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Chapter 1

Introduction

Compressed sensing (CS) is a rapidly growing field that has attracted considerable at-
tention in applied mathematics, signal processing, statistics and computer science as well
as the broader scientific field. Though its initial development was only a few years ago,
many results have been obtained both of theoretical and practical nature.

CS asserts that one can recover certain signals and images « from only a few samples

or measurements y. Here, we consider

where A is an m X n matrix. We are interested in the ill-posed problem when m < n.
To be more specific, in CS, we do not measure a directly, but rather acquire m < n
linear measurements of the form (1.1) using an m x n CS matrix A. Ideally, the matrix
is designed to reduce the number of measurements as much as possible while allowing for
recovery of a wide class of signals from their measurement vectors y. Thus, we would
like to choose m << n. However, the matrix A is rank-deficient, meaning that it has a
nonempty nullspace. This implies that for any particular signal x(, an infinite number of
signals & will yield the same measurements y = Ax = Ax, for chosen CS matrix A. In
order to reconstruct & with good accuracy, we must assume a special class of signals «.
The most important signal structure used in CS is that of sparsity. In detail, the
sparsity implies that & has only a small number of nonzero values. More generally, CS

ideas can be applied when a suitable representation of @ is sparse or nearly sparse. The



surprising results in CS theory is that if x is s-sparse, that is, it has at most s nonzero
elements, then it can be recovered exactly from y = Ax under some conditions to A.

Furthermore, these can easily be applied to noisy recovery:
y=Ax + z, (1.2)

where A is a m x n matrix (m < n) and z is an unknown noise term.
Our goal is to reconstruct an unknown signal  based on A and y are given. Then we

consider reconstructing x as the solution «* to the optimization problem:
min ||z||; subject to |y — Az|2 <ce, (1.3)
xr

where ¢ is an upper bound on the the size of the noisy contribution. In CS theory, a

crucial issue is to research good conditions in order to achieve our goal:
& — 272 < Collz — ;[ + Cre, (1.4)

where Cy and (' are small constants and x, is the vector consisting of the largest entries
of  in magnitude.

Many papers in CS were devoted to the analysis of theoretical guarantees on the CS
matrix A in order to enable stable recovery. The field of CS grew out of the work of E.J.
Candes, J. Romberg, T. Tao and of D. Donoho, who showed that a finite dimensional
signal having a sparse or compressible representation can be recovered from a small set of
linear, non-adaptive measurements. In particular, one of the most generally known con-
dition for CS theory is the restricted isometry property(RIP) introduced by E.J. Candes
and T. Tao (Candes and Tao, 2005). The RIP needs that the subsets of columns of A
for all locations in {1,2,--- ,n} behave nearly orthonormal system. In detail, a matrix A

satisfies the RIP of order s if there exists a constant ¢ with 0 < § < 1 such that
(1=9)al; < |Aal3 < (1+0)|lal3 (1.5)

for all s-sparse vectors a. A vector is said to be s-sparse vector if it has at most s nonzero
entries. The minimum ¢ satisfying the above restrictions is said to be the restricted

isometry constant and is denoted by d,. The CS theory have been studied by many



researchers under the assumption of RIP. However, the RIP requires a bounded condition
number for all submatrices built by selecting s arbitrary columns and the spectral norm
of a matrix is generally difficult to calculate. Therefore, it seems useful to weaken the

condition of RIP and to apply to the CS theory.

Theme 1 [Sufficient conditions for CS-recovery |

The first method is of rescaling. We assume that any s column vectors of A is linearly
independent, that is, A%Ar is invertible for any location 7" in {1,2,--- ,n} with |T| = s
and define the s-restrictly norm constant r3(A) = max{||Ar|; T C {1,2,--- ,n},|T| =
s}, where Ar is the m x |T| matrix composed of these columns for 7. Then we consider

the following (1.6) instead of (1.2):

g = Ax + %, (1.6)

where y = %, A= é and z = Z. And we have the following result:
Theorem A. If A is s-restrictly (2s-restrictly) invertible, then A obeys the RIP of order
s (2s). In addition, if &, < 0.472 (55 < 0.661), (1.4) holds, where 8, (03,) is the restricted
isometry constant for A of order s (2s).

Furthermore, we show that if 6, < 0.5, or ds5 < 0.828, then (1.4) holds by applying
the results of (Cai and Zhang, 2013a, 2013b). The above sufficient conditions (5, < 0.472
and 0y, < 0.661) are less than the sufficient conditions by applying the results of (Cai

and Zhang, 2013a, 2013b), however, their error bounds are more accurate in case that the

restricted isometry constants are small.

Theme 2 A generalization of the restricted isometry property and applica-
tions to compressed sensing|

The second method is of using the notion of weak RIP. E.J. Candes and Y. Plan have
introduced the notion of weak RIP which is a generalization of RIP as follows (Candes
and Plan, 2010): Let Ty C {1,2,--- ,n} with |Ty| = s and 1 < r < s. A obeys the weak

RIP with respect to T} of order r if there exists 0 < 6 < 1 such that for any subset R C T



with |R| < r,
(1=0) | = [3<]] Az 2= (1+0) | = |13 (1.7)

for all z € R" with supp £ C ToUR. The minimum of such constants ¢ is denoted by d, .
And they have proved that under the assumptions of isotropy property: E <A{k}A?k}> =1
for every row vector Ay of A and incoherence property a random matrix obeys the weak
RIP with high probability 1 — 5¢=? if m > C'logn. Furthermore, by using the weak RIP,
they have evaluated stochastically the solution of LASSO which is similar to the solution
of CS in a certain sense (Tibshirani, 1996). Roughly speaking the notion of the weak RIP,
we choose a suitable location Ty with |7y = s in the columns of the matrix A. Then, the
matrix Apur obeys the inequality (1.5) for any subset R of T§ with |R| = r. We focus
the notion of the weak RIP and obtain the following result:

Theorem B. Suppose A obeys the weak RIP with respect to Tj of order r. If dp,, <

1

1+[%

and Ty = supp x,, where [-] is the floor function, then (1.4) holds.

Theme 3 [Weak RIP and its application to compressed sensing |

The third propose of this paper is to give a sufficient condition under which A obeys
the weak RIP with respect to Tj of order r and to evaluate the solution of CS by using
a correlation relation fr, , of the location T and 7. We assume the followings: (i) The
submatrix Ar, is nearly isometric, that is, there exists a constant § (0 < § < 1) such that
(1—0)||z|? < ||Agnz||3 < (1+0)||x||? for each € R™ with supp & C Ty. The minimum
of such constants ¢ is denoted by (7p); (ii) Are obeys the RIP of order r. Let 6,(7¢)
denote the restricted isometry constant of Are. In addition, we consider the correlative
relationship of the submatrices Az, and Are. We put g, , = maxp{sup{| < Az, Ay >
|; supp & C To,supp y C T, ||z|2 = ||yl = 1}, where T" moves all locations of T} with
|T| = r, and define the coefficient of correlation 0r, . by 81, , = max(5(7p), 6,(7F), tryr)-
Then we have the following result:
Theorem C. If 07, , < %, then A obeys the weak RIP with respect to Ty of order r. In
addition, if 20, = + 205, <1 and Ty = supp x,, then (1.4) holds.

It seems more easier to construct matrices obeying the weak RIP by considering 07, .

4



Furthermore, we show that if A satisfies the isotropy property, then A= % obeys the

weak RIP with high probability and it is applocable to the CS theory.

Theme 4 TRIPless theory for compressed sensing|
The fourth is to weaken the notion of weak RIP and to apply it to the CS theory. And
we obtain the following result:
Theorem D. Assume the following (i) and (ii):
(i) {ax; k € T} is linearly independent for each T C {1,2,--- ,n} with |T| = s,

1
smax (||(A A7) |/T)=s)

(11) = MmaXy iy = MaXi<£j<n | <a;a; > | <

Then (1.4) holds.

This thesis is organized as follows:

In Chapter 2, we introduce some results which play an important rule for our studies
in Chapter 3-6. The first is of Theorem 2.1 obtained by (Candes, 2008) and of Theorem
2.2 and 2.3 which are generalization of Theorem 2.1. These are one of motivation for our
studies. The second is of Theorem 2.4 obtained by (Cai, Wang and Xu, 2010b). The
third is of Theorem 2.5 obtained by (Mo and Li, 2011). The fourth are of Theorem 2.6
and Theorem 2.7 obtained by (Cai and Zhang, 2013a, 2013b). Furthermore, we introduce
Theorem 2.8 obtained by E.J. Candés and Y. Plan using the notion of weak RIP (Candes
and Plan, 2010). This is a motivation of our studies for weak RIP and the RIPless stated
in Chapter 4, 5 and 6.

In Chapter 3, we establish the sufficient condition for the restricted isometry constant
or (k> s)of A= ﬁ under the assumption that A is k-restrictly invertible. This is due
to our paper “Sufficient conditions for CS-recovery, 2013”.

In Chapter 4, we introduce the notion of weak RIP which is a proposed theory to
be more useful for data analysis than RIP and evaluate the solution of CS under the
assumption of only the weak RIP. This is due to our paper “A generalization of the
restricted isometry property and applications to compressed sensing, 2013”.

In Chapter 5, the first purpose is to give a sufficient condition under which A obeys



the weak RIP with respect to T} of order r and to evaluate the solution of CS by using a
correlative relationship 6r, , of the locations T and 7. The second is to show that when
an m X n random matrix A satisfies the isotropy property: F (A{k}AEk}> = [ for every
row vector Ay of A, A= im always obeys the weak RIP with high probability and it is
applicable to the CS theory. This is due to our paper “Weak RIP and its application to
Compressed Sensing, 2013”.

In Chapter 6, we discuss the theory for RIPless in compressed sensing under the

assumptions of linear independence of any s column vectors in A and of correative rela-

tionship p. This is due to our paper “RIPless Theory for Compressed Sensing, 2013”.



Chapter 2

Background

The CS theory has been studied using random matrices by many researchers, for example
(Baraniuk, Davenport, DeVore and Wakin, 2008, Rudelson, 1999, Rudekson and Ver-
shynin, 2008, Candes and Plan, 2009, Candes and Tao, 2006). On the other hand, it has
been shown under the assumption of RIP that [; optimization can recover an unknown
signal in noiseless case and noisy case under various sufficient conditions on d, or do,. For
example, E.J. Candes and T. Tao have proved that if dos < /2 — 1, then an unknown
signal can be recovered (Candes and Tao, 2005). Later, S. Foucart and M. Lai have im-
proved the bound to ds < 0.4531 (Forcart and Lai, 2009). Others, do5 < 0.4652 is used
by S. Foucart (Foucart, 2010), dos < 0.4721 for cases such that s is a multiple of 4 or
s is very large by T. Cai. el.al. (Cai, Wang and Xu, 2010b), dos < 0.4734 for the case
such that s is very large by S. Foucart (Foucart, 2010) and d, < 0.307 by T. Cai el.al.
(Cai, Wang and Xu, 2010b). Q. Mo and S. Li have improved the sufficient condition to
09s < 0.4931 for general case and d5; < 0.6569 in some special case such that n < 4s
(Mo and Li, 2011). In recent paper, T. Cai and A. Zhang have improved the sufficient
condition to d5 < 0.333 for general case (Cai and Zhang, 2013a). T. Cai and A. Zhang
have improved the sufficient condition to d in case of k > %s, in particular do5 < 0.707
(Cai and Zhang, 2013b). In this chapter, we introduce some important results that play

basic rules for our studies in Chapter 3-6.



2.1 The Candes result and its generalization

Our studies stated in Chapter 3-6 for compressed sensing were motivated on the Candes

paper (Candes, 2008) in which has been obtained the following results:

Theorem 2.1 (Candes, 2008) Assume that A obeys the RIP of order 2s and &5, < v/2—1,

and put

2(v/2 — 1)8y5 + 2 4y/T + b2,
; C(1 = .
1 — (1+V/2)ds 1— (1+V/2)ds

0=

Then the following hold:

(1) Noiseless recovery. The solution * to (1.3) obeys
2" =z [L< G|z - |, (2.1)
and

|2 — [[2< Co (2.2)

1
—= 2= |,
Vs
In particular, if « is s-sparse, the recovery is exact.

(2) Noisy recovery. Assume that || z ||o<e. Then the solution x* to (1.4) obeys

1
|| T —x HQS OO% || r — g ||1 +01€. (23)

We shall roughly state the idea behind E.J. Candes’ results. E.J. Candes obtained
the above results by taking first the location Tj of the s largest coefficients of @, next the
location T} C T of the s largest coefficients of h = * — x*, and repeating this method,
and then investigating hr,ur, and h(ur)e. In this section, we introduce two results
obtained by different uses of the RIP which are generalizations of Theorem 2.1. This is
a starting point of our studies. Let s,s" € N with s < n and s’ < n — s. Under these

assumptions, the following main theorems hold:



Theorem 2.2. Assume that A satisfies the RIP of order max (s + ¢, 2s’) and

2s
<1+\/—> dope <1, s <s,
s!
2s ,
Osisr + —/523/ <1l, § >s. (24)
S

Put
S (\(/1»+ 1)5SSS;+2 781 S s
! 2.5
(\f5281 5S+S/+1) 75/ Z s, ( )

s
Do =
\/E
s/ 1- s+s \/5_625
\/1+5s+3/ ’3/ S s
(2.6)

and

Then the following hold:
(1) Noiseless recovery. The solution * to (1.3) obeys
(2.7)

1
| " —x < %Do |z —x |1 .

In particular, if « is s-sparse, the recovery is exact

(2) Noisy recovery. The solution * to (1.4) obeys
1
” T —x HQS ﬁDO H T — I H1 +D1€. (28)
Theorem 2.3. Assume that A satisfies the RIP of order (s + 2s’) and
(2.9)

55—}—5’ + 2,55—&—25’ <1
\/ S
(1+\/?,)\/1+53+s (2.10)

S 1— 6s+s + 5s+2s
By =24/ B, =
! 1-— s+s \/8_155+28 1-— s+s \/;554—28

Then the following hold:
(1) Noiseless recovery. The solution x* to (1.3) obeys
(2.11)

2
—=Eo || @ — o, |1

| 2" = [|o< 7
9

Put




(2) Noisy recovery. The solution x* to (1.4) obeys

2 1
| 2" —x [[o< _sEO | —xs |1 + Eie. (2.12)

Vs NE

The RIP requires a bounded condition number for all submatrices built by selecting s
arbitrary columns and the spectral norm of such a matrix is not generally easy to compute.
Hence, it is meaningful to discuss whether we can take the as small as possible order of
the isometry constant 9, the as large as possible upper bounds of §, and the as small as
possible values for the constants of Dy, Dy, Ey, and E;. Furthermore, when we apply the
method of compressed sensing in statistics and others fields, it is meaningful to assess the
solution * for order s+ s’. Furthermore, we shall show that our results are more flexible
than those of E.J. Candés by taking some appropriate numbers for s'.

As Theorem 2.2 and Theorem 2.3 are start of our studies, we give the proofs.

Proof of Theorem 2.2. It suffices to show the case of noisy recovery. By Lemma 2.1 in

(Candes, 2008), we have
(Aa, Ab)| <b,v [l a ] bl (2.13)

for all a,b € R"™ supported on disjoint subsets T, 7" C {1,2,--- ,n} with |T| < s and
|T"| < s’. We define

h=z"—=. (2.14)

By the linearity of A and the triangle equality, we have

| Ah [|]2< 2e. (2.15)
For simplicity, we use the following symbol: For any @ € R" and T' C {1,2,--- ,n} we
define
aj
. T a; y 1€T
a’T = : s ai =
0 ,1eT-
iy

10



Let Tj be the location of the s largest coefficients of . Then, 1, = s and for any k € 1

and j > s+ 1, we have
2| > |21 (2.16)

Let Ty be the location of the s’ largest coefficients of hre. Then, for any k € T; and
€ (ThyuTy)e,

|hit| = |kl - (2.17)
Repeating this method, we get vectors hr, (j > 2) satisfying the conditions

T
g

forall k € Ty and i € (TL,UT U ---UT;) . Let {1,2,--- ,n} =T, Uy U---UT,; U
T, |T.] <, and let 2 < j <r — 1. Clearly,

1
S Tj 9 2
| oy 2 = (Z\hk )
k=1
<V | by s

(2.18)

= /s’ max |h (2.19)
kETj
and it follows from (2.17) and (2.19) that
Iyl Y | 2 By e (2.20)
k=1
which implies that
| b, [2< | b,y 1, (2.21)
\/_
for all 2 < 7 <r — 1. Furthermore, it follows that
(R FE S [ = | i
k=1
and
I b, [l2 < VI Byl
< \/_’ I A, [los
(2.22)

\/— IRz, -
11



By (2.21) and (2.22), we have for any 2 < j <r

1
| bz [2< N | bz Il (2.23)
We next show
h < 1 h 2.24
| herure [l2< Te | hre |1 (2.24)
Indeed, this follows from (2.23), as follows:
I by 2= 1> by |l
j>2
<> | byl
j>2
<5 b |
-~ T: |11
Vs j>1 ’
1
= | ZhT 1
Vs -
1
=7 | hre |1 (2.25)
Since
>z 1
=lxz+hl;
= | @, + hy, + xre + hre 1
= || g, + by |1 + || Trg + hrg |11
> ez, [ = [ by lln + 1 Rz 10— || 2zg 1
it follows that
| hre [ <zl — @z, [L + | 5e [ + || Ay |Is
= | xge [1 + || Tze |1 + || by [
=2 xre 1 + || bz |1
=2 x—x |1+ || bz |1, (2.26)

12



which implies by (2.19), (2.25), and the Schwartz inequality that

| | hre |lh

\/_

1
<_(||h’T0 2]z - 1)

\/S | bz, ||2+\/—||93 x, |1
S
<\z 7 hnur 2 + —= ||93 x| (2.27)

Suppose that ' < s. Then we have dos < 05, by the definition of restricted isometry

constants. Since hg, and hy, are orthogonal, it follows from (2.13) that for any j > 2

[(Ahgyor,, Abry)| < [(Ahg,, Ahg) | + [(Ahr,, Ahy,)|
< Osts || by 2]l By ll2 +025 || Bry [l2]] By |2
< Osts || hry [l2 (| Ay [[2 + [ By |2)
< ot || iy 12 V2 (Il By 1B + || By [3)*
= V210 || by 2|l b, + oy |2

= \/555—&-8’ ” th ||2|| hTOUTI HQ’
which implies by (2.15) and (2.16) that

” AhTOUTl Hg = <AhT0UT17 Ah — Z Ath>

5>2
= <Ah’ToUT17 Ah’> - <AhT0UT17 Z Ah’Tj>
52
< | Ahgur 2l ARll2 + ) [(Ahgyur,, Aha)| (2.28)
52
<140y || hryur |2 26 + V20,40 (Z | b, ||2> | hryor, |2
§>2

= [| hryur |2 (25\/ L+ bape + V2000 Y | by Hz>

7j>2

< || hayury [l2 <2€\/1+§5+s + V20,4 \/—Z | b Hl)

j>1

1
~ 1 ol (22T G 4 VB | i 1)

13



Hence, we have

(1 S+S) ” hTOUTl HZ < H Ah’ToUTl H2

1
< || hryury |2 (25\/1 + Osys + \/5(58+5/ﬁ | hre H1> ,
which implies that

2 \/ 1 + 5s+s \/_55+s

| hryur [[2< e \/— | hrg |1 - (2.29)
Furthermore, it follows from (2.26) that
| hre 1 < || bz, [ +2 | & — 4 |1
<Vs| hgl2+2 | x — x4 [y
< Vs | hnorn ll2 +2 || € = |1, (2.30)

so that from (2.29),

\/555+3/ S 2+4/1+ (53+s/ 1 2\/_55+5
1= Y 5 g < — x|
( 1 — 53—1—5’ s/ || ToUT1||2 = 1 _ S+S €+ \/— 1 — S+s ||£B T ||1

Hence, by the assumption (1 + V%) 0s+s < 1, we have

1+ 0.0 1 2v/26,. o
| hryury [|2< - €+ V20
1—<1+\/%>5s+s \/_1_< + %>6S+s’

Thus, we have by (2.27) and (2.31) that

|l — x4|;. (2.31)

[z —x"[la =]k,

< |l hrury ll2 + || Aayure ll2
S 2
< |l hrur Il2 Wy | hryury (2 +ﬁ |z —x, [
- (m/ ) I B e+ 1@ = 2
1 55 s’
< (1 +@/£/> + 05t €
S /2s
1 - (1 + ?) 5S+S,
2 (\/§ - 1) 55—1—5/ +1
+ /
\/S_ 1 - <1 + %) 5s+s/

14

|lx — x]|1- (2.32)



Hence, we have

1
| x —x* ||2< —=Do || € — s |1 +D1c.

NG
This completes the proof of the s’ < s case.

Suppose that s’ > s and d,,y + 25 < 1. We can prove in the same way as the s’ < s
+ s

case just proved that

I+ 6s+s’ 1 2\/_523

mS 1
s+s’ V s/ 2s’ \/_ ]‘ S+s/ A/ é2$

which implies by (2.27) that

S
e — s < (1+ ,/—,) Ihzyom s + fum 2.

1 2 (\/_523 - s+s ) + 2
o 1— s+s A\ s 523

1+5s s’
+(1—|—\/£/) ha €
§ 1— (1"‘\/%) 58+5/

1
= —=Dy||lx — xs||1 + Dse.

/5

This completes the proof of Theorem 2.2.

|hryur |2 <

Proof of Theorem 2.3. Using (2.19) on (2.32) directly, we can obtain the inequality

| Ahgyur (15 < || Ahzyun 1ol ARl + Y - [(Ahgor,, Abay)|

i>2
< V140 [ hrun [l226 + ) e || Brgur, (L2 By [l2
i>2
= || hrur |2 (25\/ L+ urs + 020 3 || b, ||2) ;
i>2

and by (2.21), (2.30), and the assumption d,4.y4/2% < 1, we have

1 265125 2/1+ Oyry
[hryur 2 < 77 \1 — o |z — x|, + e (2.33)
- s+s s/ Vst2s

1- 5s+s’ - =

Sl

15



Co < Ey _4
Cy < Ey

—

Figure 2.1 (1) C(), Cl \& Eo, E1

Hence, we can show similarly to (2.32) that

1 2(5S+25/ —(5s+sl + 1) ||a;~ o ||1 + (1+ i) 2\/ ]. +5S+S’
° Vs )1

| — ][> <

\/? 1- 55—1—5’ - \/555—1—25’ - 5s+s’ - 5
1
= %E()“w - a:$||1 + E1€. (234)

This completes the proof. Furthermore, we shall compare the constants Dg, Ey and D1, E;
to the constants Cy and C', respectively.
(1) In Theorem 2.2 and Theorem 2.3, taking s’ = s, the assumption (2.4) coincides with

the assumption

Gas < V2 — 1, (2.35)
and the assumption (2.9) coincides with the assumption

Ogs + 03 < 1 (2.36)

of E.J. Candes (Candes, 2006). Investigating each constant, clearly, Co = Dy, C; = Dy,

and

Thus, Cy > Ep and Cy > E; hold for (d2s, 035) in set filled and the opposite inequalities
Co > Ey and Cy > Ej hold for (da4,035) in set shaded in Fig. 2.1.
(2) Let s = 2k, k € N. Taking s’ = k, the assumption (2.4) becomes

3. <

58

(2.37)

W[
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and the assumption (2.11) becomes
03, + V2055 < 1. (2.38)

Since 03, + V265, < (14 V/2) by, the condition (2.38) is stricter than the condition

025 < V2 —1in Theorem 2.1. Investigating each constant, clearly,

Dozl(\/i_l)égk—i_l? D1:<1—|—\/§) 2\/1—|—53k

\/E 1-— 3(53k 1— 363k ’
— 2(vV2+1)4/14+6

EOZQ\/§ 1 63k+54k ’ E1: (\/_+ ) + 3k.
1 — 630 — V2041 1 — 83 — /2641

Thus, Cy < Dy and C7 < D; hold for (dsx,d4x) in set shaded in Fig. 2.2, and Ey <
Co+3.14 and E; < C hold for (03, d4x) in the intersection of the two sets shaded in Figs.
2.3 and 2.4. This means that the result of Theorem 2.3 improves that of Theorem 2.1
with respect to not only the assessment of the upper bounds of the isometry constants
but also the values of constants Cy, C;, Ey, and Ej.

(3) Let s’ = 2s. Then, Theorem 2.2 holds under the assumption

1
015 < 3 (2.39)
2
and Theorem 2.3 holds if
035 + ! J55 < 1 (2.40)
3s \/§ 5s . .

Figure 2.2: (2) C(),Cl \E Do, D1
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i
ol

Co +3.14 > E,

\ :
as 1
Yy
v

Figure 2.4: (2) Cy vs Ey

Clearly,
po V2V =0t l) (1 2VTE D,
0~ 1—535—643 ’ e \/§ 1_635_648’
L=t 0 2(1+ ) VIF
Ey=V2 e B = . .
1— 638 - 7§55s 1 - 635 - 75553

Thus, Cy > Dy + 0.05 and C; — 2.19 > Dy hold for (das, d45) in the intersection of the two

sets shaded in Fig. 2.5 and 2.6. Here, we omit assessing the relationship between (Cy, Cy)

and (Ey, F1), respectively.

(4) Let s =2k + 1, k € N. Taking s’ = k + 1, Theorem 2.2 holds under the assumption
1

and Theorem 2.3 holds under the assumption
Ossts + V20501 < 1. (2.42)
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Figure 2.5: (3) Cy vs Dy

Y = Oaa

Cy 42195 Dy
(0, 0168 N

I
S

Figure 2.6: (3) Cy vs Dy
The constants Dy, Dy, Ey, and E; are as follows:
2k+1 2(v2—-1)9 2 24/1 46

Do — / - +1 (V2 — 1)85p40 + D - <1+ /2: +11> + 03142 ’
+ 1_<1‘|‘\/2kk__:_11>53k+2 + 1—(1+\/215T+11)53k+2

%+1\ A A

2k+1 1 — 03pq2 + Oupys 2 (1 Ty k_j-rl) 1+ 0sk42

Ey=2 . E, = .

+1 241 ’ 2k+1
1 — 0342 — \/ Z57 0ak+3 1 — 032 — ¢/ 357 0ak+3

Here we do not discuss to assess the relationship between (Cy, Dy, Ey) and (Cy, Dy, E1),

respectively.
(5) Let s = 2k, k € N. Taking s’ = 3k, Theorem 2.2 holds if
1

1+4/2

2
b5, + \/;548 <1 (2.44)

19
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The constants Dy, D1, Ey, and E; are as follows:

2v/2 V266 — Osi + 1 2 2/1 + 855,
DOZ 2 s D1: 1+ 5 2 5
31— dsr — 506k 3 ) 1 =05k — 7506k
5 2v2 1 — 8y, + bsi, 5 2<1+\/§)V1+55k
= _

= 9 1— .
V31— by — 20 1= 5 — /20

Here we do not discuss to assess the relationship between (Cy, Dy, Ey) and (Cy, Dy, E1),

respectively.

2.2 The others results

In this section, we introduce the important results (Theorem 2.4, 2.5, 2.6, 2.7 and 2.8)
used in Chapter 3-6.

Theorem 2.4 (Cai, Wang and Xu, 2010b) Suppose that A obeys the RIP of order s and
0s < 0.307. Then

1

L e et
T — X, — ¢,
S ' 0.307 — 6,

et << — = 2.4
o= ol < a7 =575 (2.45)

Theorem 2.5. (Mo and Li, 2011) Assume that A obeys the RIP of order 2s and dy5 <
0.4931. Then

1
|z — x|, < COﬁHw —xsll1 + Cie,

where

o _ 4 2(2 — 83s)
T 10, \ (1—6,,)(32 — 256,

2 4 2 - 523
o 1 . 2.46
! m( i 1—98\/(1—625)(32—25525)) (2:40)

20



Here,

(14 d94)2

O, = |-l
8(1 — 205,)

(2.47)

Theorem 2.6. (Cai and Zhang, 2013a) Suppse that A obeys the RIP of order s and
0 < % with s > 2. Then

1
|z — x|, < Co—=

\/gllfv

— xg||1 + Cie,

where

o V2(20, 4+ /(1 — 38,)0, + 2(1 — 36,))
0 1— 30,
2(1+95)

G = 1— 30,

(2.48)

Theorem 2.7. (Cai and Zhang, 2013b) Let ¢ > %. Assume that A obeys the RIP of

order ts and ;s < \/ . Then

1
|z —2*|s < Co—=

\/5||w

- wsHI + 0167

where

Co=2 +1],
(v o)
2(1
C, = VAL ) (2.49)
1 ﬂ(Sts

Theorem 2.8. (Candes and Plan, 2010) Let Tj be a subset of {1,2,--- ,n} with |T;| = s,
0 > 0 and r € N. Suppose that a random matrix A satisfies the isotropy property and
m > Csfp-max (slog(sp),rlogn log? rlog(rplog n)), where 1 is the coherence parameter.
Then A obeys the weak RIP with respect to Ty of order r with probability at least
(1—5e77).
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Chapter 3

Sufficient conditions for CS-recovery

3.1 Introduction

This chapter introduces the theory of compressed sensing(CS) in rescaling method. For-

mally, one considers the following model:
y=Ax + z, (3.1)

where A is a m x n matrix(m < n) and z is an unknown noise term.
Our goal is to reconstruct an unknown signal  based on A and y are given. Then we

consider reconstructing x as the solution @* to the optimization problem
min ||z||;, subjectto ||y — Az|s <e, (3.2)
X

where ¢ is an upper bound on the the size of the noisy contribution.

In fact, a crucial issue is to research good conditions under which the inequality
l& —2"[]; < Collx — @py[l1 + Che, (3-3)

for some suitable constants Cy and C}, where Tj is any location of {1,2,--- ,n} with
number |7y| of elements of Ty and @7, is the restriction of @ to indices in Tj. One of the
most generally known condition for CS theory is the restricted isometry property(RIP)
introduced by E.J. Candes and T. Tao (Candes and Tao, 2005). When we discuss our

proposed results, it is an important notion. The RIP needs that the subsets of columns of

22



A for all locations in {1,2,---  n} behave nearly orthonormal system. In detail, a matrix

A satisfies the RIP of order s if there exists a constant & with 0 < § < 1 such that
(1=9)al; < [Aal; < (1+0)llal; (3.4)

for all s-sparse vectors a. A vector is said to be an s-sparse vector if it has at most
s nonzero entries. The minimum ¢ satisfying the above restrictions is said to be the
restricted isometry constant and is denoted by d;.

As stated in Introduction and Background, many researchers has been shown that [y
optimization can recover an unknown signal in noiseless case and noisy case under various
sufficient conditions on d, or do5 when A obeys the RIP

In this chapter, we define the k-restricted norm constant r(A) (simply, r;) by
ri(A) = max{||Ar|; T C {1,2,--- ,n}, |T| =k},

where Ar is the m x |T| matrix composed of these columns for T" and || - || is operator
norm and research good conditions under which the inequality (3.3) holds by considering

the following equality (3.5) instead of (3.1):

y=Ax+z (3.5)

as that to (3.5). When A is a matrix with uniformly bounded entries, that is, |a;;| <1
foreach 1 <i<mand 1< j<mn, ry(A4) < /ms. In particular, if A is the DFT matrix

with entries:
aji = eT2mtm 0 < it <n-—1,

then 7(A) < min <m, \/ﬁ> We also need the notion of restricted invertibility of A.
The matrix A is called k-restrictly invertible if (A%A7)2 is invertible for any subset T of
{1,2,--- ,n} with |T| = k.(if and only if Ay is an injection for any subset 7" of {1,2,---n}
with |T'| = k if and only if the column vectors {a;; i € T'} of A is independent for any T

of {1,2,--- ,n} with |T| = k.) It is shown in Lemma 3.1 that A is k-restrictly invertible
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if and only if A = % obey the RIP of order k and r,(A) < 1. Hence we can make use of
results for RIP and in particular, the E.J. Candes idea, the T. Cai et al. idea and the Q.

Mo and S. Li idea. The first main propose of this chapter is to show that if A is s-restrictly

2
2+5

and if A is 2s-restrictly invertible and the restricted isometry constant 525 < 0.661, then

invertible and &, < ~ 0.472, where 8, is the restricted isometry constant for A= %,
inequality (1.3) holds. The second is to obtain the better sufficient conditions of 0, < 0.5
and 05, < 0.828 by using the results of (Cai and Zhang, 2013a) and (Cai and Zhang,
2013b).

Our analysis is very simple and elementary. We introduce the proposed results using
the E.J. Candes idea, the T. Cai et al. idea, the Q. Mo and S. Li idea and the T. Cai
and A. Zhang idea. We regard Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem
3.5 as the main results in this chapter. Otherwise, in Section 2, we prepare some notions
and lemmas to prove main theorems. In Section 3, we introduce new bounds of §, and

5k<k > S).

3.2 Preliminaries and some lemmas

In this section, we prepare some lemmas needed for the proofs of Theorem 3.1 and The-

orem 3.3.

Lemma 3.1. Let £ be a natural number with & < n. Then A is k-restrictly invertible if

and only if A = % obeys the RIP of order k. If this is true, then

~ 1
op=1-— P E—Y
(rewg)
and
(1= 6) llall3 < | Aali3 < lall3,
equivalently

2 (1=4) llall3 < | 4al} < rfljal}
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for all k-sparse vector a in R", where 0y is the restricted isometry constant for A and

wkzrmn{H(A;ATy%H;7%:{L2,~-,n}wnh|T|:k}.

Proof. Suppose that A is k-restrictly invertible. Then we have
1
—llall: < [[Aallz < ri[all
Wi,

for all k-sparse vector a in R". Hence, ryw, > 1 and

1 ~
(1= (1= ) ) s < el <
kWEk

for all k-sparse vector @, which implies that A obeys the RIP of order k& and

on <1— 5 (3.6)
(rrwe)
Conversely, suppose that A obeys the RIP of order k. Then, since
(1-5) llal < | 4al} < Jjal}3
for all k-sparse vector a, it follows that A is k-restrictly invertible and 6>1-— T

which implies by (3.6) that op=1-— m This completes the proof.

Lemma 3.2. Take any t > 1 and positive integers s’,s” such that ts” is an integer.

Suppose that A is (s 4+ s”)-restrictly invertible. Then,

L 1 -
| < Aa’, Ad" > | < —=0g40]l@[|2]la”]]2 (3.7)

2Vt

for any vectors a’, a” € R™ with disjoint supports and sparsity ts” and s, respectively.

Proof. We make use of the square root lifting inequality (Cai, Wang and Xu, 2010a):

1
es’,ts” < _‘95’,8”7 t > 17 (38)

Vit
where 0y i is the k, k'-restricted orthogonality constant. The k, k'-restricted orthogonality

constant is the smallest number that satisfies
| < AC, AC/ > | S ek’,k”HCHQ”C,H?
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for all k-sparse vector ¢ and k’-sparse vector ¢ with disjoint supports. Take arbitrary

s'-sparse vector a’ and s”-sparse vector a” with disjoint supports. Then we show

~ ~ Ss/ gt
| < Aa’, Aa" > | < ; |a’]|2]|a”||2- (3.9)

Indeed, it is sufficient to show this inequality without loss of generality in case ||a’||s =

|la”|]; = 1. Since A obeys the RIP of order (s’ 4 s") and 7y, (A) < 1, it follows that

4 < Ad', Ad" > = ||A(a' + a")|? — || A(a’ — a")]?
<l|la'+a"|3 - (1-14,)a' —a"|3

= 2SS/+S”
and

1< Ad, Aa" > > (1= 8|’ + a’|}3 - o’ — o’

= —2551_,'_5//7
which implies that

At AN 1

‘ < Aa ,Aa > | < 555’4-5”-
Hence we have
1~
93/75// < 555/_,_5//. (310)

By (3.7) and (3.10) we have

| < Ad’, Aa" > | < bur.s|la’||2]|a”5

1
< %05//,5/||a'||2||a”||2
1 -
< —6 / 17 a,/ a,/,
> 2\/¥ s'+s H H2H H2

for all ¢s”-sparse vector a’ and s’-sparse vector a” with disjoint supports.

Lemma 3.3. For any a € R*, we have
k
|lalls < l|lall1 + —\/_ max |a;| — min |a;| | . (3.11)
\/_ 1<i<k 1<i<k
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Proof. The proof of this lemma can be obtained by (Cai, Wang and Xu, 2010b; Propo-

sition 2.1).

Suppose @ is an original signal we need to recover and x* is the solution of CS optimiza-
tion problem (3.2). Let h = &* —x and h = (hy,--- , h,). For simplicity, we assume that
the index of h is sorted by |hi| > |ha| > -+ > |h,|. Throughout this chapter, let Ty be
an arbitrary location of {1,2,---  n} with |Ty| = s and let {T3,T5,--- ,T;} be a decom-
position of {1,2,--- n} with |[T1| = s, |Tx| = 2 <k <Il—-1)and 1 < |T)| =r < ¢,

where |7T'| is number of elements of 7. We consider the decomposition of h as follows:

th _ (hgT1)7héT1)a"' ,hng),O,"' 70)

h'T2 = (07 7O7hgT2)7"' 7h‘(g,/112)707". 70)

hy, = (0,--- 707h§TH)7... 7hi/Tlfl)’07... ,0)

hy, = (0,---0,h{™ .. B,

T

This is due to the T. Cai et al. idea (Cai, Wang and Xu, 2010b) in case of s = 5. We
have the following Lemma 3.4-Lemma 3.10 for the decomposition (hr,, hr,,--- , hy) of
h. By definition of CS optimization (3.2), we have the following

Lemma 3.4. We have

| re

1 <2/ — |1 + [Py 1 (3.12)

Refer to (Candes, 2008) for the proof of Lemma 2.3. T. Cai et al. have obtained a similar

result for the location 73.
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Lemma 3.5. For |Ty| = |T1| = s, we have

| e

1 <2l — g || + [P |1 (3.13)

Proof. Since |T§ NTy| = [Ty N TY|, we have ||hrarelli < [|[hrenr |1, which implies by
(3.12) that

|hzelly = [[hronrells + |hzelly — [[hayarg )

< 2|z — zqlly + [Pz
+2 (ke — lhryarellh)

<2llz — xp [l + ||hr 1

Lemma 3.6. We have

|z — 7,1
1>2 \/_

NG
+ (\/— 4\/—> Hh’T1||2 (3'14>

Proof. By using Lemma 3.3, we have

+

(\h

St

<l-1,

which implies by Lemma 3.6 that

\/_ T2)|

Tl

2 Vs VS
< ﬁﬂm ol + (\/— 4\/—> [z [[2.

(3.15)

i>2 z>2

Similarly we have the following
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Lemma 3.7. Let & < s. We consider the decomposition Ty = {77,177} of T} with

|T]| = s and |T]'| = s". Then, s’ = (1 —t)s, s” = ts for some ¢ € (0,1) and
> ——— e - 2n
-0

1>2

1 1—t¢

+( L ) TR (3.16)
Vv1—1t 4

1- <p= ;
¢l Then 0 < p < 1 and >

We put [|hz,|i = p)_is
(1 = p)llhre

easily shown by using the inequality (3.15).

1. Then the following Lemma 3.8 is easily shown and Lemma 3.9 is also

Lemma 3.8. We have

>Hth (3.17)
1>3
Proof. This follows from
> bzl <
i>3 i>3
1
< ;||hT2||1 <Z [zl — ||hT2||1)
i>2
p
= 21— p)lrel;
Lemma 3.9. We have
—3p/4
S e < 222 (3.18)

>3 \/_

Proof. By (3.15), we have

S/ T
S1n™)

>3 >3

1
ZHhTzHl

i>3

3
(1 - —p> Il
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Lemma 3.10. (i) Let s’ < s. Suppose that A is (s + s')-restrictly invertible. Then,

(2= b.e) (1~ )

>3

3 2
#bs (1= 20) iy (3.19)

(ii) Let s’ > s. Suppose that A is 2s'-restrictly invertible. Then,

((2 025) p(1 = p)

>3

3 2
+694 (1 — Zp) )| e 2 (3.20)

Proof. (i) Since A obeys the RIP of order (s+s') and roy (A) < 1, it follows from Lemma
3.2, Lemma 3.8 and Lemma 3.9 that

1> Aha 3

>3
=> [lAngl3+2 > < Ahg, Ay, >

>3 3<i<y<l

523’

< lhrli+2 ) 5 Izl |12

i>3 3<i<j<l

s+s 5+s’

<Z<1— 5 ) I3 + = (Znhnn%

>3 >3

+2 Z 525

9 | ill2 j )
3<i<y<l
2
_ 1 — s+s s+s’ ,
i>3 >3
SS—FS’ p(l - p) 2
< (1 - ) 2 e

5 +s’ 3 2
STS8 1 _ = h . 2
+ o ( 4P) [hre 1

1 - - 3\° )
= 35 (2= 8e) o1 =) i (1= 30) D2

(3.21)
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(i) This is shown similarly to (i).

3.3 Main results

In this section, we introduce the main results of the sufficient condition of &y (k > s)

under the assumption that A is restrictly invertible.

3.3.1 Bound for 5~s

We have established the sufficient condition d; for CS optimization problem in Theorem

3.1 and Theorem 3.2.

Theorem 3.1. Assume that A is s-restrictly invertible and 0, < ﬁg ~ 0.472. Then,

the solution * to (3.2) obeys
| — 2|, < Colle — a5, [l + Che, (3.22)

where

995

Co = 2\/5_8<1_ \/52+255>

7012

Proof. Let {T},T5,--- ,T;} be a decomposition of {1,2,--- ,n} with |[T1| = s, |Tx| = ¢ <
s(2<k<l-—1)and 1 <|T)] =r <. We consider the decomposition T = {77, T} } of
Ty with |T]| = ' and |T}'| = s”. Then, s’ = (1 —t)s and s” = ts for some ¢t € (0,1). Since
A= é obeys the RIP of order s = s’ + s” = 15", it follows from Lemma 3.2 that

b

< Ahp,, Ahp, > | <
| T T] |—2\/¥

Osllbr |2z |20 5 > 2,
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which implies by 7,(A) < 1 that

(1= ) |hpll3 < < Ahgy, A=)~ Ahg, >
Jj=2
< 2||Ahg[l2e + > | < Ahgy, Ahy, > |
Jj=2

2
< —¢l|lh
< Zefhr

s

\/5 sl 2 (; lhr, Hz) :

Thus, by Lemma 3.7 and the above inequality, we have

- 2 O,
(I =d)[lhnllz £ —e + ———==
Ts (1 — t)tS

1 1 VI=1t)\ -
+ ( + ) Os|| Py [|2-
2Vt \WV1—t 4

|z — 275

(3.23)

Here, put f(t) = \/Li <\/117_t + a’t>. Then, f is increasing when 2 < ¢ < 1 and decreasing

when 0 < t < g. Thus, when ¢t = g, we have

< 2
(1= 0)llPrll2 < &+ ~—=0|& — @x [k

Ts 2\/_

V5~
+755HhT1H2a (324)

so that by assumption by < ﬁg ~ 0.472,

1 (28
— (VB4 1), \rs 2VBs

Furthermore, it follows from Lemma 3.7 that

Il < - ol —anlh). (3.5

5)
lhrelle < |l ll2 < \/—||33 zr,|l1 + §I|thH2, (3.26)

j>2

which implies by (3.25) that

|z —x*||2 < ||hp |2 + [|hre

2 S C'0||a: — wToHl + Clé.

This completes the proof.
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By using Theorem 3.3 in (Cai and Zhang, 2013a), we obtain a better result than that of
Theorem 3.1.

Theorem 3.2. Assume that A is s-restrictly invertible and 8, < % = 0.5. Then, the

solution * to (3.2) obeys
|& — x*[]2 < Doll@ — @x |1 + Die,

where

2( &u—2&y{2—¢®&+1)
DO - = )
(1 - 265)\/g

Proof. Since A is s-restrictly invertible, we have

1
- llallz < [lAallz < rsjall2

S

1 V (TsWs 2 e rew _
for all s-sparse vectors @ in R". We here put A= A/ % and 6, = % Then

(rsws)

we have
(1—0y)llal3 < [Aal} < (1+6,)]al

for all s-sparse vectors a in R", that is, A obeys the RIP of order s with the restricted

isometry constant ds. Furthermore, by Lemma 3.1 we have

~ 1 1
0g=1— — < —,
(rswg)? 2
which implies

2

o1 2
1+ (rswg)?

- 1
3
Considering the following equality (3.27) instead of (3.1):
§=Ax+ 2, (3.27)
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where y = \/%, A= \% and 2 = \/ia (here, ¢ denotes Oﬂ\/fu—w)zﬂ), it follows from Theorem

3.3 in (Cai and Zhang, 2013a) that
2v/2 (253 +4/(1— 385)58) +2(1 — 34,)
|z — @)
1— 36, Vs
20/2(1 +0,) ¢

1-30, 4
= Do|lx — 1|1 + Dse.

" — |, <

This completes the proof.

3.3.2 Bound for 0 (s < k)

Using the E.J. Candes decomposition {17, 75, -+ ,T,} of T§ with |T}| =s (k=1,--- ,q)
and [B™] > B > oo > ) > B > R > ... Q. Mo and S. Li have
obtained a new bound of the isometry constant dos (Mo and Li, 2011). In Theorem 3.3,
using the decomposition {77, T5,--- ,T;} of {1,2,--- n} stated in Section 3.2 and taking
an arbitrary natural number §', we have obtained a bound of the isometry constant dy

(s < k) under the assumption that A is k-restrictly invertible..

Theorem 3.3. (i) Let £s < s’ < s. We assume A is (s + &)-restrictly invertible and

\/i;f,asys/ < 1, where

50 = 42 j_ 3sp = 45%8/) .
’ (1 — 6515)(64 — 5Td51s)

Then,
|l —x*||s < Ey||lx — x| + Eie, (3.28)

where

2(1+(1+4§>a88)

Fn—
LV (- VEaw)
2\/§< f)
By = e

s/
Tsts! \/ s—l—s ( \/_as s’ )
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(i) Let s > s. We assume that A is 2s"-restrictly invertible and

Then,

where

A(2 + 3090 — 402,))
g = = = .
(1 — b ) (64 — 5735y)

e — x> < Egll@ —

2 (e ))

(
0=
f(

)

Ey =

25V 1 625(

wT()Hl + Eigﬂ

=

Vs

‘/gas/ < 1, where

Proof. (i) Let g5 < s’ < s. By the definition of RIP and Lemma 3.10, we have

(1 - s+8) HhT1H2

=(1-9¢
< ||Ah’T1UT2||g -

< || An - ZAth [

(-

(1= bsrs) [Py 3
- 5s+s)
s/

S+S’)||hT1UT2 ”g -

(1

P’llhre |3

>3
( B Ss+s )
_<7’ €+HZAhT”2> _5—
s+s’ >3
4, 4 1
5—¢E + € =
L Tsts! 2s

Osss) Iy 13

X \/ (2 = Osrs)p(L = p) + Oosr (1

1

+ (2 -

25’

~2(1 = 8, )p?) Il |}

Since

~ ~ 3
5s+8’)p<1 - p) + 58—1—8’ (1 — D

\/(2 - Ss+s’)p(1 - p) + 5s+s’ (1

8(2 = Osys)
32 — 250,y
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P’ haely

3 2
_ = e
) Thgl
2
4 )

(3.29)



. . 3 \?
(2 - 5s+5’)p(1 _p) + 554—5’ (1 - Zp)

8(2 + 3054y — 402, )

—2(1 = 6340 )p* < 61— 570
and
8(2 — szs,) <82 30ets - 45§+S,)’
32 — 25051 64 — 57054y
we have

(1 s+8) ’hT1||2

8(2 + Bdsps — 462, )
lhzellr |
rs—i—s 23 64 — 5755+51

which implies by Lemma 3.5 that

2v2 L Qs
11— 5s+s \/_

<

Rz |l < 2llx — 7, |1 + [Pz 1) -

Tsys
By the assumption \/iga&s/ < 1, we have

Nﬁ

1o 2 < e
Tsts! \/ s+s ( \/_as s’ )
2065 s’
—|— — x|, (3.30)

NCIEET L

which implies by Lemma 3.6 that

lz — x> < [ ll2 + > [l |2

j>2

(1 ; \f 4§> T

\/—Hw zT, |1
2 (1 + (1 + 4§> a)
Vs (1= /Fous)
2\@( ) €. (3.31)

7”5+s'\/ S+s( \/_0455)
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(i) This is shown similarly to (i).

We here find the bound of the restricted isometry 4. by the condition \/§oc. < 1lin

Theorem 3.2. Let p = % > %. Then the equality
(57Tp+16)t* — (121p+ 12)t +64p—8 =0, 0<t<1 (3.32)

has the unique solution ¢, and the following hold:

When % < p < 1, the condition \/gasvs/ < 1 in Theorem 3.2, (i) holds if and only if
Sitapys < by, (3.33)
When p > 1, the condition /Zay < 1 in Theorem 3.2, (ii) holds if and only if
daps < tp. (3.34)

Putting p = 1 in (3.34), we obtain the following result for bound for bos.

Corollary 3.4. We assume that A is 2s-restrictly invertible and das < 13T~ 0.661.

Then,
|z — x| < Eyl|lz — zp|[1 + e,

where

2 (1 + %as)
O Vs —a)
R Y
2T — 00s(1 — @)

o =9 2 + 309, — 403,
s (1 — 09)(64 — 57095)

By taking various numbers p, we can obtain some others 5k(k; > s). Here we give several

Ey

bounds of the isometry constants O
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Example

(i) Let p = %. Then tz = 0.551 and s0 d3, < 0.551.
(ii) Let p = 3. Then ts = 0.585 and so 4z, < 0.585.
(iii) Let p = 3. Then ts = 0.749 and so b3, < 0.749.
(iv) Let p = 2. Then t, = 0.8 and so d4s < 0.8.

Using Theorem 2.1 in (Cai and Zhang, 2013b), we have the following

Theorem 3.5. Assume that A is ts-restrictly invertible for any ¢ > % and
S < 2V -1 <\/¥ - \/t——l) . (3.35)
Then, the solution x* to (3.2) obeys
|z — x*|]2 < Folle — zpy (|1 + Fie,

where

VIt (=80 -R) b )

= TNCTE RN RC
8\t = 1)(2 = 3u) (1 +61) 1

(e a)

Proof. This is proved similarly to Theorem 3.2. Since A is ts-restrictly invertible,

A /\/ (Tts'wts +1

obeys the RIP of order ts with the restricted isometry constant

: 1
Ops = M Then since

(reswes)?+

Ops=1— ——— L <2Vt —1(Vt =Vt —1),

(rtswts)
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it follows that 8;5 < 1/ %, which implies by Theorem 2.1 in (Cai and Zhang, 2013b) that

\/55,53 + \/t <\/; — 3755) Sts

2
- x|, < +1| —=llz—=
| 2 < t(ﬁ—é@ \/gll 7)1
+4\/2t(t— D(1+0) 2w,

t (\/; - &s) (restwrs)? + I

= Fyllx — g, |1 + Fie.

This completes the proof.
Putting ¢t = 2 in (3.35), we obtain the following result for bound for d,.

Corollary 3.6. We assume that A is 2s-restrictly invertible and d, < 2(v/2 —1) &~ 0.828.
Then

|z — |2 < Fol|lz — 27,1 + Fie,

where

AVE =G+ [ (2VE- 24 VL)
2v/2 — (2 + v/2)das Vs’

FOZ

Fl _ 8\/2(2 - 525)(1 +~525) i
2\/_ - (2 + \/5)(525 T2s
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Chapter 4

A generalization of the restricted
isometry property and applications

to compressed sensing

4.1 Introduction

This chapter shows that it is possible to apply CS theory to various fields. For example,
when we apply CS to a statistical model, we define A as a basis function matrix and x as a
coefficient vector. We have to estimate the coefficient vector and assess this model. In this
case, if A is a random matrix, we can not interpret the estimated model. Thus, in order
to interpret models, it is important to discuss the method of using a matrix according to
the structure of the data and the assessment of estimators. However, the RIP requires a
bounded condition number for all submatrices built by selecting s arbitrary columns and
the spectral norm of a matrix is generally difficult to calculate. Therefore, it seems useful
to weaken the condition of RIP. E.J. Candes and Y. Plan have introduced the notion of
weak RIP which is a generalization of RIP as follows (Candes and Plan, 2010):

Definition 4.1. (Weak RIP) Let Ty € {1,2,--- ,n} with |[To| = sand 1 <r <s. A

obeys the weak RIP with respect to Ty of order r if there exists 0 < 0 < 1 such that for
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any subset R C T¢ with |R| <,

(1= 0) | @nor <l Aznur [13< (1 +0) || 2R |12 (4.1)

for all x € R". The minimum of such constants ¢ is denoted by d, ..

Roughly speaking the notion of the weak RIP, we choose a suitable location T with
|To| = s in the columns of the matrix A. We remark that A obeys the RIP of order r, but
it does not necessarily obey the RIP of order (s+r). Furthermore, the matrix Ar, g obeys
the inequality (4.1) for any subset R of T§ with |R| = r. In (Candes and Plan, 2010), they
have proved that under the assumptions of isotropy property and incoherence property a
random matrix obeys the weak RIP with high probability 1 —5e~" if m > C'logn (where
C' is a constant which only depends on 3, §, s, r and the coherent parameter p), and
have evaluated stochastically the solution of LASSO (Tibshirani, 1996) using the weak
RIP and the other properties (the existence of inexact dual vector, the noise correlation
bound and etc.) In this chapter, we focus on this notion and evaluate the solution of CS
under the assumption of only the weak RIP without the probability, and obtain almost
the same results (the following Theorem 4.1 and Theorem 4.2) as for the case of the RIP.
In case that we have some information about the data, that is, we have a good location Ty,
it seems better to analyze data using the weak RIP because it is much easier to construct
matrices obeying the weak RIP than matrices obeying the RIP.

Throughout this section, let A be an m x n matrix. For matrix A and a subset T" C
{1,2,--- ,n}, Ap denotes the m x |T'| matrix with column indices in 7". Also, Ay is the
i-th column of A. Likewise, for a vector @ € R", ar is the restriction of a to indices in
T. Thus, if a is supported on T, Aa = Arar. Furthermore, the identity matrix, in any

dimension, is denoted I, and the operator norm of A is denoted || A]].

Theorem 4.1. Let Tj be a fixed subset of {1,2,--- n}. Assume that A obeys the weak

H;S’ where [-] is the floor function.
(%]

RIP with respect to Ty of order r, and dr,, <

Then, the solution * to (1.4) obeys

|2 —a" [2< Do || -z, [[1 +D1e, (4.2)
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where

DOZ

2
VEI(1- (14 ) on)
Q) =

In particular, if @ is a Ty-sparse vector, then ||[x* — x|2 < Die.
The following theorem is only a slight generalization of Theorem 4.1; however, it is useful

in order to construct a matrix A obeying the weak RIP (see Section 4.3 for examples).

Theorem 4.2. Let Tj be a subset of {1,2,--- n} with |Ty| = s, and r be a natural
number such that 1 < r < s. Suppose that
(i) {Agy; @ € To U R} is linearly independent for any subset R of T with |R| = r;

. 2
(11> 50 = 1_(#]%) < W%, Where Cr = max{c > 0, CHmToURH% S ||AwTOUR||§7 T c
2

R"}.
Then,
|z — 2" < Eyllx — @7, |1 + Eie,
where
1 2 — 6,
EO - [T] 0 )
b 1 s
i (y5)s
2(1+ /=%
(%]
E, = )
maxp HATOURH (1 - (1 + % ES])) 60
4.2 Proofs

In this section, we prove Theorem 4.1 and Theorem 4.2. Here, we simply set d = dp,ur.

By definition 4.1, we have the following:
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Lemma 4.1. Take arbitrary subsets R; and Ry of T¢ such that By N Ry = ) and
|Ry| + |R2| < r. Then,

< Aa, Ab >| < dl|al.||b]. (4.3)

for all a,b € R™ with supp a C Ty U R; and supp b C Ry, where < -,- > denotes the
inner product.

Proof. Take arbitrary a,b € R" with supp @ C Ty U R; and supp b C Ry;. We may
suppose |lalls = ||bl]2 = 1 without loss of generality to show the inequality (4.3). We
put R = R; U Ry. Since A obeys the weak RIP with respect to Ty of order r and a is

orthogonal to b, it follows that

4(Aa, Ab) = ||Anyur(a + b)||3 — [|Anur(a — b)|f3
< (1+0)|[la+bl;—(1-16)|a—b|3

=44
and

4(Aa, Ab) > (1 —d)|la+bll; — (1 +0)lla — bll;

= —49),
which implies that
|(Aa, Ab)| < 6.

[ Proof of Theorem 4.1]

We set h = x* — x. By the linearity of A and the triangle equality, we have
|Ah||s < 2e. (4.4)

Let Ty be the locations of the [3] largest coefficients of hre. Repeating this method,

{1,2,,---,n} is decomposed as {1,2,--- ,n} = T[ouTyU---UT, UT, |T;| < [5]. We
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may assume without loosing generality that

hTO _ (hgTO),hgTO),"' ,hgTO),O,"' ,0)

m 7
Ry, = (0,--- .0, ... ’hE%])’O"” ,0)

(Tr-1) (Ti-1)
thilz(O’... 707h11 1 Lo ,h[%}l 1 .0, 70)

hy, = (0,---0, ™, ... ’hl(ij“;ll))'

l
Then, since

> max h,(ch )

kET]‘

‘hl(chil)

c2gjsi k<[],

it follows that for any j such that 2 < 7 </,

1

[

Rl <

HthleN

]

N3

which implies that

Hh’(Tt)UTl)C 2 I ZthHQ
j>2
1
< |hrell1-

H

Since

l]lx = [l
= [lxr, + hy, + 75 + hrg i

> |len i = [[hn [l + [[Rrglln = llezg ]l
it follows that

|z

1 <2l — zg |l + ha L,

44
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(4.6)



which implies by (4.6) and the Schwartz inequality

|hrpurelle £ —==|lhn, |1 + LHCU — 7,11
vaki 5]
S 2
< m|lhTo||2 + —r||m — 7l
; VI

Furthermore, it follows from Lemma 4.1 that

‘<AhToUT1 ) AhT]>‘ < 5”th H2 Hh’ToUTl H27
which implies by (4.4) and (4.5) that for any j > 2,

||Ah'T0UT1 ||§ =< AthUTpAh — Z Ath >

Jj=2
< HAhToUT1H2HAhH2 + Z ‘< AhTOUTNAth >’ (49)
7>2
< V1+d|hnun |2 2e+0 <Z ||hT]~H2> [hryu |2
i>2

1

< ||hrunll2 | 26V1+0+0 |hzellr

Hence, it follows from (4.1) and (4.7) that

(1 - O)lhromllo < 2eVTF 3

)
+—— (2= — 2| + Vsl hnur [2)

(1 - (1 + ﬁ) 5) |hryur |2

20
<2eV140+ e — g (4.10)

r

2

so that
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S

By assumption: § < #j (if and only if, 1 — (1 + m) d > 0), we have
(%] 2

|hryur |2

< 2VI+0 €
1(1+@)5
@)

Thus, we have by (4.8) and (4.11)

e — @11 (4.11)

| — |2 = [[h]2

< lhryur ll2 + ([P aum)ell2

S
< |hnur 2 + /5= 1 hrur 2
V 5]
2
+ |z — 7,1
v 5]

5 V1+9
AT

2

= (1_ <1+ ﬂ) 5) | — @11

+

(4.12)

This completes the proof.

[Proof of Theorem 4.2]
Take an arbitrary R C T¢ with |R| = r. By (i), the operator Ag, g is injective, and so

there exists a positive constant ¢ > 0 such that
cllerurllz < |Anur®nurll2
for each ¢ € R". We set cg = max{c > 0; c||znurl3 < ||Aznurl3, © € R"}. Then,

(m}an CR) lzzurlle < || Azor]ls

< (max | Azon] ) @ ronlls (4.13)
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. 2
for all x € R™. Here, we put o = 1 — <%> . By (4.13), we have

maxp || Aryurll

(max [ Azonl?) (1 = 00) llemrll} < | Azrinl

< (max 1 Azonl?) l@nunl3 (4.14)

for all x € R™, which implies that

’ <Ah’T0UT1 ) Ath > ‘

(maxp || Arurl?) do |
- 2

Ay (|2l hryur, [|2 (4.15)

for all 7 > 2. Using (4.14) and (4.15), we can prove Theorem 4.2 in the same way as
Theorem 4.1.

4.3 Examples

In this section, we give simple examples of m x n matrices obeying the weak RIP.

Example 4.1. Let Ty be a subset of {1,2,---,n} with |Ty| = s and r be a natural
number with 0 < r < s. Suppose that Az, and Are satisfy independently the following
(i) and (ii), respectively:

(i) Ar, obeys the RIP of order s. We denote by d7, the isometry constant of Ag,.

(ii) Age obeys the RIP of order 7. We denote by d, the isometry constant of Are.
Furthermore, suppose that Az, and Are have the following relation (iii):

(iii) A obeys the mutual incoherence property (MIP), which requires that the maximum

pairwise correlation of columns of (Ag,, A%,) is small, ie., |< Agy, Ay >‘ < ¢ for any

1—max(dr,0r)

1 €Ty and j € 1§, where 0 < e < pv
Many researchers have studied about the MIP. For example, D.L. Donoho and X. Huo
have introduced the property of the MIP (Donoho and Huo, 2001, Candés and Romberg,
2007) and T. Cai et.al. have introduced the connections between the RIP and the MIP
(Cai, Xu and Zhang, 2009).

Then the inequality (4.1) holds for all matrices Ap, g constructed by mixed locations
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To U R of Ty and 7§, which means that A obeys the weak RIP with respect to 7j of order

r. Indeed, take arbitrary R = {n{,nb,--- ,n.} C T§ and € R™. Since

‘< A;OARmR, T, >|

<22 ‘< Agniys Ay >‘

j=1 i=1

< srellzg [l2llzrl2,
it follows that

|< (A;OUTRATOUR — I) T, T >‘
= |< (A}OATO - ]) 7, TT, >|
+2 }< AG ARTR, T, >| +|< (ARAgr — I xp, xR >
< opyl|lzn 3 + o zrll; + 2sre]l@g |2/l A2
< (max(dg,, 6,) + s7¢) ([lo7, 13 + [2rl3)

= dl|]|3.

where § = max(dg,, d,) + sre. By (ii), we have 0 < § < 1. Thus, A obeys the weak RIP

with respect to T of order 7.

Example 4.2. Let Tj and r be as in Example 3.1. Suppose the following hold:

(i) max{||Anurl; R CT§ and |R| =7} < 1.

(ii) {Agy; @ € T} is linearly independent.

(iii) For any R C Ty with |R| =r, {Ay;); j € R} is linearly independent.

It follows from (i) and (ii) that Az, obeys the RIP of order s and from (iii) that Ar
obeys the RIP of order r. We denote by dr, and 9, the isometry constants of Ar, and
ATS’ respectively. It is easily shown that dp, =1 —C2TO and 9, = 1 —minp c%%. Furthermore,
suppose the following (iv) and (v) hold:

(iv) For k € {1,2,--- ,n}, adding a vector Ay;, in R"™™ to the vector Ay in R™, we
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construct a vector in R" as follows:

A
{k}
| By lla= 1.

For any R C T¢ with |R| =,
{B{i}; 1€ To} 1 {B{j};j € R}

(v) For any i € Tj,

1 — max(dg,, ;) > 2

ST

1—[[Agll; < (

Then A obeys the weak RIP with respect to T" of order r. Indeed, it follows from (iv) and

(v) that for any i € T and j € T

1A% 15 = 1B lls = 1 A@ 3

=1—[lA@l;
< <1 — max((STO,(ST))Q,
sr

which implies by (iv) that

(A, Agy) = By, Buy) — (A% Alyy)|
= (A, Agy)|
< AL 2l A 2

< [l A% 12
1 — max(dr,, o)
sr ‘

<

Hence, (i), (ii) and (iii) in Example 4.1 hold, and so A obeys the weak RIP with respect

to T of order 7.

Example 4.3. Let Tj and r be as in Example 3.1. Suppose that the following hold:
(i) max{||Ar,urll; RCT§and |R| =71} < 1.
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(ii) {Agy; @ € Tp} is an orthogonal system in R™.

(iii) For any R C T with |R| = r, {Ay; j € R} is linearly independent in R™ and
orthogonal to {Agy; i € Ty}

Then, A obeys the weak RIP with respect to Tj of order r. Indeed, this follows from

|Azr,url; = Az, |5 + [[Azg|3 + 2 (Azy,, Azg)
> (1= 0g,) llenll3 + (1= 6,) |zrl3

> (1 - maX((sTovdT)) HmH%

We remark that é7, = 1 — min{||Ay||3; ¢ € To} and 6, = 1 — ming ¢%,.

The following example is a special case of Example 4.3 and it is useful itself.

Example 4.4. Let Tj be a subset of {1,2,---n} with |To| = s and Ry be a subset of T
with |Rg| = r. Suppose that an m x n matrix A satisfies the following conditions:

0 gl < A k=120
(ii) {Agy: i € ToU Ry} is an orthogonal system in R™.

(ii)) {Agy: J € (ToU Ry)°} is contained in the linear span of {Agy; i € Ro}.

(iv) {Ay;; j € R} is linearly independent for each subset R of (Tp U Ry)® with |R| = r.
Then A obeys the weak RIP with respect to Ty of order r. Indeed, (i) in Example 4.3
follows from (i) and (iii) in Example 4.3 follows from (ii)-(iv). Hence, by Example 4.3 A

obeys the weak RIP with respect to Tj of order 7.

4.4 Discussions

When analyzing data by using compressed sensing, it is common to use random matrices
with no data structure. When matrices with data structure are used, it is very difficult
to investigate whether these matrices obey RIP. Therefore, it seems useful to weaken the
conditions of RIP. E.J. Candes and Y. Plan have defined the notion of the weak RIP as
a generalization of the RIP (Candes and Plan, 2010). In this chapter, we have obtained
almost the same results as for the case of the RIP. This is significant because it is much

easier to construct matrices obeying the weak RIP than matrices obeying the RIP. In the
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case that we have some information about the data, that is, we know good locations Ty,
it seems better to analyze data using the weak RIP. We believe the proposed definition

has more potential applications to statistics and other fields than the original RIP.
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Chapter 5

Weak RIP and its application to

compressed sensing

5.1 Introduction

As shown in Section 4, it seems that the notion of weak RIP is useful in case that we
have some information about the data, that is, we have a good location Ty, and it seems
better to analyze data using the weak RIP because it is much easier to construct matrices
obeying the weak RIP than matrices obeying the RIP. In this chapter, we give a sufficient
condition under which A obeys the weak RIP with respect to Ty of order r and evaluate the
solution of CS by using a correlative relationship 67, , of the locations Tj and 7§ defined
in (5.6). Furthermore, we apply this result to the case of a random matrix satisfying the

isotropy property.

5.2 The weak RIP and CS

Throughout this chapter, let Ty be a subset of {1,2,--- n} with |Ty| = s and r be a
natural number with 0 < r < s. In this section, we define the coefficient of correlation

01, of A, and Are and give a sufficient condition of 0z, , under which A obeys the weak
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RIP with respect to Ty of order r and evaluate the solution of CS. We assume the following

(i) and (ii):

(i) The submatrix Ag, is nearly isometric, that is, there exists a constant 0 (0 < § < 1)

such that
(1=0)xl; < |Anz[3 < (1+ 0|3 (5.1)

for each € R"™ with supp  C Tj. The minimum of such constants 0 is denoted by
3(Top)-
The matrix Ay, is nearly isometric if and only if it obeys the RIP of order s. It is easily

shown that
* * —1
0 <[[A Anll <2, | (A% Ag)  II>1 (5.2)

and
1———L —— if ||A5An] <1
H(A*TOATO) g | To 7|l <

5(T0) = max (||A§10ATO|| — ]_, 1— m) = max()\l — ]_, 1-— As) (53)

if [\ A3, An| > 1.

\

where \; and A, are the maximum eigenvalue and the minimum eigenvalue of the positive

matrix A%}, Ar,, respectively.

(ii) Age obeys the RIP of order r. Let 6,(7§) denote the restricted isometry constant of
Are.

We consider the correlative relationship of the submatrices Az, and Are. Let T be any
location of T with |T'| = r. Then we define the coefficient of correlation 6y, , of Az and
AT by

p(To, T) =sup{| < Az, Ay > |; supp = C Ty,supp y C T, [|z[2 = [lyll> = 1},

pryr = max{u(Ty, T); T C Ty with |T|=r}. (5.4)
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Then we have
pryr = max {||ALAg||; T C Ty with |T'| =r}. (5.5)
Here we define the coefficient of correlation 07, , as follows:
01, » = max (6(1p), 0,(T5), prpr) - (5.6)
It is easily shown that whenever " <r
0 (T5) < 0,(T5) and g, < piry 1, (5.7)
so that
Oy < Op, 1 (5.8)

Suppose that A obeys the weak RIP with respect to Ty of order r. Then it is clear
that Ar, is nearly isometric with 6(75) < g, and ATOc obeys the RIP of order r with

0, (T§) < dr, . Furthermore, since
| < Az, Ay > | < 0g o[l ][y ]2 (5.9)

for each , y € R" with supp « C T and supp y C 7§ with |supp y| < r, it follows that

pr, » < 07y Hence we have
Ory.r < 07 - (5.10)

Conversely we have the following
Theorem 5.1. Suppose that Az, is nearly isometric, Are obeys the RIP of order r and
Oy < % Then A obeys the weak RIP with respect to Ty of order r and Or,, < 07, <

207, ..

Proof. Take arbitrary «, y € R" such that supp & C Tj, supp y C T¢ and |supp y| = r.
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Then, since

1Az + y)lI; = [[Az|5 + 2 (Az, Ay) + || Ay]3
< (L4 0(To))ll 3 + 2z, o1l yll2 + (1 + 0,(T5)) Iy 3
< (1+205,) ([l + yll2)

= (1+20p,,) |z + i3 (5.11)
and

[A( + y)ll2 > |Az(3 — 2| < Az, Ay > | + [ Ay|)3
> (1= o(To) =3 — 2uml2l2llyllz + (1 = 0-(To) lyll3

> (1 =207, || + ylf3, (5.12)
it follows that
(1—=20p, )z +yll5 < Az +y)lI3 < (14 20g,,) ||z + ylf3, (5.13)

which implies Theorem 5.1.
We have the following result for an evaluation of the solution of CS.

Theorem 5.2. Suppose Ar, is nearly isometric, Are obeys the RIP of order r and
/Ds
29T07% + g@TM < 1. (514)
Then A obeys the weak RIP with respect to Tj of order r and
l" — all; < Collx — @xy[l1 + Che,

where

5 1 - 29T0,% + \/§0T0,T

C(O = ; )
1 =205, r — /3201,
2(1+/%) VT+05;
Oy = ’ e (5.15)
1—205,r — /3200,
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In particular, if @ is a Ty-sparse, that is, supp & C Tp, then
|le* — x||2 < Che.
Proof. We put h = &* — . Then we have
|h|l2 < 2¢ (5.16)
and by definition of CS optimization
lhsll < 2[|@ — 25 [ + (R 11 (5.17)

We consider the following decomposition of {1,2,--- ,n}: Let T} be the location of the r’
largest coefficients of hre, Ty the location of the r" = r —r' largest coefficients of hp,ur,)e
and T5 the location of the r” largest coefficients of h(p,urun,).. Repeating this method,
{1,2,--- ,n}=ToUThU---UT,_4, |T}] <r"”. Then, since

[hy' "' 2 max|hy|, 2<j <1 1<k<s”,
J

it follows from Proposition 2.1. in (Cai, Wang and Xu, 2010b) that

1 V! 7 T;
Tl (1] vl )

|hz,|l2 < Jj=2

4

and

1 Vo
Yo lhgle < == llhglh + (]
j>2 Vi j>2 4

1 ik
W||h(TouT1)c 1+ WHth 1

— |l L VYT ik 5.18
_WH el — = o Az |- (5.18)

By taking ' = %r and r”" = %7’, we can obtain the decompsition {7}, Ts,---,T;} of T,

<

which is better than those of (Cai, Wang and Xu, 2010b) and (Candes, 2008). Then it
follows from (5.17) and (5.18) that

1
> lhglls < —=llhaglh

i22 \/ 37
o /5
S \/;Hw_mToHl‘f‘ EHhToHl
5 5s
< \/;Hzc — L + \/ EHhTouTle- (5.19)
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Since Are obeys the RIP of order 7, it follows that
| < Ahgy, Ahg, > | < 6,(T5) ||y [l2[[ Pz |2, 5 > 2. (5.20)

By the assumption (5.14), we have 5, < 1/2 < 1. Hence it follows from Theorem 5.1
that A obeys the weak RIP with respect to Ty of order r. Furthermore, we can show

similarly to (5.11) and (5.12) that
(1= 20z,2) [lhryom 3 < |Ahgur |13 < (1 + 205, 2) [[hron 13, (5.21)
which implies by (5.1), (5.7) and (5.8) that

(1 - 29TO;%) Hh’ToUTl Hg
< HAhToUTlug

<< AthUTla Ah > + Z ‘ < AhTOUTUAth > |

j=2
S 25, / 1+ 20T07%||hT0UT1||2 + Z | < AhTO,Ath > | + Z | < Ath,Ath > |
j>2 Jj=22
< 26y /1+4 207, ¢ |hrun |2 + s, 1, 1P 2 (Z [, ||2> + 0, (15) |z |2 (Z th||2>
J22 j22
< 25\/ L+ 29T07§||hT0UT1H2 + \/§0T07T||hT0UT1 HQ <Z HthH2) ) (5'22)
Jj22

and by (5.19)
5s P 10
1-— 29To,% — 5(97“077« HhToUTl H2 < 2,/1+ QTO’%EE + 70TO,TH"B — CCTOH1. (523)
Hence we have by (5.19) and (5.23)
[ — x> < [[hun |2 + [[Paur el

< gl + Y 1l

j>2

08 5
< (1 +14/ E) |hryur |2 + \/;Hw — 7|1

< C()H.’,B — ngHl + 018.
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This completes the proof of Theorem 5.2.

We next consider a special case that A satisfies a restricted norm condition:
[Ar[l <1, (5.24)

for each T' C T with |T'| < r. Then we have the following

Theorem 5.3. Suppose that A7, Ag is invertible, A7.Ar is invertible for every T' C T§

/D5 1
2(9T07% + Z max (QTOéT’ QHTO’T> < 1. (525)

with |T'| <r and

Then we have
|x* — x| < Do|lx — @7, [[1 + Die,

where

?

\/g 1— 207 + V2 max <9TO’%T, %GTM)
Do == -
r

_ _ /58 1
1= 2055 — /3 max (07, 5, 30r,..)

Dy = 22 <1 i \/i:> (5.26)

5s 1
1 — 207, - o max <6Toéw QGTM)

Proof. Since |[Ag| <1 and A7, A, is invertible, it follows that Az, is nearly isometric

and §(Tp) =1 — m. Since ||Ar|| < 1 and A% Ar is invertible for every T C T§
Ty To
with [T < r, it follows that Aze obeys the RIP of order r and

1
5.(T5) =1 — — - - (5.27)
min{|| (A%Ar) ||; T C T§ and |T| < r}
Since ||Ag || < 1 and ||Ar|| <1 for each T' C T§ with |T'| < r, it follows that
1 .
| < Ahgy, Ahgy > | < 500 (T5) [y |ollbz 127 = 2 (5.28)
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and similarly to (4.22)

(1 - 29TO»%) HhTOUTl H%

< HAhTOUTng

1 C
< 2v2¢||hyury ll2 + g 4, By |2 <Z HthH2> + 500 (T5) lhz |12 (Z H%Hz)

j=2 J22

1
< 2\/§5HhToUT1H2 + V2 max <9To,gm §9To,r> [hryur |2 <Z ||th||2> )

Jj=2

which implies by (4.19)

/5s 1
(1 — 2‘9To,g - 5 max (QTo,grv §0T077’>) Hh’TOUT1 ||2
10 1
< 2v2 + \/ ~ max <9To,§m §8TO,T) & — @71

Hence we have
|z* — x|s < Do|lx — 1,1 + Die.

Remark. In case that A does not satisfy the restricted norm condition (5.24), we may
obtain a similar result to Theorem 5.3 using a rescaled matrix A = ﬁ, where
rldo
o (T5) =sup{||Ar|; T CTyand |T|=r}.
Such rescaling technique has been used by many authors. In particular, in Section 3 it
is has shown that it is useful to apply the above rescaled matrix A to the theory of CS
(Inoue, 2013b).

5.3 The weak RIP and CS with probability

In this section, we next evaluate the solution of CS in case that a random m X n matrix

A satisfies the isotropy property:
E(ApAfy) =1 (5.29)

for every row vector Ay of A. We put |a;;| < p(A) (simply, p), 1 <i<m, 1< 5 < n.

Then we have the following
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Theorem 5.4. For any 0 < § < %, A = % obeys the weak RIP with respect to Tj order
r and 9~TM < § with probability at least 1 — e~ provided with

2(1;%) (ps — 1)(5 + log 2s),

[
m > max 2(1;3) (pr —1) (B+rlog == +r+log 2r), ¢ - (5.30)
85”5’" (B+1log (n—s)+ 1)

We consider the following equality (5.31) instead of (3.1):

g =Ax + 2, (5.31)

where y = \/Lm, A

% and z = \/im Since {a € R"; |y — Aa|z < ¢} = {a €

R, ||§— Aa|, < “= 1, it follows that the solution z* to the optimization problem is the

same as that to (3.2).

Theorem 5.5. The solution x* to (3.2) obeys

£

NG

|x* — x| < Co|le — xg |1 + Ch

with probability with 1 — e~ provided with

( 3<2+ g—j>2 )
W(PS —1)(8 + log 2s),

3(2+4/22 s
m > max 2((; gg) (pr —1) (8 +rlog == +r+log 2r), (- (5.32)

2
8<2+ ;’—i) psr(6+log n-l—}l)

\ J
We prepare some lemmas to prove Theorem 5.4 and Theorem 5.5. We assume that a
random m X n matrix A satisfies the isotropy property and put A = %. Let 0 be any

real number with 0 < § < 1.

Lemma 5.1. Let T be any subset of {1,2,---,n} with |T| = k. Then Ay is nearly

isometric for 0 with probability 1 — 2k exp {—ﬁﬁ}.
3
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Proof. This is due to Lemma 2.1 in (Candés and Plan, 2010). We simply give the proof.

It is shown that

m

- 1 *
ApAr =1 =—3 ((Agr) (Apr)" = 1)
i=1
Putting X; = AyyrAfyr—1,i=1,2,--+ ,m, we can show that E(X;) =0, | X;|| < pk—1
and 0 < E(X?) < (pk—1)I. Hence it follows from the matrix Bernstein inequality (Gross,

2011, Tropp, 2012) that

ix i m 5
P (HATAT — 1| > 5) < 2k exp {—(pk VoY } . (5.33)

Lemma 5.2. The following statements (i) and (ii) hold:

(i) Az, is nearly isometric for § with probability at least 1 — e~# provided with

s
m > 2(15—_;3)(/)8 —1)(B +log 2s). (5.34)

(ii) flTOc obeys the RIP of order 7 and 4, (T) < § with probability at least 1 —e™? provided

with
2(1+42
m Z %(ﬂr — ]_)(/6 + log n—sCT + ].OgQT)
2(1+% -
T

Proof. (i) This follows from Lemma 5.1.
(ii) By Lemma 5.1 we have

P (U {1454z — 1) 2 5})

T

<> P(I4rAr - 1)| = 6)
T

< 09 _m 52
S nosbral €Xp (or —1)2(1+72)

- (_( m 52 : +log (ns(mr))

pr—1)2(1+ ¢

< exp <_(prﬂi e (151 3 + log ((@)”y‘))

m 52 n-—s

= — log —— log 2 .

exp r—D2(113 +rlog ——+7r+log2r |, (5.36)
3
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where 7" moves all subsets of T with |T| = r, which implies (ii).

Lemma 5.3. We have
éTo,r S Y
with probability at least 1 — e™® provided with

8psr 1
m > 52 <5+10g(n—5)+1) .

Proof. By Lemma 2.5 in (Candes and Plan, 2010), we have

Ax mt? 1
P (g.g%?HATOain > t) < (n—s)exp (_S_ps X Z) .

Hence we have

P (maXHA}OaiHQ > t) > P (%%X\]A}Oai\fg > t)

o rllppsena))
—1-p (ﬂ {A,ais < t}) ,

€T

where T moves all subset of T¢ with |T| = r, which implies by (5.39) that

P (ﬂ {145,a. < t}) > 1= P (maxll Al > )

i€T

mt? 1
>1—(n—s)exp| ———+-).
p

8ps 4
Since
|47, Arwlls = 1| ) widf aillz
ieT
<> Jwil| A a2
i€T
) 3
< [lwll2 <Z ||A?0ai||§)
ieT

for each w = (wy,wq, -+ ,w,)T € R", it follows from (5.41) that

Or,, = max{”fl}oflTH; T C Ty with |T| = r} <t\r
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with at least probability 1 — (n — s) exp (—%i + }L) Putting t = \%, Lemma 4.3 holds.

Proof of Theorem 5.4. This follows from Lemma 5.2, Lemma 5.3 and Theorem 5.1.

5

Proof of Theorem 5.5. We put 6 = ﬂ; Then Theorem 5.5 follows from Theorem

N
i‘

5.2 and Theorem 5.4.

Remark. In (Candes and Plan, 2010), E.J. Candes and Y. Plan have shown that if A

satisfies the isotropy property and
m > CsfBpmax (slog sp,rlog n(log r)?log (rplog n)), (5.44)

then A obeys the weak RIP with respect to Ty of order r with probability (1 — 56*5).
In Theorem 5.5, we have obtained by a simple proof that A obeys the weak RIP with
respect to Tj of order r with probability (1 —e ) if m satisfies the inequality (5.30) and
the condition (5.30) of m is better than (5.44) if n is sufficient large for s ( for example,

n> e(logr)s )
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Chapter 6

RIPless theory for compressed

sensing

6.1 Introduction

This chapter introduces the RIPless theory of compressed sensing(CS). Let & be not a
sparse vector. Compressed sensing aims to recover high-dimensional signal (for exam-
ple: images signal, voice signal, code signal...etc.) from only a few samples or linear

measurements. Formally, one considers the following model in noiseless case:
y = Az, (6.1)

where A is a m X n matrix(m < n).
Our goal is to reconstruct an unknown signal & based on A and y are given. Then we

consider reconstructing @ as the solution * to the optimization problem
mjin |®]|1, subject to y = Az. (6.2)
Furthermore, one considers the following model in noisy case:
y=Ax+ z, (6.3)

where z is an unknown noise term.

In this context, we consider reconstructing a as the solution x* to the optimization
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problem
min | Z||;, subject to |y — Az|s <e, (6.4)

where ¢ is an upper bounded on the size of the noisy contribution.

The RIP requires a bounded condition number for all submatrices built by selecting s
arbitrary columns and the spectral norm of a matrix is generally difficult to calculate.
Therefore, it seems useful to weaken the condition of RIP.

In this chapter, we propose the RIPless theory and the method of an unknown signal
recovery in CS. There are main benefits for considering the RIPless theory. First, we do
not suppose that a matrix satisfies the condition of RIP. Moreover, we do not suppose the
condition of sparsity. Practically, it is very difficult to know the condition of RIP and the
sufficient condition of isometry constants. Likewise, we can not know the sparsity of x.
Second, the assessments of various cases lead to developments for signal analysis or other
analysis. We introduce the proposed results using most simple approach. We expect that
more efficient approaches are suggested as developments for many analysis.

In this chapter, suppose @ is an original signal we need to recover and * = (27, -+ , z})
is the solution of CS optimization problem (6.2) or (6.4). Let A = (a1,as,- - ,a,), where
a; = (a11,a21, ,am1), @z = (a12,a92, + ,ama) @, = (A1, Q2n, 5 Amy)’. For a
subset 7' C {1,2,--- ,n} we denote by |T'| number of elements of 7". For a matrix A and

asubset T'C {1,2,--- ,n}, Ar denotes the m X |T| matrix with column indices in 7.

6.2 RIPless theory

In this section, we first introduce a simple case in the RIPless theory. Suppose that
the rank of A = r (s < r < m) and for simplicity denote by {ai,as, - - ,a,} a r col-
umn vectors of A which is linearly independent. Furthermore, suppose that the oth-
ers column vectors {@,1, @12, -+ ,a,} of A is contained in the orthogonal complement

{a;,ay, - ,a,}*+ in R™. Then we have the following:

Theorem 6.1. Suppose that x is any s-sparse vector such that support of & in {1,2,--- ,r}.
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Then x is exactly recovered by the solution * to (6.2), that is, x = x*.

Proof. Let & be a s-sparse vector such that support of  in {1,2,--- ,7}. We may put

x = (21,29, , x50, ,0) without loss of generality. Since
0 = ||Az* — Az = (&} — sr)ar + -+ (2 — z)ay |3
@ + -+ ananlf3, (6.5)
we have

*_

(2] —x1)ay + -+ () — x,)a, = 0.

Since {ay,as, - - ,a,} is linear independent, we have 27 = xy,--- , 2} = z, and x} =z, =

0,k=s+1,---,r. We now put «; = («},23,--- ,2%,0,---,0). Then
Az} = Ax = y.

By the definition of CS optimization, we have
™|l < 3]s

Furthermore, by the definition of x%, we have
5]l < [lae™]]s-

Thus, we have * = x} and 2}, = --- =z}, = 0. By these discussions, we have

This completes the proof.

We give an example of A satisfying the conditions in Theorem 6.1:
Let {ai,as, - ,a,} (s <r < m) be r column vectors of A which is mutually orthogonal
and the others column vectors are contained in its orthogonal complement. For example,

{ai,as, - ,a,} is the Fourier orthogonal system, that is,
a;, = (e_iQij/m), k=1,2,---randj=1,---,m
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and
a; € {ay, - ,ar}l, t=r+1,---,n.

In Section 4 and Section 5, we have focused on the notion of weak RIP and evaluate the
solution of CS under the assumption of only the weak RIP and obtained almost the same
results as for the case of the RIP. Thus it seems that the notion of weak RIP is useful in
case that we have some information about the data, that is, we have a good location.

In Theorem 6.2 and Theorem 6.3, we discuss a RIPless theory without the assumption
of weak RIP and of course RIP. We first consider in case that we have the knowledges of
data, that is, we know a good location Ty. Let K. = {x € R™; ||y — Az|s < e}, e >0
and Koy = {x € R";y = Ax}. Assume that K. # (.

Theorem 6.2. Let T be a location in {1,2,--- ,n} with |Ty| = s. Suppose
(i) {ax; k € To} is linearly independent;
(i)

pn, = max{| < ay, a; > |; kel jely}
1 As

< — ==
sl| (Arg Ag,) | 8
where \; > Ay > -+ > Ay > 0 are eigenvalues of A}OATO.

Y

Then, for every x € K. we have
" — 2|2 < C™||® — @, |1 + O, (6.6)

where

2 (14 i, /31| (A5, An,) 1)

= s (A A) T

21+ v/3) /1 (A5, Ary) | o
T sl (A A) T |

Proof. Let Tj be alocation in {1,2, - -+ ,n} with |Ty| = s. We may take Tp = {1,2,--- ,s}

Cy' =

(To)

without loss of generality. Take an arbitrary € K. and put h = * — . Then we have
AR |5 = <AhTO, Ah — AhTOc>

S 25||AhT0||2 + <AhTO, AhTOC> (68)
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and

s

= Z Zn:hkhj<a,k, a; >

k=1 j=s+1

<pm Y, Y [l

k=1 j=s+1
< pgy ||y |1 || Pere ||y

< pimpV's|[hgy ||2|| e |-

|(Ahg,, Ahge)

By definition of CS optimization (6.4) we have

lhrglly < 2]z — 25 [l + A |1y

< 2ll@ — x|l + Vsl hayl2,
and so by (6.7),

{ <AhTo7 AhT5>

We also have

% —1
Izl < /Il (A3, Az,) ™ [l ARy o

Indeed, this follows from

Ry |12 = ( (A% Ag) ™

To 0

A%A%)h%,h%>

[SIE

((A5,47,) 7" (

— ((A5,47,) 7" (

< |1 (A3, Az) I (A%, A) ? ha |1
(A3, Ar,) ™

To

A}OATO) hr,, (A}, Ar)

)

I (A7, Az) || | AR [I2-

To

Using (6.8), (6.11) and (6.12), we get

|Aba l2 < 26 + pryy /75 (2l — 2o 1+ Vallhz o)

where 7, = || (A}OATO)_1 ||. By using (6.12) again, we have

|hnll2 < 2/Trpe + 2umyrry Vs l|® — gyl + ooy s|| b ||z
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Therefore, we obtain

(1 — prrnys) |hnll2 < 2¢/rme + 2pnrn Vsl — 24 |1 (6.13)

By the assumption (ii), we have

T 2
||hT0H2 < To £+ MTOTTO\/E

< r—x . 6.14
et T (6.14)

Since

lhzsllz < llhrglly < 2@ — 25 [l1 + [

<2llw — zq |l + V|2,
it follows from (6.14) that

2" — zll2 < lhg |2 + [[Rrgll

<2l — g |[1 + (14 Vs)[[hgl2
_ 2(1 + \/5)\/_%05 N 2(1 + pryr7y/5)

- H1yTTy S 1 - H1oTTo S

& — @1, |1

This completes the proof.
By Theorem 6.2 we have the following:
Corollary 6.1. Suppose that A satisfies the conditions (i) and (ii) in Theorem 6.2. Then,

the following results are obtained.

Noiseless case: For any Ty-sparse vector in Ky we have

Noisy case: For any Ty-sparse vector in K. we have

|zt — |, < e,

For a general case that we do not know any good location we have the following:
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Theorem 6.3. Suppose that A = (aq,as, - ,a,) satisfies the following
(i) {ax; k € T} is linearly independent for each 7' C {1,2,--- ,n} with |T| = s;

s — — L Ca- 1 _ AL
(i) p = maxy pr = maxi<izi<n | < @;,a; > | < smax(u(A*TAT)_1||;|T|:S) =, where

M > AT > ... > A > 0 are eigenvalues of A% Ar.

Then, for any vector * € K., we have
lz" — x> < Colle — x|y + Che,

where x, is the vector consisting of the s largest entries of & in magnitude and r =

max{ry; T C {1,2,--- ,n} with |T| = s} and

C, = 4+ 5urs

2/s(1 — purs)’
_ 9
Gr= 2(1 — prs)

Proof. The proof of this theorem can be obtained based on Theorem 6.2. We show the
modifications (6.16)-(6.19). For simplicity, we assume that the index of h is sorted by
|h1| > |ha| > -+ > |h,|. Take an arbitrary location Ty of {1,2,--- ,n} with |Ty| = s and
let {T1,T3,---,T;} be a decomposition of {1,2,--- ,n} with [Ty| =s (1 <k <[—1) and
1 <|T7;| < s, where |T'| is number of elements of 7. We consider a decomposition of h as

follows:

th _ (hng),héTl),"‘ ,hng),O,"' 70)

hr, = (0, 707h§T2)7... ,hgTQ),0,~-- ,0)

by, = (0,---,0, RV oo T 0. )

hy, = (0,-- 'O,hng), .. ,h(Tl))_

! 2|

This decomposition is due to the T. Cai et.al. idea (Cai, Wang and Xu, 2010b) and they

have obtained the following inequality:

| Pure

1 <2/ —zp |1 + ||hny |2 (6.15)
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Then we can show similaly to (6.11)-(6.13) in Theorem 6.2 that

Izl < /1 (A3, Az) ™" | AR

< Vrl|Ahz |z -

< Ahg,, Y Ahg, > < p/s|ha s 2l — 2|+ V|Re )

Jj=2
< N\/EHAh’TlH? (2“1: - mTOHl + \/§||th||2) )
s
MRl < b, < 2+ /s (2l - @+ VElRn ).

Therefore, we have

(1 — prs) |hry|l2 < 2v/re + 2ury/s|l@ — xq |1

By the assumption (ii), we have

2 2
VT 2

h <
I 2 < 1— prs 1— prs

| — @7, |1

(6.16)

(6.17)

(6.18)

(6.19)

Furthermore, by using the T. Cai et.al. result of Proposition 2.1 in (Cai, Wang and Xu,

2010b):

Y
lalls < llals + (

max |a;| — min |az|) ., ac R
1<i<k 1<i<k

we have

S [ < Z I+ )

j>2 ]>2
Vs
el YR

= —|h
\/EH Ty
which implies by (6.15) that

| e

2 < Z b |2

j>2

2 5%
< ﬁ”m — x|l + ZHthHz-
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By (6.19) and (6.20), we have

" — z[l2 < Hthlb + [hrell

ol + HthHz

[l —
\/‘
2\/_ 2ur\/§
%va $T0||1+4<1 WS _MSHfB wTo”l)
44 durs 91
S L PO P .

2/5(1 — purs) 2(1 — prs)

IN

Thus, Theorem 6.3 is obtained by putting Ty = supp xs. This completes the proof.

Corollary 6.2. Suppose that A satisfies the conditions (i) and (ii) in Theorem 6.3. Then,

the following results are obtained.

Noiseless case: For any s-sparse vector @ in K, we have

Noisy case: For any s-sparse vector @ in K., we have

|lz* — x|y < Che.
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