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Monodromies of splitting families
for degenerations of Riemann surfaces

Takayuki OKUDA

Abstract

When we study degenerations of Riemann surfaces from a topologi-
cal viewpoint, the topological monodromies play a very important role.
In this paper, as an analogy, we introduce the concept of “topologi-
cal monodromies of splitting families” for degenerations of Riemann
surfaces, and their “monodromy sets”. We show that the monodromy
sets of barking families associated with tame simple crusts act as a
pseudo-periodic homeomorphism of negative twist on each irreducible
component of the main fibers. As an application of our results, we
show an interesting example of two splitting families for one degener-
ation that have different topological monodromies, although they give
the same splitting.

1 Introduction

A degeneration of Riemann surfaces is a family of complex curves over an
open disk in C such that the central fiber is singular and the other fibers
are all smooth complex curves. When we classify degenerations of Riemann
surfaces from a topological viewpoint, the topological monodromies play a
very important role.

Earle-Sipe [ES] and Shiga-Tanigawa [ST] showed that the topological
monodromy of a degeneration is always represented by a pseudo-periodic
homeomorphism of negative twist'. The converse of this result was proved by

IThis terminology is used in [MM].



Matsumoto and Montesinos [MM]. Namely, given a pseudo-periodic homeo-
morphism f of negative twist, they constructed a degeneration with singular
fiber whose monodromy homeomorphism coincides with f up to conjugacy.

We are interested in “splittings of singular fibers of degenerations”. For
a degeneration of Riemann surfaces, we say that its singular fiber splits into
several singular fibers if there exists a complex 1-parameter family of families
of complex curves such that the family of complex curves over the origin co-
incides with the given degeneration and the other families have at least two
singular fibers. Such a complex 1-parameter family of families of complex
curves is called a splitting family for the degeneration of Riemann surfaces.
In this paper, as an analogy of topological monodromies of degenerations of
Riemann surfaces, we introduce the concept of “topological monodromies of
splitting families” for degenerations of Riemann surfaces, and their “mon-
odromy sets”. See Section 3 for the precise definitions.

As the main theorem of this paper, we show that the monodromy sets
of barking families associated with “tame” simple crusts act as a pseudo-
periodic homeomorphism of negative twist on each irreducible component
of the main fibers. See Theorem 6.2 for the more precise statement. A
barking family is a splitting family for degenerations of Riemann surfaces
which was is introduced by Takamura in [Ta3]. If the singular fiber of the
given degeneration has a subdivisor satisfying certain conditions, then such a
subdivisor is called a simple crust, and we have an associated barking family.
In a barking family, the original singular fiber X is deformed to a simpler
one in such a way that a part of X, looks “barked” off from X,. See Figure
4 in Section 5.

In Section 11, as an application of our results, we show an interesting
example of two splitting families for one degeneration that have different
topological monodromies, although they give the same splitting (that is, the
types of the singular fibers appearing in respective splitting families coincide).
This example indicates that the topological monodromy of splitting families
plays a very important role when we classify the “topologically distinct”
splitting families. Since a splitting family is a 2-parameter degenerating
family of Riemann surfaces, the topological monodromies are also expected
to be useful in studying fibered complex 3-dimensional manifolds.



2 Preliminaries

Let m : M — A be a family of complex curves of genus g > 1 over an open
disk A in C centered at the origin, that is, a proper surjective holomorphic
map from a smooth complex surface M to A such that all but finitely many
fibers are smooth complex curves of genus g. We call such a 7 a degeneration
of Riemann surfaces of genus g if the fiber X, := 771(0) over the origin is
singular and the other fibers X := 77 !(s), s # 0, are all smooth.

Two degenerations m; : M; — A (i = 1,2) are topologically equivalent if
there exist two orientation preserving homeomorphisms H : M; — My and
h: A — A such that h(0) = 0 and the following diagram commutes:

M, —2 M,

“l lm

A "y A

On the topological classification of degenerations, the following is known.

Theorem 2.1 (Matsumoto-Montesinos [MM)]). The topological equivalence
classes of minimal degenerations of Riemann surfaces of genus g > 2 are
in bijective correspondence with the conjugacy classes in MCG, represented
by pseudo-periodic homeomorphisms of negative type, via topological mon-
odromy, where MCG, denotes the mapping class group of an oriented closed
real surface of genus g.

For a given degeneration m : M — A, we define a splitting family
as follows. Let M be a complex 3-dimensional manifold and set Af :=
{t € C : |t| < e}, an open disk with sufficiently small radius € > 0. Consider
a proper flat surjective holomorphic map ¥ : M — Ax AT such that the com-
position pry o U : M — AT with the second projection pry : A x AT — Af
is a submersion. For each t € AT set A, := A x {t}, M; := V71(A)
and m; = \IJ|Mt . M; — A;. Note that M, is a smooth complex surface,
and m; : My — A; is a family of complex curves over 4A;. Suppose that
7o : My — A coincides with 7 : M — A. Then we call U : M — A x Af a
deformation family for the degeneration w: M — A and each 7, : M, — A,
t € AT\ {0}, a deformation of 7 : M — A.
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smooth complex surface N/ deformation of the degeneration /¢

Figure 1: The singular fiber of a degeneration of Riemann surfaces of
genus two splits into some singular fibers.

Let Sing ¥ be the set of singular points of ¥, and set D := ¥(Sing V), the
singular value locus of ¥, which is also called the discriminant of ¥. From
the assumption that AT is sufficiently small, it follows that D is a plane curve
in A x AT with at most one singularity at (0,0).

In particular, ¥ : M — A x AT is called a splitting family if for some
integer N > 2, every deformation 7 : M; — A, of the degeneration 7 :
M — A'is a family of complex curves with N singular fibers. Set X, :=
U~1(s,t) (= 7, (s)) for each (s,t) € A x Af. For the deformation 7 : M; —
A, for a fixed t € AT\ {0}, denote the singular values of 7, by s1, 52, ..., sy
Note that the singular values si,s9,..., sy themselves depend on ¢, while
the topological types of the singular fibers X, ;, X, ,..., X ,+ over them
do not. Then we say that the singular fiber X splits into the singular fibers
Xty Xogty oo, Xspyt, and we write

Xo— X1+ Xyt +--+X

SNt

See Figure 1.



3 Monodromies of splitting families

In this section, we introduce the new concept of “topological monodromies
of splitting families.”

Let m : M — A be a degeneration of Riemann surfaces of genus g > 1
and ¥ : M — A x AT be a splitting family for the degeneration 7 : M — A.
Recall that the discriminant D of V¥ is a plane curve in A x AT with at most
one singularity at (0,0). Suppose that each deformation m; : My — A; of the
degeneration 7w : M — A has N singular fibers, then the natural projection
pry : D\ {(0,0)} — AT\ {0} is an N-fold covering map.

We first take a point t; € AT\ {0}, which will be fixed. Note that
Ty @ My, — Ay, is a family of complex curves with at least two singular
fibers. Let D, denote its singular value locus, that is, D;, = D N Ay.
Before proceeding, we define the mapping class group of m, : My, — Ay, as
follows. Let F': M;, — M, and f : Ay, — A, be orientation preserving
homeomorphisms that make the diagram

F
My, —— M,

Tt l lﬂ'to

f
Ay, —— Ay

commutative. Clearly f(Dy,) = Dy,. Then we call the pair (F, f) a topological
automorphism of m, : My, — A;. Denote by H the group of topological
automorphisms of m;,, that is,

H = {(F, f) € Homeo" (My,) x Homeo™ (Ay)) : fom, =m,0F},

where Homeo™t (M;,) (resp. Homeo™ (A,,)) is the group of orientation pre-
serving homeomorphisms of My, (resp. Ay, ). The group H naturally has the
structure of a topological group with respect to the compact open topology.
Now we define the (fiber preserving) mapping class group MCG(m,) of my,
as the group

MCG(7y,) := mo(H).

In other words, MCG(m,) is the group of isotopy classes of topological au-
tomorphisms in H.



Take a smooth simple closed curve v in AT\ {0} with base point t, that
goes once around the origin in the counterclockwise direction. Then A X 7 is
an open solid torus. Setting L := DN (A x ), we see that L is a closed braid
in the open solid torus A x «. In fact, the natural projection pry : L — v is
an unramified N-fold covering map.

Note that U71(A x ) (= (pry o ¥)71(v)) is a smooth real 5-dimensional
manifold. Now we consider the diagram

\Il_l(Axv)i)Axv&)v

of smooth real manifolds. For the closed braid L € A x ~, we set W :=
U~1(L), which is nothing but the union of all singular fibers over A x 7.
We see that there exists a Thom stratification® (S,8’) for the smooth map
U U H(A x ) = A x v such that (i) pry : A x v — v maps each stratum
of & into v submersively, and that (ii) for any strata V € S and K € &,
the restrictions ¥ : VN U~HA x ) = A xyand pry : KN (A X75) =y
are proper. Then, by Thom’s second isotopy lemma [GWPL], the stratified
map ¥ : U71(A x v) — A x v is topologically locally trivial over . By
pasting these trivializations along the simple closed curve 7, we obtain two
orientation preserving homeomorphisms F' : M, — M,;, and f : Ay — Ay,
such that F' (resp. f) maps My, N W (resp. Dy,) to itself homeomorphically
and that the following diagram is commutative:

F
My, —— My,

Tt J{ J{“to

Ay —1 A,

Thus the pair (F, f) is a topological automorphism of m, : M;, — A4 and
it is uniquely determined up to isotopy. We call the isotopy class [F, f] in
MCG(m,) represented by (F, f) the topological monodromy of ¥ : M —
A x AT, See Figure 2.

Let us consider the restriction of F to the singular fibers. Since f(Dy,) =
Dy,, a singular fiber is mapped to some singular fiber (possibly to itself).

2For the explanation of the Thom stratifications and Thom’s second isotopy lemma,
see Chapter 2 in [GWPL].



complex 3-manifold M

deformation of the degeneration given degeneration deformation of the degeneration A;,

A,
=10

Figure 2: The topological monodromy of a splitting family
of a degeneration of Riemann surfaces.

small disk AT

Recall that L = DN (A x 7) is a closed braid in the open solid torus A x .
Let Ky, Ky, ..., K. be the connected components of L, where ¢ is a positive
integer. For each i (i = 1,2,...,¢), the intersection A, N K; is contained in
D,,, and consequently it consists of singular values of 7, say,

Ato N KZ = {Sgi)’sgi), .. ’Sl(:)} C Dto'

Then f cyclically permutes sgi), sgi), ceey sl(f), while F' cyclically permutes the

corresponding singular fibers Xs“) 1 XS@ PR ,Xs(i) . Let X; denote the
1> 2 ;0

disjoint union of the singular fibers over A;, N K;:
X; = Xs§i)7t0 UJ ng),to et st(:)vto'
We call the union X; the tassel® over K,. Consider the restriction

7

3This terminology is introduced only for barking families by Takamura [Ta3].
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of F to the tassel X;. Clearly for each j =1,2,...,1;, we have F (X, to) =
X 1o We call the (¢ + 1)-tuple (Fy, Fy, ..., F.; f) a monodromy set of the

splitting family ¥ : M — A x Af. A monodromy set is uniquely determined
up to isotopy.

4 Linear degenerations

This section reviews the concept of a linear degeneration, which is a repre-
sentative of an equivalence class of degenerations.

Let w : M — A be a degeneration of complex curves of genus g > 1 with
singular fiber Xy = ). m;0;, where each ©; is an irreducible component of
X with multiplicity m;. Denote by X the underlying reduced curve of Xy,
that is, X5°d := 3. ©;. We say that the singular fiber X, (or more precisely,
its underlying reduced curve X¢°) has at most simple normal crossings if (i)
every singularity of X3¢ is a node and (ii) none of the irreducible components
©; intersects itself (and therefore, each ©; is smooth). It is known that an
arbitrary degeneration of Riemann surfaces, by successive blowing-ups, can
be arranged so that its singular fiber has at most simple normal crossings.

In what follows, we assume that the singular fibers of any given degener-
ations have at most simple normal crossings.

Let ©1,0,,...,0, (A > 1) be Riemann spheres contained in X as irre-
ducible components that satisfy the following conditions.

e O, intersects ©;_; and O, at exactly one point, respectively, and does
not intersect other irreducible components of Xy, 1 =2,3,..., A — 1.

e O intersects at most one irreducible component other than ©,, and if
it exists, say Og, then ©; intersects ©( at exactly one point.

e O, intersects at most one irreducible component other than ©,_;, and
if it exists, say ©,,1, then ©, intersects ©,,; at exactly one point.

Let m; is the multiplicity of ©; in Xy (i = 1,2,...,A). Then the divisor

Ch = m1@1 + m2@2 + -+ m)\@)\



Figure 3: This singular fiber has three cores, four branches and two
trunks. The numbers stand for the multiplicity of each irre-
ducible component and each intersection point is a node.

is called a chain of Riemann spheres. In what follows, we assume that, when
we express a chain of Riemann spheres in this form, the Riemann spheres are
arranged in this order. If ©1 (resp. ©,) intersects an irreducible component
©p (resp. Ox41), then let mg (resp. myy1) denote the multiplicity of ©g
(resp. ©x41), and otherwise set mg := 0 (resp. my41 := 0). Then we call the
sequence of nonnegative integers mg, mq, ..., myy1 the multiplicity sequence
associated with the chain Ch.

An irreducible component of the singular fiber X is called a core if it
intersects the other irreducible components at at least three points or its
genus is positive. A branch is a chain of Riemann spheres attached with a
core on one end, while a trunk is a chain of Riemann spheres attached with
cores on both ends. The singular fiber X, consists of cores, branches and
trunks. See Figure 3. We say that X is a stellar singular fiber if X consists
of exactly one core and some branches emanating from the core. Otherwise
Xy is said to be constellar. It is known that a constellar singular fiber is
obtained from stellar singular fibers by “Matsumoto-Montesinos bonding”
— Matsumoto-Montesinos bonding yields a trunk from two branches (see
[Ta3| for details).

For an irreducible component ©; of X,, we denote by NN; the normal
bundle of ©; in M. Let {p1,p2,...,pn} be the set of the intersection points
on O; with the other irreducible components of X, and m; be the multiplicity



of the irreducible component intersecting ©; at p; (j = 1,2,...,h). Note that

h
Zj:l m;

m;

r; ‘=

is a positive integer. In fact, the self-intersection number of ©; in M is
equal to —r;, which follows from the adjunction formula. Then there exists
a holomorphic section o; of the line bundle NF(_mi) over ©,; such that

h
div(o;) = ijpj,
j=1

where div(e;) denotes the divisor defined by o,;. Here o; has a zero of order
m; at p;. Note that o; is uniquely determined up to multiplication by a
constant. We call o; the standard section of the line bundle N?(_mi) over ©;.
For each 4, take an open covering ©; = |, U, such that U, x C is a local
trivialization of the normal bundle N;. We denote by (z,, (,) coordinates of
U, x C. Now define the holomorphic functions m; o : Uy, x C = C by
71-i,oz(Zou Ca) = Ui,a(za>g(znia
where 0; , is the local expression of ; on U,. Then we see that the set {m; o},
of holomorphic functions defines a global holomorphic function 7; : N; — C.

Definition 4.1. A degeneration 7 : M — A is said to be linear if for every
irreducible component ©; of its singular fiber X,

(i) atubular neighborhood N(©;) of ©; in M is biholomorphic to a tubular
neighborhood of the zero section of the normal bundle N;, and

(ii) under the identification by the biholomorphic map of (i), the following
conditions are satisfied:

(a) the restriction 7| N©)) coincides with the holomorphic function 7;
defined above, and

(b) if ©; intersects ©; at a point p, j # i, then there exist local
trivializations U, x C of N; and Ug x C of N; around p such

10



that neighborhoods of p in N(0;) and in N(©,) are identified by
plumbing, (24,Ca) = ((p,28), and 7 is locally expressed as

my <My

7T{N(ei)(zom Coc) = 20 6o W’N(Gj)(zﬁ’ Cﬂ) = z;,nicmj,
where (Zaaga) € ch x C and (Zﬁ,C,B) - U@ x C.

In a linear degeneration, tubular neighborhoods of the branches and the
trunks can be constructed explicitly:

Lemma 4.2. Let mg, myq,...,myy1 (A > 1) be nonnegative integers such that

® Mgy, my,...,my are positive integers, and

M1+ My

o ;! is a positive integer (i =1,2,..., ).

m;
Then there exist a smooth complex surface T and a linear degeneration m :
T — A with the singular fiber

Xo = mo% + m1@1 + m2@2 + -+ m,\@)\ + m,\+1U,\+1,

where Vo and Ux,1 are copies of C, m©O1 + moOg + - -+ +mp0O, is a chain
of Riemann spheres, and Vy (resp. Uyy1) intersects Oy (resp. ©,) at exactly
one point.

Proof. We take \ copies O1,0,,...,0, of CP!. For each i = 1,2,..., ), let
O; = U; UV, be an open covering by two copies U;, V; of C with coordinates
w; € U;\ {0} and z; € V; \ {0} satisfying z; = 1/w;. Then we obtain a
line bundle N; over ©; of degree —r; from U; x C and V; x C by identifying
(z:,G) € (Vi \ {0}) x C with (w;,n;) € (U; \ {0}) x C via

1

. _ _ T
9i % = e G = w; ;.
KA

Now patch N; and N;i; by plumbing, ({;,2;) = (wiy1,mi41), for each ¢ =
1,2,...,A—1, then we obtain a smooth complex surface T
Let us define the holomorphic functions 7; : N; — C by

mi_ :
A i, on U; x C,

(2 mg i
z; M on V; x C.

1

11



The holomorphic functions {m;} together define a holomorphic function 7 :
T — C and the central fiber is

7T_1(0) = m()‘/o + m1@1 + m2@2 + -+ m)\@,\ + m,\+1U,\+1,

where Vg := {0} x C C U; x C and Uy, := {0} x C C V), x C. Thus, setting
T := 7~1(A) for an open disk A in C centered at the origin, the restriction
m T — A of the holomorphic function 7 : T — C is the desired linear
degeneration. O

Remark 4.3. To be precise, since m : T — A obtained in Lemma 4.2 is
not proper, it is not a degeneration. However, it can be identified with the
restriction of some degeneration to a tubular neighborhood T of a chain
m101 + meBOs + - - - + m) 0, contained in the singular fiber.

5 Tame simple crusts and barking families

Let us review Takamura’s theory of barking families. For a degeneration,
Takamura defined a simple crust as a subdivisor of its singular fiber that
satisfies certain conditions, and constructed a splitting family associated to
each such simple crust. A splitting family constructed by his method is
called a barking family. For details see [Ta3]. In this paper, we consider only
simple crusts that satisfy some additional conditions and call them tame
simple crusts. See Definition 5.4.

Let m : M — A be a linear degeneration of Riemann surfaces with the
singular fiber Xo = Y . m;0;. Let Y be an effective subdivisor of X, =
>, m;©O;. We express Y as

Y = Z ni@i,

where n; is a nonnegative integer less than or equal to m;. We define the
underlying reduced curve of Y as Y™ := " 0;, where the sum runs over all
1 with n; > 1. Namely, an irreducible component ©; of X is contained in
Y4 if and only if n; > 1. Let Core(X;) denote the set of all cores of Xy and
Core(Y) denote the set of the cores of Xj that are contained in Y™, We
first assume that

12



e Y (or, more precisely, Y™4) is connected, and

e at least one irreducible component of Y is a core of X (or equivalently,

Core(Y) # 0).
Let Br be a branch of X, attached with a core ©¢, and express it as
Br = ml@l -+ m2®2 + -+ m,\@,\,

where O is attached with the core ©y. Namely, denoting by mg the mul-
tiplicity of ©g, the branch Br is a chain associated with the multiplicity
sequence Mmg, My, Mo, ..., my,My+1 := 0. Foreach 7 =1,2,..., A\, we set
r— mi—1 + mz‘+1’
my;
which is a positive integer. Recall that the self-intersection number of ©; in
M is equal to —r;. Let n; be the multiplicity of ©; in Y, 7 =0,1,..., A\. Now
set
br :=n10; + 19Oy + - -+ + n),O,.

From the above assumptions for Y, if n; = 0 for some ¢, then n; = 0 for any
7" > 4. We thus may express as

br=0, or br=n,60;+n:0y+---+n,0,,

where v is the least positive integer with n, # 0 among 1,2,...,\. By
convention, we set v := 0 if br = (). We call br a subbranch of Br if one of
the following conditions is satisfied.

e vy=>0or 1.
N1+ Njp1
U2

e v>2 and r; = foreacht=1,2,...,v — 1.

Set T,11 :=r,n, —n,_1. If v =0 (that is, br = ()), then we set 7,1 := 0.
Definition 5.1. Let [ be a positive integer.

(A) A subbranch br of Br is of type A, if in; < m; for each i =0,1,...,v,
and m,+1 < 0.

13



(B) A subbranch br of Br is of type B, if in; < m; for each i =0,1,...,v,
n, =1 and m, = [.

(C) A subbranch br of Br is of type C; if In; < m; for each i =0,1,... v,
n, = n,y1 and m, —m,1 divides [.

Now let Tk be a trunk of X, and express it as
Tk = m1®1 + m2@2 —+ -4 mA@,\.

Let ©g (resp. ©,41) be the core intersecting O; (resp. ©,) and let my
(resp. my41) denote its multiplicity. Then the trunk Tk is a chain of Riemann
sphere associated with the multiplicity sequence mg, mq, mo, ..., my, Myi1-
Recall that, for each i = 1,2,..., A, the self-intersection number of ©; in M

is equal to —r;, where
M1 + Mit1

m;

T =
Let n; be the multiplicity of ©; in Y, i =0,1,..., A+ 1. Now set

tk == 110, + 19609 + - - - + 1,0,
Since Y is connected and Core(Y') # (), either ng or nyy; or both must be

positive.

Definition 5.2. Let [ be a positive integer. We call tk a tame subtrunk of

Tk with barking multiplicity [ if the following condition is satisfied.

Nj—1 + Nit1
L

e 0<In; <m; and r; = foreachi=1,2,... A\

We next consider the cores of Xj. Let ©g be a core of Xy and let Ny denote
the normal bundle of ©¢ in M. Recall that there exists a holomorphic section
oo of the line bundle Ng9 (=m0) Gver O such that

h
diV(O'()) = Z mjpj,
j=1

where p; are the points at which ©g intersects the other irreducible com-
ponents of Xy and m; are the corresponding multiplicities. Let ny denote

14



the multiplicity of ©g in Y. Now suppose that there exists a meromorphic
section 7 of the line bundle N§™ over ©g such that

h
div(r) = — Z n;p; + D
j=1

for some nonnegative divisor D = Z?,:hﬂ a;p; on O, where p1,pa,...,pw
are all distinct points of ©y. Then we call the meromorphic section 7 a core
section over O for Y. Note that 7 is not uniquely determined by Y. It follows
that o := (Z?zl m;)/myg is a positive integer, while r( := (Z?:l n;j)/no is
not necessarily an integer. Furthermore, we have the following (see [Ta3]
Section 3.4).

Lemma 5.3. Suppose that the core Oq is a Riemann sphere. Then'Y has a
core section T over the core ©q if and only if ro < r{. Moreover, T has no
zero, that is, D = 0, exactly when ro = (.

Now we define tame simple crusts. Recall that Core(Xy) denotes the set
of all cores of Xy and Core(Y") denotes the set of the cores of Xy that are con-
tained in Y™, Set Adja(Y) := {© € Core(Xy) \ Core(Y) : ©NY™ £},
whose elements are said to be adjacent to Y.

Definition 5.4. Let Y be a connected subdivisor of X; such that Core(Y’) #
(), and let [ be a positive integer. We call Y a tame simple crust of X, with
barking multiplicity [ if the following conditions are satisfied.

e [ng < my for each core ©y € Core(Y'), where mg and ng are the multi-
plicities of ©g in X, and Y, respectively.

e The subdivisor br of each branch Br of X, for Y is a subbranch of
type A;, B; or (.

e The subdivisor tk of each trunk Tk of X, for YV is a tame subtrunk
with barking multiplicity (.

e For each core ) € Core(Y) U Adja(Y), there exists a core section over
O for Y which has no zeros.

15



singular fiber main fiber

Figure 4: In a barking family, the singular fiber is deformed to
the main fiber in such a way that the simple crust looks
“barked” off from the original singular fiber.

In fact, Takamura [Ta3] defined simple crusts — subdivisors of X satisfy-
ing more general conditions. (Note that tame simple crusts which we defined
above are simple crusts in the sense of [Ta3].) He constructed a deformation
family of the given degeneration 7 : M — A associated with the simple crust
Y and its barking multiplicity [. We call a deformation family obtained by
his method a barking family. In a barking family, the original singular fiber
X is deformed to a simpler singular fiber in such a way that the subdivisor
Y looks “barked” off from X, as depicted in Figure 4. The resulting singular
fiber appears over the origin of A;, so we denote it by Xy, and call it the
main fiber. For each irreducible component © of the main fiber, exactly one
of the following phenomena occurs as ¢t — 0.

(1) The irreducible component © approaches to a union of irreducible com-
ponents of X, which contains Y.

(2) The irreducible component © approaches to one irreducible component
of Xo.

The irreducible component © of X, is called a barked component if (1)
occurs, and a stable component if (2) occurs.

In a barking family, there necessarily appear not only the main fiber but
also other singular fibers over some points away from the origin of A;, which

16



are called subordinate fibers. Under the deformation, the topological type of
the singular fiber over the origin changes, so the local monodromy around it
also changes. On the other hand, the global monodromies before and after
the deformation — that is, the two monodromies each of which is induced by
aloop in A (resp. A;) parallel and closed to its boundary A (resp. 0A;) —
coincide. We then deduce that there should necessarily appear other singular
fibers with nontrivial monodromies, since we see that the monodromies before
and after the deformation are distinct. Thus every barking family turns out
to be a splitting family. Therefore, we have the following.

Theorem 5.5 (Takamura [Ta3|). Let 7 : M — A be a linear degeneration
with the singular fiber Xo. If Xo has a simple crust Y, then m : M — A
admits a splitting family ¥ : M — A x Al

Remark 5.6. In this paper, for a degeneration which is not necessarily
relatively minimal, a splitting family is defined in such a way that each
deformation has at least two singular fibers. Thus some singular fibers of
a deformation in a splitting family may possibly become smooth fibers by
blowing-downs. Such singular fibers are said to be fake.

6 Monodromy sets of barking families

Let 7 : M — A be a linear degeneration of Riemann surfaces of genus g > 1
and ¥ : M — A x Al be a barking family for 7 : M — A associated
with a tame simple crust Y. Denote by D the discriminant of W, that is,
D := U(Sing V).

Let us consider the deformation my, : M;, — Ay, of m: M — A for a fixed
point ¢y € AT\{0}. Take a smooth simple closed curve v in AT\ {0} with base
point ¢y that goes once around the origin in the counterclockwise direction:
then L := DN (A x+) is a closed braid in the open solid torus A x v, and we
obtain the topological monodromy [F, f] € MCG(m,) of the barking family
U: M — Ax AT Let Ky, Ko, ..., K. be the knot components of L, and X;
be the tassel over K;, 7 = 1,2,...,c. Then we obtain the monodromy set
(Fy1, Fy, ..., Fo; f) of W. See Section 3 for details.
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Since the main fiber of the deformation 7; : M; — A, for any t € ~ lies
over the origin of A, the core curve {0} x v in the open solid torus A x =y
is nothing but the knot component over which the main fibers lie. In what
follows, we denote the knot component {0} x v by K7, and we call the tassel
X; over K the main tassel. Clearly X; = Xy4,. On the other hand, we call
the other tassels Xy, X3, ..., X, subordinate tassels. Each subordinate fiber
of the deformation m;, : M;, — A, is contained in one of the subordinate
tassels.

By using results on determination of subordinate fibers, we see that each
irreducible component of D is the hypersurface

s,t) € Ax AT ¢ g% =gt}
{(s,1) }

for some relatively prime positive integers m, n (arising from the multiplicities
of Xy and Y) and some complex number k. See [O] for instance. Then
the intersection of the irreducible component and A x v is one of the knot
components of L, and moreover we see that it is an (m,n)-torus knot in the
open solid torus A x « (more precisely, when the solid torus is embedded in
the standard way in a 3-sphere). Hence we have the following.

Proposition 6.1. Let K be the knot component of L over which the main
tassel lies, and let Ko, K3, ..., K. be the knot components of L over which
the subordinate tassels lie. Then, we have the following.

e The knot component K is a trivial closed braid in A X 7.
o The knot component K; (7 =2,3,...,¢) is a torus knot in A x .

We consider the monodromy homeomorphism F : Xo, — Xo4, on the
main fiber, where X; = Xy ,,. We will show that F acts as a pseudo-periodic
homeomorphism of negative twist on each irreducible component of the main
fiber. To be more precise, we have the following, which is a summary of
Propositions 7.2, 9.2 and 9.3.

Theorem 6.2. Let ¥ : M — A x Al be a barking family for a linear
degeneration m : M — A associated with a tame simple crust Y. Let us
consider the deformation my, : My, — Ny, of m: M — A for a fized ty € AT,
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We denote by (Fy, Fy, ..., F.; f) the monodromy set of ¥, and let Fy be the
monodromy homeomorphism on the main fiber Xo,,. Let ©1,0,,...,0, be
the stable components of Xy, and let =1, =,, ..., =, be the barked components
of Xou,- Then we have the following.

(1) For each i = 1,2,...,a, we have F1(0;) = ©;, and the restriction
F1|®v 1 ©; — O, is isotopic to the identity map of ©;.

(2) If b = 1, then we have Fy(Z;) = =1, and the isotopy class of the re-
striction F1|El 121 — =1 148 conjugate to the topological monodromy of
a degeneration of Riemann surfaces whose singular fiber is the enlarge-
ment* of the tame simple crust Y. In particular, Fl‘El R =R
isotopic to a pseudo-periodic homeomorphism of negative twist.

(3) If b > 2, then Fy cyclically permutes Z1,Zs, ..., =y, and the restriction

—_—

EUS U U, > U U UE,

Fl E1UEU--UEy

coincides with the monodromy homeomorphism of a degeneration of
disjoint unions of b Riemann surfaces whose singular fiber is the en-
largement of the tame simple crust Y, up to isotopy and conjugacy. In
particular, for each k = 1,2,...,b, F1b|5k D 2k — Zg 1S 1sotopic to a
pseudo-periodic homeomorphism of negative twist.

7 Degenerations of stable components

Let m: M — A be a linear degeneration of Riemann surfaces of genus g > 1
and U : M — A x A' be a barking family for 7 : M — A associated
with a tame simple crust Y with barking multiplicity {. For a base point
to € AT\ {0}, we denote the monodromy set of ¥ : M — A x AT by
(F1, Fy, ..., Fo; f), where F; : X; — X is the monodromy homeomorphism
on the j-th tassel X, j = 1,2,...,¢, and f : Ay, — A, is the associated
homeomorphism on the open disk A, over the base point t;. We assume
that X is the main tassel (so X; = Xo4,).

4See Section 8.
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In this section, we investigate the restriction of Fy : Xo, — Xoy, to a
stable component © of Xj,,. For this purpose, we construct a degeneration
such that the stable component © coincides with a smooth fiber of it and
that its monodromy homeomorphism is isotopic to Fj | o

For each s € A, we set Al := {s} x AT and M] := U~1(Al). Then we
obtain the map

= \I/‘MT c MI— Al

It might be plausible that 7] is a family of complex curves if we regard the
deformation parameter t of ¥ as a degeneration parameter. However, it is
not the case unless M/ is a smooth complex surface. Note that, for the
case s = 0, the central fiber (m})~1(0) of @} : M} — A}, coincides with the
singular fiber X, of the original degeneration 7 : M — A, while a general
fiber (7])~(t), t # 0, coincides with the main fiber Xy, of the deformation
s My — Ay,

Now we consider the restriction of 7w : MJ — A} to a certain smooth
complex surface, which is a degeneration of Riemann surfaces. Let © be a
stable component of the main fiber Xy, of the deformation m, : M;, — Ay,.
Recall that, as tg — 0, the component © approaches to some irreducible
component of the singular fiber Xy of # : M — A, say ©y. Let Ny be
the normal bundle of ©y in M, with coordinates (z, (), where z is the base
coordinate and ( is the fiber coordinate. We have the following (see [Ta3]
Section 16.2).

Lemma 7.1. The complex 3-dimensional manifold M is locally expressed
near the core ©q as the hypersurface

{(2.¢5,0) € Nox Ax AT+ ()¢ (¢ 4+ 17(2)) = s = 0,

where mg and ng are the multiplicities of Og in Xo and Y, respectively, o
15 the standard section of N((?(_mo) and T is a core section of NS for'Y.
Furthermore, ¥ : M — A x AT locally coincides with the restriction of the
projection Ny x A x AT — A x Al to the hypersurface M.

Note that the degeneration 7 : M — A (that is, mo : My — 4Ay) corre-
sponds to the restriction of the projection Ny x A x {0} — A x {0} to the

20



hypersurface given by
o(z)("™ —s=0, in Nyx A x {0},

while 7 : M] — A} corresponds to the restriction of the projection Ny x
{0} x AT — {0} x AT to the hypersurface given by

o(z)¢moTo (¢"0 4 tr(2)) =0, in Ny x {0} x AT,
Now consider the hypersurface given by
¢=0, in Nyx {0} x AT,

which is contained in ]\/[g . This hypersurface is nothing but ©¢ x A;r), and the
restriction of 7 : MI — Al to ©gx A} coincides with the trivial degeneration
T : Oy x Al — Al of Riemann surfaces. Note that the fiber (m})~!(to)
over ty € A} coincides with the stable component ©. Since the restriction
of F1 to © coincides with the monodromy homeomorphism of this trivial

degeneration, F}|_ is isotopic to the identity map of ©. Thus we have the

lo
following.
Proposition 7.2. Let ©1,0,,...,0, be the stable components of the main
fiber Xo4, of the deformation my, : My, — Ay,. Then, for eachi=1,2,... a,
we have

Fl(@z) = @’ia

and the restriction Fy|, : ©; — ©; is isotopic to the identity map of ©;.

o,
Remark 7.3. In fact, Proposition 7.2 holds for barking families associated
with simple crusts (not necessarily tame simple crusts).

8 Enlargements of tame simple crusts

Let m: M — A be a linear degeneration of Riemann surfaces of genus g > 1
and ¥ : M — A x Af be a barking family for 7 : M — A associated with a
tame simple crust Y with barking multiplicity .

In this section, we study the restriction of the monodromy homeomor-
phism Fy : Xo4 — Xog to a barked component = of the main fiber X, .
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Recall that, as ty — 0, the component = approaches to a certain union of
irreducible components of X which contains Y™, Unfortunately, unlike the
case of stable components in Section 7, we cannot always construct a degen-
eration of Riemann surfaces such that = coincides with a smooth fiber of it
and that the degeneration itself can be identified with a certain restriction
of mh : M — Al. However, we can construct a degeneration of Riemann
surfaces such that its restriction to the complement of a thin subset coincides
with a certain restriction of 7}, and that its singular fiber is identified with
an “enlargement” of Y.

We introduce the concept of “enlargements” of tame simple crusts as
follows. First let us define the enlargements of subbranches. Let Br be a
branch of the singular fiber X of the degeneration 7 : M — A and br be a
subbranch of Br for the tame simple crust Y. Express them as

Br = m1@1 -+ m2@2 + -+ m,\@,\, and
br = n10; + nyOy + -+ +n,0,, or 0,

where 0 <v <A, and0<n, <m;,t1=1,2,...,v.

First suppose that br is a subbranch of type A;. Then, from the definition,
it follows that 7,1 (= r,n, — n,_1) may possibly be a negative integer. We
define the decreasing sequence of nonnegative integers

Ny > Nyg1 > Nygp > o >Ny >Ny =0

by the Euclidean division algorithm of negative type: namely, we choose the
integers so that

~ Ny—1 + Ny+1 ~ L ny + Ny42 d
T, = ————— Ty = —————, an
. nl/N Ny41
~ Ni—1+Nip1 .
rii=——-— (i=v+2,v+3,..., 1)
ny;

are integers greater than or equal to 2. If v = 0 (that is, br = (), then we
set m,41 := 0. We now consider the sequence

N0, 1, T2, -« o s Moy M5 M2y -+ - Ty My = 0.
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By Lemma 4.2, there exists a linear degeneration 7 : T — A with the singular
fiber

noVo + 1101 + 1902 + - - + 1, 10,1 + nl/éy + ﬁu+1éu+1 + - 4+ n,0,,

where Vj is a copy of C. We call the chain br = MO +nyOy + - -+ + ﬁﬂéu
the enlargement of the subbranch br.
Suppose that br is of type B; or C;. we then consider the sequence

o, M1, M2y« vy Ny My 1= 0.

Note that 7, := (n,_1 + My11)/n, = n,_1/n, is a positive integer. In fact, if
br is of type By, then r, = n,_;. On the other hand, if br is of type C}, then
r, = r, — 1. By Lemma 4.2, there exists a linear degeneration w : T = A
with the singular fiber

noVp + 1101 + 12Oy + - +n,_10,_1 +n,0,,

where 1} is a copy of C. We call the chain br = 101 +nyOy + -+ + n,,éy
the enlargement of the subbranch br. By convention, we set y := v.

Remark 8.1. If a subbranch br is of both type A; and B, then the enlarge-
ments of br defined above by the two methods coincide. In this case, the
length v of br is equal to A\. Note that subbranches of type A; are not of
type C;.

Let Tk be a trunk of the singular fiber X of the degeneration 7 : M — A
and tk be a subtrunk of Tk for the tame simple crust Y. Express them as

Tk = m©1 + MmOy + - - + MmO, and
tk = n1@1 + ng@g + e+ n,\@,\.

We define the enlargement tk of tk as tk itself, that is, we set tk := tk. In
fact, by Lemma 4.2, there exists a linear degeneration 7 : T' — A with the
singular fiber

TloVo + n1@1 + 712@2 + -t m@,\ + Tl)\+1U)\+1,

where V and U, are copies of C.
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Recall that M is expressed near the core Oy as the hypersurface given by
o(z)¢moo (¢"0 4 ir(2)) —s =0, in Ny x A x AT,

and that ¥ coincides with the restriction of the projection map Nyx Ax At —
A x AT to the hypersurface M. Here o is the standard section of the line
bundle Ny’ (=m0) satisfying

h
diV(O') = Z mjpj,
j=1

where pi,pa,...,p, are the intersection points on ©y with the other irre-
ducible components of Xy. On the other hand, 7 is a core section of the line
bundle NS for Y satisfying

h
div(r) = — anpj,
j=1

Note that, from the definition of tame simple crusts, the core section 7 has
no zeros. Then 77! (= 1/7) is a holomorphic section of Ng9 (=0) Which has a
zero of order n; at p;, j = 1,2,...,h, and 771(2)¢"™ defines a holomorphic
function on Ny. Now consider the hypersurface Wy in Ny X Ag defined by

T2+t =0,

where Ag := {0} x AT. Then the restriction of the projection map Ny x Ag) —
A(T) to the hypersurface W is a degeneration of punctured Riemann surfaces
whose singular fiber is

h
TLO@0 + anUj,
j=1
where Uj is the fiber of Ny over the point p; (j = 1,2,...,h), that is, U; =
{(pj, <) € No}.

Now we define the enlargement of the tame simple crust Y. Express Y
i j k
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where 0;, br”) and tk™ are the cores, the subbranches and the subtrunks
of Y, respectively. For each br) (resp. tk(k)), let l;(j) (resp. &(k)) be
its enlargement defined as above. By the same argument as that for linear
degenerations, we patch the tubular neighborhoods of the cores ©; and the

enlargements l/:)vr(]) and a;(k) to obtain a smooth complex surface M. From
the construction, it is easy to see that the holomorphic map 7 : M — Af
defined by the degeneration maps of these neighborhoods is a degeneration
with the singular fiber

~ —~(j —~—(k
Vi= Y no+ Y b’ + 3 ek
i j k
We call Y the enlargement of Y.

9 Constructing degenerations of barked com-
ponents

Recall that the restriction 7§ : MJ — Al of ¥ : M — A x Al to the preimage
M} = T1(A]) of Al := {0} x Al is not a family of complex curves, but that
the central fiber (m})~1(0) coincides with the singular fiber X, of the original
degeneration 7 : M — A and the general fiber (7})~!(t), t # 0, coincides
with the main fiber Xy, of the deformation 7, : M; — A,.

We will show that the restriction of 7 : M — AT to the complement of a
thin subset of M coincides with a certain restriction of mh s MI— Al

Lemma 9.1. For the enlargement

—~

() ~ = _
br =m0 + 190y + -+ + 1y 10y_1 + 1,0, + 7y 1Oy 41 + - - + 71,0,

of each subbranch br'? of Y, set E@ = éu+1 U éwz U---u (:ju U [7,“ where
ﬁ“ is the fiber over the end® of B;'(]) of the normal bundle N# of (:)#. Then

M* ::M\UE(j)
J

5A point on ©,, away form the attachment point with ©,,_;.
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18 naturally contained in Mg. Moreover, the restriction of T : M — At to
M* can be identified with a certain restriction of w : MJ — Al

Proof. The degeneration 7 : M — Afis locally expressed near a core ©; as
the restriction of the projection map N; x Ag — Ag to the hypersurface W
in N; x A} defined by

T H2) (M 4+t =0,

while 7} : MJ — A} is locally expressed as the restriction of the projection
map of N; x Ag to the hypersurface given by

o(2)r(z)¢mimtn (Tﬁl(z)gni + t)l =0.

Thus M is contained in Mg near the core ©;, and the restrictions of 7 : M —
At and 7} - My — Al coincide.

We next consider the enlargement B?(” of each subbranch br(f ) of Y. Let
©; (i=1,2,...,v —1) be the Riemann sphere contained in f)\;'(]) (or br?)
as the irreducible component. Let ©; = U; U V; be an open covering by two
copies U;, V; of C with coordinates w; € U; \ {0} and z; € V; \ {0} satisfying
z; = 1/w;. Then we obtain a line bundle N; over ©; of degree —r; from U; x C
and V; x C by identifying (z;, (;) € (Vi\{0}) x C with (w;,n;) € (U;\{0}) xC

via
1

. _ _ T4
Giizi=—, G =uw'n,

W;
where r; = (n;_1 + nip1)/ny = (Mi—1 + mygr)/my.
The degeneration 7 : M — Al is locally expressed near O, as the restric-
tion of the projection map N; X Ag — A(T) to the hypersurface H; in N; x Ag
defined by

w;n”_lq’]lnl +t= 07 (wzanzat) - UZ x C x A&
2 4t = ), (2i,Ci ) € V; x C x Al

On the other hand, 7} : M — A} is locally expressed as the restriction of
the projection map of N; x AJ{) to the hypersurface given by

w;ni—lflnifln;ni—lni(w?ifln?i +1)! =0, (wi,m;,t) € Uy x C x Ag),
i pmin ikt em gl () (21, Gint) € Vi x C x AL

K3 K3
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Thus M is contained in M near br \ U EU) | and the restrictions of 7 :
M — Al and T Ml — Al coincide.
By the same argument as that for B?(”, we see that M is contained in

—~(k —
M near the subtrunk tk® (= tk( )) and the restrictions of 7 : M — Af
and 7 : Ml — Al. coincide. This completes the proof of the assertion. [J

Under the identification of 7 : M* — AT with a certain restriction of
70 My — Al in Lemma 9.1, the central fiber of 7 : M* — AT corresponds
to the singular curve obtained by puncturing the simple crust Y at the end
of each subbranch, while a general fiber over t, € AT\ {0} is the disjoint
union of punctured Riemann surfaces obtained from the barked components
of the main fiber Xy, of the deformation m;, : My, — Ay,.

Suppose that Xy, has exactly one barked component, and denote it
by =. Then the restriction of the monodromy homeomorphism F} of the
barking family to the punctured barked component (that is, the Riemann
surface obtained by puncturing the barked component = at the attachment
points with other irreducible components) forms a self-homeomorphism, and
it coincides with the restriction of the monodromy homeomorphism of the
degeneration of Riemann surfaces 7 : M — Af to the punctured general fiber
of 71 M* — A up to isotopy. Since a self-homeomorphism of a punctured
real surface uniquely induces a self-homeomorphism of its compactification,
the monodromy homeomorphism of the degeneration of Riemann surfaces
FiM— Alis isotopic to F1|E : = — Z. Hence, we have the following.

Proposition 9.2. We denote by (Fi, Fa, ..., F.; ) the monodromy set of V.
Suppose that the main fiber Xoy, of the deformation m, : My, — Ay, has
exactly one barked component, say =. Then we have Fi(Z) = Z, and the
1sotopy class of F1’E : = — Z is conjugate to the topological monodromy of
a degeneration of Riemann surfaces whose singular fiber is the enlargement
of the tame simple crust Y. In particular, F1|E : 2 — Z 1s 1sotopic to a
pseudo-periodic homeomorphism of negative twist.

Now, let us consider the general case: let =1,=,,...,=;, be the barked
components of Xg . Note that 7 : M — AT is not necessarily a degeneration
of Riemann surfaces but is a degeneration of disjoint unions of Riemann
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surfaces (see Remark 9.4 below). In other words, each general fiber is a
disjoint union of of Riemann surfaces. In this case, the fiber 771(ty) over
to € Al consists of Z1,Z,,...,Z,. By an argument similar to the above, the
monodromy homeomorphism of 7 : M — Al is isotopic to

—_—

Uz U Uy > 51 UZE U U D

Fl = UEU-- Uy

Hence, we have the following.

Proposition 9.3. We denote by (Fy, Fs, ..., F.; f) the monodromy set of
V. Let 21,29, ...,2 be the barked components of the main fiber Xy, of the
deformation my, © My, — Ay. Then Fy cyclically permutes =1, Zs, ..., 2,
and

TS U U US> ZUS U UE,

21UZoU U,
coincides with the monodromy homeomorphism of a degeneration of disjoint
unions of b Riemann surfaces whose singular fiber is the enlargement of the
tame simple crust'Y, up to isotopy and conjugacy. In particular, for each k =
1,2,....0, Flb‘ak D 2k — =k 1S isotopic to a pseudo-periodic homeomorphism
of negative twist.

Remark 9.4. Given a degeneration 7 : M — A of Riemann surfaces of
genus ¢ with singular fiber X, = Y. m;0;, for a positive integer b > 2, the
composition por : M — A with the holomorphic map p: A 3 s+ s® € A'is
a degeneration of disjoint unions of b Riemann surfaces of genus g with sin-
gular fiber bXy = > ,(m;b)©,. Furthermore, its monodromy homeomorphism
F cyclically permutes the b Riemann surfaces, and the restriction of F° to
one of the Riemann surfaces coincides with the monodromy homeomorphism
of m: M — A up to isotopy and conjugacy.

10 Singular fibers appearing in splitting fam-
ilies

In this section, we state some lemmas which help us to determinate the
topological types of singular fibers appearing in splitting families. The proofs
of the lemmas can be found in [O].
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The first lemma is for general splitting families. For a singular fiber X,
we denote by £(X) the Euler contribution of X, that is, we set £(X) =
e(X) —2(1 — g), where e(X) is the topological Euler characteristic of the
underlying reduced curve of X.

Lemma 10.1. Let 7 : M — A be a degeneration of Riemann surfaces
of genus g > 1 with the singular fiber Xy and let ¥ : M — A x Al be
a splitting family of m : M — A such that Xy splits into singular fibers
X1, X2, ..., Xn (N > 2). Then, we have the following.

(1) £(X;) >0 for eachi=0,1,...,N.

(2) £(Xo) = ZS(X»-

Now let m : M — A be a linear degeneration of Riemann surfaces with
singular fiber Xy. Suppose that Xy has a simple crust Y with barking mul-
tiplicity {. Then, we have a barking family ¥ : M — A x AT of 7 : M — A
associated with Y.

Lemma 10.2. Every subordinate fiber X appearing in ¥ : M — Ax Al isa
reduced curve at most with A-singularities’. In particular, £(X) > 1, where
the equality holds exactly when X is a Lefschetz fiber.

Let br be a subbranch of a branch Br of X for Y. Express them as

Br =m0 + myOs + - - - + m)0,, and
br = n,0; + 1,05 + -+ +n,0,, or 0,

where” 0 < v < X\, and 0 < In; < m,, i = 1,2,...,v. Let O be the core
intersecting the component ©; and let mq (resp. ng) be the multiplicity of
©p in Xy (resp. V). We say that br is proportional if v = A and

Un sl T

mo my mx .

6 An A-singularity is a singularity analytically equivalent to y? = x¢*! for some positive
integer e.
"We set v := 0 if br = ). See the paragraph above Definition 5.1.
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Now we assume that the singular fiber X is stellar, that is, X, consists
of exactly one core © and some branches emanating from 6. The following
two lemmas give us the number of the subordinate fibers and that of their
singularities.

Lemma 10.3. Suppose that (i) the core ©y is a Riemann sphere, (i) X
has three branches, (iii) the core section T for'Y has no zero, and (iv) Y has
no proportional subbranches. Let mg (resp. ng) denote the multiplicity of the
core ¢ in Xq (resp. Y'). Then we have the following.

(a) Fach deformation of the degeneration has exactly ng subordinate fibers.
(b) Each subordinate fiber in (a) has ¢ singularities.
Here ¢ := ged(mo, ng), the greatest common divisor of mg and ng, and ng =

no/c.

Lemma 10.4. Suppose that (i) the core ©¢ is a Riemann sphere, (i) X,
has three branches, (iii) the core section T for Y has no zero, and (iv) Y
has a proportional subbranch br = n;0; + nyOs + - -+ + 1Oy of a branch
Br = m10; + myOs + -+ + m\0O, of Xo. Then no other subbranches are
proportional, and moreover we have the following.

(a) Fach deformation of the degeneration has exactly ny subordinate fibers.
(b) Each subordinate fiber in (a) has ¢ singularities.

Here ¢ := ged(my, ny), the greatest common divisor of my and ny, and ny ==

ny/c.

11 Barking families giving the same splitting

As an application of our results, we show an interesting example of two
splitting families for one degeneration which give the same splitting (that
is, the topological types of the singular fibers appearing in the two split-
ting families coincide) and which have, nevertheless, the different topological
monodromies. This example indicates that the topological monodromies of
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splitting families play a very important role when we classify “topologically
distinct” splitting families.

Let us consider the linear degeneration 7 : M — A of Riemann surfaces
of genus two whose singular fiber is stellar and is of the form

3
Xo=1000 + » BrY,

j=1

where the core Oy is a Riemann sphere and the three branches, attached to
Oy, are as follows:
BrV) = 50",
Br® =400 4200,
3
Br® = 1@& ),

Here the core © intersects @9’, @?), and @53).
Barking 1. We first define the connected subdivisor Y; as
3 brgl) = 3651)7
Y =60, + Z brgj), where br§2) = 2@52),
i=1 br{’ = 10{7.

See Figure 5. Lemma 5.3 ensures that Y; has a core section over ©y which
has no zeros, and

° brgl) is a subbranch of Brgl) of type Ay,

e br'? is a subbranch of Br'? of t A
1 1 ype Aj,

e br'¥ is a subbranch of Br'® of t B
1 1 ype Dj.

Therefore Y; is a tame simple crust of Xy with barking multiplicity 1 and
induces a barking family ¥; : M; — A x Af, in which the singular fiber X,
is deformed to the main fiber X{ as depicted in Figure 5. Then the set of the
subordinate fibers in each deformation of the degeneration 7 : M — A for
the barking family ¥, : M; — A x A consists of three Lefschetz fibers. In
fact, since br!) is proportional and Y; satisfies the assumptions of Lemma
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singular fiber Xy (2)  main fiber X 0

(43
(10D » @(+)

tame simple crust Y7 : 0"
:«--\\.’,‘

3% 6 113

(>X)

Figure 5: The barking family associated with the tame
simple crust Y; with barking multiplicity 1.

10.4, we see that there are exactly three subordinate fibers and each of them
has exactly one singularity. On the other hand, we have

E(Xp)=8 and E(X)) =5,

where £(X) denotes the Euler contribution® of a singular fiber X. Thus, by
Lemma 10.1, the sum of the Euler contributions of the subordinate fibers
is equal to three. Furthermore, from Lemma 10.2, we see that the Euler
contribution of each of the three subordinate fibers is equal to one, and that
the three subordinate fibers are all Lefschetz fibers.

Barking 2. We next define the connected subdivisor Y; as
3 brgl) = 1@51),
Y, =30, + Z brl’,  where br{” = 10{,
i=1 bry) =100
See Figure 6. Lemma 5.3 ensures that Y5 has a core section over @y which
has no zeros, and

8That is, £(X) := e(X) — 2(1 — g), where e(X) is the topological Euler characteristic
of the underlying reduced curve of X.

32



singular fiber X (2)  main fiber X/ (2)
0 /&
oD+ U7

tame simple crust Y5 1%

Figure 6: The barking family associated with the tame
simple crust Y, with barking multiplicity 1.

. brgl) is a subbranch of Brgl) of type Ay,
° brf) is a subbranch of Brgz) of type Ay,
. br?) is a subbranch of Br?) of type Bj.

Therefore Y; is a tame simple crust of Xy with barking multiplicity 1 and
induces a barking family ¥, : My — A x Af, in which the singular fiber X,
is deformed to the main fiber X as depicted in Figure 6. Then the set of the
subordinate fibers in each deformation of the degeneration 7 : M — A for
the barking family ¥, : My — A x AT consists of three Lefschetz fibers. In
fact, since Y5 satisfies the assumptions of Lemma 10.3, we see that there are
exactly three subordinate fibers and each of them has exactly one singularity.
On the other hand, we have

£(Xp)=8 and E(X!)=5.

Thus by the same argument as that for Y7, we see that the three subordinate
fibers are all Lefschetz fibers.

Comparison. The main fibers X and X{ appearing in the deformations
of the barking families ¥; : M; — A x AT and Uy : My — A x Af,
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respectively, apparently have different topological types. However, both of
them turn into Lefschetz fibers, by successive blowing-downs. To be more
precise, recall that every (—1)-curve in a complex surface M is preserved
under an arbitrary deformation of M by Kodaira’s stability theorem [K].
Namely, there exists an analytic family of (—1)-curves in M, for each i = 1, 2.
Furthermore, by [FN], we can blow down them simultaneously and then
the resulting family is a splitting family of the degeneration obtained from
m: M — A by a blowing-down. Repeating this process four times, we obtain
a splitting family ¥, : M; — A x Al of the relatively minimal degeneration
7T: M — A (i =1,2). In the splitting family ¥, (resp. U,), the singular
fiber X} (resp. X{/), which is obtained by blowing down the main fiber X}
(resp. X{), is a Lefschetz fiber. Hence, both W; and U, split the singular
fiber of the minimal degeneration 7 : M — A into four Lefschetz fibers. In
particular, they give the same splitting.

Now we investigate the monodromy set of these splitting families. Note
that the Lefschetz fiber X/ is obtained from the unique barked component
= of the main fiber X{ by identifying the two attachment points on it in
the above blowing-down process. Since the complement of the family of
(—1)-curves is preserved under the simultaneous blowing-downs, the mon-
odromy homeomorphism F”’ on the singular fiber Y(’) of the splitting family
T, M; — A x Al is induced from that on the the barked component = of
the main fiber X{. From Theorem 6.2, we see that the monodromy home-
omorphism on the the barked component = corresponds to the topological
monodromy of the degeneration whose singular fiber is the enlargement Vi
of Y;. Here, the multiplicity of the core O in Y; is six, and so is that in
Y;. Since the topological monodromy of a degeneration with stellar singular
fiber whose core has multiplicity m is periodic of order m, the monodromy
homeomorphism F’ corresponds to a periodic mapping classes of order six.
Similarly, the monodromy homeomorphism F” of the singular fiber X/ cor-
responds to the topological monodromy of the degeneration whose singular
fiber is the enlargement Yy of Y5, that is, a periodic mapping class of order
three. Thus, the monodromy homeomorphisms F’ and F” are distinct up to
isotopy and conjugacy. On the other hand, since the three subordinate fibers
in the respective barking family form one subordinate tassel, the monodromy
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homeomorphism F” does not correspond to the monodromy homeomorphism
of the subordinate tassel of Wy. Thus the monodromy set of the splitting
families U; and U, are distinct up to isotopy and conjugacy. Hence, we have
the following.

Proposition 11.1. There exist two splitting families for one degeneration
that have different topological monodromies, although they give the same split-
ting.
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