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Introdu
tion

Let G be a 
onne
ted algebrai
 group, � a representation of G on a �nite-dimensional ve
tor

spa
e V where all de�ned over C . When there exists an element v 2 V su
h that the orbit �(G)v is

Zariski dense in V , we say that the triplet (G; �; V ) is a prehomogeneous ve
tor spa
e (abbrev. PV)

and v is 
alled a generi
 point of (G; �; V ). For example, if we let �

1

be the natural representation

of the general linear group GL

n

(n � 1) on C

n

, then for any G, � and V su
h that dimV � n,

the triplet (G�GL

n

; �
�

1

; V 
 C

n

) is a PV. A PV whi
h 
an be written in this form is 
alled a

trivial PV. Unfortunately, when dimV > n, then a triplet (G�GL

n

; �
�

1

; V 
 C

n

) is not a PV

in general. However, when m := dimV > n and a triplet (G�GL

n

; �
 �

1

; V 
 C

n

) is a PV, it is

known that a triplet (G �GL

m�n

; �

�


 �

1

; V

�


 C

m�n

) is also a PV. These two PVs are said to

be 
astling transforms of ea
h other (See De�nition 11, p39, [S{K℄).

The theory of prehomogeneous ve
tor spa
es is 
losely related to the theory of Lie algebras.

We 
an express the prehomogeneity 
ondition of a triplet (G; �; V ) by the method of Lie algebras

as follows.

We denote the Lie algebra of G by Lie(G), the in�nitesimal representation of � by d�. Then

(G; �; V ) is a PV if and only if there exists an element v 2 V whi
h satis�es d�(Lie(G))v = V . Su
h

an element v is a generi
 point of (G; �; V ). This is an in�nitesimal 
ondition of the prehomogeneity.

Moreover, we have a 
lass of prehomogneous ve
tor spa
es 
alled prehomogeneous ve
tor

spa
es of paraboli
 type. These PVs 
an be obtained by graded semisimple Lie algebras in the

following way.

Let g be a �nite-dimensional semisimple Lie algebra, G the adjoint group of g, h a Cartan

subalgebra of g, R the root system of g with respe
t to h, ' a fundamental system of R all de�ned

over C . Let � be a subset of ' and H

�

2 h the unique element whi
h satis�es �(H

�

) = 0 for all

� 2 � and �(H

�

) = 2 for all � 2 ' n �. Put d

i

(�) := fX 2 g j [H

�

; X ℄ = 2iXg for ea
h i 2 Z. Then

we 
an obtain a Z-grading of g:

g =

M

i2Z

d

i

(�): (0.1)
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The graded Lie algebra (0.1) and the Killing form K of g satisfy the following 
onditions:

d

0

(�) and d

1

(�) are �nite-dimensional ve
tor spa
es, (0.2)

the adjoint representation of d

0

(�) on d

1

(�) is 
ompletely redu
ible, (0.3)

the restri
tion of K to d

i

(�)� d

�i

(�) is non-degenerate for ea
h i � 0, (0.4)

[d

1

(�); d

i

(�)℄ = d

i+1

(�); [d

�1

(�); d

�j

(�)℄ = d

�j�1

(�) for ea
h i; j � 0. (0.5)

Denote d

0

(�) by l

�

and the 
onne
ted subgroup of G whi
h 
orresponds to l

�

by L

�

, then it is

known that (L

�

; d

i

(�)) is a prehomogeneous ve
tor spa
e for any i 6= 0. We denote it by (l

�

; d

i

(�)).

In other words, there exists an element v 2 d

i

(�) su
h that [l

�

; v℄ = d

i

(�). In Rubenthaler [Ru{1℄,

he showed that we 
an redu
e to the 
ase where i = 1 and studied spa
es of the form (l

�

; d

1

(�))

and 
alled them PVs of paraboli
 type. PVs of paraboli
 type 
an be des
ribed and 
lassi�ed by

the weighted Dynkin diagrams.

For a PV of paraboli
 type (l

�

; d

1

(�)), we 
an re
ognize a spa
e (l

�

; d

�1

(�)) as the dual spa
e

of (l

�

; d

1

(�)) via the Killing form K of g and assume that [d

1

(�); d

�1

(�)℄ = l

�

without loss of

generality. In other words, we 
an say that a PV of paraboli
 type is a triplet whi
h 
onsists of

a redu
tive Lie algebra and its representation whi
h 
an be embedded into a �nite-dimensional

graded Lie algebra with a non-degenerate symmetri
 invariant bilinear form. However, a 
astling

transform of (l

�

; d

1

(�)) is in general no longer of paraboli
 type, that is, it 
an not be embedded

into a semisimple Lie algebra.

In this paper, we shall introdu
e a way to embed a given �nite-dimensional redu
tive Lie

algebra g, a �nite-dimensional 
ompletely redu
ible representation (�; V ) (do not assume the pre-

homogeneity 
ondition) of g and its dual spa
e (�

�

; V

�

) into a \large" graded Lie algebra with a

non-degenerate symmetri
 invariant bilinear form. In parti
ular, a prehomogeneous ve
tor spa
e

of paraboli
 type 
an be embedded into a �nite-dimensional semisimple Lie algebra by our 
on-

stru
tion. For this, by using a non-degenerate symmetri
 invariant bilinear form B

0

on g, we

shall 
onstru
t a graded Lie algebra L(g; �; V;B

0

) =

L

n2Z

V

n

whi
h also has a non-degenerate

symmetri
 invariant bilinear form B su
h that V

0

and V

1

are isomorphi
 to g and V as g-modules

respe
tively and a restri
tion of B to V

0

� V

0


oin
ides with B

0

(Theorem 2.11 and Proposition

3.2). In our 
onstru
tion, the bilinear form B

0

plays important roles. In parti
ular, B

0

de�nes a

linear map

^

�

�

from V 
 V

�

to g 
alled �-map and

^

�

�

indu
es a bra
ket produ
t between V

1

and

V

�1

. Moreover, we 
an prove that L(g; �; V;B

0

) satis�es the following 
onditions:

V

0

and V

1

are �nite-dimensional ve
tor spa
es, (0.6)

the adjoint representation of V

0

on V

1

is 
ompletely redu
ible, (0.7)

the restri
tion of B to V

i

� V

�i

is non-degenerate for ea
h i � 0, (0.8)

[V

1

; V

i

℄ = V

i+1

; [V

�1

; V

�j

℄ = V

�j�1

for ea
h i; j � 0, (0.9)

[V

1

; V

�1

℄ = V

0

. (0.10)
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Conversely, an arbitrary graded Lie algebra whi
h satis�es the 
onditions from (0.6) to (0.10) 
an

be obtained by our 
onstru
tion (Proposition 3.3). In parti
ular, an arbitrary �nite-dimensional

semisimple Lie algebra 
an be obtained by a 
ertain PV of paraboli
 type and a bilinear form

(Theorem 3.14).

Now, the prehomogeneity 
ondition of a triplet (G; �; V ), whereG is a redu
tive algebrai
 group,

is 
losely related to the �-map of the quadruplet (Lie(G); d�; V;B

0

) where B

0

is a bilinear form on

Lie(G). In parti
ular, the prehomogeneity 
ondition of a triplet of the form (G�GL

n

; �
�

1

; V
C

n

)


an be expressed by the �-map of the quadruplet (g� gl

n

; �
 �

1

; V 
 C

n

; B

0

� T

n

), where T

n

is

a bilinear form on gl

n

de�ned by:

T

n

(a; a

0

) = Tr (aa

0

) (a; a

0

2 gl

n

=M(n; C )): (0.11)

Furthermore, this 
ondition is redu
ed to the 
ondition of the �-map

^

�

�

of (g; �; V;B

0

). Then, we


an obtain another proof of 
astling transform.

This paper 
onsists of four se
tions.

In se
tion 1, �rst of all, we shall explain that a quadruplet (g; �; V;B

0

) determines a linear

map

^

�

�

from V 
 V

�

to g. Then

^

�

�

indu
es a g-submodule V

1

in Hom(V

�

; g). In order to have

V

1

' V as g-modules, we introdu
e the notion of standard quadruplets. Then, moreover, we


an obtain g-modules V

n

for all n 2 Z indu
tively and 
all them n-graduations. Ea
h g-module

V

n

is �nite-dimensional and the dual g-module of V

�n

. In parti
ular, V

0

is isomorphi
 to g itself.

In se
tion 2, we de�ne a bilinear map

�

�; �

�

n

m

from V

n

�V

m

to V

n+m

for any n;m 2 Z. Denote a

dire
t sum of n-graduations obtained in se
tion 1 by L(g; �; V;B

0

). Then we have a bilinear map

[�; �℄ : L(g; �; V;B

0

)� L(g; �; V;B

0

)! L(g; �; V;B

0

) de�ned by

[x

n

; y

m

℄ :=

�

x

n

; y

m

�

n

m

(x

n

2 V

n

; y

m

2 V

m

):

Our main result is that [�; �℄ satis�es the axioms of a Lie algebra, i.e. L(g; �; V;B

0

) has a stru
ture

of a graded Lie algebra. We 
all the Lie algebra thus obtained a Lie algebra asso
iated to

a standard quadruplet (Theorem 2.11). For example, loop algebras and �nite-dimensional

semisimple Lie algebras are Lie algebras asso
iated to some quadruplet. This will be proved in

se
tion 3.

In se
tion 3, we will study some properties of L(g; �; V;B

0

). First, we shall 
onstru
t a non-

degenerate symmetri
 and invariant bilinear form on L(g; �; V;B

0

). Then we 
an prove that the

Lie algebras asso
iated to a standard quadruplet 
an be 
hara
terized by the existen
e of a non-

degenerate symmetri
 and invariant bilinear form. It is des
ribed in Proposition 3.3. Finally, in

Theorem 3.14, we will give a ne
essary and suÆ
ient 
ondition for (g; �; V;B

0

) to generate a �nite-

dimensional Lie algebra L(g; �; V;B

0

). The 
ondition is 
losely related to prehomogeneous ve
tor

spa
es of paraboli
 type.

In se
tion 4, we shall 
onsider prehomogeneous ve
tor spa
es. We shall express the prehomo-

geneity 
ondition of a given triplet (G; �; V ) as a 
ondition of the �-map

^

�

d�

of the quadruplet
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(Lie(G); d�; V;B

0

) for some bilinear form B

0

. Moreover, we 
an express the prehomogeneity 
on-

dition of a quadruplets of the form (g� gl

n

; �
�

1

; V 
 C

n

; B

0

�T

n

) as a 
ondition of (g; �; V;B

0

)

(Lemma 4.5). By applying this lemma, we shall give another proof of 
astling transform (Theorem

4.7).

The author wish to express hearty gratitude to Professor H. O
hiai for many invaluable sug-

gestions.

Notation: We denote the transpose of a matrix X by

t

X , the zero-matrix and the unit matrix

of size n� n by 0

n

and 1

n

, the Krone
ker delta by Æ

ij

. Put J

n

:=

 

0

n

1

n

�1

n

0

n

!

. Throughout this

paper, we shall always assume that all obje
ts are de�ned over the 
omplex number �eld C .

1 A family of n-graduations

1.1 Standard quadruplets

Let g be a �nite-dimensional redu
tive Lie algebra, V a �nite-dimensional ve
tor spa
e, � a repre-

sentation of g on V all de�ned over C . By the theory of Lie algebras, there exists a non-degenerate

symmetri
 g-invariant bilinear form B

0

on g. Let V

�

be the dual module of V and �

�

the dual

representation of �. We denote the pairing between V and V

�

by h�; �i. By the assumption that

B

0

is non-degenerate, we 
an de�ne the following linear maps.

De�nition 1.1. We de�ne a linear map

^

�

�

(resp.

^

	

�

) from V 
 V

�

to g (resp. from V

�


 V to

g) by the following equation:

B

0

(a;

^

�

�

(v 
 �)) = h�(a)v; �i = �hv; �

�

(a)�i (1.1)

�

resp.

B

0

(a;

^

	

�

(�
 v)) = hv; �

�

(a)�i = �h�(a)v; �i

�

(1.2)

for any a 2 g, v 2 V and � 2 V

�

. We 
all this map

^

� (resp.

^

	) the �-map (resp. the 	-map) of

the quadruplet (g; �; V;B

0

).

Remark 1.2. For any v 2 V and � 2 V

�

, we have

^

�

�

(v 
 �) +

^

	

�

(�
 v) = 0: (1.3)

Example 1.3. Let (g; �; V;B

0

) = (gl

n

;�

1

; C

n

; T

n

), where �

1

is the natural representation of gl

n

on the spa
e of 
olumn ve
tors C

n

= M(n; 1; C ) and T

n

is a non-degenerate symmetri
 invariant

bilinear form on gl

n

de�ned by

T

n

(a; a

0

) := Tr (aa

0

) (1.4)
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where a; a

0

2 g = M(n; C ). Then the dual spa
e V

�


an be identi�ed with V = C

n

. The

representation �

�

1

and the pairing h�; �i are given as follows:

�

�

1

(a)� := �

t

a�; (1.5)

hv; �i :=

t

v� (1.6)

where a 2 g, v 2 V and � 2 V

�

. Then the �-map is given as:

^

�

�

1

(v 
 �) = v

t

�: (1.7)

Example 1.4. Let (g; �; V;B

0

) = (so

n

;�

1

; C

n

; T

n

j

so

n

�so

n

), where �

1

is the natural representation

of so

n

on C

n

= M(n; 1; C ). Then the dual spa
e V

�


an be identi�ed with V = C

n

. The

representation �

�

1

and the pairing h�; �i are given as follows:

�

�

1

(a)� := a�; (1.8)

hv; �i :=

t

v� (1.9)

where a 2 g, v 2 V and � 2 V

�

. Then the �-map is given as:

^

�

�

1

(v 
 �) =

1

2

(v

t

�� �

t

v): (1.10)

Example 1.5. Let (g; �; V;B

0

) = (sp

n

;�

1

; C

2n

; T

2n

), where sp

n

= fX 2 gl

2n

j

t

XJ

n

+ J

n

X = 0g

and �

1

is the natural representation of sp

n

on C

2n

=M(2n; 1; C ). Then the dual spa
e V

�


an be

identi�ed with V = C

2n

. The representation �

�

1

and the pairing h�; �i are given as follows:

�

�

1

(a)� := a�; (1.11)

hv; �i :=

t

vJ

n

� (1.12)

where a 2 g, v 2 V and � 2 V

�

. Then the �-map is given as:

^

�

�

1

(v 
 �) = �

1

2

(v

t

�J

n

+ �

t

vJ

n

): (1.13)

Proposition 1.6. Let g be any redu
tive Lie algebra, �

i

, �

i

representations of g on V

i

and

U

i

(i = 1; 2), B

0

a non-degenerate symmetri
 invariant bilinear form on g. For quadruplets

(g; �

1

� �

2

; V

1

� V

2

; B

0

) and (g; �

1


�

2

; U

1


U

2

; B

0

), the maps

^

�

�

1

��

2

and

^

�

�

1


�

2

are given as:

^

�

�

1

��

2

�

(v

1

; v

2

)
 (�

1

; �

2

)

�

=

^

�

�

1
(v

1


 �

1

) +

^

�

�

2
(v

2


 �

2

); (1.14)

^

�

�

1


�

2

�

(u

1


 u

2

)
 ( 

1


  

2

)

�

= hu

2

;  

2

i

^

�

�

1

(u

1


  

1

) + hu

1

;  

1

i

^

�

�

2

(u

2


  

2

); (1.15)

where v

i

2 V

i

; u

i

2 U

i

; �

i

2 (V

i

)

�

;  

i

2 (U

i

)

�

and

^

�

�

i ;

^

�

�

i are the �-maps of quadruplets

(g; �

i

; V

i

; B

0

) and (g; �

i

; U

i

; B

0

) (i = 1; 2).
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Proof. The dual spa
es of V

1

� V

2

and U

1


 U

2


an be identi�ed with (V

1

)

�

� (V

2

)

�

and

(U

1

)

�


 (U

2

)

�

respe
tively. The pairings between them are given as:

h(v

1

; v

2

); (�

1

; �

2

)i := hv

1

; �

1

i+ hv

2

; �

2

i; (1.16)

hu

1


 u

2

;  

1


  

2

i := hu

1

;  

1

ihu

2

;  

2

i (1.17)

where v

i

2 V

i

; u

i

2 U

i

; �

i

2 (V

i

)

�

;  

i

2 (U

i

)

�

(i = 1; 2). Thus, our 
laim 
an be 
he
ked by a

dire
t 
al
ulation.

Here, V 
 V

�

and V

�


 V have 
anoni
al g-module stru
tures and we have the following

proposition.

Proposition 1.7. The maps

^

�

�

and

^

	

�

are homomorphisms of g-modules.

Proof. In fa
t, for any a; a

0

2 g, v 2 V and � 2 V

�

, we have

B

0

�

a

0

;

^

�

�

�

(�(a)v)
 �+ v 
 (�

�

(a)�)

��

=h�(a

0

)�(a)v; �i + h�(a

0

)v; �

�

(a)�i

=h�([a

0

; a℄)v; �i + h�(a)�(a

0

)v; �i + h�(a

0

)v; �

�

(a)�i

=B

0

([a

0

; a℄;

^

�

�

(v 
 �))� h�(a

0

)v; �

�

(a)�i + h�(a

0

)v; �

�

(a)�i

=B

0

(a

0

; [a;

^

�

�

(v 
 �)℄):

Hen
e,

^

�

�

�

(�(a)v) 
 � + v 
 (�

�

(a)�)

�

= [a;

^

�

�

(v 
 �)℄. Similarly, we 
an obtain the equation

^

	

�

�

(�

�

(a)�) 
 v + � 
 (�(a)v)

�

= [a;

^

	

�

(� 
 v)℄ and thus

^

�

�

and

^

	

�

are homomorphisms of

g-modules.

By Proposition 1.7,

^

�

�

(V 
 V

�

) and

^

�

�

(V 
 V

�

)

?

:= fa 2 g j B

0

(a; x) = 0 for any x 2

^

�

�

(V 
 V

�

)g are ideals of g. Then

^

�

�

(V 
 V

�

)

?


oin
ides with Ker �. In fa
t, suppose that

a 2 Ker �. Then we have B

0

(a;

^

�

�

(v 
 �)) = h�(a)v; �i = 0 for any v 2 V and � 2 V

�

. Thus

we have

^

�

�

(V 
 V

�

)

?

� Ker �. Similarly we have the 
onverse in
lusion. Hen
e we obtain the

following proposition.

Proposition 1.8. The maps

^

�

�

and

^

	

�

are surje
tive if and only if � is faithful.

Next, let us 
onstru
t g-modules whi
h are isomorphi
 to V and V

�

respe
tively.

De�nition 1.9. For ea
h element v 2 V and � 2 V

�

, we de�ne linear maps �

�;v

2 Hom(V

�

; g)

and 	

�;�

2 Hom(V; g) by

�

�;v

( ) :=

^

�

�

(v 
  ); (1.18)

	

�;�

(u) :=

^

	

�

(�
 u) (1.19)
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where u 2 V and  2 V

�

. Then we have linear maps �

�

and 	

�

as below:

�

�

: V ! Hom(V

�

; g)

v 7! �

�;v

; (1.20)

	

�

: V

�

! Hom(V; g)

� 7! 	

�;�

: (1.21)

We 
all these maps �

�;v

and 	

�;�

the �-map at v and 	-map at � of (g; �; V;B) respe
tively.

The spa
es Hom(g; V ) and Hom(g; V

�

) have 
anoni
al g-module stru
tures. Then we have the

following proposition.

Proposition 1.10. The maps �

�

and 	

�

are homomorphisms of g-modules.

Proof. By Proposition 1.7, we have the following equations:

�

�;�(a)v

(�) = [a;�

�;v

(�)℄ � �

�;v

(�

�

(a)�); (1.22)

	

�;�

�

(b) 

(u) = [b;	

�; 

(u)℄�	

�; 

(�(b)u) (1.23)

for any a; b 2 g, v; u 2 V and �;  2 V

�

. Thus we have our result.

Put

V

0

:= g; (1.24)

V

1

:= Im(�

�

); (1.25)

V

�1

:= Im(	

�

): (1.26)

Then V

0

, V

1

and V

�1

are g-modules. We denote the 
anoni
al representations of g on V

0

, V

1

and

V

�1

by �

0

, �

1

and �

�1

respe
tively. Then we 
an de�ne linear maps p

0

and q

0

by

p

0

: V

1


 V

0

! V

1

v

1


 a 7! ��

1

(a)v

1

; (1.27)

q

0

: V

�1


 V

0

! V

�1

�

�1


 a 7! ��

�1

(a)�

�1

: (1.28)

We 
an easily show that p

0

and q

0

are homomorphisms of g-modules. Furthermore, if � is 
om-

pletely redu
ible and does not have a subrepresentation on a non-zero subspa
e of V whi
h is

isomorphi
 to a zero-representation, then p

0

and q

0

are surje
tive and �

�

and 	

�

are inje
tive. In

fa
t, take an element v 2 V whi
h satis�es �

�;v

= 0. Then we have h�(a)v; �i = B

0

�

a;�

�;v

(�)

�

= 0

for any a 2 g and � 2 V

�

, hen
e �(a)v = 0 and v = 0. The same holds for 	

�

. Therefore we

obtain the following proposition.
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Proposition 1.11. If � is 
ompletely redu
ible and does not have a subrepresentation on a non-

zero subspa
e of V whi
h is isomorphi
 to a zero-representation, then g-modules V

1

and V

�1

are

isomorphi
 to V and V

�

respe
tively.

Remark 1.12. In the situation of Proposition 1.11, we have

v

1

�

	

�1

�

(�

�1

)

�

+ �

�1

�

�

�1

�

(v

1

)

�

= 0 (1.29)

for any v

1

2 V

1

and �

�1

2 V

�1

.

Here, we give the following de�nition.

De�nition 1.13. Let g be a �nite-dimensional redu
tive Lie algebra, V a �nite-dimensional ve
tor

spa
e, � a representation of g on V , B

0

a non-degenerate symmetri
 invariant bilinear form on g.

If a quadruplet (g; �; V;B

0

) satis�es the following 
onditions, we 
all it a standard quadruplet:

� is 
ompletely redu
ible; (1.30)

� is faithful; (1.31)

� does not have a subrepresentation on a non-zero subspa
e of V whi
h is isomorphi


to a zero-representation. (1.32)

In other words, if (g; �; V;B

0

) is a standard quadruplet, the g-modules V

0

, V

1

and V

�1

are

isomorphi
 to

^

�

�

(V 
 V

�

), V and V

�

respe
tively. Next, let us 
onstru
t g-modules from V

1

and

V

�1

. For this, we will show the following proposition used later.

Proposition 1.14. Let (g; �; V;B

0

) be a standard quadruplet. Let W be a �nite-dimensional g-

module and �

W

a representation of g onW . Assume that there exists a homomorphism of g-modules

p from V

1


W to Hom(V

�

;W ). We put

~

W := Im p (1.33)

and denote the 
anoni
al representation of g on

~

W by ~�

W

. Then the following linear map

~p : V

1




~

W ! Hom(V

�

;

~

W )

v

1


 ~w 7!

�

� 7! ~�

W

�

v

1

(�)

�

~w + p

�

v

1


 ~w(�)

��

(1.34)

is a homomorphism of g-modules.



February 20, 2014 9

Proof. For any a 2 g, v

1

2 V

1

, ~w 2

~

W and � 2 V

�

, we have

~p(�

1

(a)v

1


 ~w)(�) + ~p(v

1


 ~�

W

(a) ~w)(�)

=~�

W

��

�

1

(a)v

1

�

(�)

�

~w + p

�

�

1

(a)v

1


 ~w(�)

�

+ ~�

W

�

v

1

(�)

�

~�

W

(a) ~w + p

�

v

1




�

~�

W

(a) ~w

�

(�)

�

=~�

W

�

[a; v

1

(�)℄

�

~w � ~�

W

�

v

1

�

�

�

(a)�

��

~w

+ p

�

�

1

(a)v

1


 ~w(�)

�

+ ~�

W

�

v

1

(�)

�

~�

W

(a) ~w

+ p

�

v

1


 �

W

(a)( ~w(�))

�

� p

�

v

1


 ~w(�

�

(a)�)

�

=~�

W

(a)~�

W

�

v

1

(�)

�

~w + ~�

W

(a)p

�

v

1


 ( ~w(�))

�

� ~p

�

v

1


 ~w

�

(�

�

(a)�)

=~�

W

(a)

�

~p

�

v

1


 ~w

��

�

��

� ~p

�

v

1


 ~w

�

(�

�

(a)�):

Thus we have our result.

De�nition 1.15. Let (g; �; V;B

0

) be a standard quadruplet. Suppose that i � 1 and there exist

g-modules (�

i�1

; V

i�1

) and (�

�i+1

; V

�i+1

) and homomorphisms of g-modules p

i�1

: V

1


 V

i�1

!

Hom(V

�

; V

i�1

) and q

�i+1

: V

�1


V

�i+1

! Hom(V; V

�i+1

). Put V

i

:= Im p

i�1

and V

�i

:= Im q

�i+1

and denote the 
anoni
al representations of g on them by �

i

and �

�i

respe
tively. We de�ne linear

maps p

i

and q

�i

by

p

i

: V

1


 V

i

! Hom(V

�

; V

i

)

v

1


 u

i

7!

�

� 7! �

i

�

v

1

(�)

�

u

i

+ p

i�1

�

v

1


 u

i

(�)

��

; (1.35)

q

�i

: V

�1


 V

�i

! Hom(V; V

�i

)

�

�1


  

�i

7!

�

v 7! �

�i+1

�

�

�1

(v)

�

 

�i

+ q

�i+1

�

�

�1


  

�i

(v)

��

: (1.36)

Then, by Proposition 1.14, p

i

is a homomorphism of g-modules. Similarly, q

�i

is also a homomor-

phism of g-modules. We denote by V

i+1

and V

�i�1

the images of p

i

and q

�i

and the 
anoni
al

representations on V

i+1

and V

�i�1

by �

i+1

and �

�i�1

respe
tively. Thus, indu
tively, we obtain

g-modules V

n

and representations �

n

of g on V

n

for all n 2 Z. We 
all V

n

the n-graduation of

(g; �; V;B

0

). Throughout this paper, we use these notation.

Remark 1.16. Espe
ially, if i = 1, we have

p

1

(v

1


 u

1

)(�) =� p

1

(u

1


 v

1

)(�)

=�

1

(v

1

(�))u

1

� �

1

(u

1

(�))v

1

(1.37)

and

q

�1

(�

�1


  

�1

)(v) =� q

�1

( 

�1


 �

�1

)(v)

=�

�1

(�

�1

(v)) 

�1

� �

�1

( 

�1

(v))�

�1

: (1.38)
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1.2 A bilinear form on V

i

� V

�i

In this se
tion, we will 
onsider the relation between g-modules V

i

and V

�i

for ea
h i � 0. For

this, we 
onstru
t a bilinear form on V

i

� V

�i

. First, let us show the following equation on B

0

:

B

0

�

p

0

�

v

1


 a

��

	

�1

�

(�

�1

)

�

; b

�

=B

0

�

a; q

0

�

�

�1


 b

��

�

�1

�

(v

1

)

��

(1.39)

where a; b 2 V

0

, v

1

2 V

1

and �

�1

2 V

�1

.

Put v := �

�1

�

(v

1

) 2 V and � := 	

�1

�

(�

�1

) 2 V

�

. Then we have

B

0

�

p

0

�

v

1


 a

��

�

�

; b

�

=B

0

��

��

1

(a)v

1

��

�

�

; b

�

=B

0

�

v

1

�

�

�

(a)�

�

; b

�

�B

0

��

a; v

1

�

�

��

; b

�

=h�(b)v; �

�

(a)�i +B

0

��

a; �

�1

�

v

��

; b

�

=B

0

�

a; �

�1

�

�(b)v

��

+B

0

�

a;

�

�

�1

�

v

�

; b

��

=B

0

�

a; q

0

�

�

�1


 b

��

v

��

: (1.40)

Next, suppose that i � 1. Assume that there exists a g-invariant bilinear form B

i�1

on V

i�1

�V

�i+1

whi
h satis�es the following equation:

B

i�1

�

p

i�1

�

v

1


 u

i�1

��

	

�1

�

(�

�1

)

�

;  

�i+1

�

=B

i�1

�

u

i�1

; q

�i+1

�

�

�1


  

�i+1

��

�

�1

�

(v

1

)

��

(1.41)

for any v

1

2 V

1

, u

i�1

2 V

i�1

, �

�1

2 V

�1

and  

�i+1

2 V

�i+1

. Then we 
an de�ne a bilinear form

B

i

on V

i

� V

�i

by

B

i

�

p

i�1

(v

1


 u

i�1

); q

�i+1

(�

�1


  

�i+1

)

�

:=B

i�1

�

p

i�1

�

v

1


 u

i�1

��

	

�1

�

(�

�1

)

�

;  

�i+1

�

(1.42)

where v

1

2 V

1

, u

i�1

2 V

i�1

, �

�1

2 V

�1

and  

�i+1

2 V

�i+1

. Indeed, by (1.41), B

i

is well-de�ned.

Then B

i

is g-invariant. In fa
t, by the assumption that B

i�1

is g-invariant, we have

B

i

�

�

i

�

a

�

p

i�1

�

v

1


 u

i�1

�

; q

�i+1

�

�

�1


  

�i+1

��

=B

i�1

�

�

i

�

a

��

p

i�1

�

v

1


 u

i�1

��

	

�1

�

(�

�1

)

��

;  

�i+1

�

�B

i�1

�

p

i�1

�

v

1


 u

i�1

��

�

�

�

a

�

	

�1

�

(�

�1

)

�

;  

�i+1

�

=�B

i�1

�

p

i�1

�

v

1


 u

i�1

��

	

�1

�

(�

�1

)

�

; �

�i+1

�

a

�

 

�i+1

�

�B

i�1

�

p

i�1

�

v

1


 u

i�1

��

�

�

�

a

�

	

�1

�

(�

�1

)

�

;  

�i+1

�

=�B

i

�

p

i�1

�

v

1


 u

i�1

�

; �

�i

�

a

�

q

�i+1

�

�

�1


  

�i+1

��

(1.43)
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for any a 2 g, v

1

2 V

1

, u

i�1

2 V

i�1

, �

�1

2 V

�1

and  

�i+1

2 V

�i+1

. Moreover B

i

satis�es the

following equation:

B

i

�

p

i

�

v

1


 u

i

��

	

�1

�

(�

�1

)

�

;  

�i

�

=B

i

�

u

i

; q

�i

�

�

�1


  

�i

��

�

�1

�

(v

1

)

��

(1.44)

for any v

1

2 V

1

, u

i

2 V

i

, �

�1

2 V

�1

and  

�i

2 V

�i

. In fa
t, put v := �

�1

�

(v

1

) and � := 	

�1

�

(�

�1

).

Then we have

B

i

�

p

i

�

v

1


 u

i

��

	

�1

�

(�

�1

)

�

;  

�i

�

=B

i

�

�

i

�

v

1

(�)

�

u

i

+ p

i�1

�

v

1


 u

i

(�)

�

;  

�i

�

=B

i

�

u

i

; �

�i

�

�

�1

(v)

�

 

�i

�

+B

i�1

�

u

i

(�);  

�i

(v)

�

=B

i

�

u

i

; �

�i

�

�

�1

(v)

�

 

�i

�

+B

i

�

u

i

; q

�i

�

�

�1


  

�i

(v)

��

=B

i

�

u

i

; q

�i

�

�

�1


  

�i

��

�

�1

�

(v

1

)

��

:

Thus, indu
tively, we obtain a bilinear form B

i

on V

i

� V

�i

for all i � 0.

Proposition 1.17. For all i � 0, V

�i

is the dual g-module of V

i

.

Proof. It is suÆ
ient to show that the bilinear map B

i

: V

i

� V

�i

! C is non-degenerate for ea
h

i � 0. We argue by indu
tion on i. For i = 0, by the assumption, B

0

: V

0

� V

0

! C is non-

degenerate and g-invariant. Hen
e, V

0

is the dual g-module of itself. Suppose that i � 1. Take an

element u

i

2 V

i

su
h that B

i

(u

i

; q

�i+1

(�

�1


  

�i+1

)) = 0 for any �

�1

2 V

�1

and  

�i+1

2 V

�i+1

.

Then we have

B

i�1

�

u

i

�

	

�1

�

(�

�1

)

�

;  

�i+1

�

= 0:

By the indu
tion hypothesis, B

i�1

is non-degenerate and thus we have u

i

�

	

�1

�

(�

�1

)

�

= 0 for any

�

�1

2 V

�1

. Thus u

i

= 0.

1.3 Examples

In this se
tion, we will give some examples.

Example 1.18. Let n � 2 be a positive integer. Let g = gl

1

� sl

n

and V = C

n

. We de�ne a

representation � of g on V by:

�(a;A)v = av +Av

(a 2 gl

1

; A 2 sl

n

; v 2 V )
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where v 2 V is 
onsidered as a 
olumn ve
tor. The dual spa
e V

�

is also identi�ed with C

n

and

the pairing between V and V

�

is given by:

h�; �i : V � V

�

! C

(v; �) 7!

t

v�: (1.45)

Then the dual representation �

�

of g on V

�

is given by:

�(a;A)� = �a��

t

A�

(a 2 gl

1

; A 2 sl

n

; � 2 V

�

)

where

t

A is a transpose of A. Let B

1

0

be a bilinear form on g given by:

B

1

0

�

(a;A); (a

0

; A

0

)

�

:=

n

n+ 1

aa

0

+Tr AA

0

(1.46)

(a; a

0

2 gl

1

; A;A

0

2 sl

n

):

Then (g; �; V;B

1

0

) is a standard quadruplet. Then its �-map

^

�

1

�

from V 
 V

�

to g is derived by:

^

�

1

�

�

v 
 �

�

= (

n+ 1

n

t

v�; v

t

��

1

n

t

v�1

n

): (1.47)

In this situation, the m-graduation of (g; �; V;B

1

0

) is f0g for all m � 2. In fa
t, we 
an identify V

1

with V . Then, for any v

1

; u

1

2 V

1

and � 2 V

�

, we have

p

1

�

v

1


 u

1

��

�

�

=�

1

�

n+ 1

n

t

v

1

�; v

1

t

��

1

n

t

v

1

�1

n

�

u

1

� �

1

�

n+ 1

n

t

u

1

�; u

1

t

��

1

n

t

u

1

�1

n

�

v

1

=

n+ 1

n

t

v

1

�u

1

+ v

1

t

�u

1

�

1

n

t

v

1

�u

1

�

n+ 1

n

t

u

1

�v

1

� u

1

t

�v

1

+

1

n

t

u

1

�v

1

=

n+ 1

n

u

1

t

v

1

�+ v

1

t

u

1

��

1

n

u

1

t

v

1

��

n+ 1

n

v

1

t

u

1

�� u

1

t

v

1

�+

1

n

v

1

t

u

1

�

=0:

Thus our 
laim holds.

Example 1.19. We retain the notation g, � and V of Example 1.18 and 
hoose another bilinear

form B

2

0

on g given as follows:

B

2

0

�

(a;A); (a

0

; A

0

)

�

:= naa

0

+Tr AA

0

(1.48)

(a; a

0

2 gl

1

; A;A

0

2 sl

n

):

Then we have

^

�

2

�

�

v 
 �

�

=(

1

n

t

v�; v

t

��

1

n

t

v�1

n

) (1.49)

(v 2 V; � 2 V

�

)
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where

^

�

2

�

is the �-map of (g; �; V;B

2

0

). Identifying V

1

with V , we have

p

1

�

v

1


 u

1

��

�

�

=

�

v

1

t

u

1

� u

1

t

v

1

�

� (1.50)

(v

1

; u

1

2 V; � 2 V

�

)

from the argument in Example 1.18. Therefore, we 
an identify V

2

with the totality of skew-

symmetri
 matri
es of size n and the representation �

2

on V

2

is given as follows:

�

2

(a;A)u

2

= 2au

2

+Au

2

+ u

2

t

A (1.51)

(a 2 gl

1

; A 2 sl

n

; u

2

2 V

2

):

In this situation, the m-graduation of (g; �; V;B

2

0

) is f0g for all m � 3. In fa
t, for any

v

1

; u

1

; w

1

2 V

1

and � 2 V

�

, we have

p

2

�

w

1


 p

1

(v

1


 u

1

)

��

�

�

=�

2

�

1

n

t

w

1

�;w

1

t

��

1

n

t

w

1

�1

n

�

p

1

�

v

1


 u

1

�

+ p

1

�

w

1


 p

1

(v

1


 u

1

)(�)

�

=p

1

�

�

1

�

1

n

t

w

1

�;w

1

t

��

1

n

t

w

1

�1

n

�

v

1


 u

1

�

+ p

1

�

v

1


 �

1

�

1

n

t

w

1

�;w

1

t

��

1

n

t

w

1

�1

n

�

u

1

�

+ p

1

�

w

1


 p

1

(v

1


 u

1

)(�)

�

=p

1

�

w

1

t

�v

1


 u

1

�

+ p

1

�

v

1


 w

1

t

�u

1

�

+ p

1

�

w

1




�

v

1

t

u

1

� u

1

t

v

1

�

�

�

=w

1

t

�v

1

t

u

1

� u

1

t

v

1

�

t

w

1

+ v

1

t

u

1

�

t

w

1

� w

1

t

�u

1

t

v

1

+ w

1

t

�u

1

t

v

1

� v

1

t

u

1

�

t

w

1

� w

1

t

�v

1

t

u

1

+ u

1

t

v

1

�

t

w

1

=0:

Thus our 
laim holds.

2 A Lie algebra asso
iated to a standard quadruplet

In the previous se
tion, we 
onstru
ted a family of n-graduations from a standard quadruplet

(g; �; V;B

0

). In this se
tion, we will 
onsider the dire
t sum of n-graduations and denote it by

L(g; �; V;B

0

). Then we 
an de�ne a bilinear map from L(g; �; V;B

0

)�L(g; �; V;B

0

) to L(g; �; V;B

0

).

We will prove that this bilinear map satis�es the axioms of a Lie algebra. First of all, let us de�ne

the following bilinear maps.

De�nition 2.1. For any n 2 Z, we de�ne bilinear maps

�

�; �

�

0

n

: V

0

� V

n

! V

n

;

�

�; �

�

1

n

: V

1

� V

n

! V

n+1

;

�

�; �

�

�1

n

: V

�1

� V

n

! V

n�1
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by

�

a; x

n

�

0

n

:= �

n

(a)x

n

; (2.1)

�

v

1

; x

n

�

1

n

:=

8

<

:

p

n

(v

1


 x

n

) (n � 0)

�x

n

�

�

�1

�

(v

1

)

�

(n � �1)

; (2.2)

�

�

�1

; x

n

�

�1

n

:=

8

<

:

�x

n

�

	

�1

�

(�

�1

)

�

(n � 1)

q

n

(�

�1


 x

n

) (n � 0)

(2.3)

where a 2 V

0

, v

1

2 V

1

, �

�1

2 V

�1

and x

n

2 V

n

.

We have the following two propositions.

Proposition 2.2. For any n 2 Z, a 2 V

0

, v

1

2 V

1

, �

�1

2 V

�1

and x

n

2 V

n

, we have the following

equations:

�

p

0

(v

1


 a); x

n

�

1

n

=

�

v

1

;

�

a; x

n

�

0

n

�

1

n

�

�

a;

�

v

1

; x

n

�

1

n

�

0

n+1

; (2.4)

�

q

0

(�

�1


 a); x

n

�

�1

n

=

�

�

�1

;

�

a; x

n

�

0

n

�

�1

n

�

�

a;

�

�

�1

; x

n

�

�1

n

�

0

n+1

: (2.5)

Proof. For n � 0, we have

�

p

0

(v

1


 a); x

n

�

1

n

=

�

��

1

(a)v

1

; x

n

�

1

n

=p

n

�

��

1

(a)v

1


 x

n

�

=p

n

�

v

1


 �

n

(a)x

n

�

� �

n+1

(a)p

n

�

v

1


 x

n

�

=

�

v

1

;

�

a; x

n

�

0

n

�

1

n

�

�

a;

�

v

1

; x

n

�

1

n

�

0

n+1

:

For n � �1, we have

�

p

0

(v

1


 a); x

n

�

1

n

=

�

��

1

(a)v

1

; x

n

�

1

n

=x

n

�

�(a)

�

�

�1

�

(v

1

)

��

=�

�

�

n

(a)x

n

��

�

�1

�

(v

1

)

�

+ �

n+1

(a)

�

x

n

�

�

�1

�

(v

1

)

��

=

�

v

1

;

�

a; x

n

�

0

n

�

1

n

�

�

a;

�

v

1

; x

n

�

1

n

�

0

n+1

:

Thus we have (2.4). Similarly we 
an obtain (2.5).

Proposition 2.3. For any n 2 Z, v

1

2 V

1

, �

�1

2 V

�1

and x

n

2 V

n

, we have the following

equation:

�

�

�1

;

�

v

1

; x

n

�

1

n

�

�1

n+1

=

��

�

�1

; v

1

�

�1

1

; x

n

�

0

n

+

�

v

1

;

�

�

�1

; x

n

�

�1

n

�

1

n�1

: (2.6)
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Proof. For n � 1, we have

�

�

�1

;

�

v

1

; x

n

�

1

n

�

�1

n+1

=

�

�

�1

; p

n

(v

1


 x

n

)

�

�1

n+1

=� p

n

�

v

1


 x

n

��

	

�1

�

(�

�1

)

�

=� �

n

�

v

1

�

	

�1

�

(�

�1

)

��

x

n

� p

n�1

�

v

1


 x

n

�

	

�1

�

(�

�1

)

��

=

��

�

�1

; v

1

�

�1

1

; x

n

�

0

n

+

�

v

1

;

�

�

�1

; x

n

�

�1

n

�

1

n�1

:

For n = 0, we have

�

�

�1

;

�

v

1

; x

0

�

1

0

�

�1

1

=�

�

�

�1

; �

1

(x

0

)v

1

�

�1

1

=

�

�

1

(x

0

)v

1

��

	

�1

�

(�

�1

)

�

=�

0

(x

0

)

�

v

1

�

	

�1

�

(�

�1

)

��

� v

1

�

	

�1

�

�

�

�1

(x

0

)�

�1

��

=

��

�

�1

; v

1

�

�1

1

; x

0

�

0

0

+

�

v

1

;

�

�

�1

; x

0

�

�1

0

�

1

�1

:

For n � �1, we have

�

�

�1

;

�

v

1

; x

n

�

1

n

�

�1

n+1

=�

�

�

�1

; x

n

�

�

�1

�

(v

1

)

��

�1

n+1

=� q

n+1

�

�

�1


 x

n

�

�

�1

�

(v

1

)

��

=�

n

�

�

�1

�

�

�1

�

(v

1

)

��

x

n

� q

n

�

�

�1


 x

n

��

�

�1

�

(v

1

)

�

=

��

�

�1

; v

1

�

�1

1

; x

n

�

0

n

+

�

v

1

;

�

�

�1

; x

n

�

�1

n

�

1

n�1

:

Thus we have (2.6).

De�nition 2.4. Assume that i � 0. For any n 2 Z, we de�ne bilinear maps

�

�; �

�

i+1

n

: V

i+1

� V

n

! V

i+n+1

; (2.7)

�

�; �

�

�i�1

n

: V

�i�1

� V

n

! V

�i+n�1

(2.8)

by

�

p

i

(v

1


 u

i

); x

n

�

i+1

n

:=

�

v

1

;

�

u

i

; x

n

�

i

n

�

1

i+n

�

�

u

i

;

�

v

1

; x

n

�

1

n

�

i

n+1

(2.9)

(v

1

2 V

1

; u

i

2 V

i

; x

n

2 V

n

)

and

�

q

�i

(�

�1


  

�i

); x

n

�

�i�1

n

:=

�

�

�1

;

�

 

�i

; x

n

�

�i

n

�

�1

�i+n

�

�

 

�i

;

�

�

�1

; x

n

�

�1

n

�

�i

n�1

(2.10)

(�

�1

2 V

�1

;  

�i

2 V

�i

; x

n

2 V

n

)

indu
tively.
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We must prove the well-de�nedness of De�nition 2.4. First, let us start with the 
ase where

i = 0. To 
he
k this, it is suÆ
ient to show that the bilinear maps

�

�; �

�

1

n

and

�

�; �

�

�1

n

given in (2.9)

and (2.10) 
oin
ide with (2.2) and (2.3) respe
tively. It follows from Proposition 2.2 immediately.

Next, let us show the following proposition to prove the well-de�nedness of (2.9) for i � 1.

Proposition 2.5. Let i � 0 and assume that

�

�; �

�

i

n

is well-de�ned for any n 2 Z. Take elements

v

1

1

; : : : ; v

l

1

2 V

1

and u

1

i

; : : : ; u

l

i

2 V

i

satisfying

l

X

s=1

p

i

(v

s

1


 u

s

i

) = 0: (2.11)

Then for any x

n

2 V

n

, we have

l

X

s=1

��

v

s

1

;

�

u

s

i

; x

n

�

i

n

�

1

i+n

�

�

u

s

i

;

�

v

s

1

; x

n

�

1

n

�

i

n+1

�

= 0 (2.12)

and hen
e we obtain that (2.9) is well-de�ned.

Proof. We argue by indu
tion on i. For i = 0. By Proposition 2.2, we have our result for any

n 2 Z. Moreover, by de�nition and Proposition 2.3, we have the following equations:

�

a;

�

v

1

; x

n

�

1

n

�

0

n+1

=

��

a; v

1

�

0

1

; x

n

�

1

n

+

�

v

1

;

�

a; x

n

�

0

n

�

1

n

; (2.13)

�

�

�1

;

�

v

1

; x

n

�

1

n

�

�1

n+1

=

��

�

�1

; v

1

�

�1

1

; x

n

�

0

n

+

�

v

1

;

�

�

�1

; x

n

�

�1

n

�

1

n�1

; (2.14)

�

v

1

; a

�

1

0

= �

�

a; v

1

�

0

1

= ��

1

(a)v

1

; (2.15)

�

u

1

; v

1

�

1

1

= �

�

v

1

; u

1

�

1

1

= �p

1

(v

1


 u

1

); (2.16)

�

u

1

; �

�1

�

1

�1

= �

�

�

�1

; u

1

�

�1

1

= u

1

�

	

�1

�

(�

�1

)

�

(2.17)

where a 2 V

0

, v

1

; u

1

2 V

1

, �

�1

2 V

�1

and x

n

2 V

n

.

For i � 1. We assume that the bilinear maps [�; �℄

i

n

are well-de�ned for any n 2 Z and satisfy

the following equations:

�

a;

�

u

i

; x

n

�

i

n

�

0

i+n

=

��

a; u

i

�

0

i

; x

n

�

i

n

+

�

u

i

;

�

a; x

n

�

0

n

�

i

n

; (2.18)

�

�

�1

;

�

u

i

; x

n

�

i

n

�

�1

i+n

=

��

�

�1

; u

i

�

�1

i

; x

n

�

i�1

n

+

�

u

i

;

�

�

�1

; x

n

�

�1

n

�

i

n�1

; (2.19)

�

u

i

; a

�

i

0

= �

�

a; u

i

�

0

i

= ��

i

(a)u

i

; (2.20)

�

u

i

; v

1

�

i

1

= �

�

v

1

; u

i

�

1

i

= �p

i

(v

1


 u

i

); (2.21)

�

u

i

; �

�1

�

i

�1

= �

�

�

�1

; u

i

�

�1

i

= u

i

�

	

�1

�

(�

�1

)

�

(2.22)

where a 2 V

0

, v

1

2 V

1

, u

i

2 V

i

, �

�1

2 V

�1

and x

n

2 V

n

.

We �x i and argue by indu
tion on n.



February 20, 2014 17

(1) The 
ase where n � 0.

For n = 0, by the indu
tion hypothesis on i, we have

�

v

1

;

�

u

i

; x

0

�

i

0

�

1

i

�

�

u

i

;

�

v

1

; x

0

�

1

0

�

i

1

=� p

i

�

v

1


 �

i

(x

0

)u

i

�

+

�

u

i

; �

1

(x

0

)v

1

�

i

1

=� p

i

�

v

1


 �

i

(x

0

)u

i

�

� p

i

�

�

1

(x

0

)v

1


 u

i

�

=� �

i+1

(x

0

)p

i

(v

1


 u

i

) (2.23)

where v

1

2 V

1

, u

i

2 V

i

and x

0

2 V

0

. Thus, we have our result immediately.

For n � 1. Note that by (2.19), we have

�

u

i

; y

m

�

i

m

(�) =

�

u

i

(�); y

m

�

i�1

m

+

�

u

i

; y

m

(�)

�

i

m�1

(2.24)

for any m � 1, u

i

2 V

i

, y

m

2 V

m

and � 2 V

�

. Hen
e, we have

�

v

1

;

�

u

i

; x

n

�

i

n

�

1

i+n

(�) �

�

u

i

;

�

v

1

; x

n

�

1

n

�

i

n+1

(�)

=p

i+n

�

v

1




�

u

i

; x

n

�

i

n

�

(�)�

�

u

i

; p

n

�

v

1


 x

n

��

i

n+1

(�)

=�

i+n

�

v

1

(�)

��

u

i

; x

n

�

i

n

+ p

i+n�1

�

v

1




��

u

i

(�); x

n

�

i�1

n

+

�

u

i

; x

n

(�)

�

i

n�1

��

�

�

u

i

(�); p

n

(v

1


 x

n

)

�

i�1

n+1

�

�

u

i

; �

n

�

v

1

(�)

�

x

n

+ p

n�1

�

v

1


 x

n

(�)

��

i

n

=

�

�

i

�

v

1

(�)

�

u

i

; x

n

�

i

n

+ p

i+n�1

�

v

1




�

u

i

�

�

�

; x

n

�

i�1

n

�

�

�

u

i

(�); p

n

(v

1


 x

n

)

�

i�1

n+1

+ p

i+n�1

�

v

1




�

u

i

; x

n

�

�

��

i

n�1

�

�

�

u

i

; p

n�1

�

v

1


 x

n

(�)

��

i

n

=

�

�

i

�

v

1

(�)

�

u

i

; x

n

�

i

n

+

�

p

i�1

�

v

1


 u

i

�

�

��

; x

n

�

i

n

+ p

i+n�1

�

v

1




�

u

i

; x

n

�

�

��

i

n�1

�

�

�

u

i

; p

n

�

v

1


 x

n

(�)

��

i

n

=

�

p

i

�

v

1


 u

i

��

�

�

; x

n

�

i

n

+

�

v

1

;

�

u

i

; x

n

(�)

�

i

n�1

�

1

i+n�1

�

�

u

i

;

�

v

1

; x

n

(�)

�

1

n�1

�

i

n

(2.25)

where v

1

2 V

1

, u

i

2 V

i

, x

n

2 V

n

and � 2 V

�

. Here, by the indu
tion hypotheses on i and n, if

v

1

1

; : : : ; v

l

1

2 V

1

and u

1

i

; : : : ; u

l

i

2 V

i

satisfy

l

X

s=1

p

i

(v

s

1


 u

s

i

) = 0;

then we have

l

X

s=1

�

p

i

�

v

s

1


 u

s

i

��

�

�

; x

n

�

i

n

= 0
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and

l

X

s=1

��

v

s

1

;

�

u

s

i

; x

n

�

�

��

i

n�1

�

1

n+i�1

�

�

u

s

i

;

�

v

s

1


 x

n

(�)

�

1

n�1

�

i

n

�

= 0

respe
tively. Therefore we have our result for any n � 0.

(2) The 
ase where n � �1.

For n = �1, by the indu
tion hypothesis on i, we have

�

v

1

;

�

u

i

; x

�1

�

i

�1

�

1

i�1

�

�

u

i

;

�

v

1

; x

�1

�

1

�1

�

i

0

=

�

v

1

; u

i

�

	

�1

�

(x

�1

)

��

1

i�1

�

�

u

i

; v

1

�

	

�1

�

(x

�1

)

��

i

0

=p

i�1

�

v

1


 u

i

�

	

�1

�

(x

�1

)

��

+ �

i

�

v

1

�

	

�1

�

(x

�1

)

��

u

i

=p

i

(v

1


 u

i

)

�

	

�1

�

�

x

�1

��

(2.26)

where v

1

2 V

1

, u

i

2 V

i

and x

�1

2 V

�1

. Thus, we have our result immediately.

For n � �2. Note that by (2.19), we have

�

u

i

; q

m+1

(�

�1


 y

m+1

)

�

i

m

=

�

u

i

�

	

�1

�

(�

�1

)

�

; y

m+1

�

i�1

m+1

+

�

�

�1

;

�

u

i

; y

m+1

�

i

m+1

�

�1

i+m+1

(2.27)

for any m � �1, u

i

2 V

i

, �

�1

2 V

�1

and y

m+1

2 V

m+1

. Hen
e, by the indu
tion hypotheses on i

and n and Proposition 2.3, we have

�

v

1

;

�

u

i

; q

n+1

(�

�1


 x

n+1

)

�

i

n

�

1

i+n

�

�

u

i

;

�

v

1

; q

n+1

(�

�1


 x

n+1

)

�

1

n

�

i

n+1

=

�

v

1

;

�

u

i

�

	

�1

�

(�

�1

)

�

; x

n+1

�

i�1

n+1

�

1

i+n

+

�

v

1

;

�

�

�1

;

�

u

i

; x

n+1

�

i

n+1

�

�1

i+n+1

�

1

i+n

+

�

u

i

; q

n+1

(�

�1


 x

n+1

)

�

�

�1

�

(v

1

)

��

i

n+1

=

�

p

i�1

�

v

1


 u

i

�

	

�1

�

(�

�1

)

��

; x

n+1

�

i

n+1

�

�

u

i

�

	

�1

�

(�

�1

)

�

; x

n+1

�

�

�1

�

(v

1

)

��

i�1

n+2

+

�

v

1

�

	

�1

�

(�

�1

)

�

;

�

u

i

; x

n+1

�

i

n+1

�

0

i+n+1

+

�

�

�1

;

�

v

1

;

�

u

i

; x

n+1

�

i

n+1

�

1

i+n+1

�

�1

i+n+2

+

�

u

i

; �

n+1

�

�

�1

�

�

�1

�

(v

1

)

��

x

n+1

�

i

n+1

+

�

u

i

; q

n+2

�

�

�1


 x

n+1

�

�

�1

�

(v

1

)

���

i

n+1

=

�

p

i�1

�

v

1


 u

i

�

	

�1

�

(�

�1

)

��

; x

n+1

�

i

n+1

�

�

u

i

�

	

�1

�

(�

�1

)

�

; x

n+1

�

�

�1

�

(v

1

)

��

i�1

n+2

+

�

�

i

�

v

1

�

	

�1

�

(�

�1

)

��

u

i

; x

n+1

�

i

n+1

+

�

u

i

; �

n+1

�

v

1

�

	

�1

�

(�

�1

)

��

x

n+1

�

i

n+1

+

�

�

�1

;

�

v

1

;

�

u

i

; x

n+1

�

i

n+1

�

1

i+n+1

�

�1

i+n+2

+

�

u

i

; �

n+1

�

�

�1

�

�

�1

�

(v

1

)

��

x

n+1

�

i

n+1

+

�

u

i

�

	

�1

�

(�

�1

)

�

; x

n+1

�

�

�1

�

(v

1

)

��

i�1

n+2

+

�

�

�1

;

�

u

i

; x

n+1

�

�

�1

�

(v

1

)

��

i

n+2

�

�1

i+n+2

=

�

p

i�1

�

v

1


 u

i

�

	

�1

�

(�

�1

)

��

; x

n+1

�

i

n+1

+

�

�

i

�

v

1

�

	

�1

�

(�

�1

)

��

u

i

; x

n+1

�

i

n+1

+

�

�

�1

;

�

v

1

;

�

u

i

; x

n+1

�

i

n+1

�

1

i+n+1

�

�1

i+n+2

�

�

�

�1

;

�

u

i

;

�

v

1

; x

n+1

�

1

n+1

�

i

n+2

�

�1

i+n+2

=

�

p

i

(v

1


 u

i

)

�

	

�1

�

(�

�1

)

�

; x

n+1

�

i

n+1

+

h

�

�1

;

�

�

v

1

;

�

u

i

; x

n+1

�

i

n+1

�

1

i+n+1

�

�

u

i

; [v

1

; x

n+1

℄

1

n+1

�

i

n+2

�i

�1

i+n+2

(2.28)
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where v

1

2 V

1

, u

i

2 V

i

, x

n+1

2 V

n+1

and �

�1

2 V

�1

. Here, by the indu
tion hypotheses on i and

n, if v

1

1

; : : : ; v

l

1

2 V

1

and u

1

i

; : : : ; u

l

i

2 V

i

satisfy

l

X

s=1

p

i

(v

s

1


 u

s

i

) = 0;

then we have

l

X

s=1

�

p

i

(v

s

1


 u

s

i

)

�

	

�1

�

(�

�1

)

�

; x

n+1

�

i

n+1

= 0

and

l

X

s=1

h

�

�1

;

�

�

v

s

1

;

�

u

s

i

; x

n+1

�

i

n+1

�

1

i+n+1

�

�

u

s

i

;

�

v

s

1

; x

n+1

�

1

n+1

�

i

n+2

�i

�1

i+n+2

= 0

respe
tively. Therefore we have our result for any n � �1 and we obtain bilinear maps

�

�; �

�

i+1

n

for

all n 2 Z.

In order to 
omplete the proof, let us show that the bilinear maps

�

�; �

�

i+1

n

(n 2 Z) satisfy the

following equations:

�

a;

�

u

i+1

; x

n

�

i+1

n

�

0

i+n+1

=

��

a; u

i+1

�

0

i+1

; x

n

�

i+1

n

+

�

u

i+1

;

�

a; x

n

�

0

n

�

i+1

n

; (2.29)

�

�

�1

;

�

u

i+1

; x

n

�

i+1

n

�

�1

i+n+1

=

��

�

�1

; u

i+1

�

�1

i+1

; x

n

�

i

n

+

�

u

i+1

;

�

�

�1

; x

n

�

�1

n

�

i+1

n�1

; (2.30)

�

u

i+1

; a

�

i+1

0

= �

�

a; u

i+1

�

0

i+1

= ��

i+1

(a)u

i+1

; (2.31)

�

u

i+1

; v

1

�

i+1

1

= �

�

v

1

; u

i+1

�

1

i+1

= �p

i+1

(v

1


 u

i+1

); (2.32)

�

u

i+1

; �

�1

�

i+1

�1

= �

�

�

�1

; u

i+1

�

�1

i+1

= u

i+1

�

	

�1

�

(�

�1

)

�

(2.33)

where a 2 V

0

, v

1

2 V

1

, u

i+1

2 V

i+1

, �

�1

2 V

�1

and x

n

2 V

n

.

(2.31) and (2.33) follow from (2.23) and (2.26) respe
tively.

Let us show (2.29). We 
an assume that u

i+1

= p

i

(v

1


 u

i

) for some v

1

2 V

1

and u

i

2 V

i
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without loss of generality. Then we have

�

a;

�

p

i

�

v

1


 u

i

�

; x

n

�

i+1

n

�

0

i+n+1

=

�

a;

�

v

1

;

�

u

i

; x

n

�

i

n

�

1

i+n

�

0

i+n+1

�

�

a;

�

u

i

;

�

v

1

; x

n

�

1

n

�

i

n+1

�

0

i+n+1

=

�

�

1

�

a

�

v

1

;

�

u

i

; x

n

�

i

n

�

1

i+n

+

�

v

1

;

�

�

i

�

a

�

u

i

; x

n

�

i

n

�

1

i+n

+

�

v

1

;

�

u

i

; �

n

�

a

�

x

n

�

i

n

�

1

i+n

�

�

�

i

�

a

�

u

i

;

�

v

1

; x

n

�

1

n

�

i

n+1

�

�

u

i

;

�

�

1

�

a

�

v

1

; x

n

�

1

n

�

i

n+1

�

�

u

i

;

�

v

1

; �

n

�

a

�

x

n

�

1

n

�

i

n+1

=

�

�

1

�

a

�

v

1

;

�

u

i

; x

n

�

i

n

�

1

i+n

�

�

u

i

;

�

�

1

�

a

�

v

1

; x

n

�

1

n

�

i

n+1

+

�

v

1

;

�

�

i

�

a

�

u

i

; x

n

�

i

n

�

1

i+n

�

�

�

i

�

a

�

u

i

;

�

v

1

; x

n

�

1

n

�

i

n+1

+

�

v

1

;

�

u

i

; �

n

�

a

�

x

n

�

i

n

�

1

i+n

�

�

u

i

;

�

v

1

; �

n

�

a

�

x

n

�

1

n

�

i

n+1

=

�

p

i

�

�

1

�

a

�

v

1


 u

i

�

; x

n

�

i+1

n

+

�

p

i

�

v

1


 �

i

�

a

�

u

i

�

; x

n

�

i+1

n

+

�

p

i

�

v

1


 u

i

�

; �

n

�

a

�

x

n

�

i+1

n

=

��

a; p

i

�

v

1


 u

i

��

0

i+1

; x

n

�

i+1

n

+

�

p

i

�

v

1


 u

i

�

;

�

a; x

n

�

0

n

�

i+1

n

:

Thus (2.29) holds.

Let us show (2.30). If n 6= 0, (2.30) follows from (2.25) and (2.28). The 
ase where n = 0 is

obtained from (2.31) and (2.33). Thus (2.30) holds.

Finally, let us show (2.32). By (2.30) and (2.31), for any � 2 V

�

, we have

�

u

i+1

; v

1

�

i+1

1

(�)

=

�

u

i+1

(�); v

1

�

i

1

+

�

u

i+1

; v

1

(�)

�

i+1

0

=� p

i

�

v

1


 u

i+1

(�)

�

� �

i+1

�

v

1

(�)

�

u

i+1

=� p

i+1

�

v

1


 u

i+1

��

�

�

:

Thus (2.32) holds. This 
ompletes the proof.

In the same way, we 
an prove the following proposition.

Proposition 2.6. Assume that j � 0 and

�

�; �

�

�j

n

is well-de�ned for any n 2 Z. Take elements

�

1

�1

; : : : ; �

l

�1

2 V

�1

and  

1

�j

; : : : ;  

l

�j

2 V

�j

satisfying

l

X

s=1

q

�j

(�

s

�1


  

s

�j

) = 0: (2.34)

Then for any x

n

2 V

n

, we have

l

X

s=1

��

�

s

�1

;

�

 

s

�j

; x

n

�

�j

n

�

�1

�j+n

�

�

 

s

�j

;

�

�

s

�1

; x

n

�

�1

n

�

�j

n�1

�

= 0 (2.35)
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and hen
e we obtain a bilinear map

�

�; �

�

�j�1

n

: V

�j�1

� V

n

! V

�j+n�1

satisfying the following equations:

�

a;

�

 

�j�1

; x

n

�

�j�1

n

�

0

n�j�1

=

��

a;  

�j�1

�

0

�j�1

; x

n

�

�j�1

n

+

�

 

�j�1

;

�

a; x

n

�

0

n

�

�j�1

n

; (2.36)

�

v

1

;

�

 

�j�1

; x

n

�

�j�1

n

�

1

�j+n�1

=

��

v

1

;  

�j�1

�

1

�j�1

; x

n

�

�j

n

+

�

 

�j�1

;

�

v

1

; x

n

�

1

n

�

�j�1

n+1

; (2.37)

�

 

�j�1

; a

�

�j�1

0

= �

�

a;  

�j�1

�

0

�j�1

= ��

�j�1

(a) 

�j�1

; (2.38)

�

 

�j�1

; �

�1

�

�j�1

�1

= �

�

�

�1

;  

�j�1

�

�1

�j�1

= �q

�j�1

(�

�1


  

�j�1

); (2.39)

�

 

�j�1

; v

1

�

�j�1

1

= �

�

v

1

;  

�j�1

�

1

�j�1

=  

�j�1

�

�

�1

�

(v

1

)

�

: (2.40)

where a 2 V

0

, v

1

2 V

1

, �

�1

2 V

�1

,  

�j�1

2 V

�j�1

and x

n

2 V

n

.

Then Proposition 2.5 and Proposition 2.6 are summarized as follows.

De�nition 2.7. We put

L(g; �; V;B

0

) =

M

n2Z

V

n

(2.41)

and de�ne a bilinear map

[�; �℄ : L(g; �; V;B

0

)� L(g; �; V;B

0

)! L(g; �; V;B

0

)

by

�

x

n

; y

m

�

:=

�

x

n

; y

m

�

n

m

(2.42)

where x

n

2 V

n

and y

m

2 V

m

.

Proposition 2.8. The bilinear map [�; �℄ satis�es the following equations:

[a; x℄ = �[x; a℄; (2.43)

[v

1

; x℄ = �[x; v

1

℄; (2.44)

[�

�1

; x℄ = �[x; �

�1

℄; (2.45)

[a; [x; y℄℄ = [[a; x℄; y℄ + [x; [a; y℄℄; (2.46)

[y; [v

1

; x℄℄ = [v

1

; [y; x℄℄� [[v

1

; y℄; x℄; (2.47)

[y; [�

�1

; x℄℄ = [�

�1

; [y; x℄℄� [[�

�1

; y℄; x℄ (2.48)

where a 2 V

0

, v

1

2 V

1

, �

�1

2 V

�1

and x; y 2 L(g; �; V;B

0

).

Let us show that [�; �℄ satis�es the axioms of a Lie algebra.
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Proposition 2.9. For any x; y 2 L(g; �; V;B

0

), we have

[x; y℄ + [y; x℄ = 0: (2.49)

Namely, [�; �℄ is skew-symmetri
.

Proof. Without loss of generality, it is suÆ
ient to show in the 
ases where x = x

n

2 V

n

for ea
h

n 2 Z. We assume that n � 0 and argue by indu
tion on n.

For n = 0, our 
laim follows from Proposition 2.8.

For n � 1. Without loss of generality, we 
an assume that x

n

= p

n�1

(v

1


 x

n�1

) for some

v

1

2 V

1

and x

n�1

2 V

n�1

. Then, by (2.9) and (2.47), we have

[p

n�1

(v

1


 x

n�1

); y℄ + [y; p

n�1

(v

1


 x

n�1

)℄

=[v

1

; [x

n�1

; y℄℄� [x

n�1

; [v

1

; y℄℄

+ [v

1

; [y; x

n�1

℄℄� [[v

1

; y℄; x

n�1

℄:

By the indu
tion hypothesis, we have

[x

n�1

; y℄ + [y; x

n�1

℄ = 0

and

[x

n�1

; [v

1

; y℄℄ + [[v

1

; y℄; x

n�1

℄ = 0:

Hen
e our 
laim holds. Similarly we 
an obtain the proof of the 
ases where n � �1. This


ompletes the proof.

Proposition 2.10. For any x; y; z 2 L(g; �; V;B

0

), we have

[x; [y; z℄℄ = [[x; y℄; z℄ + [y; [x; z℄℄: (2.50)

Namely, [�; �℄ satis�es the Ja
obi identity.

Proof. Without loss of generality, it is suÆ
ient to show in the 
ases where x = x

n

2 V

n

for ea
h

n 2 Z. We assume n � 0 and argue by indu
tion on n.

For n = 0 and 1, our 
laim follows from Proposition 2.8.

For n � 2. Without loss of generality, we 
an assume that x

n

= p

n�1

(v

1


 x

n�1

) for some
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v

1

2 V

1

and x

n�1

2 V

n�1

. Then, by the indu
tion hypothesis, we have

[p

n�1

(v

1


 x

n�1

); [y; z℄℄

=[v

1

; [x

n�1

; [y; z℄℄℄� [x

n�1

; [v

1

; [y; z℄℄℄

=[v

1

; [[x

n�1

; y℄; z℄℄ + [v

1

; [y; [x

n�1

; z℄℄℄

� [x

n�1

; [[v

1

; y℄; z℄℄� [x

n�1

; [y; [v

1

; z℄℄℄

=[v

1

; [[x

n�1

; y℄; z℄℄ + [y; [v

1

; [x

n�1

; z℄℄℄ + [[v

1

; y℄; [x

n�1

; z℄℄

� [x

n�1

; [[v

1

; y℄; z℄℄� [y; [x

n�1

; [v

1

; z℄℄℄� [[x

n�1

; y℄; [v

1

; z℄℄

=[[v

1

; [x

n�1

; y℄℄; z℄� [[x

n�1

; [v

1

; y℄℄; z℄ + [y; [p

n�1

(v

1


 x

n�1

); z℄℄

=[[p

n�1

(v

1


 x

n�1

); y℄; z℄ + [y; [p

n�1

(v

1


 x

n�1

); z℄℄:

Thus we have our 
laim. We 
an also obtain the proof of the 
ases where n � �1 by the same

argument. This 
ompletes the proof.

By Propositions 2.9 and 2.10, we have the following theorem.

Theorem 2.11. L(g; �; V;B

0

) is a Lie algebra with the bra
ket [�; �℄. We 
all the Lie algebra thus

obtained the Lie algebra asso
iated to (g; �; V;B

0

).

In parti
ular, for a given redu
tive Lie algebra g and its �nite-dimensional 
ompletely redu
ible

representation (�; V ), there exists a graded Lie algebra

P

n2Z

g

n

su
h that its Lie subalgebra g

0

is

isomorphi
 to g and the adjoint a
tion of g

0

on g

1

is isomorphi
 to (�; V ).

In the next se
tion, we will 
onstru
t a bilinear form on L(g; �; V;B

0

) =

L

n2Z

V

n

su
h that

the restri
tion to V

0

� V

0


oin
ides with B

0

.

3 Some properties of L(g; �; V; B

0

)

3.1 A bilinear form on L(g; �; V; B

0

)

In this se
tion, we will 
onsider the stru
ture of the Lie algebra L(g; �; V;B

0

) asso
iated to a stan-

dard quadruplet (g; �; V;B

0

). First of all, we 
onstru
t a non-degenerate symmetri
 L(g; �; V;B

0

)-

invariant bilinear form on L(g; �; V;B

0

)� L(g; �; V;B

0

).

De�nition 3.1. We de�ne a bilinear form B on L(g; �; V;B

0

)� L(g; �; V;B

0

) by

B

�

X

n2Z

x

n

;

X

m2Z

y

m

�

=

X

s�0

B

s

�

x

s

; y

�s

�

+

X

t��1

B

�t

�

y

�t

; x

t

�

(3.1)

where x

n

2 V

n

and y

m

2 V

m

.

Proposition 3.2. The bilinear form B is non-degenerate symmetri
 and L(g; �; V;B

0

)-invariant.
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Proof. It 
an be easily proved that B is non-degenerate and symmetri
. Let us prove that B is

L(g; �; V;B

0

)-invariant. For this, it is enough to show that we have

B([u

i

; x

n

℄; y

m

) = B(x

n

; [y

m

; u

i

℄) (3.2)

where i � 0, n;m 2 Z, u

i

2 V

i

, x

n

2 V

n

, y

m

2 V

m

and i+ n +m = 0. We argue it by indu
tion

on i.

For i = 0; 1, our result follows from (1.43) and (1.44) immediately.

For i � 2. We 
an assume that u

i

= p

i�1

(v

1


 u

i�1

) for some v

1

2 V

1

and u

i�1

2 V

i�1

without

loss of generality. Then, by the indu
tion hypothesis, we have

B

��

p

i�1

(v

1


 u

i�1

); x

n

�

; y

m

�

=B

��

v

1

;

�

u

i�1

; x

n

��

�

�

u

i�1

;

�

v

1

; x

n

��

; y

m

�

=B

��

u

i�1

; x

n

�

;

�

y

m

; v

1

��

�B

��

v

1

; x

n

�

;

�

y

m

; u

i�1

��

=B

�

x

n

;

��

y

m

; v

1

�

; u

i�1

��

�B

�

x

n

;

��

y

m

; u

i�1

�

; v

1

��

=B

�

x

n

;

�

y

m

; p

i�1

(v

1


 u

i�1

)

��

:

This 
ompletes the proof.

We prove the \universality" of the Lie algebras asso
iated to a standard quadruplet.

Proposition 3.3. Assume that a Z-graded Lie algebra

^

g =

P

n2Z

^

g

n

with a symmetri


^

g-invariant

bilinear form

^

B satis�es the following 
onditions:

^

g

0

and

^

g

1

are �nite-dimensional ve
tor spa
es, (3.3)

the adjoint representation of

^

g

0

on

^

g

1

is 
ompletely redu
ible, (3.4)

the restri
tion of

^

B to

^

g

i

�

^

g

�i

is non-degenerate for ea
h i � 0, (3.5)

[

^

g

1

;

^

g

i

℄ =

^

g

i+1

; [

^

g

�1

;

^

g

�j

℄ =

^

g

�j�1

for ea
h i; j � 0, (3.6)

[

^

g

1

;

^

g

�1

℄ =

^

g

0

. (3.7)

Then (

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) is a standard quadruplet and the Lie algebra L(

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) is

isomorphi
 to

^

g where ad stands for the adjoint representation of

^

g

0

on

^

g

1

.

Obviously, L(g; �; V;B

0

) satis�es these 
onditions, i.e. L(g; �; V;B

0

) is, although it is de�ned

over C , of type �

0

(See [K{A℄). In order to prove Preposition 3.3, we prove the following lemma

needed later.

Lemma 3.4. Under the notation in Proposition 3.3, we have

fX

i

2

^

g

i

j [X

i

; Y

�1

℄ = 0 for any Y

�1

2

^

g

�1

g = f0g

for ea
h i � 0. In parti
ular, a quadruplet (

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) satis�es (1.31).
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Proof. Suppose that X

i

2

^

g

i

satis�es [X

i

; Y

�1

℄ = 0 for any Y

�1

2

^

g

�1

. Then, for any Z

�i+1

2

^

g

�i+1

, we have

^

B(X

i

; [Y

�1

; Z

�i+1

℄)

=

^

B([X

i

; Y

�1

℄; Z

�i+1

) = 0:

Thus by (3.5), (3.6) and (3.7), we obtain X

i

= 0.

By (3.6), (

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) satis�es (1.32). Hen
e it is a standard quadruplet.

Let us prove Proposition 3.3. For this, we 
onstru
t an isomorphism of Lie algebras from

L(

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) to

^

g. We denote the n-graduation of (

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) by (

^

g)

n

and the

bilinear form on L(

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) de�ned in De�nition 3.1 by B. Let �

0

be the identity map

on

^

g

0

and �

1

:= �

�1

ad

. Then we obtain a linear isomorphism �

�1

: (

^

g)

�1

!

^

g

�1

de�ned by

B(�

�1

; v

1

) =

^

B(�

�1

(�

�1

); �

1

(v

1

)) where �

�1

2 (

^

g)

�1

and v

1

2 (

^

g)

1

. These linear isomorphisms

�

i

: (

^

g)

i

!

^

g

i

(i = 0;�1) satisfy the following equations:

[�

0

(a); �

1

(v

1

)℄ = �

1

([a; v

1

℄); (3.8)

[�

�1

(�

�1

); �

1

(v

1

)℄ = �

0

([�

�1

; v

1

℄); (3.9)

[�

0

(a); �

�1

(�

�1

)℄ = �

�1

([a; �

�1

℄) (3.10)

where a 2 (

^

g)

0

, v

1

2 (

^

g)

1

and �

�1

2 (

^

g)

�1

. In fa
t, (3.8) obviously holds. Let us 
he
k (3.9). For

any b 2 (

^

g)

0

, we have

^

B(�

0

(b); �

0

([�

�1

; v

1

℄)) = B(b; [�

�1

; v

1

℄)

= B([b; �

�1

℄; v

1

)

=

^

B([�

0

(b); �

�1

(�

�1

)℄; �

1

(v

1

))

=

^

B(�

0

(b); [�

�1

(�

�1

); �

1

(v

1

)℄)

and hen
e (3.9) holds. Similarly, we 
an obtain (3.10).

Next, suppose that i � 1 and assume that there exist linear isomorphisms �

i�1

: (

^

g)

i�1

!

^

g

i�1

and �

i

: (

^

g)

i

!

^

g

i

satisfying the equations:

�

�

0

(a); �

i

(u

i

)

�

= �

i

�

[a; u

i

℄

�

; (3.11)

�

�

1

(v

1

); �

i�1

(u

i�1

)

�

= �

i

�

[v

1

; u

i�1

℄

�

; (3.12)

�

�

�1

(�

�1

); �

i

(u

i

)

�

= �

i�1

�

[�

�1

; u

i

℄

�

(3.13)

where a 2 (

^

g)

0

, v

1

2 (

^

g)

1

, �

�1

2 (

^

g)

�1

, u

i�1

2 (

^

g)

i�1

and u

i

2 (

^

g)

i

. Then we have

�

i

��

�

�1

;

�

v

1

; u

i

���

=

�

�

�1

(�

�1

);

�

�

1

(v

1

); �

i

(u

i

)

��

: (3.14)
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In fa
t,

�

i

��

�

�1

;

�

v

1

; u

i

���

=�

i

���

�

�1

; v

1

�

; u

i

��

+ �

i

��

v

1

;

�

�

�1

; u

i

���

=

�

�

0

��

�

�1

; v

1

��

; �

i

�

u

i

��

+

�

�

1

�

v

1

�

; �

i�1

��

�

�1

; u

i

���

=

��

�

�1

(�

�1

); �

1

(v

1

)

�

; �

i

(u

i

)

�

+

�

�

1

(v

1

);

�

�

�1

(�

�1

); �

i

(u

i

)

��

=

�

�

�1

(�

�1

);

�

�

1

(v

1

); �

i

(u

i

)

��

:

Thus, by Lemma 3.4, we 
an de�ne a linear map �

i+1

: (

^

g)

i+1

!

^

g

i+1

by

�

i+1

�

p

i

(v

1


 u

i

)

�

:=

�

�

1

(v

1

); �

i

(u

i

)

�

: (3.15)

Then, by (3.6) and (3.14), we obtain that �

i+1

is bije
tive. Moreover, �

i+1

satis�es the following

equations:

�

�

0

(a); �

i+1

(u

i+1

)

�

= �

i+1

�

[a; u

i+1

℄

�

; (3.16)

�

�

1

(v

1

); �

i

(u

i

)

�

= �

i+1

�

[v

1

; u

i

℄

�

; (3.17)

�

�

�1

(�

�1

); �

i+1

(u

i+1

)

�

= �

i

�

[�

�1

; u

i+1

℄

�

(3.18)

where a 2 (

^

g)

0

, v

1

2 (

^

g)

1

, �

�1

2 (

^

g)

�1

, u

i

2 (

^

g)

i

and u

i+1

2 (

^

g)

i+1

. Indeed, (3.16) follows from

a similar argument to the proof of (3.14). Equations (3.17) and (3.18) have already been shown.

Thus, indu
tively, we obtain linear isomorphisms �

n

from (

^

g)

n

to

^

g

n

for all n � 0. Moreover, �

n

indu
es a linear isomorphism �

�n

from (

^

g)

�n

to

^

g

�n

whi
h satis�es the following equation:

B( 

�n

; u

n

) =

^

B(�

�n

( 

�n

); �

n

(u

n

)) (3.19)

where u

n

2 (

^

g)

n

and  

�n

2 (

^

g)

�n

. Then �

�n

satis�es the following equations:

�

�

1

(v

1

); �

�n

�

 

�n

)

�

= �

�n+1

�

[v

1

;  

�n

℄

�

; (3.20)

�

�

�1

(�

�1

); �

�n

�

 

�n

)

�

= �

�n�1

�

[�

�1

;  

�n

℄

�

(3.21)

where v

1

2 (

^

g)

1

, �

�1

2 (

^

g)

�1

and  

�n

2 (

^

g)

�n

. In fa
t, we 
an show (3.20) by indu
tion on n. For

n = 0, our 
laim has already been shown. Suppose that n � 1, then by the indu
tion hypothesis,

we have

^

B

�

�

n�1

(u

n�1

);

�

�

1

(v

1

); �

�n

�

 

�n

)

��

=

^

B

��

�

n�1

(u

n�1

); �

1

(v

1

)

�

; �

�n

( 

�n

)

�

=

^

B

�

�

n

�

[u

n�1

; v

1

℄

�

; �

�n

( 

�n

)

�

= B

�

[u

n�1

; v

1

℄;  

�n

�

= B

�

u

n�1

; [v

1

;  

�n

℄

�

=

^

B

�

�

n�1

(u

n�1

); �

�n+1

�

[v

1

;  

�n

℄

��
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for any u

n�1

2 (

^

g)

n�1

. Hen
e (3.20) holds for all n � 0. Similarly we 
an show (3.21). Summarizing

the above argument, we 
an de�ne a linear isomorphism � from L(

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

) to

^

g by

�

�

X

n2Z

x

n

�

:=

X

n2Z

�

n

(x

n

) (3.22)

where x

n

2 (

^

g)

n

. Then � satis�es the following equations:

�

�(v

1

); �

�

x)

�

= �

�

[v

1

; x℄

�

; (3.23)

�

�(�

�1

); �

�

x)

�

= �

�

[�

�1

; x℄

�

(3.24)

where v

1

2 (

^

g)

1

, �

�1

2 (

^

g)

�1

and x 2 L(

^

g

0

; ad;

^

g

1

;

^

Bj

^

g

0

�

^

g

0

). Therefore, by the de�nition of a Lie

algebra asso
iated to a standard quadruplet, � is an isomorphism of Lie algebras. This 
ompletes

the proof of Proposition 3.3.

3.2 Equivalent standard quadruplets

In this se
tion, we shall introdu
e a notion of equivalen
e between standard quadruplets.

De�nition 3.5. Let (g

1

; �

1

; V

1

; B

1

0

) and (g

2

; �

2

; V

2

; B

2

0

) be standard quadruplets. We 
all these

quadruplets are equivalent if and only if there exists an isomorphism of Lie algebras � : g

1

! g

2

and a linear isomorphism � : V

1

! V

2

su
h that

�

�

�

1

(a

1

)v

1

�

= �

2

�

�(a

1

)

��

�(v

1

)

�

; (3.25)

B

1

0

(a

1

; b

1

) = B

2

0

(�(a

1

); �(b

1

)) (3.26)

for any a

1

; b

1

2 g

1

and v

1

2 V

1

. We will denote this equivalen
e relation by

(g

1

; �

1

; V

1

; B

1

0

) ' (g

2

; �

2

; V

2

; B

2

0

): (3.27)

In parti
ular, for a standard quadruplet (g; �; V;B

0

) and a non-zero element 
 2 C , (g; �; V; 
B

0

)

and (g; �

1

; V

1

; B

0

) are equivalent to (g; �; V;B

0

) where (�

1

; V

1

) is the 1-graduation of (g; �; V;B

0

).

Then we have the following proposition.

Proposition 3.6. If standard quadruplets (g

1

; �

1

; V

1

; B

1

0

) and (g

2

; �

2

; V

2

; B

2

0

) are equivalent, then

the Lie algebras L(g

1

; �

1

; V

1

; B

1

0

) and L(g

2

; �

2

; V

2

; B

2

0

) are isomorphi
.

Proof. By the same argument as proof of Proposition 3.3, we 
an 
onstru
t a linear isomorphism

from V

1

n

to V

2

n

for ea
h n 2 Z, where V

i

n

denotes the n-graduation of (g

i

; �

i

; V

i

; B

i

0

) for i = 1; 2,

and an isomorphism of Lie algebras from L(g

1

; �

1

; V

1

; B

1

0

) to L(g

2

; �

2

; V

2

; B

2

0

).

However, in general, the 
onverse is not true. For example, let g = sl

4

. Put

H

1

:=

0

B

B

B

�

1 0 0 0

0 1 0 0

0 0 �1 0

0 0 0 �1

1

C

C

C

A

; H

2

:=

0

B

B

B

�

2 0 0 0

0 0 0 0

0 0 0 0

0 0 0 �2

1

C

C

C

A



February 20, 2014 28

and

g

1

j

:= fX 2 g j [H

1

; X ℄ = 2jXg; g

2

j

:= fX 2 g j [H

2

; X ℄ = 2jXg

for ea
h j 2 Z. Then we obtain two gradings:

g =g

1

�1

� g

1

0

� g

1

1

=g

2

�2

� g

2

�1

� g

2

0

� g

2

1

� g

2

2

:

These gradings and the Killing form K on g satisfy the assumptions of Proposition 3.3. Therefore,

by applying Proposition 3.3, it follows that the Lie algebras L(g

i

0

; ad; g

i

1

;Kj

g

i

0

�g

i

0

) (i = 1; 2) are

isomorphi
 to g. However, by a dire
t 
al
ulation, we 
an obtain that g

1

0

and g

2

0

are isomorphi
 to

gl

1

� sl

2

� sl

2

and gl

1

� gl

1

� sl

2

respe
tively. In parti
ular, the quadruplets (g

i

0

; ad; g

i

1

;Kj

g

i

0

�g

i

0

)

(i = 1; 2) are not equivalent.

3.3 Loop algebras

In this se
tion, we shall give a well-known example of in�nite-dimensional Lie algebra whi
h 
an

be written in the form L(g; �; V;B

0

).

Let g be a �nite-dimensional simple Lie algebra, C [t; t

�1

℄ be the algebra of Laurent polynomials

in t. Set L(g) = C [t; t

�1

℄
 g and de�ne a bilinear map [�; �℄

0

: L(g)�L(g)! L(g) by:

[t

n


X; t

m


 Y ℄

0

:= t

n+m


 [X;Y ℄ (3.28)

where n;m 2 Z, X;Y 2 g and [�; �℄ stands for the bra
ket produ
t of g. This bilinear map satis�es

the axioms of a Lie algebra. The in�nite-dimensional Lie algebra L(g) with the bra
ket [�; �℄

0

is


alled the loop algebra and we have a Z-grading L(g) =

M

n2Z

t

n


 g (See [Ka℄).

Now, we denote by K the Killing form on g. Then we 
an de�ne a bilinear form K

0

on L(g)

by K

0

(t

n


 X; t

m


 Y ) := Æ

n+m;0

K(X;Y ), where Æ

n+m;0

is the Krone
ker delta. By applying

Proposition 3.3, we have the following proposition.

Proposition 3.7. Let g be a �nite-dimensional simple Lie algebra and K the Killing form on g.

Then the Lie algebra L(g; ad; g;K) is isomorphi
 to the loop algebra L(g).

3.4 A dire
t sum of standard quadruplets

De�nition 3.8. Let (g

1

; �

1

; V

1

; B

1

0

) and (g

2

; �

2

; V

2

; B

2

0

) be standard quadruplets. Let �

1

� �

2

be

a representation of g

1

� g

2

on V

1

� V

2

de�ned by:

�

(�

1

� �

2

)(a

1

; a

2

)

�

(v

1

; v

2

) := (�

1

(a

1

)v

1

; �

2

(a

2

)v

2

) (3.29)
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where a

i

2 g

i

and v

i

2 g

i

(i = 1; 2). Let B

1

0

�B

2

0

be a bilinear form on g

1

� g

2

de�ned by:

(B

1

0

�B

2

0

)((a

1

; a

2

); (b

1

; b

2

)) := B

1

0

(a

1

; b

1

) +B

2

0

(a

2

; b

2

) (3.30)

where a

i

; b

i

2 g

i

(i = 1; 2). Then a quadruplet (g

1

� g

2

; �

1

� �

2

; V

1

� V

2

; B

1

0

� B

2

0

) is a stan-

dard quadruplet. We 
all it a dire
t sum of (g

1

; �

1

; V

1

; B

1

0

) and (g

2

; �

2

; V

2

; B

2

0

) and denote by

(g

1

; �

1

; V

1

; B

1

0

)� (g

2

; �

2

; V

2

; B

2

0

).

Remark 3.9. Let (g

1

; �

1

; V

1

; B

1

0

), (g

2

; �

2

; V

2

; B

2

0

) and (g; �; V;B

0

) be standard quadruplets. As-

sume that (g

1

; �

1

; V

1

; B

1

0

) and (g

2

; �

2

; V

2

; B

2

0

) are equivalent. Then we have

(g

1

; �

1

; V

1

; B

1

0

)� (g; �; V;B

0

)

'(g

2

; �

2

; V

2

; B

2

0

)� (g; �; V;B

0

):

By applying Proposition 3.3, we have the following proposition immediately.

Proposition 3.10. Let (g

1

; �

1

; V

1

; B

1

0

) and (g

2

; �

2

; V

2

; B

2

0

) be standard quadruplets. Then the Lie

algebra L

�

(g

1

; �

1

; V

1

; B

1

0

)� (g

2

; �

2

; V

2

; B

2

0

)

�

is isomorphi
 to L(g

1

; �

1

; V

1

; B

1

0

)�L(g

2

; �

2

; V

2

; B

2

0

).

De�nition 3.11. A standard quadruplet (g; �; V;B

0

) is said to be de
omposable if and only if

there exist non-trivial ideals a and b of g and non-trivial subspa
es U and W of V whi
h satisfy

a� b = g; (3.31)

U �W = V; (3.32)

�(a)w = 0; (3.33)

�(b)u = 0; (3.34)

B

0

(a; b) = 0 (3.35)

for any a 2 a, b 2 b, u 2 U and w 2 W . Then (a; �j

a

; U;B

0

j

a�a

) and (b; �j

b

;W;B

0

j

b�b

) are

standard quadruplets and (g; �; V;B

0

) ' (a; �j

a

; U;B

0

j

a�a

) � (b; �j

b

;W;B

0

j

b�b

). If (g; �; V;B

0

) is

not de
omposable, it is said to be inde
omposable. Any standard quadruplet 
an be written as

a dire
t sum of inde
omposable standard quadruplets.

Proposition 3.12. Let (g; �; V;B

0

) be an inde
omposable standard quadruplet. Let n be an integer

su
h that V

n+1

is not f0g. Then for any non-zero element x

n

2 V

n

, there exists an element v

1

2 V

1

su
h that [v

1

; x

n

℄ 6= 0.

Proof. If n � 0, we have our result immediately. Suppose that n � 1. Put

U

n

:= fx

n

2 V

n

j [v

1

; x

n

℄ = 0 for any v

1

2 V

1

g: (3.36)

Then U

n

is a V

0

-submodule of V

n

. Moreover, for ea
h m = 0; : : : ; n � 1, we 
an de�ne a V

0

-

submodule U

m

of V

m

by

U

m

:= fx

m

2 V

m

j [v

1

; x

m

℄ 2 U

m+1

for any v

1

2 V

1

g (3.37)
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indu
tively. Then we 
an easily show that

[V

�1

; U

m

℄ � U

m�1

(3.38)

for m = 1; : : : ; n by indu
tion. Moreover, we have

V

0

6= U

0

: (3.39)

In fa
t, sin
e V

n+1

6= f0g, we 
an dedu
e that U

n

6= V

n

. Similarly, we have U

m

6= V

m

for

m = 0; : : : ; n� 1 by indu
tion.

Now, sin
e V

1

is a 
ompletely redu
ible V

0

-module, we 
an take a V

0

-submoduleW

1

� V

1

whi
h

satis�es V

1

= U

1

�W

1

. Then by the de�nition of U

0

, we have [U

0

;W

1

℄ = f0g. Put W

0

:= fa 2

V

0

j B(a; b) = 0 for any b 2 U

0

g. Then we have [W

0

; U

1

℄ = f0g. In fa
t, suppose that a 2 W

0

and

u

1

2 U

1

. Then for any �

�1

2 V

�1

, we have [u

1

; �

�1

℄ 2 U

0

and B([a; u

1

℄; �

�1

) = B(a; [u

1

; �

�1

℄) = 0,

hen
e [a; u

1

℄ = 0. Sin
e � is faithful, we have V

0

= U

0

�W

0

. Therefore, by the assumption that

(g; �; V;B

0

) is an inde
omposable standard quadruplet, we have U

0

= f0g. Therefore, by Lemma

3.4 and (3.38), we 
an obtain U

m

= f0g for m = 1; : : : ; n by indu
tion. In parti
ular, U

n

= f0g

and thus we have our result.

Proposition 3.13. Let (g; �; V;B

0

) be a standard quadruplet. If the Lie algebra L(g; �; V;B

0

) is

�nite-dimensional, then L(g; �; V;B

0

) is semisimple. In parti
ular, if (g; �; V;B

0

) is inde
ompos-

able, then L(g; �; V;B

0

) is simple.

Proof. It is suÆ
ient to show the 
ase where (g; �; V;B

0

) is inde
omposable. Let a be a non-zero

ideal of L(g; �; V;B

0

). Let k be a positive integer su
h that V

k

6= f0g and V

k+1

= f0g. Then there

exist integers �k � n

1

< : : : < n

l

� k and non-zero elements x

n

1

2 V

n

1

; : : : ; x

n

l

2 V

n

l

su
h that

x := x

n

1

+ � � �+ x

n

l

2 a: (3.40)

Then by Proposition 3.12, there exist non-zero elements v

1

1

; : : : ; v

k�n

1

1

2 V

1

su
h that

[v

k�n

1

1

; [v

k�n

1

�1

1

; � � � ; [v

1

1

; x℄ � � � ℄℄ 2 V

k

n f0g: (3.41)

Thus we 
an obtain a

k

:= a\ V

k

6= f0g and a

m

:= a\ V

m

6= f0g for m = 0; : : : ; k� 1 by indu
tion.

By a similar argument to the argument in the proof of Proposition 3.12, we have a

0

= V

0

, i.e.

V

0

� a. Therefore, we have V

1

= [V

1

; V

0

℄, V

�1

= [V

�1

; V

0

℄ � a and thus a = L(g; �; V;B

0

).

Therefore, L(g; �; V;B

0

) is simple and thus we have our result.

3.5 A quadruplet of paraboli
 type

Let g be a �nite-dimensional semisimple Lie algebra, h a Cartan subalgebra of g, R the root system

of g with respe
t to h. Let K be the Killing form on g. We �x a fundamental root system ' of R.
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Let � be a subset of '. Then there exists the unique element H

�

su
h that �(H

�

) = 0 for � 2 �

and �(H

�

) = 2 for � 2 ' n �. We 
all H

�

the grading element.

For ea
h n 2 Z, we put d

n

(�) := fX 2 g j [H

�

; X ℄ = 2nXg and denote d

0

(�) by l

�

. Then l

�

is a

redu
tive subalgebra of g and a
ts on ea
h d

n

(�) by adjoint representation. Let G be the adjoint

group of g and L

�

be the 
onne
ted subgroup of G 
orresponding to l

�

. Then it is known that the

representation of L

�

on d

1

(�) is 
ompletely redu
ible and (L

�

; d

1

(�)) is a prehomogeneous ve
tor

spa
e. Su
h prehomogeneous ve
tor spa
es are 
alled prehomogeneous ve
tor spa
es of paraboli


type.

We 
an easily show that the Z-graded Lie algebra g =

M

n2Z

d

n

(�) and the Killing form K on g

satisfy the 
onditions from (3.3) to (3.6). If (l

�

; ad; d

1

(�);Kj

l

�

�l

�

) is a standard quadruplet, i.e.

l

�

= [d

�1

(�); d

1

(�)℄ holds, we 
all it a quadruplet of paraboli
 type. Note that a dire
t sum of

quadruplets of paraboli
 type is again a quadruplet of paraboli
 type. Then we have the following

theorem.

Theorem 3.14. Let (g; �; V;B

0

) be a standard quadruplet. Then the Lie algebra L(g; �; V;B

0

) is

�nite-dimensional if and only if (g; �; V;B

0

) is equivalent to some quadruplet of paraboli
 type.

Proof. By applying Proposition 3.3, we 
an obtain that the Lie algebra asso
iated to a quadruplet

of paraboli
 type is �nite-dimensional immediately. Let us prove the 
onverse. Assume that

L(g; �; V;B

0

) is �nite-dimensional. Without loss of generality, we 
an assume that (g; �; V;B

0

)

is inde
omposable. Then, by Proposition 3.13, L(g; �; V;B

0

) is simple. Hen
e, the bilinear form

B de�ned in De�nition 3.1 is a s
alar multiple of the Killing form K

L

on L(g; �; V;B

0

), that is,

there exists a non-zero element 
 2 C su
h that K

L

= 
B. We de�ne a linear endomorphism Æ

on L(g; �; V;B

0

) by Æ(

X

n2Z

x

n

) :=

X

n2Z

2nx

n

where x

n

2 V

n

. Then, by the theory of Lie algebras, Æ

is an inner derivation, i.e., there exists an element H 2 L(g; �; V;B

0

) su
h that Æ = ad(H). Sin
e

ad(H) is diagonalizable, there exists a Cartan subalgebra h of L(g; �; V;B

0

) su
h that H 2 h. Let

R be the root system of L(g; �; V;B

0

) with respe
t to h. Let us 
onstru
t a fundamental system

of R.

Suppose that g is not 
ommutative, i.e., [V

0

; V

0

℄ 6= f0g. By the de�nition of H , h is also a

Cartan subalgebra of V

0

. Put h := h\ [V

0

; V

0

℄ and denote the restri
tion of 
 2 h

�

to h by 
. Then

there exists a subset � = f�

1

; : : : ; �

r

g of R su
h that f�

1

; : : : ; �

r

g is a fundamental root system of

the root system of [V

0

; V

0

℄ with respe
t to h. Put

'

0

:=f� 2 R j �(H) = 2; � � �

s

=2 R for s = 1; : : : ; rg

=f�

1

; : : : ; �

l

g:

Then � [ '

0

= f�

1

; : : : ; �

r

; �

1

; : : : ; �

l

g is a fundamental root system of R. In fa
t, we 
an easily

show that any root 
an be written as n(1)�

1

+ � � �+n(r)�

r

+m(1)�

1

+ � � �+m(l)�

l

where all n(i)

and m(j) are non-negative integers or all n(i) andm(j) are non-positive integers. Thus it is enough
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to show that � [ '

0

is linearly independent over R. Suppose that 
(1); : : : ; 
(r); d(1); : : : ; d(l) 2 R

satisfy


(1)�

1

+ � � �+ 
(r)�

r

+ d(1)�

1

+ � � �+ d(l)�

l

= 0:

By renumbering the elements of � [ '

0

, we 
an suppose that


(1); : : : ; 
(s) � 0; 
(s+ 1); : : : ; 
(r) < 0;

d(1); : : : ; d(t) � 0; d(t+ 1); : : : ; d(l) < 0

without loss of generality. Put

� := 
(1)�

1

+ � � �+ 
(s)�

s

+ d(1)�

1

+ � � �+ d(t)�

t

= �
(s+ 1)�

s+1

� � � � � 
(r)�

r

� d(t+ 1)�

t+1

� � � � � d(l)�

l

:

Then we have

0 � K

L

(H

�

; H

�

) =�

X

1�i�s;s+1�j�r


(i)
(j)K

L

(H

�

i
; H

�

j
)�

X

1�i�t;t+1�j�l

d(i)d(j)K

L

(H

�

i
; H

�

j
)

�

X

1�s�r;t+1�j�l


(i)d(j)K

L

(H

�

i
; H

�

j
)�

X

1�i�t;s+1�j�r

d(i)
(j)K

L

(H

�

i
; H

�

j
)

(3.42)

where H




denotes the element in h 
orresponding to 
 2 h

�

whi
h satis�es K

L

(H




; h) = 
(h) for

any h 2 h. By the de�nition of � [ '

0

, it follows that 


1

� 


2

=2 R for any 


1

; 


2

2 � [ '

0

and thus

K

L

(H




1
; H




2
) � 0. Therefore, we have K

L

(H

�

; H

�

) = 0 and � = 0. Therefore, we have


(1)�

1

(H) + � � �+ 
(s)�

s

(H) + d(1)�

1

(H) + � � �+ d(t)�

t

(H)

=2d(1) + � � �+ 2d(t) = 0

and thus d(1) = � � � = d(t) = 0. Moreover, it follows that 
(1) = � � � = 
(s) = 0 from the assumption

that � is linearly independent. Similarly, we have 
(s+1) = � � � = 
(r) = d(t+1) = � � � = d(l) = 0.

Therefore � [ '

0

is a fundamental root system of R.

If [V

0

; V

0

℄ = f0g, that is, V

0

is 
ommutative, then a set ' := f� 2 R j �(H) = 2g is a

fundamental root system of R. Indeed, we 
an show it by a similar argument.

Summarizing the above argument, it follows thatH is a grading element and thus (g; �

1

; V

1

; 
B

0

)

is a quadruplet of paraboli
 type and (g; �; V;B

0

) is equivalent to it. This 
ompletes the proof.

It follows from Theorem 3.14 that any semisimple Lie algebra 
an be obtained from some

standard quadruplet. In parti
ular, for a positive integer m � 2, we 
an obtain sl

m+1

and so

2m+1

from standard quadruplets given in Example 1.18 and 1.19 respe
tively.
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4 Prehomogeneous ve
tor spa
es and quadruplets

In this se
tion, we shall dis
uss about the prehomogeneity 
ondition of a triplet (G; �; V ) under the

assumption that G is redu
tive by using the �-map of (Lie(G); d�; V;B

0

) where B

0

is a bilinear

form on Lie(G). The main result of this se
tion is to give another proof of 
astling transform

(Theorem 4.7).

4.1 Prehomogeneous quadruplets

A prehomogeneous ve
tor spa
e is a triplet whi
h 
onsists of a 
onne
ted algebrai
 group G and

its representation � on a �nite-dimensional ve
tor spa
e V su
h that there exists a Zariski dense

orbit �(G)v � V (v 2 V ). Su
h an element v is 
alled a generi
 point of (G; �; V ). In the 
ase

where G is redu
tive, the prehomogeneity of a triplet (G; �; V ) 
an be des
ribed by using a �-map.

Proposition 4.1. Let G be a 
onne
ted redu
tive algebrai
 group, V a �nite-dimensional ve
tor

spa
e and � a representation of G on V . Let g be the Lie algebra of G and d� the derived rep-

resentation of � on V . Then the triplet (G; �; V ) is prehomogeneous if and only if there exists a

non-degenerate symmetri
 invariant form B

0

and an element v 2 V su
h that the �-map at v of

a quadruplet (g; d�; V;B

0

), �

d�;v

: V

�

! g is inje
tive.

Proof. Take an arbitrary non-degenerate symmetri
 invariant bilinear form and denote it by B

0

.

Assume that (G; �; V ) is a prehomogeneous ve
tor spa
e and v is its generi
 point. Then it is

known that a ve
tor subspa
e d�(g)v of V 
oin
ides with V . Then �

d�;v

is inje
tive. If not, there

exists a non-zero element � su
h that �

d�;v

(�) = 0 and we have

0 = B

0

(a;�

d�;v

(�))

= hd�(a)v; �i

for any a 2 g. This is a 
ontradi
tion to the assumption that d�(g)v 
oin
ides with V . Thus �

d�;v

is inje
tive.

Conversely, suppose that there exists an element v 2 V su
h that �

d�;v

of (g; d�; V;B

0

) is

inje
tive. Then (G; �; V ) is a PV and v is its generi
 point. Indeed, if v is not a generi
 point, then

d�(g)v is a proper subspa
e of V and there exists a non-zero element � su
h that 0 = hd�(a)v; �i =

B

0

(a;�

d�;v

(�)) for any a 2 g. Sin
e B

0

is non-degenerate, we have �

d�;v

(�) = 0 and a 
ontradi
tion

to the assumption that �

d�;v

is inje
tive. Therefore v is a generi
 point.

De�nition 4.2. A standard quadruplet (g; �; V;B

0

) is 
alled a prehomogeneous quadruplet

if and only if there exists an element v 2 V su
h that �

�;v

is inje
tive.

Example 4.3. For n � 3, a triplet (SO

n

;�

1

; C

n

) is not a PV, where �

1

is the natural represen-

tation of SO

n

on C

n

=M(n; 1; C ). To 
he
k this, under the notation of Example 1.4, let us show
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that a quadruplet (so

n

;�

1

; C

n

; T

n

j

so

n

�so

n

) is not prehomogeneous. In fa
t, for any 
olumn ve
tor

v 2 C

n

we have

�

�

1

;v

(v) =

1

2

(v

t

v � v

t

v) = 0: (4.1)

Thus we have our 
laim.

However, a quadruplet (gl

1

� so

n

;2
�

1

; C 
 C

n

; B

0

) is prehomogeneous, where 2 is a s
alar

multipli
ation of gl

1

= C and B

0

is a bilinear form de�ned by:

B

0

((a;A); (a

0

; A

0

)) := �aa

0

+ 2Tr AA

0

(4.2)

where a; a

0

2 gl

1

= C and A;A

0

2 so

n

= Alt

n

. The representation spa
e 
an be identi�ed with C

n

and the a
tion of gl

1

� so

n


an be given as:

(2
 �

1

)(a;A)v = av +Av (4.3)

where a 2 gl

1

, A 2 so

n

and v 2 C

n

. Then, the map

^

�

2
�

1

is given as follows:

^

�

2
�

1

(v 
 �) = (�

t

v�; v

t

�� �

t

v) (4.4)

where v; � 2 C

n

. Put v

0

:=

t

(1; 0; : : : ; 0) 2 C

n

. Then we have

(2
 �

1

)(�

2
�

1

;v

0

(�)) � v

0

= ��: (4.5)

Thus the map

^

�

2
�

1

;v

0

is inje
tive. Therefore (gl

1

� so

n

;2
�

1

; C 
 C

n

; B

0

) is a prehomogeneous

quadruplet.

4.2 A triplet of the form (G�GL

n

; �
 �

1

; V 
 C

n

)

In this se
tion, we will 
onsider an important theorem in the theory of prehomogeneous ve
tor

spa
es, 
astling transform (See Proposition 7, p37, [S{K℄).

De�nition 4.4. Let g be a redu
tive Lie algebra, � a representation of g on a �nite-dimensional

ve
tor spa
e V , B

0

a non-degenerate symmetri
 invariant bilinear form on g. For any n 2 N and

n-ve
tors v

1

; : : : ; v

n

2 V (resp: �

1

; : : : ; �

n

2 V

�

), we de�ne a ve
tor subspa
e S

(v

1

;:::;v

n

)

� (V

�

)

n

(resp: S

�

(�

1

;:::;�

n

)

� V

n

) by:

S

(v

1

;:::;v

n

)

:= f( 

1

; : : : ;  

n

) 2 (V

�

)

n

j

n

X

k=1

^

�

�

(v

k


 �

k

) = 0; hv

i

;  

j

i = 0 for 1 � i; j � ng (4.6)

(resp:

S

�

(�

1

;:::;�

n

)

:= f(u

1

; : : : ; u

n

) 2 V

n

j

n

X

k=1

^

�

�

(u

k


 �

k

) = 0; hu

i

; �

j

i = 0 for 1 � i; j � ng) (4.7)

where

^

�

�

is the �-map of (g; �; V;B

0

).
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Lemma 4.5. We 
ontinue to use the notation of De�nition 4.4. Then a standard quadruplet

(g� gl

n

; �
�

1

; V 
 C

n

; B

0

� T

n

) (resp. (g� gl

n

; �

�


 �

1

; V

�


 C

n

; B

0

� T

n

)) is prehomogeneous

if and only if there exists n-ve
tors v

1

; : : : ; v

n

2 V (resp. �

1

; : : : ; �

n

2 V

�

) su
h that S

(v

1

;:::;v

n

)

=

f(0; : : : ; 0)g (resp. S

�

(�

1

;:::;�

n

)

= f(0; : : : ; 0)g).

Proof. We prove for a quadruplet (g�gl

n

; �
�

1

; V 
C

n

; B

0

�T

n

). For a quadruplet (g�gl

n

; �

�




�

1

; V

�


 C

n

; B

0

� T

n

), our 
laim 
an be proved by the same way.

Let e

i

2 C

n

be a 
olumn ve
tor whose 
oeÆ
ients are all zero ex
ept the i-th one whi
h is equal

to 1 and E

ij

2 gl

n

be an n�n matrix whose 
oeÆ
ients are all zero ex
ept the (i; j)-th one whi
h

is equal to 1. Then for any v 2 V and � 2 V

�

, we have

^

�

�
�

1

�

(v 
 e

i

)
 (� 
 e

j

)

�

= (Æ

ij

^

�

�

(v 
 �); hv; �iE

ij

) (4.8)

where Æ

ij

is the Krone
ker delta.

Suppose that (g� gl

n

; �
�

1

; V 
 C

n

; B

0

� T

n

) is a prehomogeneous quadruplet and v

1


 e

1

+

� � �+v

n


e

n

2 V 
C

n

(v

1

; : : : ; v

n

2 V ) is its generi
 point. Then we have S

(v

1

;:::;v

n

)

= f(0; : : : ; 0)g.

In fa
t, take an arbitrary element ( 

1

; : : : ;  

n

) 2 S

(v

1

;:::;v

n

)

, then we have:

^

�

�
�

1

�

(v

1


 e

1

+ � � �+ v

n


 e

n

)
 ( 

1


 e

1

+ � � �+  

n


 e

n

)

�

=

�

^

�

�

(v

1


  

1

+ � � �+ v

n


  

n

);

X

1�i;j�n

hv

i

;  

j

iE

ij

�

=0: (4.9)

Therefore, we have  

1


 e

1

+ � � �+  

n


 e

n

= 0 and thus ( 

1

; : : : ;  

n

) = (0; : : : ; 0).

Conversely, assume that n-ve
tors v

1

; : : : ; v

n

2 V satisfy S

(v

1

;:::;v

n

)

= f(0; : : : ; 0)g. Then v

1




e

1

+ � � �+ v

n


 e

n

is a generi
 point of (g; �; V;B

0

). In fa
t, suppose that �

1


 e

1

+ � � �+ �

n


 e

n

satis�es

^

�

�
�

1

�

(v

1


 e

1

+ � � �+ v

n


 e

n

)
 (�

1


 e

1

+ � � �+ �

n


 e

n

)

�

= 0; (4.10)

then we 
an obtain that (�

1

; : : : ; �

n

) 2 S

(v

1

;:::;v

n

)

and thus �

1


 e

1

+ � � � + �

n


 e

n

= 0. This


ompletes the proof.

The following 
orollary is immediate.

Corollary 4.6. Under the notation of De�nition 4.4, if n � m = dimV , then a quadruplet

(g� gl

n

; �
 �

1

; V 
 C

n

; B

0

� T

n

) is prehomogeneous.

Theorem 4.7. (
astling transform) Under the notation of De�nition 4.4, we let n < m = dimV .

Then a quadruplet (g�gl

n

; �
�

1

; V 
C

n

; B

0

�T

n

) is prehomogeneous if and only if a quadruplet (g�

gl

m�n

; �

�


�

1

; V

�


C

m�n

; B

0

�T

m�n

) is prehomogeneous. Moreover, if (g�gl

n

; �
�

1

; V 
C

n

; B

0

�

T

n

) is prehomogeneous (thus (g�gl

m�n

; �

�


�

1

; V

�


C

m�n

; B

0

�T

m�n

) is also prehomogeneous),
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then for any generi
 point x 2 V 
 C

n

there exists a generi
 point y 2 V

�


 C

m�n

su
h that

the g-part of the isotropy subalgebra at x denoted by g

x


oin
ides with the g-part of the isotropy

subalgebra at y denoted by g

y

.

Proof. Suppose that a quadruplet (g�gl

n

; �
�

1

; V
C

n

; B

0

�T

n

) is prehomogeneous and n-ve
tors

v

1

; : : : ; v

n

satisfy S

(v

1

;:::;v

n

)

= f(0; : : : ; 0)g. Then ve
tors v

1

; : : : ; v

n

2 V are linearly independent.

In fa
t, if there exists s
alars (
(1); : : : ; 
(n)) 6= (0; : : : ; 0) su
h that 
(1)v

1

+� � �+
(n)v

n

= 0, then we

have a non-zero element � 2 V

�

su
h that hv

i

; �i = 0 for i = 1; : : : ; n and (
(1)�; : : : ; 
(n)�) is a non-

zero element of S

(v

1

;:::;v

n

)

. It is a 
ontradi
tion to the assumption that S

(v

1

;:::;v

n

)

= f(0; : : : ; 0)g.

Put U := C v

1

+ � � � + C v

n

and denote the orthogonal spa
e of U in V

�

by U

?

. Then U

?

is a (m � n)-dimensional ve
tor subspa
e of V

�

. Take an arbitrary basis of U

?

, denoted by

�

1

; : : : ; �

m�n

2 V

�

. Then �

1

; : : : ; �

m�n

2 V

�

satisfy S

�

(�

1

;:::;�

m�n

)

= f(0; : : : ; 0)g. In fa
t, suppose

that (u

1

; : : : ; u

m�n

) 2 S

�

(�

1

;:::;�

m�n

)

. Then for any i; j (1 � i � n; 1 � j � m� n), we have

hu

i

; �

j

i = 0; (4.11)

^

�

�

(u

1


 �

1

+ � � �+ u

m�n


 �

m�n

) = 0: (4.12)

It follows from (4.11) that u

1

; : : : ; u

m�n

2 U and thus there exist s
alars 
(k; l) 2 C (1 � k �

m� n; 1 � l � n) whi
h satisfy

u

k

= 
(k; 1)v

1

+ � � �+ 
(k; n)v

n

(1 � k � m� n): (4.13)

Then it follows from (4.12) that

X

1�l�n

^

�

�

�

v

l


 (

X

1�k�m�n


(k; l)�

k

)

�

= 0: (4.14)

Therefore

�

(

P

1�k�m�n


(k; 1)�

k

); : : : ; (

P

1�k�m�n


(k; n)�

k

)

�

2 S

(v

1

;:::;v

n

)

= f(0; : : : ; 0)g. There-

fore we have 
(k; l) = 0 for any k; l and (u

1

; : : : ; u

n

) = (0; : : : ; 0), that is, (g� gl

m�n

; �

�


�

1

; V

�




C

m�n

; B

0

� T

m�n

) is also prehomogeneous.

Next, we put x := v

1


 e

1

+ � � �+ v

n


 e

n

2 V 
 C

n

and y := �

1


 e

1

+ � � �+ �

m�n


 e

m�n

2

V

�


C

m�n

. Let us show that we have g

x

= g

y

. A ne
essary and suÆ
ient 
ondition for an element

a 2 g to belong to g

x

is that there exists an element A =

X

1�i;j�n

b(i; j)E

i;j

2 gl

n

(b(i; j) 2 C )

whi
h satis�es

0 =(�
 �

1

)(a;A) � x

=(�
 �

1

)(a;A) �

X

1�i�n

v

i


 e

i

=

X

1�i�n

�

�(a)v

i

+

X

1�j�n

b(i; j)v

j

�


 e

i

:
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Therefore we have

g

x

= fa 2 g j �(a)U � Ug: (4.15)

Similarly we have

g

y

= fa 2 g j �

�

(a)U

?

� U

?

g: (4.16)

By an easy 
al
ulation, we 
an obtain g

x

= g

y

. This 
ompletes the proof.
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