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Graded Lie algebras and prehomogeneous vector
spaces

Nagatoshi SASANO
Introduction

Let G be a connected algebraic group, p a representation of G' on a finite-dimensional vector
space V where all defined over C. When there exists an element v € V such that the orbit p(G)v is
Zariski dense in V', we say that the triplet (G, p, V') is a prehomogeneous vector space (abbrev. PV)
and v is called a generic point of (G, p, V). For example, if we let A; be the natural representation
of the general linear group GL,, (n > 1) on C"*, then for any G, p and V such that dimV < n,
the triplet (G X GL,,p® A1,V ® C") is a PV. A PV which can be written in this form is called a
trivial PV. Unfortunately, when dimV > n, then a triplet (G x GL,,,p ® A1,V ® C") is not a PV
in general. However, when m := dimV > n and a triplet (G X GL,,,p® A1,V @ C") is a PV, it is
known that a triplet (G X GLy—n, p* ® A1, V* @ C™ ") is also a PV. These two PVs are said to
be castling transforms of each other (See Definition 11, p39, [S-K]).

The theory of prehomogeneous vector spaces is closely related to the theory of Lie algebras.
We can express the prehomogeneity condition of a triplet (G, p, V) by the method of Lie algebras
as follows.

We denote the Lie algebra of G by Lie(G), the infinitesimal representation of p by dp. Then
(G, p,V) is a PV if and only if there exists an element v € V which satisfies dp(Lie(G))v = V. Such
an element v is a generic point of (G, p, V). This is an infinitesimal condition of the prehomogeneity.

Moreover, we have a class of prehomogneous vector spaces called prehomogeneous vector
spaces of parabolic type. These PVs can be obtained by graded semisimple Lie algebras in the
following way.

Let g be a finite-dimensional semisimple Lie algebra, G the adjoint group of g, h a Cartan
subalgebra of g, R the root system of g with respect to b, p a fundamental system of R all defined
over C. Let 6 be a subset of ¢ and H? € b the unique element which satisfies a(H%) = 0 for all
a€fand a(H’) =2forall a € p\f. Put d;(0) := {X €g|[H’ X] =2iX} for each i € Z. Then

we can obtain a Z-grading of g:

g=EP . (0.1)

€L
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The graded Lie algebra (0.1) and the Killing form K of g satisfy the following conditions:

dp(0) and d; (6) are finite-dimensional vector spaces, (0.2)
the adjoint representation of do(#) on d; (f) is completely reducible, (0.3)
the restriction of K to d;(8) x d_;(#) is non-degenerate for each i > 0, (0.4)
[d1(0),d;(0)] = dit1(0), [d-1(8),d_;(0)] = d_;_1(0) for each 3,5 > 0. (0.5)
Denote do(#) by lp and the connected subgroup of G which corresponds to lp by Ly, then it is
known that (Lg, d;(#)) is a prehomogeneous vector space for any i # 0. We denote it by (s, d;(9)).
In other words, there exists an element v € d;(6) such that [lp,v] = d;(#). In Rubenthaler [Ru-1],
he showed that we can reduce to the case where i = 1 and studied spaces of the form (lg,d;(6))
and called them PVs of parabolic type. PVs of parabolic type can be described and classified by
the weighted Dynkin diagrams.

For a PV of parabolic type (I, d;(6)), we can recognize a space (lp,d—_1(6)) as the dual space
of (lp,d1(6)) via the Killing form K of g and assume that [d1(6),d_1(8)] = lp without loss of
generality. In other words, we can say that a PV of parabolic type is a triplet which consists of
a reductive Lie algebra and its representation which can be embedded into a finite-dimensional
graded Lie algebra with a non-degenerate symmetric invariant bilinear form. However, a castling
transform of (ly,d; (6)) is in general no longer of parabolic type, that is, it can not be embedded
into a semisimple Lie algebra.

In this paper, we shall introduce a way to embed a given finite-dimensional reductive Lie
algebra g, a finite-dimensional completely reducible representation (p, V') (do not assume the pre-
homogeneity condition) of g and its dual space (p*,V*) into a “large” graded Lie algebra with a
non-degenerate symmetric invariant bilinear form. In particular, a prehomogeneous vector space
of parabolic type can be embedded into a finite-dimensional semisimple Lie algebra by our con-
struction. For this, by using a non-degenerate symmetric invariant bilinear form By on g, we
shall construct a graded Lie algebra L(g,p,V,Bo) = @,,c4,
symmetric invariant bilinear form B such that Vy and V; are isomorphic to g and V' as g-modules

V., which also has a non-degenerate

respectively and a restriction of B to Vy x Vp coincides with By (Theorem 2.11 and Proposition
3.2). In our construction, the bilinear form By plays important roles. In particular, By defines a
linear map <i>p from V ® V* to g called ®-map and ‘i>p induces a bracket product between V; and
V_1. Moreover, we can prove that L(g, p,V, By) satisfies the following conditions:

Vo and V; are finite-dimensional vector spaces, (0.6)
the adjoint representation of Vy on Vj is completely reducible, (0.7)
the restriction of B to V; x V_; is non-degenerate for each ¢ > 0, (0.8)
V1,Vi] = Viga, [Vo1, V-] =V, for each 4,5 > 0, (0.9)
Vi, V_i] = Vo. (0.10)
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Conversely, an arbitrary graded Lie algebra which satisfies the conditions from (0.6) to (0.10) can
be obtained by our construction (Proposition 3.3). In particular, an arbitrary finite-dimensional
semisimple Lie algebra can be obtained by a certain PV of parabolic type and a bilinear form
(Theorem 3.14).

Now, the prehomogeneity condition of a triplet (G, p, V'), where G is a reductive algebraic group,
is closely related to the ®-map of the quadruplet (Lie(G), dp,V, By) where By is a bilinear form on
Lie(G). In particular, the prehomogeneity condition of a triplet of the form (GXGL,,, p@A;, VC")
can be expressed by the ®-map of the quadruplet (g ® gl,,,p ® A1,V @ C*, By & T),), where T, is

a bilinear form on gl,, defined by:
T, (a,a") = Tr (ad') (a,d" € gl,, = M(n;C)). (0.11)

Furthermore, this condition is reduced to the condition of the ®-map <i>,, of (g,p,V,Bp). Then, we
can obtain another proof of castling transform.

This paper consists of four sections.

In section 1, first of all, we shall explain that a quadruplet (g,p,V,By) determines a linear
map ®, from V ® V* to g. Then ®, induces a g-submodule V; in Hom(V*,g). In order to have
Vi ~ V as g-modules, we introduce the notion of standard quadruplets. Then, moreover, we
can obtain g-modules V,, for all n € Z inductively and call them n-graduations. Each g-module
V., is finite-dimensional and the dual g-module of V_,,. In particular, Vj is isomorphic to g itself.

In section 2, we define a bilinear map [, ]:1 from V,, x V,,, to V,,4.p for any n,m € Z. Denote a
direct sum of n-graduations obtained in section 1 by L(g, p,V, By). Then we have a bilinear map
[,] : L(g, p,V, Bo) x L(g,p,V, Bo) = L(g,p,V, By) defined by

[Inaym] = [l'n:ym]:L (:L'n € Vnaym S Vm)

Our main result is that [-, ] satisfies the axioms of a Lie algebra, i.e. L(g, p,V, Bp) has a structure
of a graded Lie algebra. We call the Lie algebra thus obtained a Lie algebra associated to
a standard quadruplet (Theorem 2.11). For example, loop algebras and finite-dimensional
semisimple Lie algebras are Lie algebras associated to some quadruplet. This will be proved in
section 3.

In section 3, we will study some properties of L(g, p,V, By). First, we shall construct a non-
degenerate symmetric and invariant bilinear form on L(g, p,V, By). Then we can prove that the
Lie algebras associated to a standard quadruplet can be characterized by the existence of a non-
degenerate symmetric and invariant bilinear form. It is described in Proposition 3.3. Finally, in
Theorem 3.14, we will give a necessary and sufficient condition for (g, p, V, By) to generate a finite-
dimensional Lie algebra L(g, p,V, Bg). The condition is closely related to prehomogeneous vector
spaces of parabolic type.

In section 4, we shall consider prehomogeneous vector spaces. We shall express the prehomo-
geneity condition of a given triplet (G, p,V) as a condition of the ®-map ®4, of the quadruplet
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(Lie(G),dp, V, By) for some bilinear form By. Moreover, we can express the prehomogeneity con-
dition of a quadruplets of the form (g® gl,,,p ® A1,V @ C*, By ®T),) as a condition of (g, p,V, By)
(Lemma 4.5). By applying this lemma, we shall give another proof of castling transform (Theorem
4.7).

The author wish to express hearty gratitude to Professor H. Ochiai for many invaluable sug-
gestions.

Notation: We denote the transpose of a matrix X by !X, the zero-matrix and the unit matrix

0, 1, .
Lo . Throughout this

paper, we shall always assume that all objects are defined over the complex number field C.

of size n x n by 0, and 1,, the Kronecker delta by d;;. Put J,, :=

1 A family of n-graduations

1.1 Standard quadruplets

Let g be a finite-dimensional reductive Lie algebra, V a finite-dimensional vector space, p a repre-
sentation of g on V all defined over C. By the theory of Lie algebras, there exists a non-degenerate
symmetric g-invariant bilinear form By on g. Let V* be the dual module of V' and p* the dual
representation of p. We denote the pairing between V and V* by (-,-). By the assumption that
By is non-degenerate, we can define the following linear maps.

Definition 1.1. We define a linear map <i>p (resp. lifp) from V ® V* to g (resp. from V*®V to
g) by the following equation:

Bo(a, ®,(v © ¢)) = (p(a)v,6) = (v, p"(a) ) (1.1)
(resp.
Bo(a,¥,(¢ ®v)) = (v, p*(a)$) = —(p(a)v, $) ) (1.2)

for any a € g, v € V and ¢ € V*. We call this map ® (resp. \il) the ®-map (resp. the U-map) of
the quadruplet (g, p,V, Bo).

Remark 1.2. For any v € V and ¢ € V*, we have
B,(v®d) +¥,(p®v) =0. (1.3)

Example 1.3. Let (g,p,V, By) = (gl,,, A1,C*,T,), where A; is the natural representation of gf,,
on the space of column vectors C* = M (n,1;C) and T), is a non-degenerate symmetric invariant
bilinear form on gl,, defined by

T, (a,a') :==Tr (aa’) (1.4)
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where a,a’ € g = M(n,C). Then the dual space V* can be identified with V' = C*. The

representation A} and the pairing (-,-) are given as follows:

Ai(a)¢ := ~'ag, (1.5)
(v,0) :="vo (1.6)

where a € g, v € V and ¢ € V*. Then the ®-map is given as:
&y, (v @ @) = v'e. (L.7)

Example 1.4. Let (g, p,V, Bo) = (50, A1, C", T |s0,, xs0, ), where A; is the natural representation
of so, on C* = M(n,1;C). Then the dual space V* can be identified with V' = C*. The
representation A} and the pairing (-, -) are given as follows:

Ai(a)p = ag, (1.8)
(v,¢) == "v¢ (1.9)

where a € g, v € V and ¢ € V*. Then the ®-map is given as:
A 1
@, (V@ 9) = 5(v'¢ - ¢'). (1.10)

Example 1.5. Let (g,p,V, Bo) = (sp,,, A1,C*", Ty,), where sp,, = {X € gl,,, | ‘X J, + J,X =0}
and A, is the natural representation of sp,, on C*" = M (2n,1;C). Then the dual space V* can be
identified with V = C?>". The representation A} and the pairing (-, -) are given as follows:

Ai(a)¢ := ag, (1.11)
(v,0) = "0t (1.12)

where a € g, v € V and ¢ € V*. Then the ®-map is given as:
A 1
(I>A1 (U®¢) = _i(vt(lsjn +¢thn)- (].].3)

Proposition 1.6. Let g be any reductive Lie algebra, p', o' representations of g on V¢ and
Ut (i = 1,2), By a non-degenerate symmetric invariant bilinear form on g. For quadruplets
(g, ©p?, Via V2 By) and (g,0' @ 02, Ut @ U2, By), the maps <I>p @p2 and B,10,2 are given as:

KH>

s (01,0 @ (61, 0%) = 8,10 (0! @ ¢') + D,2(v* @ ¢7), (1.14)
Doigye (' ®u?) ® (P! ®9?)) = (U, ¥?) Rpr (u! @ Y1) + (0, 9!)Dy2 (u? ® ¥7), (1.15)

where vt € Viu' € Ul ¢ € (Vi)*
(g,0", V", Bo) and (g,0',U", By) (i =

€ (UY* and ‘ipi,‘ioi are the ®-maps of quadruplets
1,2).
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Proof. The dual spaces of V! @& V? and U! ® U? can be identified with (V1)* & (V?)* and

(U')* @ (U?)* respectively. The pairings between them are given as:

((01,v?),(8",4%)) = (v',0") + (v, 9%), (1.16)
(u' @ u?, Yt @ 9%) = (ul, ) (u?, %) (1.17)
where v' € Vi ul € U, ¢' € (V)*,¢' € (U)* (i = 1,2). Thus, our claim can be checked by a
direct calculation. I

Here, V ® V* and V* ® V have canonical g-module structures and we have the following

proposition.
Proposition 1.7. The maps <i>p and lifp are homomorphisms of g-modules.

Proof. In fact, for any a,a’ € g, v € V and ¢ € V*, we have

By(a', @, ((p(a)0) @ ¢ + v ® (p*(a)9)))
=(p(a")p(a)v, > (p(a')v, p™(a)$)
=(p([a’,a])v, ¢} + (p(a)p(a")v, §) + (p(a')v, p" (a)¢)

=By([a', a], &,(v ® 9)) = (p(a')v, p*(@)) + (p(a')v, p" (a) )
=Bo(d', [a, &, (v ® ).

Hence, ®,((p(a)v) ® ¢ + v ® (p (a)¢)) = [a,®,(v ® ¢)]. Similarly, we can obtain the equation
¥, ((p*(a)p) @ v+ ¢ @ (p(a)v)) = [a,¥,(¢ ® v)] and thus &, and ¥, are homomorphisms of

g-modules. 1

By Proposition 1.7, ®,(V ® V*) and &,(V ® V*)* := {a € g | Bo(a,z) = 0 for any = €
<i>p(V ® V*)} are ideals of g. Then <i>p(V ® V*)* coincides with Ker p. In fact, suppose that
a € Ker p. Then we have By(a,®,(v ® ¢)) = (p(a)v,4) = 0 for any v € V and ¢ € V*. Thus
we have @,(V ® V*)L D Ker p. Similarly we have the converse inclusion. Hence we obtain the

following proposition.
Proposition 1.8. The maps <i>p and lifp are surjective if and only if p is faithful.
Next, let us construct g-modules which are isomorphic to V' and V* respectively.

Definition 1.9. For each element v € V and ¢ € V*, we define linear maps ®,, € Hom(V*,g)
and ¥, , € Hom(V, g) by
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where v € V and ¢ € V*. Then we have linear maps ®, and ¥, as below:

®,:V — Hom(V",g)

vir @, (1.20)
¥, : V* = Hom(V,g)
b T, (1.21)

We call these maps ®, ., and ¥, , the ®-map at v and ¥-map at ¢ of (g, p, V, B) respectively.

The spaces Hom(g, V') and Hom(g, V*) have canonical g-module structures. Then we have the

following proposition.
Proposition 1.10. The maps ®, and ¥, are homomorphisms of g-modules.

Proof. By Proposition 1.7, we have the following equations:

q)p,p(a)v(¢) = [a’a ¢Pyv(¢)] - ‘I>Pyv(p* (a)¢)7 (122)

Wy vy () = [0, W) (u)] = ¥, 4 (p(D)u) (1.23)

for any a,b € g, v,u € V and ¢,¢ € V*. Thus we have our result. 1
Put

Vo =g, (1.24)

Vi :=1Im(®,), (1.25)

Vo1 :=1Im(¥,). (1.26)

Then Vy, V1 and V_; are g-modules. We denote the canonical representations of g on Vg, V4 and
V_1 by po, p1 and p_; respectively. Then we can define linear maps py and gg by

po:Vi®Vy =W

v ®a— —py(a)vy, (1.27)
Qo: VeV =V
¢_1 ®ar> —p_l(a)¢_1. (128)

We can easily show that pyp and ¢y are homomorphisms of g-modules. Furthermore, if p is com-
pletely reducible and does not have a subrepresentation on a non-zero subspace of V' which is
isomorphic to a zero-representation, then py and go are surjective and ®, and ¥, are injective. In
fact, take an element v € V which satisfies ®,, = 0. Then we have (p(a)v, ¢) = By (a, ®,.(¢)) =0
for any a € g and ¢ € V*, hence p(a)v = 0 and v = 0. The same holds for ¥,. Therefore we
obtain the following proposition.
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Proposition 1.11. If p is completely reducible and does not have a subrepresentation on a non-
zero subspace of V' which is isomorphic to a zero-representation, then g-modules Vi and V_1 are

isomorphic to V and V* respectively.

Remark 1.12. In the situation of Proposition 1.11, we have

v (¥, (¢-1)) + ¢-1 (2, (v1)) =0 (1.29)
for any v; € Vi and ¢ 1 € V_;.
Here, we give the following definition.

Definition 1.13. Let g be a finite-dimensional reductive Lie algebra, V' a finite-dimensional vector
space, p a representation of g on V', By a non-degenerate symmetric invariant bilinear form on g.
If a quadruplet (g, p,V, By) satisfies the following conditions, we call it a standard quadruplet:

p is completely reducible, (1.30)
p is faithful, (1.31)
p does not have a subrepresentation on a non-zero subspace of V' which is isomorphic

to a zero-representation. (1.32)

In other words, if (g,p,V, By) is a standard quadruplet, the g-modules Vy, V) and V_; are
isomorphic to <i>,,(V ® V*), V and V* respectively. Next, let us construct g-modules from V; and
V_;. For this, we will show the following proposition used later.

Proposition 1.14. Let (g,p,V,By) be a standard quadruplet. Let W be a finite-dimensional g-
module and py a representation of g on W. Assume that there exists a homomorphism of g-modules
p from Vi @ W to Hom(V*, W). We put

W:=1Imp (1.33)
and denote the canonical representation of g on W by pw. Then the following linear map
p:Vi®@W — Hom(V*, W)
v QW (¢|—>ﬁw(v1(¢))u7 +p(v1 ®’U~)(¢))) (134)

is a homomorphism of g-modules.
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Proof. For any a € g, v; € Vi, w € W and ¢ € V*, we have

ppi(a )v1 ®0)(¢) + p(v1 ® pw (a)w)(¢)
=pw ((p1(a)v1)(9)) @ + p(p1(a)vy @ W ()
+ pw (Ul( )"W +p(U1 @ (pw(a))(¢))

))) p(v1 @ @(p"(a)9))

Thus we have our result. 1

Definition 1.15. Let (g,p,V, By) be a standard quadruplet. Suppose that ¢ > 1 and there exist
g-modules (p;—1,Vi—1) and (p_;+1,V_i+1) and homomorphisms of g-modules p;_; : V1 ® V;_; —
Hom(V*,V;_1) and g—;y1 : Vo1 ®V_;11 = Hom(V,V_;41). Put V; :=Im p;—y and V_; := Im q_;41
and denote the canonical representations of g on them by p; and p_; respectively. We define linear
maps p; and q_; by

pi: Vi ® V; = Hom(V*, V)

v @ Uu; — (¢ = pi (U1 ((j)))ul + pi—1 (’U1 b2y ul(¢))), (1.35)
g—;: Vo1 ®V_; - Hom(V,V_;)
¢ 1 @Y i (v pipi(01(v)Y i+ g1 (P11 @Y i(v))). (1.36)

Then, by Proposition 1.14, p; is a homomorphism of g-modules. Similarly, ¢_; is also a homomor-
phism of g-modules. We denote by V;;; and V_;_; the images of p; and ¢_; and the canonical
representations on V4 and V_;_; by p;+1 and p_;_; respectively. Thus, inductively, we obtain
g-modules V,, and representations p,, of g on V,, for all n € Z. We call V;, the n-graduation of
(g,p,V, Bp). Throughout this paper, we use these notation.

Remark 1.16. Especially, if ¢ = 1, we have
p1(v1 ®up)(9) = — pi(ur ®v1)()
=p1(v1(¢))u1 — p1(u1(@))v (1.37)
and

—1(P—1 @ P_1)(v) = — g1 (Y—1 ® ¢—1)(v)
=p-1(¢-1(0))¢—1 — p—1 (-1 (v))P—1. (1.38)
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1.2 A bilinear form on V; x V_;

In this section, we will consider the relation between g-modules V; and V_; for each ¢ > 0. For
this, we construct a bilinear form on V; x V_;. First, let us show the following equation on By :

By (po (U1 ® a) (\IJ71(¢_1)),b)
=Bo(a,qo(¢-1 ® b)( Y(v1))) (1.39)

where a,b € Vp, v € Vp and ¢_1 € V_;.
Put v := &, (v;) € V and ¢ := ¥, (¢_1) € V*. Then we have

(1.40)

Next, suppose that ¢ > 1. Assume that there exists a g-invariant bilinear form B; 1 on V;_1 xXV_; 14

which satisfies the following equation:

Bi_1(pic1 (vt @ ui1) (¥, (h-1)), ¥—it1)
=Bi_1(ui-1,q-i11(0-1 @Y_is1) (2, (v1))) (1.41)

for any v; € Vi, u;1 € Vi1, ¢-1 € Vg and ¥_;41 € V_;11. Then we can define a bilinear form
Bi on V; X V,i by

Bi(pi—1(v1 ® ti—1),q-iv1(p—1 @ _iy1))
:=Bi_1(pi—1(v1 ® ui—1) (W;1(¢71));¢7i+1) (1.42)

where v, € Vi, u;—1 € Vi1, 01 € Vo1 and ;41 € V_;41. Indeed, by (1.41), B; is well-defined.
Then B; is g-invariant. In fact, by the assumption that B;_; is g-invariant, we have

( i(@)pim1 (01 @ tic1),qigr (b1 @ Pita))
—1(pi(a) (picr (01 @ wia) (T (61))), i)
Bi1(pi-1(v1 @ ui 1)(P*(a)‘1’;1(¢71)) Yoit1)
B;_ 1(Pz 1(U1®Uz 1)( -1 ); z+1( ) z+1)
= Bic1 (pie1 (01 @ uia) (p ()‘1’ Hp1)), ¥inn)
= — Bi(pi1(v1 ® uic1), poi(a)goiy1 (-1 ®P_it1)) (1.43)
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for any a € g, v1 € Vi, u;_1 € Vi1, o1 € V1 and ¥_;41 € V_;41. Moreover B; satisfies the
following equation:

Bi(pi(v1 ® wi) (¥, (¢-1)), %)
=B;(ui,q—i(p—1 ® ¢ )(‘I); (v1))) (1.44)

forany vy € Vi, u; € Vi, ¢—1 € V_1 and ¢¥_; € V_;. In fact, put v := ‘1>;1(u1) and ¢ := \Il;l(¢>_1).
Then we have

B (ps

=B (pi(vi( (;5))141 + pi1 (01 @ ui()), V)

=B;(ui, p—i(¢—1(v)) i) + Bi—1 (ui(®), —i(v))

=B; (ui, p-i(9-1(0)) i) + (Uu i(0-1®9i(v)))
B (@ (v1)))-

Thus, inductively, we obtain a bilinear form B; on V; x V_; for all i > 0.

= iui,Q—(¢ 1Y )

Proposition 1.17. For all i > 0, V_; is the dual g-module of V;.

Proof. 1t is sufficient to show that the bilinear map B; : V; x V_; — C is non-degenerate for each
¢t > 0. We argue by induction on i. For ¢ = 0, by the assumption, By : V5 x Vj — C is non-
degenerate and g-invariant. Hence, Vj is the dual g-module of itself. Suppose that ¢ > 1. Take an
element u; € V; such that B;(ui,q—i+1(¢0—1 ® ¥_;41)) =0 for any ¢_1 € V_; and ¥_; 41 € V_;41.
Then we have

Bi 1 (ui(¥, (¢-1)),%—it1) =0.
By the induction hypothesis, B;_; is non-degenerate and thus we have u; (¥, (¢_1)) = 0 for any

¢—1 € V_1. Thus u; = 0. 1

1.3 Examples

In this section, we will give some examples.

Example 1.18. Let n > 2 be a positive integer. Let g = gl; & sl,, and V = C*. We define a
representation p of g on V' by:

pla, A)v = av + Av
(aecgl, Acsl,, veV)
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where v € V is considered as a column vector. The dual space V* is also identified with C* and

the pairing between V and V* is given by:
():VxV*=C
(v, 8) = v (1.45)
Then the dual representation p* of g on V* is given by:

pla, A)p = —ap — Ao
(a€gly, Acsl,, V")

where ' A is a transpose of A. Let B} be a bilinear form on g given by:

B; ((a, 4), (', ) = — P ad +Tr AA' (1.46)

+1
(a,a’ € gly, A, A" € sl,,).

Then (g, p,V, B}) is a standard quadruplet. Then its ®-map <i>}, from V ® V* to g is derived by:

n+1

1
- tug, vt — Etmbln). (1.47)

&) (v g) = (

In this situation, the m-graduation of (g, p,V, B}) is {0} for all ;v > 2. In fact, we can identify V;
with V. Then, for any v;,u; € V7 and ¢ € V*, we have

i (Ul b2y Ul) (¢)
=p1 (n ;: ltvl(ﬁ, vt — %tvlgbln)ul -m (n + ltu1¢, u b — %tulqﬁln)vl
_nt ltvlgz&ul + vt puy — %tvl(j)ul _nt ltul(j)vl —up vy + %tulqﬁvl
_nt lultvl(i) + v tur o — %ultvlqﬁ _n lvltul(j) —u'v1 ¢ + %vltul(j)
=0.

Thus our claim holds.

Example 1.19. We retain the notation g, p and V' of Example 1.18 and choose another bilinear

form B2 on g given as follows:
Bi((a, A),(a’, A")) := naa’ + Tr A4’ (1.48)
(a,a’ € gly, A, A € sl,).
Then we have
HCEYY) =(%tv¢, v'e — %tvqﬁln) (1.49)
(veV,peVr)
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where <i>f, is the ®-map of (g, p,V, B3). Identifying V; with V', we have

p1(v1 @ ur)(9) =(vitur —ui'vr)d (1.50)
(vl,ul € V,¢ € V*)

from the argument in Example 1.18. Therefore, we can identify V5 with the totality of skew-

symmetric matrices of size n and the representation p, on V5 is given as follows:

p2(a, A)us = 2aus + Aus + us' A (1.51)
(a cgly, Aesl,, uz € Vz)
In this situation, the m-graduation of (g, p,V,B2) is {0} for all m > 3. In fact, for any
vy,u,w; € V) and ¢ € V*, we have
p2 (w1 @ p1(v; ® Ul)) (¢)

(
—/)2( fwi g, wi 't — = w1¢1 )p1(v1 @ ur) + p1 (w1 @ pr(v1 @ ur)(9))

1 1 1,
=p1 (Pl( w1¢,w1t¢ - = w1¢>1 )U1 ®U1) +m (U1 ®P1( fwid, witd — = w1¢1 ) )
+p; (wl ® p1(v1 ® U1)(¢>))
=p1 (w1t¢U1 ® ul) +m (U1 ® w1t¢u1) +m (wl ® (U1tu1 - ultU1)¢)
=w; ¢v1tur — urtv1dtwr + vifurd'wr — wiPuqto
+ witdui vy — viturdtwr — witpvitur + uitor gt

=0.

Thus our claim holds.

2 A Lie algebra associated to a standard quadruplet

In the previous section, we constructed a family of n-graduations from a standard quadruplet
(g,p,V,Bp). In this section, we will consider the direct sum of n-graduations and denote it by
L(g, p,V, By). Then we can define a bilinear map from L(g, p, V, Bo) X L(g, p, V, Bo) to L(g, p, V, Bo).
We will prove that this bilinear map satisfies the axioms of a Lie algebra. First of all, let us define

the following bilinear maps.

Definition 2.1. For any n € Z, we define bilinear maps
[0 Vo X Vi = Vi,
[ ] 2 Vi X Vi = Vi,
[ ]2 Vit X Vi = Vi
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by
[a,mn]i = pn(a)z,, (2.1)
v nwew) w20
[Ula‘rn]n T {—In(q);l(’m)) (n < _1) ’ (2'2)

o e —2, (U, (¢1)) (0>
- ”]n ' {qn(¢—1 ® Tp) (n <

where a € Vo, v; € V1, 01 € V1 and z, € V,,.
We have the following two propositions.

Proposition 2.2. Foranyn € Z,a € Vo, v1 € Vi, ¢_1 € V_1 and x,, € V,,, we have the following
equations:

[po('Ul ® a’)amn],l,b = [Ula [a;mn] ?1],11 - [a, ['Ul;mn] ,11] (1)1+1’ (24)

1 —1

1061 © @),y = oo [awa]’]; = [ [omnal; 1o 2.5

Proof. For n > 0, we have

[po(v1 ® a),xn]; =[-p (a)vl,xn]i
=pn(—p1(a)vy ® )
=pn (01 @ pn(a)zn) — pui1(a)pn(vr @ )

=[o1, [a,2a] 0] — [a [or,2a] )0 -

For n < —1, we have

[po(v1 ®a)a$n]l [ 1(a)vr, T ]
e (p(a) (@7 (01)))
=- (Pn(a)xn)(¢p1( 1)) + pasi(a) (2, (@5 (01)))
=[on, [mea] ], = [ o, 20 ] ]
Thus we have (2.4). Similarly we can obtain (2.5). 1
Proposition 2.3. For any n € Z, v1 € V1, ¢_1 € V_1 and x, € V,, we have the following
equation:

-1 1

(61, [or 20 )iy = [[6or0a] o waly + o, [6o0, ] ]

1

n—1"

(2.6)
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Proof. For n > 1, we have

[6-1, [Uhxn]i]nﬂ [6-1,Pu(01 ®"E”)]nil

= —pn(v1 ®@z0) (¥, (4-1))
== pa(vi (¥, (1)) 20 — Po1(v1 © 2, (2,1 (4-1)))

1 1

=[[6=1,01]; swaly + [0, [B-rwal

For n = 0, we have

[6-1. [or,20]o], " == [6-1,pr(@o)on]
=(p1(wo)v1) (¥, (¢-1))
=po (o) (v1 (¥, (p-1))) —v1 (¥, " (p-1(z0)p-1))

-1

e AU Pl O R P e

For n < —1, we have

11-1 —1

(61, [vr, 2], ] yy = = [0-1,20 (2, (0)] 4,
= —qny1 (91 @ 2, (2, (01)))
=pn(6-1(2,7(01))) 20 = gn (P01 @ 20) (2,7 (v1))
=[[o-1,0a], " oaly + [0, [91 0], 1]1 .

Thus we have (2.6). I

Definition 2.4. Assume that i > 0. For any n € Z, we define bilinear maps

[ 10 s Vi X Vi = Vi, (2.7)
[T, Veimt X Vo = Ve (2.8)
by
[pi(v1 ® Uz‘),mn]fjl :=[v1, [uz,azn];]iﬂl — [us, [vl,mn]i] ;+1 (2.9)
(v1 € Vi,u; € Vi, € V)
and

[a-i(p1 @ v-i)ywa) =0, [iwal 1, = Wi [6on,ma] ], (2.10)
(1 eV, e€Viz,€Vy)

inductively.
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We must prove the well-definedness of Definition 2.4. First, let us start with the case where
i = 0. To check this, it is sufficient to show that the bilinear maps [-, ]i and [-, ];1 given in (2.9)
and (2.10) coincide with (2.2) and (2.3) respectively. It follows from Proposition 2.2 immediately.
Next, let us show the following proposition to prove the well-definedness of (2.9) for i > 1.

Proposition 2.5. Let ¢ > 0 and assume that [-, ]; is well-defined for any n € Z. Take elements
vi,...,vt € Vi and ul,... ul € V; satisfying

> piv; @ uf) =0. (2.11)

Then for any x,, € V,,, we have

l

Z([vf, [uf,mn];];n — [uf, [vf,mn]i];_l) =0 (2.12)

s=1
and hence we obtain that (2.9) is well-defined.

Proof. We argue by induction on i. For i = 0. By Proposition 2.2, we have our result for any
n € Z. Moreover, by definition and Proposition 2.3, we have the following equations:

[a [or,2a], 0y = [[a0a] o], + [or, 0] ), (2.13)
(61, [or,2a], ] 1y = [[0-t 00 wal 4 [0, [Br,wa] T, (2.14)
[vl,a](l) = —[a,vl](l) = —p1(a)vy, (2.15)
[ul,vl]i = —[vl,ul]i = —p1(v1 ® uy), (2.16)
[U1,¢—1]1_1 = —[¢—1,U1]1_1 =u1 (¥, (¢-1)) (2.17)

where a € Vp, vi,u; € Vi, ¢_1 € V1 and x, € V,,.
For ¢ > 1. We assume that the bilinear maps [-, -]

i
n

are well-defined for any n € Z and satisfy
the following equations:

01

[a, [uiza] )5y, = [laywl,@a)l + [us, [a,24] 0] (2.18)
[6-1 [uuﬂfn]n]m = [[o-vuil, ol 4 [ [61ma], (2.19)
[ui,aly = —[a,u]; = —pila)us, (2.20)
[wi, 0]} = [Ulauz]l = —pi(vl © us), (2.21)
[wi01]" ) = = (6w, = us(¥, (60) (2.22)

where a € Vo, v1 € Vi, u; €V;, ¢_1 € V_1 and x,, € V,,.
We fix ¢ and argue by induction on n.
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(1) The case where n > 0.
For n = 0, by the induction hypothesis on 7, we have

(o0, [ 20]o]; = [us, [on, 0] ]

=—Di (Ul ® pi(l“o)ui) + [Ui, p1 (Io)Ul]i
= —pi(v1 ® pi(o)us) — pi(pr(zo)vr @ u;)
= — pit1(@o)pi(v1 ® u;) (2.23)

where v; € Vi, u; € V; and zg € V. Thus, we have our result immediately.
For n > 1. Note that by (2.19), we have

(i, Y] (0) = [ui(0),ym) " + [wi,ym (D)), (2.24)
for any m > 1, u; € Vi, ym € Vi and ¢ € V*. Hence, we have
@) = [us, [or, 2] 15, (9)
i, @) 1) (6) = [us,pa (01 @ 2)],, (9)
=pitn(01(9)) [us, xn];
t+ pign1 (01 ® ([wi(d), 2]}, "+ [us,20(9)]),_,))
— [us(@), palor @ 2]
(2(8))n +poa (01 @ 20(9)],
=[pi(v1(9)) ui, zn

(o1, [ws, 2a]
[

=Pitn (U1 ®

— [ui, pn
I,

it (01 @ [us(8), 2 ) = [w(@),palor @ )]

t pienct (00 @ [w, 20 (6)]] ) = i puct (00 @ 20 (6))],
o+ i (o1 @ wi(9)) ],
[, 20 ()] _,) = [t5, Pn (02 ® 20 ()]

=[pi(v1 @ ui) (9), 2],

+ [o1, [ussen ()], iy — [uis o1, 2(0)],,_, ], (2.25)

where v; € V1, u; € V;, ¢, € V,, and ¢ € V*. Here, by the induction hypotheses on 7 and n, if
vi,...,vt € Vy and ul,...,ul € V; satisfy

l
Y pilvf ©uf) =
s=1

=[pi (v1(9))us, 2y,
+pz+n 1(“1

then we have
l

> [pi(v @ ug) (9), 2]}, = 0

s=1
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and
l

([ w5 en (@), Dy, = [ [ 2 2a(@)],_,]0) =0

s=1
respectively. Therefore we have our result for any n > 0.
(2) The case where n < —1.
For n = —1, by the induction hypothesis on ¢, we have

[Ul’ [u“m*l]i—l]jﬂ - [ui7 [vl’m*1]1—1](i)

= (o ui (¥, ()] = [ v (2, @) ]g
=pi_1 (U1 ®ui(\1!;1(x_1))) +pi(’U1 (‘I’pl(I 1)))u
=pi(v; @ u;) (¥, (z1)) (2.26)

where v; € Vi, u; € V; and w—1 € V_;. Thus, we have our result immediately.
For n < —2. Note that by (2.19), we have

i _ i—1 i -1
(i, @1 (D1 @ Ymi1)], = [ui(¥, 1(¢71));ym+1];+1 + [¢-1, [Ui;ym+1];+1]i+m+1 (2.27)

for any m < -1, u; € Vi, ¢—1 € V_1 and ymy1 € Ving1. Hence, by the induction hypotheses on 4
and n and Proposition 2.3, we have
['Ul; [uuqn+1 ¢-1® Tny1

)
=[o1, [us (¥, (¢-1)) 2nsa]
(2,

-1 1

] ]Hn - [Uu [U1;Qn+1(¢ 1® $n+1)],11] ;H
1
;+ ]l+n [Ul’ [‘ﬁ*l’ I:ui7mn+1]n+l]i+n+l]i+n

+ [U’qu+1 ¢ 1 ®m”+1) e, 1 )]”+1
=[pic (01 © wi (¥, (6-0))) wna] g = [ (, (0-1)), wnes (B, ()]

+ [0 (111;1((;571)), [“iﬂmn+1]i+1]i+n+1 + [¢-1, o1, [“i7m”+1]n+1]i+n+1]i+n+2
]

+ [U/i;pn+1 (¢71 (‘P;l(vl)))mn+1 ;_1 + [Uz,Qn+z (<Z5 1 ®Tpy (‘I’ 1(111)))];_1

=[pi-1(v1 ® w; (¥, (¢-1))), xn+1]i+1 — [ui (¥, (- 1)) In+1(‘1) 1(111))];112
+ [pilon (1 6-0) Yuis o]y + (w6 o (01 (¥5 (6-0)) o]
[0, [on, [wi@na ] 1 Dy [0 Pt (6 (@;l(vn))w];ﬂ
+ [ (27 (9-0)) s (27 @0)] ), + D1 [ @ (25 (00)]) 0] 1o

:[ i1 (’U1 X u; (\I’;l(¢_1))),xn+1];+l + [pz (’U1 (\I’;l(qS 1)))ul’xn+1]n+l
+ |:¢—17 I:Ula [ui’x"+1];+l]i+n+l]i_+1n+2 - |:¢—17 I:uia [Ulaxn+1]n+1];+2] i_+1n+2

=[pi(v1 @ u;) (‘I’;l(¢fl)) ) wn+1]i+1

i i -1
+ [fﬁ—l; (['Ul; [Ui,$n+1]n+1]i+n+1 - [Uia [Ul’mnﬂ]i“]”“)]wnw (2-28)
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where v; € Vi, u; € Vi, Tp41 € Vg1 and ¢ € V_;. Here, by the induction hypotheses on ¢ and

n,if vi,...,; vl € Vi and ul,...,ul € V; satisfy

l
Zpi(vf ®uj) =0,
s=1
then we have
l .
Z pi(v] ® u;) \I’;l(¢—1))’x"+1]n+l =0
s=1

and

L ~1

S ([0, [t mnsn ] T = [ o] ]o)] =0

o] i+n+2

respectively. Therefore we have our result for any n < —1 and we obtain bilinear maps [-, ] ‘

n

alln € Z.

or

In order to complete the proof, let us show that the bilinear maps [-, ] ::H (n € Z) satisfy the

following equations:

[ fusen, 2], 1y = (v ) al ™ o [ [ ] 1,

oo )17y = [l s+ Fas [, ]
[uit1,a]) = —[aaui+1]?+1 = —pit1(a@)uit1,

[uirr, 0]} = —[Ul:uiﬂ];ﬂ = —pit1(v1 ® Uit1),

[wir1, 1] = _[¢_1’ui+1]i_+11 = uis1 (¥, (¢-1))

where a € Vg, v1 € V7, Uil € Vi+1, ¢_1 e V_; and z,, € V,.
(2.31) and (2.33) follow from (2.23) and (2.26) respectively.

Let us show (2.29). We can assume that u;11 = p;(v; ® u;) for some v; € V; and u; € V;
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without loss of generality. Then we have

[, [pi(or ©ws), ] 17,
=[a, [o1, [wis @] ) o)t onis = [0 [ o1, 2a] )0 )
=lpu(@)vr, [uisza' ]}, + [0, [pi(@)usswal ], + o0, [uis pu(a)2a] )1
= Ips(a)us, [on,2a] 1oy = oo [pr (@)onsan] 1y = [ [ons @)l 3
=lpu(@)vr, [uiszal ! ]}, = [i: [or (@)or, 2] ]
+ [on, [pi(@ussea] ]y, = [oi(@)us [or,2a] 10
+ [o1, [wi, pa (@) ]} )1, = [uis [0, 00 (@) ] ]
i (pr(a)or @ i), @]+ [pi (01 ® pi(a) i), 2]l
+ [pi(1 @ wi), pu(a)wa]
[[api(or @ w7, wal i+ [pi(or @ ws), [0,z )07

ndn

Thus (2.29) holds.

Let us show (2.30). If n # 0, (2.30) follows from (2.25) and (2.28). The case where n = 0 is
obtained from (2.31) and (2.33). Thus (2.30) holds.

Finally, let us show (2.32). By (2.30) and (2.31), for any ¢ € V*, we have

[wiy1, 1] Z;rl (¢)
i+1

:[uiH(qs),vl]i + [Ui+1,1}1(¢)]0
=—Di (”1 ® Ui+1(¢)) — Pit1 (”1 (¢))ui+1
= —pir1(v1 @ uir1)(9).

Thus (2.32) holds. This completes the proof. 1

In the same way, we can prove the following proposition.

Proposition 2.6. Assume that j > 0 and [ ];] is well-defined for any n € Z. Take elements

Py, dh € Vi and L, . WL € VL satisfying

l
> g (¢t @yt ;) =0. (2.34)
s=1
Then for any x, € V,, we have
l . .
S0 (¥ 50ea) ) = 0050 (000, 2a] 1,7 = 0 (2.35)

s=1
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and hence we obtain a bilinear map

[., ] —i-L Vo x V= Vo

satisfying the following equations:

0

0 LN I S | Y L I (N (A

o, [Ymjmnn] T = (o tmim]t aal )+ oo, o,

¢—j—1,¢—1]:1_ Z—[¢—1ﬂ/’—j—1] " =011 ®Y_ja),
vognu] T =o)L = (25 ().

where a € Vo, v1 € V1, ¢_1 eV_q, I/J_j_l € V_j_l and x,, €V,.

[
[
[iﬁ—j—laa]o_j Y= [a, 9] i = —p-i—1(@)Yj,
[
[

Then Proposition 2.5 and Proposition 2.6 are summarized as follows.

Definition 2.7. We put

gp;VBO @V

neEZ

and define a bilinear map

['7 ] : L(Q;P,V, BO) X L(G;P; V; BO) - L(Q;P;V; BO)

[Inaym] = [xnaym]:L
where z,, € V,, and y,,, € Vi

Proposition 2.8. The bilinear map [-, "] satisfies the following equations:

[a, 2] = [x,d],

[v1, 2] = =[x, 0],

[p—1,2] = =[x, ¢-1],

[a, [2,y]] = [la, 2], 4] + [z, [a, ],

[y, [, 2]] = [v1, [y, 2]] = [[v1, 9], 7],

[y; [9—1, 2] = [9—1, [y, 2] = [[9-1, 9], 2]

where a € Vo, v1 € Vi, ¢_1 € V1 and x,y € L(g,p,V, Bo).

Let us show that [-, ] satisfies the axioms of a Lie algebra.

—j—1

n

)

—j—1
n+1 ?

21

(2.41)

(2.42)

243
244
2.45
2.46
247
248

~ A~ o~ o~ o~
N~ — — ~— ~—
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Proposition 2.9. For any =,y € L(g, p,V, By), we have
[, y] + [y, z] = 0. (2.49)
Namely, [-,+] is skew-symmetric.

Proof. Without loss of generality, it is sufficient to show in the cases where x = x,, € V,, for each
n € Z. We assume that n > 0 and argue by induction on n.

For n = 0, our claim follows from Proposition 2.8.

For n > 1. Without loss of generality, we can assume that z, = p,_1(v; ® z,,—1) for some
vy € Vi and @,—1 € V,,—1. Then, by (2.9) and (2.47), we have

[pnfl(vl ® xnfl)ay] + [y;pnfl(vl & xnfl)]
=[v1, [Zn—1,y]] = [#n—1, [v1, Y]]

+[v1, [y, 2] = (o1, 9], 2.
By the induction hypothesis, we have
[Tn-1,y] + [Y,Tn1] =0
and

[£n—1, [vr, Y]] + [[v1, Y], 2n 1] = 0.

Hence our claim holds. Similarly we can obtain the proof of the cases where n < —1. This

completes the proof. I

Proposition 2.10. For any z,y,z € L(g,p,V, By), we have

[, [y, 2]] = [[=, 9], 2] + [y, [z, 2]]. (2.50)
Namely, [-,-] satisfies the Jacobi identity.

Proof. Without loss of generality, it is sufficient to show in the cases where x = z,, € V,, for each
n € Z. We assume n > 0 and argue by induction on n.

For n = 0 and 1, our claim follows from Proposition 2.8.

For n > 2. Without loss of generality, we can assume that =, = p,—1(v1 ® z,—1) for some
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v1 € V1 and x,_1 € V,,_1. Then, by the induction hypothesis, we have

[Prn—1(v1 ® Tn1),ly, 2]
=[v1, [Zn—1, [y, 2]]] = [2n-1, 01, [y, 2]]]
=[vy, [[n-1,9], 2]] + [0, [y, [Tn—1, 2]]]

= [wn—1,[[o1, 9], 2]] = [wn—1, [y, [v1, 2]]]
=[v1, [[wn-1,9], 2] + [y, [o1, [wn—1, 2]]] + [[01, ], [#n—1, 2]]

= [en—1,[[v1, 9], 2]l = [y, [wn—1, [v1, 2]]] = [[@n—1, 9], [v1, 2]
=[[v1, [#n-1,9]], 2] = [[Tn—1, [v1,9]], 2] + [y, [Pr-1(v1 @ T5—1), 2]
=[lpn-1(v1 ® n-1),y], 2] + [y, [Pn-1(v1 @ Tn1), 2]]-

Thus we have our claim. We can also obtain the proof of the cases where n < —1 by the same

argument. This completes the proof. 1
By Propositions 2.9 and 2.10, we have the following theorem.

Theorem 2.11. L(g,p,V, By) is a Lie algebra with the bracket [-,-]. We call the Lie algebra thus
obtained the Lie algebra associated to (g, p,V, By).

In particular, for a given reductive Lie algebra g and its finite-dimensional completely reducible
representation (p, V'), there exists a graded Lie algebra ), gn such that its Lie subalgebra go is
isomorphic to g and the adjoint action of gy on g; is isomorphic to (p, V).

In the next section, we will construct a bilinear form on L(g,p,V, By) = @, ., Vn such that

nez
the restriction to V4 x Vj coincides with By.

3 Some properties of L(g,p,V, By)

3.1 A bilinear form on L(g,p,V, By)

In this section, we will consider the structure of the Lie algebra L(g, p, V, By) associated to a stan-
dard quadruplet (g, p,V, Bo). First of all, we construct a non-degenerate symmetric L(g, p, V, Bo)-
invariant bilinear form on L(g, p, V, By) x L(g, p,V, Bo).

Definition 3.1. We define a bilinear form B on L(g, p,V, By) x L(g,p,V, By) by

B(Z T, Z ym) = ZBS (xs,y_s) + Z B_t(y_t,xt) (3.1)
nez me7Z s>0 t<—-1

where z,, € V,, and y,, € Vi.

Proposition 3.2. The bilinear form B is non-degenerate symmetric and L(g, p,V, Bo)-invariant.
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Proof. It can be easily proved that B is non-degenerate and symmetric. Let us prove that B is

L(g, p,V, Bo)-invariant. For this, it is enough to show that we have

B([uiamn]aym) = B(mna [ymaui]) (32)

where ¢ > 0, n,m € Z, u; € Vi, T € Voo, Ym € Vi, and ¢ + n 4+ m = 0. We argue it by induction
on .

For i = 0,1, our result follows from (1.43) and (1.44) immediately.

For ¢ > 2. We can assume that u; = p;—1 (v ® u;—;) for some vy € V7 and u;—, € V;_; without

loss of generality. Then, by the induction hypothesis, we have

[Pz 1(v1 ®Ui71);mn]7ym)

(o1, [wi, @] = [wims, [o1,20]] ym)
[wi1s2a], [ym, 01]) = B([v1,@n], [ym; ui-1])
oy [[gms 01, wim]) = B(@ns [[ym, wiza], 01])
=B(z,, [ym,pl 1(v1 ® Uiy ])

B(
B(
B(
B(
(

This completes the proof. 1
We prove the “universality” of the Lie algebras associated to a standard quadruplet.

Proposition 3.3. Assume that a Z-graded Lie algebra g = _, 8, with a symmetric g-invariant
bilinear form B satisfies the following conditions:

go and g; are finite-dimensional vector spaces, (3.3)
the adjoint representation of §o on g; is completely reducible, (3.4)
the restriction of B to §; x §_; is non-degenerate for each i > 0, (3.5)
[01,0:] = @it1, [8-1,0-;] = g—j—1 for each i,j >0, (3.6)
[81,8-1] = do- (3.7)

Then (ﬁo,ad;@l;B|g0x@0) is a standard quadruplet and the Lie algebra L(@O,ad,ﬁ1,§|goxg0) is

isomorphic to § where ad stands for the adjoint representation of §o on g1 .

Obviously, L(g, p,V, By) satisfies these conditions, i.e. L(g,p,V, Bp) is, although it is defined
over C, of type agp (See [K—A]). In order to prove Preposition 3.3, we prove the following lemma

needed later.

Lemma 3.4. Under the notation in Proposition 3.3, we have
{X; €9 | [Xi,Y_1] =0 for any Y_1 € g_1} = {0}

for each i > 0. In particular, a quadruplet (go, ad,ﬁ1,3|ﬁoxgo) satisfies (1.31).



February 20, 2014 25

Proof. Suppose that X; € g; satisfies [X;,Y_1] =0 for any Y_; € g_;. Then, for any Z_;;, €

g it1, we have

B(X;, [V 1,Z i41)
=B([X:,Y_1], Z_iy1) = 0.

Thus by (3.5), (3.6) and (3.7), we obtain X; = 0. I

By (3.6), (ﬁo,ad,ﬁ1,3|ﬁoxgo) satisfies (1.32). Hence it is a standard quadruplet.

Let us prove Proposition 3.3. For this, we construct an isomorphism of Lie algebras from
L(ﬁo,ad,ﬁ1,3|goxﬁo) to g. We denote the n-graduation of (@O,ad,ﬁ1,3|goxg0) by (@), and the
bilinear form on L(go, ad, g1, B|@0Xg0) defined in Definition 3.1 by B. Let 19 be the identity map

on go and 7 = ®_ 1. Then we obtain a linear isomorphism 7_; : (g§)—1 — @§—1 defined by

B(¢_1,v1) = z 1(¢_1),71(v1)) where ¢_1 € (g)—1 and v; € (§)1. These linear isomorphisms
7i ()i — 8; (i =0,%1) satisfy the following equations:
[To(a), 71 (v1)] = 71 ([a, v1]), (3.8)
[T-1(¢-1), 71 (v1)] = T0([p—-1, v1]), (3.9)
[T0(a), T—1(¢-1)] = 1([a, ¢—1]) (3.10)

where a € (§)o, v1 € (§)1 and ¢_1 € (§)_1. In fact, (3.8) obviously holds. Let us check (3.9). For
any b € (g)o, we have

B(r(b), 7o([¢-1,v1])) = B(b, [¢—1,v1])
= B([b, ¢-1],v1)
= B([ro(b), 7 1(¢-1)], 71 (v1))
:B(TO( b),[T-1(d-1),1(v1)])

and hence (3.9) holds. Similarly, we can obtain (3.10).
Next, suppose that ¢ > 1 and assume that there exist linear isomorphisms 7;_; : (§);—1 — 8;—1
and 7; : (g); — @; satisfying the equations:

[70(a), 7i(ui)] = 7i(la, ui]), (3.11)
[Tl (Ul),Ti—l(ui—1)] = Ti([vhui—l]), (3-12)
[T—l(¢—1)a Ti(ui)] =Ti-1 ([¢—1, Uz]) (3.13)

where a € (§)o, v1 € (§)1, -1 € (§)-1, ui—1 € (§)i—1 and u; € (§);. Then we have

Ti([0-1, v, wi]]) = [7-1(-1), [71 (1), 7 (us)]]- (3.14)
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In fact,

Ti

(-1, [on, ]
=i ([[6-1s o)) + 7 [, [o-1,ui])

[
=[ro( hvl])m U)] +[n(v1), mica ([9-1,wi])]
[[ _1( 71 (v ] (ui)| + [Tl (5 ;[ (¢71)7Ti(ui)]]
=| ( ]

)
-1, Ul] )
(
) ]
T 1( [Tl 1), Ti(uq)]].
Thus, by Lemma 3.4, we can define a linear map 7,41 : (§)ir1 — Gi+1 by
Ti+1(pi(7)1 ®Ui)) = [Tl(vl);Ti(Ui)]- (3.15)

Then, by (3.6) and (3.14), we obtain that 7,4, is bijective. Moreover, ;11 satisfies the following
equations:

[To(a), Tit1 (Uz‘+1)] = Tit+1 ([a, ui+1]), (3.16)
[Tl (Ul),Ti(Uz‘)] = Ti+1 ([U1,Ui]), (3-17)
[T1(¢-1), Tig1(ui1)] = 7 ([0-1, uira]) (3.18)

where a € (8)o, v1 € ()1, ¢—1 € (8)—1, u; € (8); and w41 € (§)i+1. Indeed, (3.16) follows from
a similar argument to the proof of (3.14). Equations (3.17) and (3.18) have already been shown.
Thus, inductively, we obtain linear isomorphisms 7,, from (§), to g, for all n > 0. Moreover, 7,
induces a linear isomorphism 7_,, from (§)_,, to g, which satisfies the following equation:

B(—pn,un) = E(T—n(w—n):Tn(un)) (3.19)

where u,, € (§), and ¥_,, € (§)_,. Then 7_,, satisfies the following equations:

[Tl(vl)aT—n (I/’—n)] = T—n+1(['U1;7/J—n]), (3.20)
[To1(¢=1), Tmn (¥—n)] = T—n1 ([P=1,¥—n]) (3.21)

where v; € (8)1, ¢—1 € (§)—1 and ¢¥_,, € (§)_p. In fact, we can show (3.20) by induction on n. For
n = 0, our claim has already been shown. Suppose that n > 1, then by the induction hypothesis,
we have

N

B(Tnfl(unfl); [7—1(“1)77—* ( ])

Il
ou}

([rn—1(un-1), 71 ()], 7n(¥—n))
(T (Un 1;7)1) Tfn(i/bn))

(Un 1,01, n)
(
(7

[
U:Jme

Un— Ul: n])

I
&>

Tt (Un=1), Topt1 ([v1,9-0]))
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for any u,—1 € (§)n—1. Hence (3.20) holds for all » > 0. Similarly we can show (3.21). Summarizing

the above argument, we can define a linear isomorphism 7 from L(go,ad, g1, B|@0X§0) to g by

T(Y_wa) =) malen) (3.22)

neEZ nez

where x,, € (§),. Then 7 satisfies the following equations:

[7(v1),7(2)] = 7([v1,2]), (3.23)
[7(¢p-1),7(2)] = 7([¢-1,2]) (3.24)
where v; € (§)1, -1 € (§)-1 and z € L(ﬁo,ad,ﬁl,Bboxgo). Therefore, by the definition of a Lie

algebra associated to a standard quadruplet, 7 is an isomorphism of Lie algebras. This completes

the proof of Proposition 3.3.

3.2 Equivalent standard quadruplets

In this section, we shall introduce a notion of equivalence between standard quadruplets.

Definition 3.5. Let (g, p!, V!, B}) and (g2, p?,V?, B2) be standard quadruplets. We call these
quadruplets are equivalent if and only if there exists an isomorphism of Lie algebras o : gt — g°

and a linear isomorphism 7 : V! — V2 such that
(oM (a)t) = p2 (o)) (r(0h)), (3.25)
By(a',b') = By (o(a'), o (")) (3.26)
for any a',b! € g' and v! € V1. We will denote this equivalence relation by
(a%, p" VH, By) = (6%, 0, V2, BY). (3.27)

In particular, for a standard quadruplet (g, p, V, By) and a non-zero element ¢ € C, (g, p, V,cBo)
and (g, p1, V1, Bo) are equivalent to (g, p,V, By) where (p;, V1) is the 1-graduation of (g, p,V, By).

Then we have the following proposition.

Proposition 3.6. If standard quadruplets (g', p', V', BY) and (g°, p*,V?, B?) are equivalent, then
the Lie algebras L(g, p*, V1, B}) and L(g?, p?,V?, B2) are isomorphic.

Proof. By the same argument as proof of Proposition 3.3, we can construct a linear isomorphism
from V! to V2 for each n € Z, where V! denotes the n-graduation of (g°, p’, V%, B}) for i = 1,2,
and an isomorphism of Lie algebras from L(g', p', V!, B}) to L(g?, p*, V2, B3). I

However, in general, the converse is not true. For example, let g = sly. Put

1 0 0 O 2 00 0
g |01 0 0] L [000 0
00 -1 o) " oo o0 O
00 0 -1 00 0 —2
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and
ob = (X g | [H',X] = 2jX}, ¢ == {X € g | [H?, X] = 2jX}
for each j € Z. Then we obtain two gradings:

g=0', g d0
=g’, 0%, Dgr D gl D o>

These gradings and the Killing form K on g satisfy the assumptions of Proposition 3.3. Therefore,

gixgy) (1 = 1,2) are

isomorphic to g. However, by a direct calculation, we can obtain that gj and g2 are isomorphic to

by applying Proposition 3.3, it follows that the Lie algebras L(g,ad, gi, K

gl, ®sly @ sl and gly @ gl D sly respectively. In particular, the quadruplets (g), ad, gi, K aixgi)

(1 = 1,2) are not equivalent.

3.3 Loop algebras

In this section, we shall give a well-known example of infinite-dimensional Lie algebra which can
be written in the form L(g, p,V, Bo).

Let g be a finite-dimensional simple Lie algebra, C[t,¢~!] be the algebra of Laurent polynomials
in ¢t. Set £(g) = C[t,t '] ® g and define a bilinear map [, -Jo : £L(g) x L(g) = L(g) by:

[t" 2 X, t" @ Y]y :=t"T" ®[X,Y] (3.28)

where n,m € Z, X, Y € g and [, -] stands for the bracket product of g. This bilinear map satisfies
the axioms of a Lie algebra. The infinite-dimensional Lie algebra £(g) with the bracket [-,-]o is

called the loop algebra and we have a Z-grading £(g) = @ t" ® g (See [Kal).
neEZ
Now, we denote by K the Killing form on g. Then we can define a bilinear form Ky on £(g)

by Ko(t" ® X,t™ ®Y) := 0ntm oK (X,Y), where 6, 4m 0 is the Kronecker delta. By applying
Proposition 3.3, we have the following proposition.

Proposition 3.7. Let g be a finite-dimensional simple Lie algebra and K the Killing form on g.
Then the Lie algebra L(g,ad, g, K) is isomorphic to the loop algebra L(g).

3.4 A direct sum of standard quadruplets

Definition 3.8. Let (g!,p', V!, B}) and (g2, p?,V?, B?) be standard quadruplets. Let p' B p* be
a representation of g! & g% on V! & V? defined by:

((p" B p*)(a',a®)) (v',0?) == (p' (a')o', p*(a®)v?) (3.29)
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where a’ € g* and v' € g' (i = 1,2). Let B} @ B2 be a bilinear form on g* & g? defined by:

(Bg @ B3)((a*,a®), (b',6%)) := By(a',b') + Bj(a*, %) (3.30)
where a’, b’ € g* (i = 1,2). Then a quadruplet (g* @ g2, p* B p?, V! @ V2 Bl @ B2) is a stan-
dard quadruplet. We call it a direct sum of (g!, p', V!, B}) and (g2, p?, V2, B2) and denote by
(g%, 0", V!, By) & (¢, 0%, V2, BY).

Remark 3.9. Let (g, p!, V! BY), (g%, p?, V2, B2) and (g, p,V, By) be standard quadruplets. As-
sume that (g, p!, V1, B}) and (g2, p%,V?, B3) are equivalent. Then we have
(g',p", V", Bg) @ (g, p,V, Bo)
:(927 p27 V27 Bé) D (ga P, Va BO)
By applying Proposition 3.3, we have the following proposition immediately.

Proposition 3.10. Let (g, p', V!, B}) and (g%, p*,V?, B3) be standard quadruplets. Then the Lie
algebra L((g*, p', V!, B}) @ (g%, p?, V2, BY)) is isomorphic to L(g*, p', V', B}) ® L(g?, p*, V2, BY).

Definition 3.11. A standard quadruplet (g, p,V, By) is said to be decomposable if and only if

there exist non-trivial ideals a and b of g and non-trivial subspaces U and W of V' which satisfy

adb=g, (3.31)
UsW =YV, (3.32)
pla)w =0, (3.33)
p(b)u =0, (3.34)
Bo(a,b) =0 (3.35)

for any a € a, b € b, u € U and w € W. Then (a,p|a,U, Bolaxa) and (b, ple, W, Bolsxs) are
standard quadruplets and (g, p,V, Bo) =~ (@, pla, U, Bolaxa) ® (b, ple, W, Bolexs)- If (g,p,V,Bp) is
not decomposable, it is said to be indecomposable. Any standard quadruplet can be written as

a direct sum of indecomposable standard quadruplets.

Proposition 3.12. Let (g, p,V, Bo) be an indecomposable standard quadruplet. Let n be an integer
such that V41 is not {0}. Then for any non-zero element x,, € V,,, there exists an element vy € V4
such that [v1,x,] # 0.

Proof. If n <0, we have our result immediately. Suppose that n > 1. Put
U, :={z, €V, | [v1,2z,] =0 for any v, € V1 }. (3.36)

Then U, is a Vy-submodule of V;,. Moreover, for each m = 0,...,n — 1, we can define a Vj-
submodule U,, of V,,, by

U = A{@m € Vi, | [U1,%m] € U1 for any vy € V1 } (3.37)
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inductively. Then we can easily show that

[Vo1,Un] CUp—1 (3.38)
for m =1,...,n by induction. Moreover, we have
Vo # Ubo. (3.39)

In fact, since V41 # {0}, we can deduce that U, # V,,. Similarly, we have U,, # V,, for
m =0,...,n — 1 by induction.

Now, since V; is a completely reducible Vjp-module, we can take a Vy-submodule W7 C V; which
satisfies V1 = U; @ Wi. Then by the definition of Up, we have [Uy, W;] = {0}. Put Wy := {a €
Vo | B(a,b) = 0 for any b € Up}. Then we have [Wp,U;] = {0}. In fact, suppose that a € Wy and
uy € Uy. Then for any ¢_; € V_, we have [u1,¢_1] € Uy and B([a,u;],¢_1) = B(a, [u1,p_1]) =0,
hence [a,u1] = 0. Since p is faithful, we have Vy = Uy & Wy. Therefore, by the assumption that
(g,p,V,Byp) is an indecomposable standard quadruplet, we have Uy = {0}. Therefore, by Lemma
3.4 and (3.38), we can obtain U,, = {0} for m = 1,...,n by induction. In particular, U,, = {0}
and thus we have our result. 1

Proposition 3.13. Let (g,p,V, By) be a standard quadruplet. If the Lie algebra L(g,p,V, Bo) is
finite-dimensional, then L(g,p,V, By) is semisimple. In particular, if (g,p,V, Bo) is indecompos-
able, then L(g, p,V, By) is simple.

Proof. 1t is sufficient to show the case where (g, p, V, Bo) is indecomposable. Let a be a non-zero
ideal of L(g, p,V, By). Let k be a positive integer such that Vi, # {0} and Vi41 = {0}. Then there

exist integers —k < ny < ... <n; <k and non-zero elements z,, € V,,,...,xy, € V,, such that
L= Ty + 0+ Ty, € 0 (3.40)
Then by Proposition 3.12, there exist non-zero elements v{, ... ,vf_nl € V1 such that
b ok ol ] - 1) € Vi \ {0, (3.41)

Thus we can obtain a; := anNVj # {0} and a,, :=anV,, # {0} for m =0,...,k— 1 by induction.
By a similar argument to the argument in the proof of Proposition 3.12, we have ay = Vp, i.e.
Vo C a. Therefore, we have V3 = [V1,W], Vo1 = [V_1,W] C a and thus a = L(g,p,V, By).
Therefore, L(g, p, V, Bo) is simple and thus we have our result. ]

3.5 A quadruplet of parabolic type

Let g be a finite-dimensional semisimple Lie algebra, h a Cartan subalgebra of g, R the root system

of g with respect to . Let K be the Killing form on g. We fix a fundamental root system ¢ of R.
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Let 6 be a subset of . Then there exists the unique element H? such that a(H?) = 0 for a €
and a(H?) =2 for a € ¢ \ §. We call H’ the grading element.

For each n € Z, we put d,,(0) := {X € g | [HY, X] = 2nX} and denote dy(f) by ly. Then Iy is a
reductive subalgebra of g and acts on each d,,(#) by adjoint representation. Let G be the adjoint
group of g and Ly be the connected subgroup of G corresponding to ly. Then it is known that the
representation of Ly on d;(f) is completely reducible and (Lg, d;(#)) is a prehomogeneous vector
space. Such prehomogeneous vector spaces are called prehomogeneous vector spaces of parabolic
type.

We can easily show that the Z-graded Lie algebra g = @ d,(8) and the Killing form K on g

neZ
satisfy the conditions from (3.3) to (3.6). If (lp,ad,d; (), K|, xi,) is a standard quadruplet, i.e.
lp = [d-1(0),d1(0)] holds, we call it a quadruplet of parabolic type. Note that a direct sum of
quadruplets of parabolic type is again a quadruplet of parabolic type. Then we have the following
theorem.

Theorem 3.14. Let (g, p,V, Bo) be a standard quadruplet. Then the Lie algebra L(g,p,V, Bo) is
finite-dimensional if and only if (g,p,V, Bo) is equivalent to some quadruplet of parabolic type.

Proof. By applying Proposition 3.3, we can obtain that the Lie algebra associated to a quadruplet
of parabolic type is finite-dimensional immediately. Let us prove the converse. Assume that
L(g, p,V,By) is finite-dimensional. Without loss of generality, we can assume that (g, p,V, Bo)
is indecomposable. Then, by Proposition 3.13, L(g, p,V, By) is simple. Hence, the bilinear form
B defined in Definition 3.1 is a scalar multiple of the Killing form Ky, on L(g,p,V, Boy), that is,
there exists a non-zero element ¢ € C such that K; = ¢B. We define a linear endomorphism ¢

on L(g,p,V,Byp) by 5(2 Tp) 1= Z 2nx,, where x,, € V,,. Then, by the theory of Lie algebras, §
neEZ nez
is an inner derivation, i.e., there exists an element H € L(g, p,V, Bo) such that 6 = ad(H). Since

ad(H) is diagonalizable, there exists a Cartan subalgebra h of L(g, p,V, By) such that H € . Let
R be the root system of L(g, p,V, Byg) with respect to . Let us construct a fundamental system
of R.

Suppose that g is not commutative, i.e., [V, Vo] # {0}. By the definition of H, f is also a
Cartan subalgebra of V. Put h := hN[Vp, V] and denote the restriction of v € h* to h by 7. Then
there exists a subset # = {a',...,a"} of R such that {a!,...,@"} is a fundamental root system of
the root system of [Vy, V5] with respect to h. Put

o' ={feR|BH)=2, f—-a’¢Rfors=1,...,r}
={",....8'}.

Then U ¢’ = {at,...,a",B,..., '} is a fundamental root system of R. In fact, we can easily
show that any root can be written as n(1)a! +---+n(r)a” +m(1)B* +--- +m(l) 8" where all n(i)
and m(j) are non-negative integers or all (i) and m(j) are non-positive integers. Thus it is enough
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to show that 8 U ¢’ is linearly independent over R. Suppose that ¢(1),...,¢c(r),d(1),...,d(l) € R
satisfy

c(a + -+ c(r)a” +d(1)p* +---+d(1)8" = 0.

By renumbering the elements of 6 U ', we can suppose that
0,
0,

without loss of generality. Put

Ai=c()a' +---+c(s)a® +d(1)B* + - +d(t)p*
= —c(s+ )" — - —c(r)a” —d(t+ 1) — - —d()B".
Then we have
0 < Kp(Hx, Hy) = - Yoo ()KL (Ho, Ho) — Y d(i)d(j) K (Hg:, Hyy)
1§i§s7s+1§j§7‘ 1§i§t7t+1§j§l
— > c(i)d(j) K1 (Hyi, Hys) — > d(i)e(j) K (Hgi, Hys)
1<s<rt4+1<5<L 1<i<t,s+1<j<r

(3.42)

where H., denotes the element in h corresponding to v € h* which satisfies Ky, (H,h) = v(h) for
any h € h. By the definition of # U ¢', it follows that 4! —~? ¢ R for any v!,7? € § U ¢’ and thus
Ky (H,,H,>) <0. Therefore, we have K, (Hx,H)) = 0 and A = 0. Therefore, we have

c(Da' (H) + - +c(s)a’(H) +d1)B" (H) + - -+ d(t)8* (H)
=2d(1) + -+ 2d(t) = 0

and thus d(1) = --- = d(t) = 0. Moreover, it follows that c(l) = ¢(s) = 0 from the assumption
that @ is linearly independent. Similarly, we have ¢(s +1) = ( )=d(t+1)=---=4d()=0.
Therefore 8 U ¢’ is a fundamental root system of R.

If [Vo,Vo] = {0}, that is, V; is commutative, then a set ¢ := {f € R | f(H) = 2} is a
fundamental root system of R. Indeed, we can show it by a similar argument.

Summarizing the above argument, it follows that H is a grading element and thus (g, p1, V1, ¢By)
is a quadruplet of parabolic type and (g, p, V, By) is equivalent to it. This completes the proof. j

It follows from Theorem 3.14 that any semisimple Lie algebra can be obtained from some
standard quadruplet. In particular, for a positive integer m > 2, we can obtain sl,,,+1 and §02,,41

from standard quadruplets given in Example 1.18 and 1.19 respectively.
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4 Prehomogeneous vector spaces and quadruplets

In this section, we shall discuss about the prehomogeneity condition of a triplet (G, p, V) under the
assumption that G is reductive by using the ®-map of (Lie(G),dp,V, By) where By is a bilinear
form on Lie(G). The main result of this section is to give another proof of castling transform
(Theorem 4.7).

4.1 Prehomogeneous quadruplets

A prehomogeneous vector space is a triplet which consists of a connected algebraic group G and
its representation p on a finite-dimensional vector space V' such that there exists a Zariski dense
orbit p(G)v C V (v € V). Such an element v is called a generic point of (G, p, V). In the case
where G is reductive, the prehomogeneity of a triplet (G, p, V') can be described by using a ®-map.

Proposition 4.1. Let G be a connected reductive algebraic group, V a finite-dimensional vector
space and p a representation of G on V. Let g be the Lie algebra of G and dp the derived rep-
resentation of p on V. Then the triplet (G, p, V') is prehomogeneous if and only if there exists a
non-degenerate symmetric invariant form By and an element v € V' such that the ®-map at v of
a quadruplet (g,dp,V, By), ®ap» : V* — g is injective.

Proof. Take an arbitrary non-degenerate symmetric invariant bilinear form and denote it by By.

Assume that (G, p,V) is a prehomogeneous vector space and v is its generic point. Then it is
known that a vector subspace dp(g)v of V' coincides with V. Then ®,4, , is injective. If not, there
exists a non-zero element ¢ such that ®4,.,(¢) = 0 and we have

0= Bo(a, q)dp,v(¢))
= (dp(a)v, §)

for any a € g. This is a contradiction to the assumption that dp(g)v coincides with V. Thus ®g4,,,
is injective.

Conversely, suppose that there exists an element v € V such that ®4,., of (g,dp,V,By) is
injective. Then (G, p, V) is a PV and v is its generic point. Indeed, if v is not a generic point, then
dp(g)v is a proper subspace of V and there exists a non-zero element ¢ such that 0 = (dp(a)v, @) =
Bo(a, ®ap,v(¢)) for any a € g. Since By is non-degenerate, we have ®4, ,(¢) = 0 and a contradiction

to the assumption that ®4, , is injective. Therefore v is a generic point. 1

Definition 4.2. A standard quadruplet (g, p,V, By) is called a prehomogeneous quadruplet
if and only if there exists an element v € V' such that ®, , is injective.

Example 4.3. For n > 3, a triplet (SO,,,A1,C") is not a PV, where A; is the natural represen-
tation of SO,, on C* = M (n,1;C). To check this, under the notation of Example 1.4, let us show
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that a quadruplet (so,, A1, C", Ty ]s0, xso, ) 1S Dot prehomogeneous. In fact, for any column vector

v € C* we have
1
D), (V) = i(vtv —v'v) = 0. (4.1)

Thus we have our claim.
However, a quadruplet (gl; & s0,,,0® A;,C® C*, By) is prehomogeneous, where O is a scalar
multiplication of gl; = C and By is a bilinear form defined by:

Bo((a, A),(a',A")) := —aa’ +2Tr AA’ (4.2)

where a,a’ € gl; = C and A, A’ € so0,, = Alt,. The representation space can be identified with C*
and the action of gl; @ so,, can be given as:

(0@ Ay)(a, A)v = av + Av (4.3)

where a € gl;, A € s0,, and v € C". Then, the map <i>D®A1 is given as follows:

Baga, (v© §) = (='v4,0'¢ — ¢'v) (4.4)
where v, ¢ € C*. Put vp :=*(1,0,...,0) € C*. Then we have
(O ®A1)(Paga,,w () - vo = —¢. (4.5)

Thus the map <i>g®A17v0 is injective. Therefore (gl; ® s0,, J® A;,C® C™, By) is a prehomogeneous
quadruplet.

4.2 A triplet of the form (G x GL,,p® A,V @ C")

In this section, we will consider an important theorem in the theory of prehomogeneous vector
spaces, castling transform (See Proposition 7, p37, [S-K]).

Definition 4.4. Let g be a reductive Lie algebra, p a representation of g on a finite-dimensional
vector space V', By a non-degenerate symmetric invariant bilinear form on g. For any n € N and
n-vectors v',...,v" € V (resp. ¢',...,¢" € V*), we define a vector subspace Si,1,. n) C (V*)"
(resp. Ster, . em) C V™) by:

Ster, omy 1= LW, 9" € Z (W* @ ¢*) =0, (v, ) =0 for 1 <i,j <n} (4.6)
(resp.
Sigtomy =AW, u) €V Y@, (uF @ ¢%) =0,(uf,¢7) = 0for 1 <i,j < n}) (4.7)

k=1

where ‘i>p is the ®-map of (g, p,V, Bo)-
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Lemma 4.5. We continue to use the notation of Definition 4.4. Then a standard quadruplet
(ggl,,pRMN,VRC*, BydTy,) (resp. (gdgl,,p" @A, V*QC", By ®1T),)) is prehomogeneous
if and only if there exists n-vectors v',... v™ €V (resp. ¢',...,¢" € V*) such that Set,om) =
{(0,...,0)} (resp. Sipt,pm) = {(0,...,0)}).

Proof. We prove for a quadruplet (g gl,, p® A1, VeC*, By®T,). For a quadruplet (g@gl,,, p*®
A, V*® C*, By @ T,,), our claim can be proved by the same way.

Let e; € C™ be a column vector whose coefficients are all zero except the i-th one which is equal
to 1 and E;; € gl,, be an n x n matrix whose coeflicients are all zero except the (4, j)-th one which

is equal to 1. Then for any v € V and ¢ € V*, we have
Bpon, (v @ €:) @ (9@ 7)) = (058, (v © 9), (v, ) Eij) (48)

where d;; is the Kronecker delta.

Suppose that (g®gl,,p®@ A1,V @ C*, By ® T},,) is a prehomogeneous quadruplet and v! ® e; +
U ®e, € VRC (v, ... 0" € V) is its generic point. Then we have S,1, ) = {(0,...,0)}.
In fact, take an arbitrary element (¢)',...,9") € S(y1, . ,n), then we have:

Bpn, (VP Qe+ +0"Re,) @ W e+ -+ Y ®ey))
=(<i>p(v1®¢1+---+v"®w"), > <v",z/ﬂ'>Ez-j)
1<i,j<n

=0. (4.9)

Therefore, we have ¢! ® e; + -+ + ¢ ® e, = 0 and thus (%,..., ") = (0,...,0).
Conversely, assume that n-vectors v',...,v™ € V satisfy Set,..omy = 1(0,...,0)}. Then v ®
e; + - - +v" ®e, is a generic point of (g, p,V, By). In fact, suppose that ¢! @ e; + -+ + ¢" @ e,

satisfies
Bopn, (V' @er+- - +0"®en) @ (0 e+ + 9" ®ey,)) =0, (4.10)

then we can obtain that (¢',...,¢") € S(u1 . ) and thus ¢' ®e; + -+ + ¢" ® e, = 0. This

completes the proof. ]
The following corollary is immediate.

Corollary 4.6. Under the notation of Definition 4.4, if n > m = dimV, then a quadruplet
(g@gl,,p@AN,VC" By®T,) is prehomogeneous.

Theorem 4.7. (castling transform) Under the notation of Definition 4.4, we let n < m = dimV.
Then a quadruplet (gdgl,,, p@A1, VRC™, Bo®T),) is prehomogeneous if and only if a quadruplet (g
Oy PPON, VFRQC™ ™™ Bo® Ty — ) is prehomogeneous. Moreover, if (gdgl,, p@A1, VRC™, By®
T,) is prehomogeneous (thus (g®gl,,_,., p* @A, V*QC™ " By®T,,—_n) is also prehomogeneous),
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then for any generic point x € V @ C* there exists a generic point y € V* @ C™™ " such that
the g-part of the isotropy subalgebra at x denoted by g, coincides with the g-part of the isotropy
subalgebra at y denoted by g,.

Proof. Suppose that a quadruplet (gdgl,,, p@A1, VRC™, BodT,) is prehomogeneous and n-vectors
v, v satisfy Sgr, . en) = {(0,...,0)}. Then vectors v',...,v™ € V are linearly independent.
In fact, if there exists scalars (c(1),...,c(n)) # (0,...,0) such that c(1)v*+- - -+c(n)v™ = 0, then we
have a non-zero element ¢ € V* such that (v, ¢) = 0fori = 1,...,nand (c(1)®,...,c(n)¢) is anon-
zero element of S(,1 ,n). It is a contradiction to the assumption that S,1._ .») = {(0,...,0)}.
Put U := Cv' 4 --- + Cv™ and denote the orthogonal space of U in V* by U+. Then U+
is a (m — n)-dimensional vector subspace of V*. Take an arbitrary basis of UL, denoted by
o, .,(j)’"’" € V*. Then ¢*,...,¢™ ™ € V* satisfy Sist..om=ny = {(0,...,0)}. In fact, suppose

that (ul, ... ") e St Then for any i,j (1 <i<n,1<j<m—n), we have

(@1, =m)"
(u',¢7) =0, (4.11)
P, (ul @ Pt 4+ umT @Y™ = 0. (4.12)

It follows from (4.11) that u',...,u™ ™ € U and thus there exist scalars c(k,l) € C (1 < k <
m —n,1 <l <n) which satisfy

=c(k, o' + - +c(k,n)v™ (1 <k<m—n). (4.13)

Then it follows from (4.12) that

> <i>,,<u’®( > c(k,l)qﬁk)):O. (4.14)

1<Ii<n 1<k<m—n
Therefore ((Zlgkgmfn c(k7]‘)¢k)7"'7(21§k§m 2k, n)d*)) € Sir,omy = {(0,...,0)}. There-
fore we have c(k,[) = 0 for any k,[ and (u',...,u™) = (0,...,0), that is, (@ gl _n, P @A,V ®

Cm=",By ® T,,—p) is also prehomogeneous.
Next, weput z:=v' ®e; + -+ 10" e, EVRIC  andy :=¢' ®e; + -+ ™ "Rem n €
V*@C™~ ™. Let us show that we have g, = g,. A necessary and sufficient condition for an element

a € g to belong to g, is that there exists an element A = Z b(i,j)E;; € gl, (b(i,j) € C
1<i,j<n
which satisfies

=(p@A)(a,4)- Y v e

1<i<n

:Z( (@)’ + Y b(i, j)v )®el

1<i<n 1<j<n
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Therefore we have

g. ={a€g|pla)U CU} (4.15)

Similarly we have
g, ={acg]|p(a)UtCcU} (4.16)
By an easy calculation, we can obtain g, = g,. This completes the proof. 1
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