,

Proof. From Theorem 3.1.1, to prove (3.3.2), it suffices to show the relation for complete
orthogonal basis ¥ for L2(Q)X

(Fa b D@ (t) = DEL(FLlwld) (1)),

where DY) is the operator on the right hand side of (3.3.2).
By the very definition of the modified Fourier transform .7-'&
L2(92), we can write

, and the inner product of

(Frl)(t) = (A @)~ 2@ )0) 1o g (3.3.4)

and from Lemma3.13 in [FW1], D¥ = DY is a self-adjoint operator with respect to the
measure A(u)*" du. Hence,

(Fas D)) = (1A )2 DED) 1y o
— (D((;}) (ei(ﬂu)A(u)*%(a**)‘i”LV) |¢ )L2 -
Furthermore, based on Lemma2.1.17, let us perform

tr (uV(E AW ) = tr (Vi) A R



and

1

tr (V) (€A () 2 ) = tr (7,6 A )3 (0 5)
+ et ¢y (VUA(U)_%(Q—%)'f‘iV)

— tr (iat —a (% <a - ;) - iy) u1> ECDING .

Here, we remark that for any p € Z> tr ((Vﬁei(”“))) = tr ((it)?)e’™) and

tr (V2 A ()2 (e 3)Firy = (—1 (a=2)+ w)

2 r
{tr (Vo)A () 27305 gy (VUA(U)*%(Q*?)MV)}

~(3(a=2) =) (5 (a+ )~ ) wwag A

[
—
|

I3
N—
+
<
<

and

N

tr ((V,e' ) (uV,Au)~ (a*%)“”)) — <_% (a _ E) + @'1/) tr (Z't)ei(ﬂu)A(u)*%(OZ*%)Jriu'

r

Hence,

n

D(3)(ei(t\u)A<u)—%(a—%)+iu) — tr (_uvi . avu +u— ae)<6i(t|u)A(u)—%<a—;)+iu)

1 2
= tr ((e + ) u + (21/ - z'ﬁ> t—ae+ (— (a — E) + V2> u1>
r 4 r
. ei(t\u)A<u)—%(a—%)+iu

= DI A ()20 F) .

Therefore,

(FoAD@ @) (1) = (DEL M Ay 2 (0= H) 158 o o)
G) (i —a=2)+iv) (@)
= DA ) D) o

= DEL((FaLo)(1)).

The second equality is justified by ei(t‘“)A(u)%(afg)HV@/Jx(g) € L'(Q). Finally, since F_} is
an isomorphism from the space LZ(Q)* onto HZ ,(V)*, we obtain D¢), = DC),.

On the other hand, for (3.3.3), from the definition of DY) and (2.2.6), we have

DS UM (t) = DO Fo L (W) (t) = Far(DPWD)(t) = 2/m|F, () (t) = 2/m|T &) (2).

o,V o,V « m

O
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We can also define Dal, by the relation Da ,,C v=2cC; 1Da ». However, since there are
difficulties in deriving the modified Cayley transform of V; !, we have not been able to obtain
the explicit expression for D((f,), like that in the above theorem. On the other hand, when
a=2v=0, ol (t) becomes

U () = Ae —it) Fdm > (— 'k'( > Oy (2(e —it) )

kCm

= Ale — it) " Fdp®m(c (1))

Further, the term of the pseudo-differential operator vanishes for D . Hence,
D(;)O = —itr((e +1%)9,) — ;tr (e + it). (3.3.7)

Therefore, we obtain the following explicit expression for D(f)o from the modified Cayley
transform of D(f)o.

D(%G?O =2tr (oV,). (3.3.8)

3.4 One variable case

In this section, we have assumed that » = 1.
First, we remark that (3.1.1) becomes

3 () :(TZ < )(5<O‘+1>+w)k(1—0)k (3.4.1)
)

(Q)k

o) ( ! 2(O‘a+ Vv, a> (3.4.2)
(a—l—w) —m, Yo+ 1) +iv
=2 7/ 12 .
m' 2F1 ( o a;3 n iv ,O') . (343)

and for a > 0, € R, (3.1.6) degenerates to

(@) (5 _ o) Hiv)2 m(do) _ [ +m) 1
3 @@ (1 - o) A TEm P 49

That is a 1-parameter deformation of the usual circular Jacobi polynomial that coincides
with ¢5"” (o) (See [As], [Is]). In particular, P? )(¢) = 6™ and

27
/ ¢(10 (o )—¢ )(J) m(do) _ i/ oimd —ind 1o _ Sm-
0

o 27
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We also remark that the rank 1 case of (3.1.10) is
(av) (30 — (a,—g) i — mﬁp<%> i _Q 4
O (€7) = gm (”+2z "R (vt 55 ) (3.4.5)
That means if 0 is regarded as a parameter and v is regarded as a variable for the circular

Jacobi polynomial, then we can consider the circular Jacobi polynomial to be the Meixner-
Pollaczek polynomial. Moreover, the generating function of P ’V)(J) is given by

> ol (o) = (1 - )Tzl (] gy malatl) v (3.4.6)
m>0

Although, we have not been given an explicit expression for the differential relation of
(bgff’”)(o) in the multivariate case, we obtain the following explicit result in the one variable
case from the differential equation of 5 F7.

Proposition 3.4.1. If

D, =0(l—0)02+ {(—m—{—g—i—z’y) (1-0)— %(14—0)}60—{—771 (%(a—l— 1) +z'1/) :
(3.4.7)
then
Do ,ydl) (o) = 0. (3.4.8)

3.5 Concluding remarks

We have investigated the fundamental properties of MCJ polynomials, that is, orthogonality
and the generating function etc. However, as we have not succeeded in obtaining a differential
equation for qﬁgﬁ ) similar to Proposition 3.4.1, we can not derive a modified Cayley transform
of tr V1.

It is also important to consider the generalization of MCJ polynomials for multiplicity d.
Actually, this generalization has been obtained by Baker and Forrester [BF] for multivariate
Laguerre polynomials which are a modified Fourier transform of the Cayley transform of
MCJ polynomials. In addition, we can consider MCJ polynomials and their orthogonality
without using the analysis on the symmetric cones as follows.

Let n:=r+ dr(r—1),

._F@)M_l 1 o d, U (m,—mg+%(q—p+1))
dm'_”%ﬂgf(%j)%gq( Pt Rl p))F(mpmﬁ%l(qpl()Jrl))’
3.5.1
Da(s) == (2m)5 HF (sj — g(j — 1)) ,
=TT (5 -50-1) -
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2
Further, Plid)()\l, ..., A;) is an r-variable Jack polynomial and

)
P00
. .
P, 1)

(A, .. N) = (3.5.2)

Furthermore, we introduce the generalized (Jack) binomial coefficients based on [OO] by
D1+ A, 1+ M) =Y (1) 2P0, ... A,
m ) ) k d k 9 )
kCm 2
Definition 3.5.1. We define the generalized MCJ polynomial as follows.

OD (e a,v) = ¢D (1, e, v) = dyy (@) |k|( ) (3 (a+3) +iv),

B () n ka (@he

oW1 = 1=, (3.5.3)

Therefore, we present the following conjecture.

Conjecture 3.5.2. Ifa>2 -1, v€ER,d >0, then

¢ ) (e au)¢n e“’auH\l—e %( )“V‘Q H % — eifa|dqp, - .. d6,

1<p<g<r

(27T)

FQ(CHm) ! Senm- 3.5.4
O Y o

For some special case, we prove the conjecture.

Proposition 3.5.3. (1)Ifd=1,2,4 orr =2,d € Z~ or r = 3,d =8, then this conjecture
18 true.

(2) The case of a == and v = 0 is also true.

Proof. (1)1t follows immediately from Theorem3.1.1 and the classification of irreducible

symmetric cones.
(2) We remark that when o = 2, v = 0,

gb(d) ( ) —d. Z k( ) Pég)(l —zewl,...,l — e¥r)

et a PP, 1)
P(%) (eifs ¢ir)
=y (3.5.5)
P, 1)



For the Jack polynomial, the following formulas are known (see (6.4) in [OO] and (10.38) in
[M] respectively).

11 [ (mp—mg+3(g—p+1))

j=1 r (49) 1<p<q<r r (mp —mg+ %l(q - p))

1 |Pp(ﬂ%)(ei91, et H % — |1 dg, .. db,
’ 1<p<q<r

_ H F(mp_mq‘I'g(q_p+1))r(mp_mq+%(q_p_l)“‘l)
1<p<q<r F(mp—mq+§(q—p))F(mp—mq+%l(q—p)Jrl))

(3.5.6)

(3.5.7)
Hence, from (3.5.1), (3.5.6) and (3.5.7), we have
2 T d 2
dnllPE |2, = (ffz Pia e (3.5.8)
me T (3)
Therefore, by (3.5.5) and the orthogonality of the Jack polynomial, we obtain
Co / e <ei9; 270) @ <619; 270) H % — ¢a|d dg, - . df),
2m)" Jsr r r
1<p<q<r
1 2 ngr T F gl d2 2
= 2 n( 7T)| { (d2~) } 2 = (QW)TT!HPrqu)”igémn
(2m) - j:1r(§J) Prgld)(l,...,l)Q rd
dm T 1 1
= n—r d mn — dm n 5mn
(2m) 2 j=1 I (53) Lo (?)
]

Although a proof of a general case would be desirable, our method in this thesis cannot
be applied to a general case. It may be necessary to consider a method of quantum integrable
systems, that is, to construct some commuting families of differential or pseudo-differential
operators whose simultaneous eigenfunctions become MCJ polynomials. We are not aware
of any studies of constructions of commuting families of pseudo-differential operators thus
far. Hence, we think our conjecture is likely to be an important target of investigations into
quantum integrable systems. Since multivariate Laguerre polynomials have been studied by
using degenerate double affine Hecke algebra [Ka|, we are also interested in similar algebraic
treatment of MCJ polynomials which are the composition of modified Cayley and Fourier
transforms of multivariate Laguerre polynomials.

Finally, we would like to raise the issue of applications for MCJ polynomials. In partic-
ular, since the weight function of the orthogonality relation for MCJ polynomials coincides
with a circular Jacobi ensemble, we expect an application to the random matrix model whose
density function is a circular Jacobi ensemble. However, further details on this are goals of
future work.
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Chapter 4

Multivariate Meixner, Charlier and
Krawtchouk polynomials

The standard Meixner, Charlier and Krawtchouk polynomials of single discrete variable are

defined by
i ()£ A0
= ()£ (O ()

Rt = (ML) 25 () (2) (1)

respectively. These polynomials have been generalized to the multivariate case [DG], [Grl],
[Gr2], and [Il]. Although these multivariate discrete orthogonal polynomials are types written
in Aomoto-Gelfand hypergeometric series, we introduce other types of multivariate Meixner,
Charlier and Krawtchouk polynomials in this chapter, which are defined by generalized
binomial coefficients. Moreover, we provide their fundamental properties, that is, duality,
degenerate limits, generating functions, orthogonality relations, difference equations and
recurrence formulas. The most basic result in these properties is Theorem 4.2.2, which
states that the generating function of the generating functions for the multivariate Meixner
polynomials

Z dy——— Z dm (x; oz,c)(I)m(z)} O, (w)

XEL 1" X {mG‘} m

coincides with the generating function for the multivariate Laguerre polynomials
a—2 1
Z eterI(n 2 ((— - 1) w) Dy (2).
me ¢
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Even though this result has not been known even for one variable, many properties for our
multivariate discrete special orthogonal polynomials follow from this and the unitary picture

(3.0.1).
In this chapter, we assume that m,n,x,y € Z,a € C,0 < ¢,p < 1l,a > 0,N € Z>
unless otherwise specified.

4.1 Definitions

Definition 4.1.1. We define the multivariate Meixner, Charlier and Krawtchouk polyno-
mials as follows.

i S )
= m 71((3;;0) 1_% * (4.1.2)

<k> (a) ( 21 1)14, s
s = 2 (). ()G ()
-3 (F)uix-n) (—%)'k' (4.15)

st (1Y) 416

kCm (% k a
) o i (%)k m) /X l . _
Kum(x;p, N) ._édk(_mk N (k) (p) (mC N =(N,...,N)) (4.1.7)

T
gt ()

When r = 1, these polynomials become the usual Meixner, Charlier and Krawtchouk
polynomials. By the definition, we immediately obtain a duality property for these polyno-
mials.

Proposition 4.1.2. (1) For all m,x € &, we have
M (x; a,¢) = Myx(m; o, ¢). (4.1.10)
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(2) For allm,x € &, we have
C(x;a) = Cx(m;a). (4.1.11)

(3) For all N Dm,x € &, we have
Km(x;p, N) = Kx(m;p, N). (4.1.12)
We also obtain the following relations by the definitions.

Proposition 4.1.3. (1)

M (x; N, p%l) = Kp(x;p, N). (4.1.13)
(2)
ah_)llolo M (x;a, - i a) = Cm(x;0a). (4.1.14)
®) )
lim Ko ( N,N) = C(x:a). (4.1.15)

Actually, (1) follows from the definitions. For (2) and (3), we remark that

oKl

li 1 =1
B QEI;OH e
N Kl " Nki
i = = (=1)
N b (D™

j=1 (_N - Cil<j - 1))kj

4.2 (Generating functions

In this chapter, we put

T '
Z =1 E a;Cj, W = Uy E bjc; € Ve,
Jj=1 J=1

with u,uso € U, a1 > --- > a, >0, by > --- > b, > 0 unless otherwise specified.
To consider some generating functions of generating functions for the above polynomials,
we need to prove their convergences.

Lemma 4.2.1. (1) Ifl>a;>--->a, >0,by >--->b. >0, then

d %M (x5, €) Py (2)dx

Z m m\&; m L (I)x<w) < erbl (1+lj}11 (%_1»(1 _ al)fr(\aHZn).
x,meF (%)m (%)x
(4.2.1)
(2) For any z,w € VE, we have
5 b o, )0 ()] < @055, 42
X, meF (F)m (F)x
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Proof. (1) By Lemma2.1.5, Lemma2.1.10 and Lemma2.1.15,

NPt B ) (%)«
1 1\
<k€ZJ’k (lel + d(r = 1) <__1)
Y ‘O‘H(dﬂ) — D (= )y Zd — p)Dy(b1).
mec & r/m xe& r x

Moreover, from (2.1.38) and (2.1.39) of Theorem 2.1.16,

«Q r— a k|
> ”)mvk<m—p><1>m<al>=<|a\+d<r—1>>k<1—a1>W'd“”)( )

1— aq
me

D dyrie(x — p) Pu(br) = €7 M.

XEL 7‘

Therefore, we have

1 b
< erbl(l . r(la|+d(r—1)) Z dk ((C 1) 1011 ; )
ke (%) 1

_ erb1(1+1i—;1(%71))<1 B al)—r(|a|+d(r—1)) < o0,

(2) By a similar argument,

x,meP

<de ) a ™" d )'ykm P)Pm (a1 Zd ) = p)Px(b1)

ke mef xS

b
— Ta1+b1 d a101
oy ( ")

ke 7"
(a1+b1—i—albl

=" )<OO.

The following theorem is the key result in our theory.
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Theorem 4.2.2. (1) For z € D,w € V€ a € C,0 < ¢ < 1, we obtain

H;Ze“%ﬁ?—?) ((% _ 1) w) x%}d an My (x: 0, ¢) Dy (2)
1

. dx?)x

—A(e—z)_a/ (hulle=22) =" gk, (4.2.4)
K

O (w) (4.2.3)

(2) For w,z € V€ a > 0, we obtain

Z i nl U (e— 1w> Op(2) = Z dm%Cm(x; a)®pm(2)
me P (F)m a x,.meP (7)m
e (w) (4.2.5)
N
= et (0F2) / e~a kvl g (4.2.6)
K

Proof. (1) By the above lemma, the series converges absolutely under the conditions. There-

fore, we derive

-3 EO‘;: ") 3 (Ilf)(ai( )kgj}d ek P2

-~y “wdmégmz< ) k<(%—1)w)¢>m(z>

mey m kCm

_ n;@e“wL,j‘? ((% - 1> w) Bon(2).

(4.2.4) follows from (2.2.2).
a,a € Rogin (1) of Theorem4.2.2 and take the limit of « — co. [

(2) Put ¢ = it
The generating functions of our polynomials are a corollary of the above theorem

Theorem 4.2.3. (1) Forze D,x € P, a0 € C,0 < ¢ <1, we have

Ale — 2) "y ((e - %z) e—z) ) D dn gt Ma(x; 0, 0) @y (2). (4.2.7)

ney 7"

(2) For z€ D,x € Z,a >0, we have

et”@X(e ) Zd T)n ca) Dy (2).

ney

(4.2.8)
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(3) For ze D,x e £,0<p <1, we have

Ale + )V, ((e ! ;p ) (e+2) ) _ nCN( >Kn <ip, N)On(2).  (4.2.9)

Proof. (1) We evaluate the spherical Taylor expansion of (4.2.4) with respect to w:

Do (D) Ae — z)—a/e<’fw|<e-iZ><e—Z>1>d/g = Ale - 2) /cpx (D) eIk e =™ gk
K K

o= 2 [ (b((e - 22) =271
Al ) aq)x((e——z) e—z>1).

D (D0)Ale — 2)° / elkule=$2)(e=2)") g
K

w=

On the other hand, by (4.2.3),

Therefore, we obtain the conclusion.
(2) The result is proved by a similar argument as in (1). That is, by (2) of Theorem 4.2.2,

we have

D o Ca(x;0) P (2) = Dy (D)™ 1) / e~ ukwle) g,
K

ney T n w=0
= /@x(aw)ewk e | o dk
K
tr z 1
=e O (kle——2 dk
K a
1
= e PP, (e - —z) )
a
(3) By putting o« = —N in (4.2.3), we have
1 —N)n
Ale — 2)N ((e - —z) (e — z)_1> = dn( — ) My (x; =N, ¢)Py(2)
¢ nCN <;)n
N
— < >Mn(x, N,c)®y(—2)
nCN n
Since this series is a finite sum, we can take ¢ = p%l in the above. Therefore, we obtain
1— N
Ale — 2)Nd, ((e + pz> (e — z)_l) = ( )Mn (X; —N, L) O, (—2)
p nCN n p= 1
N
- ( )Kn (Xap7N) (I)n(_z)
nCN n
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Next, we apply the unitary transformations in (3.0.1) to Theorem4.2.2. Here, we also
check convergence.

Lemma 4.2.4. (1) Fiz0 <c<1 and let 0 < e <1 and w, z € D satisfy that

(c+(1_c)1i€) (1+(1—c)1_565> <1,

1D (W)], | P (2)] < Prn(e) = ™, (4.2.10)

Then,

> |d (@ g (D, (x; v, €) D (2)d %Mn(x;a,c)cpn@w)

x,mney x(%)x m(%)m - n(%)n

< (1 =c)(1 =2(1 + c)e + (4c — 1)g?)) rlel=drir=1) (4.2.11)

(2) Let z € D satisfy that

1_
Y |

Ve + ZeToa b

1P (2)] < ™ (4.2.12)

Under this condition, the series

Z dm ?j Mpn(x;a,¢)®p (z)dx%”yx (—z’s — %) (CSQ;—EM)) x| o

C
x,meZ 7’)
and

(5 (ot 3) +iv)

Yl ff Mo (%, €)Brm (2) e x X (e — o)(e —co)™l)  (4.2.14)

(2
X, meP 7” r/x

converge absolutely for any s € R" and o € X respectively.

Proof. (1) By Lemma2.1.5 and Lemma2.1.15, we have

whs) < 3 a, U A= D) i
xeP (T)X

Py @ (R (1 - 1) ’ 2 (T) CETaE (1 - 1) m

Y W= D ) (2) 3 S Do ) (o).

vy (%) n byer (%)
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Furthermore, from Lemma2.1.16 and the definition of the generalized binomial coefficients
(2.1.24), we derive

(LHS) < ((1 o 8)(1 i C&T)) r|a|—dr(r—1) Z d |a| + d )) |x\

XEP )x

DINICHRAIMIWICGIRIES

((1 - 5) 1 — cg)) rla|—dr(r—1)

Y de |0‘\+dr;x— D g, <<c+(1—c)1i€) (1+(1—c)1_568>).

xXeP

Finally, by using the assumption and Lemma2.1.16, we obtain

w9 < (1= -0 (1= (c+ 01 -072) (140 -0 fcg)»_’"'“"dr(r—n

= ((1 - C)(l — 2(1 + c)g + (46 _ 1)82))_T|a|_dr(r—1).

(2) For (4.2.13), by a similar argument as that above, we obtain

Z d %Mm(x;&,c)q)m(z)d L’Yx <—is—g) (M)XI

xmegz m(%)m x(%)x 2 6210 - ¢

<,§;d" oy e (e 9’(ﬁ)lxé(}ﬁ)wwé—n)k G”)k
Y ’“'*dﬂ — s, — ) ar)

vy (%) n

<(1—a)"ll- dr(”);’d rx) ( _%> Cg;{@)@k((%_l)l?al)
o R oD )

xe& 7”
Finally, by Lemma2.1.14,

_ g )~rlal—dr(r—1) (Ja| +d(r — )) ay
ot xezgzdx (%) (\[+ NG 1—a1)

< Ci+Cy ((1 —/e) <1 —aj — (1 + %) al))ﬂadml) .

For (4.2.14), by using o = »_'_ " ¢; and

r

1 — et 2 2 1
J‘letccj 14+c =~ /¢

l(e — o)(e —co)™) T ocit c
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we have

D

X, meF

N =
?
+

A (@) M (x5, 0) Py (2)dx (

()
- Z " (2 (o] +2) + |v| + d(r — m"%(ﬁ)

XEL (%)x
x 1 1 Ik (lo| + d(r = 1))m
;x <k> (Jof +d(r — 1))k (c 1) n;@dm ) Ye(m — p)Pra(ar)
(la] +2) + |v| +d(r — 1))

_ (1 o a1)77“|a\fdr(r71) Z dy (% |Oé’ + r)

xeP (%)x

;(’;)@k((%—l)li;)

+ )+|V|+d<r—1)) l1—c a
1— T|O“ dr(r—1) d |a| x P 1
( CL Z X \/E+ \/E 1 _ al

%Py (Vc)

xXEP (:)x

= (1 — aq) "ol ((1 — /o) (1 —~ (1 + %) . ilal)) < o0.

O
From this lemma, we can consider the following generating functions.
Theorem 4.2.5. (1) For z € D,u € VC, we obtain
Y 0@ Wem(z) = Y dm ‘fj)m Mo (x; v, €)@y (2)
me X, me 7’
.dxﬁ (12——6(;) ) e T D (u) (4.2.15)

=Ae - z)_a/ e~ (kulle+2)(e=2)"1) g
K

(2) Fized 0 < ¢ < 1 and assume that w,z € D satisfy the condition in (1) of Lemma 4.2.4.
We obtain

Zd %Q)m( )Pm(z) =(1—c)™ Z dm ammea,c)CDm(z)

me m<:})m x,meF :

ION
(%)

=A(z)"" /K A(kz™t —w) ™ dk.

|X‘A( cw) @y ((e —w)(e —cw)™)  (4.2.16)
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(3) Fized 0 < ¢ < 1 and assume that z € D satisfy the condition in (2) of Lemma4.2.4. For
s € R",0 <6< 2w, we obtain

. —ils|—5r Q
> al(5:0) P (2) = (1—) 2 dm%M (5 2, €)un(2)

mey 1- 66_219 x,meP (T)m "

a c(1 — 20 x|
. dxé)xyx (—z's _ 5) (%) (4.2.17)
= Ale — 2) “pisya((e —e7?2) (e — 2)).

(4) Fized 0 < ¢ < 1 and assume that z € D satisfy the condition in (2) of Lemma 4.2.4. For
o € Y, we obtain

3 0 (0)Pm(2) = (1 — )Lt N g, ‘3) n (36 01, €) Dy (2)

mey x,meP T

- dy (5 (a —EnF)) + W)xc\xlA(e — CO’)_%((X+%)_iV(I)x(<€ —o)(e—co)™h)

/X

(4.2.18)
(e —2) / Alle—2z)" = (z(e—2)" )]{ZU)_%(OH_%)_W dk.
(5) For w,z € V€ a > 0, we obtain
|m|
Z dm (W)Pm(2z) =™ Z dm(i—C’m(x; a)Ppm(2)
meZ m x,me S (F)m
x| 1
-d, (i) TP, <e . —w) (4.2.19)
o a

— etrw/ e—a(kw|e—z) dk.
K

Proof. As (1) and (5) follow immediately from Theorem4.2.2, we only prove (2), (3) and
(4).

First, we remark that the right hand sides of (4.2.16), (4.2.17) and (4.2.18) converge
absolutely under the conditions in Lemma4.2.4. Thus, by analytic continuation, it suffices
to show these equations when a; < % Moreover, we also remark that since (2.2.4)

3a1

S 10 () B (2)] < (1 = ay) Tl

meY

the exchange of unitary transformations £,, Mq and F ! and the summation are justified
under these restrictions. Therefore, to obtain the results, we apply the unitary transforms
to both sides of (4.2.15). We try to perform these calculations.
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For (2), we apply transform C! o £, to both sides of (4.2.15). From Lemma?2.1.8, we
have

14+c

L, (e 1=

1+c - 1+c !
= 2" A d .
() (1_Ce+z> x<<1_ce—|—z) )
Furthermore,

O o £, (e~ 504 ) () = 272 (a) O (A(izeﬂ)a@x((izwz)1>>(w)

— (a)xA(e — w) A (% ((e +w)(e—w) "+ 1+ Ce>)a

1—-c
D, (((e+w)(e—w)‘1 - 14:2(3)‘1)

— (@)1 — ) Ae — cw) (1 — (e~ u)fe - cw>1) |

Hence, the right-hand side of ( 2.15) becomes the right-hand side of (4.2.16). Therefore,
since C51 0 Lo(Ym@ ) (w) = din222d ., (w), we obtain the conclusion.

().

By similar arguments, for (3) and (4), we only need to evaluate the following calculations.

x| —ils|=r 2i0\\ XI
2¢c _1r l1—c 2 _ay [e(l—e*?)
() st - (2550) ™ o) (222

2c x| . _1, _lic 1(a+ﬂ)+iru 1 n )
(122,) cbomable B eagio) = (1= e (4 (o 1) )

”
These follow from Lemma2.1.12 and Lemma2.1.8. O

X

A (e — o) 2D (e — o) (e — co))

4.3 Orthogonality relations

We provide the orthogonality relations for our discrete orthogonal polynomials as a corollary
of Theorem 4.2.5.

Theorem 4.3.1. (1) Fora > 2 —1,0 <c <1, we obtain

C_|m|

)mém,n > 0. (4.3.1)

Ozx |x\ . M. : = i
3 gy Ml )M .) =

xXePF ’I’ X
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(2) Fora >0, we obtain
a|x\ —m| ra (T)m
E dy——Cm(x;0)Ch(x;a) = a” ™26, 4 > 0. (4.3.2)

(3) For 0 <p <1, we obtain

S (V) riscaien i = (S2) " (3) Toanzo g

X m
xCN b

Proof. (1) From (4.2.16) and (4.2.7), we have

Zd (@) (0)Pu(z) = (1 =)™ Z dm amMm(x;&,c)QDm(z)

meP m x,me P rn

Cd, (a)x CIX|A(€ _ Cw)*a(I)x«e — w)(e — Cw)*l)

(%)
_ Z (1_ )rad (?f)mdn (a)n |n\

m,ne% (r)m (%)
{Zd fj M, (x;a,c)Mn<x;a,c>}@m(z)@n<w).

Therefore, by comparing the coefficients of ®,,(z)®,(w) on both sides of this equation, we
obtain (4.3.1).

(2) From (4.2.19) and (4.2.8), we derive

> d (W)Pm(z) =€ Y deC’m(X;a)CI)m(z)

me m X, me P

Then, by comparing the coefficients of ®,,(2)®,(w), we have the conclusion.
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(3) In (4.2.16), taking & = —N, one has

> dm<Eﬂj\)[>m<Dm(w)<I>m(—z) =) (ﬁ)@m(w)q)m(z)
—(1—oN Y dm(gﬂj\)UmMm(x; N, ) Bpn(—2)

- dy (_N)XC|X|A(6 —cw)Ndy((e — w)(e — cw)™h).

(%)

The first equality follows from (2.1.31). Since the above sum is finite, we can put ¢ =

-1, (0<p <1). Hence,

> (ﬁfl)@m(w)@m(z)Z(l—p)rN 3 <r]:fl)Km(x;p,N)¢m(z)(Z) (%>Ix|

mCN x,mCN
» N » -1
A — i) — — )
<e—|—1_pw) x((e w)(e+1_pw> )

From (4.2.9), we have

(o) o (eom (i) ) - B (Do (125) oo

Therefore,

> ()momae- = () (5)"(3)

. (N>px'< —p)"NXKm<x;p,N>Kn<x;p,N>}<1>m<z><1>n<w>.

»

O

4.4 Difference equations and recurrence relations

In this section, we derive the difference equations and recurrence formulas for our polynomials
from (2.2.6), Lemma2.2.3 and (1) of Theorem 4.2.5.
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Theorem 4.4.1. (1) Forx,m € Z,a € C,c € C*, we have

dy(c — 1)|m|Mu(x; a, ¢) deJre]aj —€;) <xj +a— g(j - 1)) cMm(x + €50, ¢)

_ Z dy(; + (2 + @)¢) M (x; v, )

g d
+ ; dx—e;aj(x — €) (ch + 5(7’ — j)) Mym(x —€;;a,¢). (4.4.1)
(2) Forx,me 2,a € C*, we have

—dx|m|Cin(x;a) = Z dyte; 0 (=% — €;)aCm(x + €5 a)

j=1

— Z dx(zj + a)Cm(x; a)

+ Z e, (% — €5) (xj + g(r - j)) Cm(x — €;5a). (4.4.2)

(3) Forx,m € Z,p e C*, we have

d, .
_dx‘m’K X; p: de+6 a] ) (N — T + §<] - 1)) me(X+ €55 Ds N)
_Zd N —z;)+x;(1 = p)) Km(x;p, N)

+ 3 eyl — ) (5 50 =) (= Pl 5. ),
" (4.4.3)

Proof. (1) Let us apply operator %e% v DB 1o both sides of (4.2.15). Since DYy (u) =

2/m|ys (u), we have

—1 1+Ctru L1dc 1y, «
S (Zw ):Z<0_1)61_c 05 (1) By

mec& me
x|
2
S i (22) awtnte
x,me P (;)m 1—c
1
- dy ¢ — D)|m|Mu(x; a,¢).

@(
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On the other hand, by (2.2.12), we have

x,meF m
. v+ 1+ 4(r—

{ E dyte,dj(—%x — €)= ) 2(r = J) (x] +a—=(j— 1)> Mm(x+€j;0,0)
7j=1 T/ X+€;

j=1 T
—i—de_E]aJ(x €;) (n; Mm(x—ej;a,c)} :
j=1 T X—€;j

Finally, the conclusion is obtained by

(= (11502 ),

and comparing the coefficients in the above.

(2) Put ¢ = 1= in (4.4.1) and take the limit as o — oo. Then, by (4.1.14), we have the
conclusion.

(3) Put ¢ = ;55,00 = =N and multiply 1 — p in (4.4.1). Then, by (4.1.13), we have the
conclusion. n

The recurrence formulas follow immediately from Theorem4.4.1 and Proposition4.1.2.
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Theorem 4.4.2. (1) Forx,m € Z,a € C,c € C*, we have

d d
dm(c — 1)|x|Mm(x; 0, ¢) = deJrEj&j(—m —€) (mj +a— 5(] - 1)) cMmye; (X5, )
j=1

(2) Forx,m € & a € C*, we have
—dm|X|Cm(x;0) = Z dimye; @5 (—m — €;)aCm e, (X; @)
j=1
- Z dm(mj + a)C(x; a)
j=1

- d
- ; (i —c; @ (M — €;) <mj + 50— j)) Crne, (X; ). (4.4.5)
(3) Forx,me &, pc C*, we have

N d,.
_dm‘lem(X;pv N) = Z dm+ejaj(_m - ej) (N — m; + 5(] - 1)) me+€j(X;p? N)

+ de_ejdj(m — Gj) (mj + —(7‘ — ])) (1 - p)Km—ej (X;p, N)

(4.4.6)

4.5 Concluding remarks

Interesting problems remain that are related to multivariate Meixner, Charlier and Krawtchouk
polynomials. First, we may consider a generalization of our discrete orthogonal polynomials
for an arbitrary real value of multiplicity d, which is similar to Conjecture 3.5.2.

Definition 4.5.1. Using the notations of Conjecture 3.5.2, we define the generalized multi-
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variate Meixner, Charlier and Krawtchouk polynomials by

o5 1),0,0-)"

kCm

C@ (x;q) == ka_ (;)k< ) ( )g (—é) ‘kl, (4.5.2)
K@ (x: p. N de EN ( )g(k)g(é)k| (mcC N=(N,...,N). (453)

By the definitions, Proposition4.1.2 and 4.1.3 also hold for the generalized multivariate
Meixner, Charlier and Krawtchouk polynomials. Therefore, we think the following conjecture
is natural.

Conjecture 4.5.2. Generating functions, orthogonality, difference equations and recur-
rence formulas also hold for the generalized multivariate Meixner, Charlier and Krawtchouk

polynomials, as in Theorems 4.2.3, 4.3.1, 4.4.1 and 4.4.2 respectively. Here, we consider
Ale—z)=1—=2z) (1 —2).

We remark that when d = 1,2,4 or r = 2,d € Z~y or r = 3,d = 8, this conjecture is
proved in the same way as Conjecture 3.5.2. However, it may be necessary to consider some
algebraic treatment to prove the general case. In particular, since the difference equation
for the multivariate Meixner polynomials is equivalent to the differential equation for the
multivariate Laguerre polynomials which is explained by the degenerate double affine Hecke
algebra [Kal, we expect the existence of a particular algebraic structure related to this algebra
for our polynomials. Once we obtain such an interpretation, we may not only succeed in
proving the above conjecture but also in providing further generalizations of our polynomials
associated with root systems.

It is also valuable to give a group theoretic picture of our multivariate discrete orthogonal
polynomials. In the one variable case, there are many geometric interpretations for these
polynomials [VK1]|, [VK2]. Moreover, for the multivariate case for the Aomoto-Gelfand
hypergeometric series, such group theoretic interpretations have recently been studied [GVZ],
[GMVZ]. On the other hand, since our multivariate discrete orthogonal polynomials have
many rich properties which are generalizations of the one variable case, they are considered
to be a good multivariate analogue of the Meixner, Charlier and Krawtchouk polynomials.
Hence, for our multivariate discrete orthogonal polynomials, it seems that there is some
group theoretic interpretation as some matrix elements or some spherical functions etc. We
are also interested in a connection between our multivariate discrete orthogonal polynomials
and the Aomoto-Gelfand type.

We are interested in whether we can apply our method to other discrete orthogonal
polynomials, for example, the Hahn polynomial which is a special orthogonal polynomial in
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the Askey scheme [KLS],

. _ -m,m+a+pB+1,—x
Qm<x7aaﬁaN)_3F2< Oé+1,—N 71>

-3 A e B () () )

0

Namely, by considering “some generating functions of the generating functions” for these
discrete orthogonal polynomials, we expect to obtain correspondence between the Hahn
polynomials and other orthogonal polynomials, for example, the Jacobi polynomials.

Finally, we would like to raise the issue of applications of our multivariate Meixner,
Charlier and Krawtchouk polynomials. The standard Meixner, Charlier and Krawtchouk
polynomials of single discrete variable have found numerous applications in combinatorics,
stochastic processes, probability theory and mathematical physics (for their reference, see the
introduction in [GMVZ]). Hence, we hope that our multivariate polynomials can be applied
to various situations and we intend to investigate these in research tasks in the future.
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Appendix A

Operator orderings and
Meixner-Pollaczek polynomials

The aim of this chapter is to give some identities which are generalizations of the formulas
given by Koornwinder [Ko|] and Hamdi-Zeng [HZ]. Our proofs are much simpler than and
different from the previous investigations. This chapter is based on [Shi].

A.1 Introduction

Let W be the Weyl algebra generated by p and ¢ with the relation [p, q] := pg —gp = 1. In
this paper, we prove the following theorems.

Theorem A.1.1. We put T := pg + gp. We obtain

m m n n
2n k n m—k:: m k. m _n—k 1.
Z(k)pqp 2 %(k,)qpq (AL1)

k=0
14+m—n .
omplin P w; %) P (m >n)
= 1+n—m . .
Q”m!i*mq”*mPy(n 7 ) <—Z(T+;_m); %) (n>m)

In particular, we have([HZ])

—~ (n knn—k:n N\ kon n—k _  j—np(3) irw
Z(k>pqp Z(k)qpq nli~"P, (2,2). (A.1.2)

k=0 k=0

Here Pﬁa)(x; @) is the Meizner-Pollaczek polynomial given by the hypergeometric series

20), . _ : .
PO (g ) = (nLRemcsz P ( ”’g‘; "oy em) _ (A.1.3)
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Theorem A.1.2. Let T, , be the sum of all possible terms containing m factors of p and n
factors of q. We have

1+m—n .
g(myirpy ) () (2
Tm,n == ml (T e (1+7;7m) z(T+n—m) - . (A14)

In particular, we have([Ko],[HZ],[FW2])

L2 1y (T
’ 2"\ n 22

The formula (A.1.5) for T,, was first observed by Bender, Mead and Pinsky([BMP]), and
proved by Koorwinder([Ko]). The idea of the proof in [Ko] is to consider the irreducible
unitary representations of the Heisenberg group and some analysis for special functions.
Moreover, a combinatorial proof was given by Hamdi and Zeng([HZ]). They used the rook
placement interpretation of the normal ordering of the Weyl algebra and gave also a proof
of (A.1.2), which was first observed by [BD]. Our results extend these to general m and n.

The proofs given in this paper are much simpler than the investigations([Ko], [BD]).
Actually, we only use some basic properties of the Weyl algebra and a certain transformation
formula of the hypergeometric function. Our proofs clarify the reason why (A.1.2) and
(A.1.5) are equal up to constant, which is not explained in [HZ].

A.2 Proof of Theorem A.1.1
The operations L4, R4 € End (W) are respectively left and right multiplications, that is,
LaX:=AX, RaX:=XA (A XeW). (A.2.1)
We introduce some useful operators([W]).
ad(A) := Ly + Ra. (A.2.2)

We remark that L, R : W — End ¢(WW) are linear, hence ad is also linear. In addition, since
ad(A)N.1 = 2N¥ AN we obtain the following lemma immediately.

Lemma A.2.1. Let ty,--- ,t, be indeterminates. For any N € Z>,, we obtain

In particular, we have

(trad(p) + tead(q))N.1 = 2N (tip + taq)™. (A.2.4)
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Remark A.2.2. When N = n in LemmaA.2.1, comparing the coefficients of ¢;---¢, on
both sides of the (A.2.3), we obtain the following formula immediately.

F(ad(4,)).1=2"F(4,). (A.2.5)

Here A, = (Ay,...,A,), ad(4,) := (ad(4,),...,ad(A4,)) and

F(A) =Y Ay Ay, Flad(4,)) = Y ad(Ayq)) -+~ ad(Agqm). (A.2.6)

O'EGn UEGTL
Lemma A.2.3. The operators ad(p) and ad(q) are commutative.

Proof. Obviously L4 and Rp are commutative. Since L is a homomorphism and R is an
anti-homomorphism, we have

[aa(p), aa(q)] = [Lp + Ry, Ly + Rq] = [Lpa Lq] + [va Rq] = Lpg—qp — Rpg—qp = 0.

Proposition A.2.4.
- m_. n_nm m knm—k_mn n k. .m _n—k
ad(p)"ad(q)"1=2") (ot =2") () )dpme" " (A.2.7)
k=0 k=0

Proof. Since L4 and Rpg are commutative, L is a homomorphism and R is an anti-homomorphism,
we obtain

ad(p)™ad(q)".1 = (L, + R,)™.2"¢" = 2" Z <7z> Ly Rym—k.q" = 2" Z (?)pkq”qm_k.
k=0 k=0
On the other hand, since ad(p) and ad(q) are commutative, we have
ad(p)"ad(q)" = ad(g)"ad(p)™
Hence, the second equality of (A.2.7) can be proved in the same way. O]

Remark A.2.5. Wakayama([W]) has constructed the oscillator representation of the simple
Lie algebra sl, by ad and ad in End (W) and then, proves that ad(p)™ad(q)".1 satisfies the
difference equation of the Meixner-Pollaczek polynomials.

Since T' = pq + qp and pq — gp = 1, we have

_T+1 T-1

_+t*1 _t-° A28
Pq 5 P 5 ( )

The proof of the following lemma is straightforward.
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Lemma A.2.6. (1) Let f(T) € C[T],l € Z>o. We have

P AT = f(T+20)p', ¢ f(T)= (T —2)q" (A.2.9)
(2) For anyl € Z>o, we have
vd = <£> . qp=(-1) (ﬂ) - (A.2.10)
2/ 2/,

Here, (z),:=x(x+1)---(x+1-1), (x)o := 1.

Proposition A.2.7.

nli—" P (% g) — ; (Z) (—1)k (a . §>k (a + g)n_k . (A.2.11)

Proof. 1t follows from the formula (2.3.14) in [AAR] that

T

B —n,o— 3. _ x -n,a—35 .\ _
(LHS) = (20) 50 F) ( o ,2) - <a+ 2>n2F1 <—n—a—§+ ¥ 1) — (RHS).

Remark A.2.8. One may also prove this proposition using the generating function for
Meixner-Pollaczek polynomials.

O

We now prove Theorem A.1.1 as follows. If m > n,
" /n " /n
om k,om n—k _ om k. k, m—n_n—k n—k
Z(k>qpq 2Z(k)qpp Py
k=0 k=0
“ (n 1-T 1+T
= 9om -1 k(- - m-n [ = ' &
2 () (57) (57,

k=0
1-T 1+7T
o (5), (o) o
k n—=k

_ 2mn!i_"P,gl+rg_n) (z(T +m—n) 7r) e

2 2

The second equality follows from (A.2.10), the third from (A.2.9) and the fourth from
(A.2.11). By Proposition A.2.4, the case of n > m can be proved in the same way.

A.3 Proof of Theorem A.1.2

Comparing the coefficients of 7'ty on both sides in (A.2.4) for N = m + n, one obtain the
key proposition.
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Proposition A.3.1. For any m,n € N, we have

1 (m+n)!
~omin lpl

Theorem A.1.2 follows immediately from (A.3.1), (A.2.7) and (A.1.1).

Ton ad(p)™ad(q)™.1. (A.3.1)

Remark A.3.2. (1) If m > n, then we have the following result immediately by Theo-
rem A.1.2 and (A.2.10).

! 1+T 1+m-—n (T —
Tpg™ " = (M) (222) 0 R Ttm=n) T\ (A3
2\ n 2 ) 2 2

The case of n > m is similar.
(2) If m > n, then a explicit expression of the Poincare-Birkhoff-Witt theorem for T, ,
follows from (A.1.4), (A.1.3) and (A.2.10).

1 m! m+n n 2k
Ton=—"—" — = gt A.3.3
’ 2”(m—n)!( n )kzm(k)(l—l—m—n)kqp ( )
The case of n > m is similar.

Recently, a generalization of Theorem A.1.2 using the multivariate Meixner-Pollaczek
polynomials in the framework of the Gelfand pair has been established in [FW2]. Another
proof of [FW2] in our current approach would be desirable.
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