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Abstract

When we work on an intractable non-perturbative problem of strongly interacting gauge field
theory, the method of the gauge/gravity duality is a very useful tool. In this approach, we
can treat the full quantum field theory in flat d-dimensional Minkowski spacetime as the dual
of a classical gravitational theory in curved D (> d) dimensional spacetime. In this thesis
we study two types of the problems that are very difficult to investigate in the ordinary
field theoretical approach, namely the physics of an accelerated quark in a scale dependent
strongly interacting field theory and a QCD-like model with a finite chemical potential.

We first review the idea of gauge/gravity duality briefly and introduce the models that
we consider in this thesis. Next, we discuss a quark accelerated with a constant acceleration
in a scale dependent strongly interacting gauge theory by using the duality introduced in
the review. We study thermal aspects for an accelerated quark (Unruh effect) by applying
the gauge/gravity duality in the co-moving frame of the quark. There is a screening of the
color force due to the thermal effect of the acceleration and the thermal effect is anisotropic
in contrast to the ordinary thermal effect.

We also study a QCD-like model with a finite chemical potential by using Sakai-Sugimoto
model. In our approach, an infinite number of baryons are introduced as the sum of an
infinite number of solitons of SU (Ny) gauge field on Ny probe D8-branes. This “dilute gas
approximation” of solitons makes the action simple. We get non-trivial results for the relation
between the baryon number density ng and the baryon chemical potential ug; we find a first-
order phase transition from np = 0 phase (the vacuum) to finite np phase (infinite nuclear
matter) when the chemical potential is increased. We then extract the equation of state of
neutrons from this result and apply it to neutron stars. The radius and the mass which
are obtained from our calculation is, however, much smaller than the empirical values. The
results implies that our approach should be improved by taking the contributions from the
repulsive force into account.
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Chapter 1

Introduction

1.1 Overview

In elementary particle physics, the field theoretical approach is a fundamental method for
clear understanding of nature. Quantum electrodynamics(QED) is a prominent example of
the success of the approach. The theory predicts many physical values from only two values,
the electron mass m, and the electric charge e. The fact that many physical quantities are
predicted by only a few parameters is marvelous.

Though quantum field theories is successful for a wide region of elementary particle
physics, it is not always possible to obtain useful predictions for all of physical quantities.
It usually depends on perturbation theory that works only when the coupling constants are
small. Moreover couplings depend on the energy scale of the process in question. Thus the
perturbative expansion is not possible in all the scales. For example, at low energies, the
perturbation theory works in QED and the theory predicts the correct values, the method
however does not work in Quantum chromodynamics(QCD) that describes the physics of
hadrons. We are unable to make predictions for low-energy quantities by using perturbation
theory. This problem can occur in any “asymptotic free” theory in which couplings increase
with the decreasing energy scale. It is therefore important to understand non-perturbative
aspects of quantum field theory.

When we cannot use perturbation theory, we must choose other methods for the calcu-
lation. The numerical simulations using lattice field theory and the calculation by using a
gauge/gravity duality are two of the main non-perturbative methods. Lattice field theory is
defined on a discretized Euclidean spacetime and may be used as a definition of a theory of
continuous spacetime in an appropriate limit. This approach is very clear, but it costs us
much time and money to get results with high accuracy. The method using a gauge/gravity
duality, which is a duality between a gauge theory with a large number of colors N, with
a gravitational theory, is a another viable non-perturbative one. In this approach, we can
calculate quantities easier than in lattice gauge theory. However it has several problems—it
is applied to gauge theory with large V. that is quite far from QCD and the correspondence



between a physical quantity in a gauge theory and that in the dual gravitational theory is
not very clear in general. Moreover the gauge/gravity duality is just a conjecture and it has
not been proven.

Even though gauge/gravity duality has some problems, it is very powerful for analyzing
a complicated system of strongly interacting gauge theory. Since we can analyze a full
quantum field theory by examining a corresponding classical gravitational theory by using
a gauge/gravity duality, we can easily calculate a physical quantity of the gauge theory.
For example, we can relatively easily calculate physical quantities of a theory with a finite
chemical potential by using gauge/gravity duality, while it is very difficult to do it in lattice
gauge theory simulation because of the sign problem. The gauge/gravity duality is a good
approach for analyzing systems which is intractable in other approaches.

1.2 Outline of my work

1.2.1 Background and motivations

In this thesis, I discuss two different types of systems which are intractable in the gauge field
theory.

1. A quark accelerated with an uniform acceleration a in the strongly interacting field
theory with the non-conformal Yang-Mills coupling constant.

2. A system with finite baryon density, represented as the Sakai-Sugimoto model with a
baryon chemical potential up.

Both of these are very awkward systems for the usual technologies of field theory because
of the following reasons. First there are problems in strongly interacting field theory. Thus
it is impossible to treat these problems by using a perturbative method. Second there are
additional difficulties such as the non-trivial time-dependent motion of the quark and non-zero
chemical potential for the baryon. These additional hurdles make the problem intractable for
any other methods. Therefore the method of the gauge/gravity duality plays an important
role for studying these systems.

The accelerated quark and Unruh effect When we consider physics for an accelerated
object, there is very mysterious phenomenon called Unruh effect[l, 2]. The statement is
“an observer which accelerate with a constant acceleration a in Minkowski spacetime feels
a thermal bath with the temperature T = a/27”. This effect occurs very commonly and is
independent of the details of the interaction among the fields and whether fields are scalar
fields or fermion fields or others.

The non-zero chemical potential system The other complicated system is QCD with
a finite chemical potential. The ordinary lattice QCD with a vanishing chemical potential



can be studied by the numerical calculation because the calculation can be performed by
integrating the QCD functional integral with real positive convergent measure. The system
with non-zero chemical potential, however, cannot be calculated by the same way due to
the sign problem. By introducing a chemical potential, the integrand of the QCD partition
function is no longer a real function and thus the usual Monte Carlo simulation with a
positive definite probability for the Markov process cannot apply. Thus it is very difficult for
the lattice QCD approach to studying such system.

Neutron stars are mostly constructed of neutrons. Their mass and radius may be calcu-
lated from the Tolman-Oppenheimer-Volkoff (TOV) equation by specifying the equation of
state (EoS) of neutron. Because the EoS of the neutron matter should be derived from QCD
at finite baryon density (with a finite chemical potential), the validity of the calculational
method directly affects the results of the analysis of TOV equations via the EoS.

1.2.2 Structure of the thesis

The structure of this thesis and the summary of each chapter are the following.

Chapter 2 In Chap. 2 we briefly review the gauge/gravity duality. We introduce the
four types of the gauge/gravity duality models, that is, the original AdS/CFT correspon-
dence, the SAdS/finite temperature QFT correspondence, the dAdS/non-conformal QFT
correspondence and the Sakai-Sugimoto model. We also introduce the dualities of physical
quantities, such as Wilson loops, temperature, the friction constant, the baryon number den-
sity and the baryon chemical potential etc.. We explain the concept of gauge/gravity duality
by reviewing the AdS/CFT correspondence. The SAdS model is introduced to explain how
we treat the theory at finite temperature in the gauge/gravity duality, and in this model
the Wilson loop and the drag force are affected by the thermal effect. The dAdS model and
Sakai-Sugimoto model are introduced as the preparation for Chap. 3 and Chap. 4 respec-
tively. The dAdS model is one of the simplest deformation of the AdS model and it realizes
the non-conformal YM coupling. The quark is confined by the color force in this model. This
model is used to discuss the physics of the accelerated quark in Chap. 3. Sakai-Sugimoto
model is the most close to QCD among the gauge/gravity duality models. In the model
the baryons are introduced as solitons of SU (Ny) gauge field on Ny D8-branes. We use the
model for constructing a system with a finite chemical potential in Chap. 4.

Chapter 3 1In Chap. 3, we discuss the physics of a quark accelerated with a uniform
acceleration a in the non-conformal gauge field theory. First we review the preceding study
in the AdS model which has no scale parameter. In the model, the accelerated string which
corresponds to the accelerated quark has a horizon on its induced metric at 7. = R?a . To
move to the co-moving frame (Rindler frame) of this string, the ERT is introduced. The
ERT maps the part of the string above r. into the Rindler frame and the part of the string



is static in the frame. In the Rindler frame, there is the horizon which may be interpreted
as temperature. The temperature is coincide with the Unruh temperature 7' = a/27.

The analysis similar to the AdS model is applied to the dAdS model. In this model, we
can also find the same type of the solution as in the case of the AdS model. The horizon in
the induced metric of the string is slightly shifted upward r. > R2a. Then we apply the ERT
to this model. We study the potential between a quark and an anti-quark and the drag force
acting on a quark moving with a constant velocity in this transformed coordinate system.
Because of the energy scale dependence of the YM coupling, several characteristic thermal
features are observed. First, since the dAdS model exhibits confinement, it is nontrivial that
we find an isolated quark in Rindler frame. However we should not regard the existence of
an isolated quark in the Rindler frame as the existence of the confinement-deconfinement
phase transition of the Minkowski vacuum, because the original Minkowski vacuum does
not experience the phase transition. Second, this thermal effect is quite anisotropic. Even
though there also exist anisotropic features in AdS case, these are more drastic in our case.
For example, there is no static state such that the isolated quark moving with constant

velocity to the direction of the acceleration in Rindler frame, while there are in the Rindler-
AdS frame.

Chapter 4 In Chap. 4, we discuss the system with finite baryon density by using the
Sakai-Sugimoto model. We first review the one-baryon and two-baryon systems in the Sakai-
Sugimoto model and then generalize them to the system with an infinite number of baryons.
Then applying the dilute gas approximation for SU (N;) gauge field and the mean field
approximation for U (1), we make the system of an infinite number of the baryons tractable.
Comparing the energy at finite baryon number density with that at zero baryon number
density, under the fixed chemical potential condition, we find a first-order phase transition
from zero baryon number density phase to finite baryon number density phase as expected.
However the critical value of the baryon number density is considerably larger than the value
of the normal nuclear density.

We also study neutron stars to check the validity of our model. The EoS which is calcu-
lated in the field theory side affects the radius and the mass of neutron stars. We extract the
EoS from our model by assuming several statistical-mechanical relations for fermions and the
momentum dependent mass which reflects the non-trivial interactions among baryons. Then
we solve the TOV equations and study neutron stars. The upper bound of the mass and the
radius of neutron stars, however, is much smaller than the empirical values.



Chapter 2

Gauge/gravity duality

In this section, we review the concept of the gauge/gravity duality and display some realiza-
tion of that.

2.1 Overview:Gauge/gravity duality

Since gauge theory and gravity are quite different theories, there seems to be no relationship
between them. But it is not generally true.

For example, the relationship between these theories can be seen in large N, gauge theory.
The action of large N, gauge theory is written schematically as

N,
S~ ST / d'z [APA + A%0A + AY]
where A = ¢%,,N,. and A denotes SU (N,) gauge field which index is suppressed. Then

Feynman rules of this theory is written as follows,

e Relate each propagator of A with the factor N%, because the propagator is the inverse
of the quadratic differential operator %82

e Relate each loop with the factor N., because N, types of color indices run in the loop.
e Relate each vertex with %, because all coupling constants are this value.
The factor of the diagram with P propagators, L loops and V' vertices is
A\ N
(3 () o e

In the large N, limit, the contribution of the diagram with smaller x is not important. y is
coincide with the Euler index of the polygon with P edges, L faces and V vertices and the
diagram is just the polygon when we regard the propagators, the loops and vertices of the

7



SU (N.) Local Lorentz

Transformation P = ' Tup P — e5¢PSas P
Connection A, = AT, Wy = %waisaﬁ
Covariant derivative D, =9, —igA, Dy = 0+ wy = 0 + %wa/zsaﬁ
Curvature Fu = 0,A, —0,A, —ig[Au, Al %Raﬁysaﬁ = Ouwy — Oywy, + Wy, wy]

Table 2.1: The theoretical structures of SU (N,) gauge theory and the theory with local Lorentz
symmetry.® is a some representation of the gauge group or of the Lorentz group, Af7,7T*
and g are the gauge field, the generator and the coupling constant of SU (V) gauge theory,
respectively. wo‘ﬁu and S, are the spin connection and the generators of local Lorentz group.
Here o, = 0,---,D — 1 represent indices for the local Lorentz coordinate and pu,v =
0,---,D — 1 represent indices for the general coordinate.

diagram as the edges, the faces and the vertices of the polygon respectively. This observation
implies the existence of some relationship between the gauge theory and gravity, because the
strength of the contribution of diagrams of large N, gauge theory can be determined by the
topology of diagrams.

Another example of a relationship between these theories is the formalism. We can confirm
that SU (IN,) gauge theory with SU (IV,) gauge symmetry and gravitational theory with local
Lorentz symmetry has the common theoretical structures as in Table 2.1. Replacing 6, T,
—ig, A, and F,, with €*, S5, 1, w, and %Ra’iysaﬁ, respectively, we find a complete analogy
between the theoretical structures of these two theories.

So there must be some relationships between these two different theories. One of the
realizations of this is the gauge/gravity duality. The gauge/gravity duality is a concept
which stems from superstring theory. In string theory, there are open strings which contain
gauge fields and closed strings which contain gravitons. It is natural to think that gauge
theory is related to gravity. In Appendix A, we argue that in the [; — 0 limit the low
energy effective action of the closed string becomes the one of ten dimensional gravity as
in Eq. (A.24) and the Dp-brane action contains the (p + 1)-dimensional gauge theory as in
Eq. (A.31). Since the gauge theory is on D-branes, they play a crucial role of linking the
gauge theory with gravity. The reason why gauge fields are localized on D-branes is clear.
The gauge field is a set of massless quanta of oscillations of an open string which ends on
D-branes and the masses of the lowest excitations of strings are proportional to the length of
the string. In order for the excitations to be massless, the string should not have length so
that it is localized on a D-brane. On the other hand, the graviton is a set of massless quanta
of oscillation of closed string, so they can be anywhere. We will explain the more detailed
idea of the gauge/gravity duality in the following sections.



2.2 AdS/CFT correspondence

The AdS/CFT correspondence is one of the realizations of gauge/gravity duality and it is the
clearest model to explain the idea of the duality. AdS stands for the gravitational theory on
Anti-de Sitter spacetime and CFT for AV = 4 super Yang-Mills theory which is a conformal
field theory. We will explain how the duality realizes this correspondence.

First we explain why gravity on AdS spacetime corresponds to CFT. This may be done
by considering the system of N. D3-branes from two different points of view. The action of
this system is given by

S = Spuk + Sps + Sint,

where Spur, Sps and S;,; are the action on ten-dimensional spacetime , that on D3-branes
and the action that describes interactions between the bulk modes and the brane modes.

In the low energy limit [y — 0, the effective action in Eq. (A.31) is valid. Then in the
limit S;,: — 0 Spur becomes the action of the ten-dimensional gravity in a flat spacetime,
SquGRA and Spz becomes the action of N =4 U (N,) gauge theory in 3 + 1 dimensions,
Scrr. So in this limit we have two decoupled systems, SSUGRA and Scrr.

On the other hand, we can describe the same system in a different fashion. Since D-
branes are massive charged objects which act as sources for the graviton or other fields in
supergravity, the ten dimensional spacetime geometry is changed from the flat geometry.
Especially in the limit [y — 0, the ten-dimensional Newton constant Gy ~ [ — 0 and the
supergravity description of the D-brane action, Eq. (A.24), is valid. Then D3-brane solution
of supergravity takes the form,

AN —1/2 R4\ /2
e (1) i ()

where R* = 41g,a/?N, and p,v = 0,1,2,3. The metric Eq. (2.1) is decomposed into two
parts,

2 2
dshas = %mudx“dx” + R;z (dr® +r%dQ3)  (r < R), (2.2)
T
dsfclat = nMNddexN (T > R) )

where M, N = 0,---,9. The metric Eq. (2.2) represents the geometry of AdS;x S® spacetime.
In the limit Iy — 0 with A = ¢%,,;N. ~ g,N, being fixed, R goes to zero and the region of Eq.
(2.2) shrinks to a single point » = 0 and all other region becomes Minkowski spacetime. In
this limit, we get two separated theories described by the action S = Sa4s + SSUGRA'

Now we have two descriptions for the same system, N. D3-branes in flat spacetime, and
they share the same action Squygra- So we conclude that the residual part of the action
describes same physics. This is a simple reason why we consider gravity on AdS spacetime
corresponds to CFT. We summarize the features of the AdS/CFT correspondence in Table
2.2.



’ ‘ theory ‘ dimensionality ‘ coordinates ‘ N, ~ o0

Gravity SUGRA in AdSs x S° (effectively) 5 | t,z,y, 2,7 # of D5-branes
QFT | N =4 SYM in flat 4D space 4 t,r,y, 2 the gauge group SU (NN.)
’ ‘ Interaction ‘ parameters ‘ symmetry ‘
Gravity weak (classical) R, o/, gs, N, SO (3,2) x SO (6)
QFT | strong(full quantum) | A = 2{% = 2mgsNe, Ne | SO (3,1) xR symmetry

Table 2.2: The summary of the AdS/CFT correspondence. In reality, the dimensionality of the
gravity theory is 10. However it reduces to 5 due to the rotational symmetry of the S° part of the
geometry. Four of the remaining five coordinates of the ten-dimensional spacetime is the coordinates
of 4D Minkowski spacetime common to the dual gauge theory. The fifth coordinate r of the gravity
side is related to the energy scale.

In order for the arguments given above to be valid, several conditions must be satisfied.
First the limit g; — 0 must be taken for the string perturbation to be valid. Secondly we
need to take the limit N, — co with fixed A ~ g,N,. Finally we need (R/I,)* ~ XA > 1 for
the classical gravity description to be valid. From these it is seen that the validity of the
above arguments is guaranteed when the conditions N, > A > 1 is required.

The evidence of the AdS/CFT correspondence is the equivalence of the symmetries on the
both sides. On the CFT side, there is the conformal symmetry (ten Poincaré transformations
M,,,, P, and four conformal boost K, and one dilatation D) and the conformal algebra is,

= —1 (nuppl/ - nuppu) )

[l P]
[M,Lwa Mpa] = _in,upMua + inupMyo - inquup - inuaMum
D,P,] = —iP,, [D /K, =1iK,,
[Mum Kp] = —i (n,upKu - anKu) )
P, K,] = 2iM,, — 2in,,D,

with all other commutators vanishing. On the AdS side, there is the isometry SO (3,2)
(which has fifteen generators Jyn, (M,N =0,1,---,5)) and the SO (3,2) algebra is,

[Jun, Jrql = —inypdng + inypIug — ivgmp — inygInp,

where 1), = diag (—1,1,1,1,—1) and all other commutators vanish. The generators of the
conformal group may be identified with those of the SO (3,2) isometry group;

1 1
J,uV:M/u/a J,u4:§( M_Pu)> JM5:§( H+PH)7 Jis = D.

In addition, the isometry S® on the AdS side plays a role of R-symmetry on the CFT side.
Thus the symmetries on both sides are the same.

10



On the AdS side, there are five coordinates #, r. The coordinates z* have SO (3, 1) isom-
etry, so it is natural that they are interpreted as the coordinates of the (3 + 1)-dimensional
gauge theory. However there is an additional fifth coordinate r which do not exist in the
CFT. What is the meaning of this coordinates? Note that the metric given in Eq. (2.2) is
invariant under the transformation,

at — kxt, r—r/k.

This symmetry represents the scale invariance of the CF'T, and the fifth coordinate r has the
same scaling property as that of the energy. Thus we may interpret this coordinate as the
energy scale.

2.2.1 Wilson-loop

In gauge theory, Wilson loops are important operator in analyzing the theory. A Wilson loop

is defined as
W(C)="Tr [Pexp (zyg A)} ,
c

where P denotes path ordering and the trace is taken over the gauge indices. C'is a closed
path in four dimensional spacetime. When the path C' is the rectangular one with the sides
of the time directions of length 7" and the sides of a space direction of length L, and we take
the limit 7" — oo, the expectation value of the Wilson loop behaves as

<W> ~ e—TV(L)7

where V (L) represents the potential energy between quark and anti-quark with interval L.
The information on V' (L) is important because it can be used as the criterion whether the
theory exhibits confinement or not. If V' (L) has an upper bound, we can separate a quark
and an anti-quark as far as we want, that is, the color is deconfined. Conversely, if %V does
not approaches zero and has a positive value when L increases, we need infinite energy to
separate a quark from an anti-quark, then the color is confined.

Using the AdS/CFT correspondence, a Wilson loop may be obtained by calculating the
minimal surface of the string world sheet which boundary depict the closed path C' on AdS
boundary (r = 00)[3]. This correspondence is quite natural. C' may be interpreted as the
path of a heavy quark anti-quark pair in the gauge theory. Here by a quark we mean a
fundamental representation of SU (N.). An open string which ends on NN, D-branes is also a
fundamental representation of SU (IV,) in the string theory. However when we represent the
D3 brane action as the supergravity action, two strings which had been ending on D3-branes
lose their endpoints and they must be connected each other. The image of this correspondence
is shown in Fig. 2.1.

In a curved spacetime, Nambu-Goto string action (A.1) is written as

OXM XN
SNG— ——/deO'\/ det ao_a 8 b GMN) s




flat spacetime

flat spacetime

r

0.¢)
%> AdSs x S°

D3-branes 0

Figure 2.1: The image of the correspondence between the Wilson loop in the CFT and the minimal
surface ¥ of the string world-sheet in AdSs x S° space. On the left hand side, two end points of
two strings which have different orientation represents two different fundamental representations of
SU (N.) in the CFT on N, D3-branes. Then the closed loop of the end points of the strings C should
represent a Wilson loop with closed path C. In the appropriate limit, namely in the decoupling limit
o’ — 0 and the near horizon limit, this situation can be regarded as the minimal surface ¥ which
satisfies 9% = C in AdSs x S° space.

where Gy is the metric of ten dimensional spacetime (here, AdSs x S° spacetime). By
setting 0¥ = ¢, o' =r, X! =z (r), the action may be rewritten as

T r\4
= — — 12
S 27ro//d”/1+ <R> 272, (2.3)

where ' = 0,x. The action does not depend on x, so that there is a conserved momentum

(5)
P = 27/ 0p L = & =c, (2.4)

Vi@

where c is a constant. Because we want a static string solution which corresponds with a

rectangular closed path C' on the AdS boundary, we search for the solution which has a

turning point ry, : 2’ (1,) = 0o . Then we determine the constant ¢ as ¢ = (”—b)2, solve Eq.

R
(2.4) for 2, and get

i iL)j. (2.5)
) -1

Setting z (r,) = 0, x (r = 00) = L/2 and integrating the both sides of equation, we get the

12



relation between L and 1,

h

2
T
e

Tb

[\]
/N
J=
~
B
|
—_

R? [ 1

Ty J1 ny 41
R? /2732

nr(5)°

Substituting Eq. (2.5) into Eq. (2.3), we get

oy [ 2
S = r—”/ dy—2——. (2.7)
1

2/ Vyr—1

The integral diverges because the integrand \/% goes like ~ 1 at large y. The divergence
.

comes from the contributions originated from the infinitely heavy masses of the quarks. Thus
we should subtract this contribution,

= 1 /Ood—r’” /yd+1
Ma = ora 0 " e L 4 ’

from Eq. (2.7). Using Eq. (2.6), we finally get the quark anti-quark potential

V(L) — —§ ~om,

00 2
2! | 4 Yyt —1

Cant (20?1
oW L

4

This coulomb-like potential is expected because the CFT has no scale, so L~! is needed
for this quantity to have the right dimension. In this type of the potential, quarks are not
confined because they can go away from the potential force with a finite energy.

2.3 SAdS/finite temperature QFT

One of the simple modification of the AdS/CFT correspondence is adding the temperature
to the these theories.

13



2.3.1 Black hole and Thermodynamics

In gravitational theory, temperature comes in when one considers a black hole. Thermody-
namics is described by a few quantities, temperature T, entropy S etc.. On the other hand
a black hole is also characterized by a few quantities, the black hole mass M, the black hole
charge () and the angular momentum J. Let us assume that it is a spherical symmetric and
chargeless black hole in 4 dimensional spacetime, i.e., a Schwarzschild black hole. There are
few quantities to characterize the black hole, the mass M, the area of the horizon A and
the surface gravity « which is defined as the acceleration of a hypothetical particles on the
horizon. In reality these quantities, however, are not independent and can be written with
M only. The area A is determined by the mass M,

A = dnry, = 161G M?, (2.8)

where ry = 2GM is the Schwarzschild radius and G is the 4-dimensional Newton constant.
This quantity only increases and it never decreases classically, because no particles can escape
from the inside of the black hole. Thus it may be regarded as an analog of entropy. Then
differentiating both sides of Eq. (2.8), we get

1
321 G2M

This relation looks like the first low of thermodynamics, dF = T'dS. When the metric of the
black hole is represented as

dM dA. (2.9)

1
f(r)
where f (ry) = 0. The temperature may be calculated by the following procedure. After

making a Wick rotation from ¢ to the Euclidean time ¢g by replacing ¢ — —itg, impose the
periodic condition on ¢ty to avoid the conical singularity,

ds* = —f (r)dt* + dr® 4 --- | (2.10)

At = fér)dr%rf(r)dt?frm

1
f(ru) (r—ru)

/ 2

dr* + f' (rg) (r —rg) dts, + - - -

2

(r—rm)
f'ru)
given by o0t = %. The Hawking temperature is coincide with the inverse of this period,

namely )
g

Ty = .
H 47

where we introduce a new coordinate p = 2 Thus we require that the period is

14



For a Schwarzschild black hole, the temperature becomes Ty = so the first law of the

black hole dynamics Eq. (2.9) may be rewritten as

1
8ntGM’

dE = TydS,
where ) 4
E=M, Tyg=

8tGM’ 5= 4G

As we have seen above, the black hole represents a thermodynamic system, however, its
entropy is not proportional to the volume of the black hole, but to the area of its surface.
This holographic feature is compatible with the gauge/gravity duality.

2.3.2 SAdS /finite temperature QFT

As we have discussed in section 2.3.1, the gravitational theory at finite temperature has the
black hole geometry. The metric of such a geometry is written as

2 2 2
a5t = = (5) O+ —5—+ () (da® +dy* + a2, (2.11)
h ()" f(r) M
where f(r) = 1 — (%’)4 and there is a horizon at r = ry. This geometry is called

Schwarzschild-AdS (SAdS) black hole. The black hole has the Hawking temperature which
is defined by using the surface gravity on the horizon r = ry as

R 87" (_Gtt)lr:rH g
or A7 - 1R?’

where Gy = — (%)2 fr).

2.3.3 Wilson loop

Wilson loops in this background are studied in Ref. [4]. We will review the arguments briefly.
In this background, the string action which represents a Wilson loop is written as

1 r\4
= — _ 12
Sna 5o /der\/l + <R> f(r)a?,

where x () is the function which characterize the configuration of the string and 2’ = 0,x. We
can extract the information on the quark-antiquark potential V' from this action by solving
x with appropriate boundary conditions and identifying —Syg/T with the potential energy
including the contribution of two quark masses, where T" and L are the time and the space
intervals of the Wilson loop, respectively.
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Then conserved canonical momentum conjugate to x is

r

4

%) f(r)a A

pon S —c=(2) VI,
\/1 + (%) f (r)a”

where c is determined by imposing the condition that the string has the bottom at r = r, =

bryg > 1y, namely 2’ (1) = oco.! We also impose the condition z (r;) = 0. Solving this
equation for z’, we get

1

\/(<:7>4 ke 1) (%)4“7’)'

Then space interval L which corresponds to the distance between the quark and the antiquark

is calculated as
L o0
5 = /r ,, dr ' (r)

_ W

(2.12)

1
\/y )yt - 1)

(2.13)

and the quark-antiquark potential V' is
SNG - 2Sfree

v
yt—1 2TH

= 27ro/ / ,/ i 27“1, dyl (2.14)

where Sppee/T = —525 * dyl represents a contribution of a free quark mass. Evaluating

Eq. (2.13) and Eq. (2.14) for each r, with fixed ry numerically, we obtain the relation
between V' and L as shown in Fig. 2.2.

As it can be seen in Fig. 2.2, there are two special point L,,,, and L,. U-shaped strings
cannot extend more than the length L,,,, and we have two string configurations in L < L;,4;.
One of these configurations has the energy which is higher than the other configuration. The
higher energy configuration at L = 0 agrees with the twice of the energy of an isolated string
which corresponds to quark mass. In addition, two U-shaped string solutions with L > L,
have the energy higher than that of two isolated string. We can confirm that L. < L.
from Fig. 2.2. When there are some solutions with the same physical condition (it means
the same value of L in this case), we should choose the solution of the lowest energy. Then
the quark-antiquark potential V' (L) vanishes at L > L,. The feature of this behavior of V-L
relation can be interpreted as the existence of the screening of the color force in the region
L > L,. It is characteristic of the theory at finite temperature.

'If we chose 1, < rgr, 2" and x would be pure imaginary. Because they have a meaning of the position of
the string, we must choose 7, > rg.
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Figure 2.2: V-L relation for finite temperature theory with o/ =1, R =1 and rg = 1. Because
we normalize the potential by subtracting two quark masses, we should consider that the result can
be useful while V (L) < 0 is satisfied and we regard V (L) as zero in the regions of V (L) > 0 or the
region there are no solution which satisfies the condition (2.12).

2.3.4 Drag force

Since the SAdS space has a temperature, there are various thermodynamic features. One of
such quantities is a drag force [5]. In the thermal theory, an individual quark moving with
an uniform velocity feels resistance from the thermal background. An individual quark is
represented by a string hanging down into the horizon from the AdS boundary in the context
of gauge/gravity duality. So we should analyze a string which hangs down from the AdS
boundary, moving with a uniform velocity

x(t,r)=vt+&(r). (2.15)

Since we want to know the resistance in equilibrium, £ (r) should not depend on . When
the metric is diagonal, the action of this string and the equation of motion become

1
2o

Sne = —

/deO—F, (2.16)

5/ |Gtt| Ga:a:)
O | —F—— | =20 —q), 217
( = : (vV=9) (2.17)
where /=g = \/|Gu| G — V2G 0G4+ €2 |Gyy| Gy In the SAdS spacetime, |G| = (}%)2 f(r),

Gy = W, Gpw = (%)2, f(r)y=1- (%)4 and the action given in Eq. (2.16) is rewritten
r T

as

1 1 o (TN
Sne = —Qﬁa,/dtdr\/l—#f(r) yen (§> 7).
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Because it does not depend on &, the conjugate momentum
A
v _ (5)'f()€
o¢’ 4
§ \/1—1)2ﬁ—1—f’2 (%) f(r)
does not depend on 7. Solving this equation for &, we get

/7 L E ? f(r)_UQ
: _if(r) <r> \/(L)“f(r)/m—f (2.19)

R

pe = —27a =C (2.18)

where the sign must be the same as that of the velocity because the string in the bulk is
trailed by the end point on the boundary r = co. Since £ is a spacetime coordinate, it and
its derivative should be real. Thus, to keep the quantity inside the root positive, we impose
the following conditions

ro=v () ro-c=o

where 7 is the turning point where the both signs of the denominator and the numerator
inside the root change. These conditions imply that

L v TH
VI 2R

where the sign convention is the same as that of Eq. (2.19). Then plugging Eq. (2.20) into
Eq. (2.19), we get

C (2.20)

é—/ T?‘I‘R2
oy v >
rt—ry
R? r r+r
§ = ——v <tan_1——|—ln + H)
2ry Ty r—Try

A typical configuration of this string is displayed in Fig. 2.3.

Actually —ﬁpg represents a (r,x) component of a conserved world sheet current of the
spacetime energy-momentum P’ = g(ﬂaff)' Thus the quark which corresponds to the end
of this string loses the quantity of the momentum per unit time. Therefore the force of

resistance acting on the quark due to the thermal disturbance is

dp 1 vy

dt C2ral /1 — o2 R2
V2N oD

prng ——ﬂ' _—
2 qu

p
—1NsAdS —,
Mg
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Figure 2.3: A typical configuration of the trailing string with o’ =1, R=1, rg =1 and v = 0.1.
The horizontal line represents the horizon at r = rg.

where m, is a (formally infinitely heavy) quark mass, A = g%,,N. = R*/2a/? is the 't Hooft

coupling, Ty = 47 is the temperature of the dual field theory and the friction constant for

a dual thermal QFT of Schwarzschild-AdS ngaqs is
V2

NsAds = —5— 7Ts (2.21)

This temperature dependence of ng44s is peculiar to the field theory equivalent to the grav-
itational theory on the SAdS spacetime. The SAdS spacetime is generalization of the AdS
spacetime with the scale ry. Thus the corresponding field theory becomes the generalization
of the CFT with temperature Ty. Because the theory contains only one scale Ty, quantities
that have mass dimension +2 like 7 must proportional to T%.

2.4 dAdS/non-conformal QFT

Another way of introducing the scale into the theory is making the YM coupling gy s depen-
dent on the scale. A simple model in which such a behavior can be seen is given in Ref. [6, 7].
The model can be obtained by considering 10D IIB supergravity with the self dual five-form
field strength F5, the dilaton ®, and the axion y. This supergravity is the low energy limit
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of the D3-D(-1) (or D-instanton) system. The solution is
2 R2
ds? = e®/? {%nw,dm“dx” + ﬁdrz + ng} , eP=1+ 4 (2.22)

where R* = 47g,N, and ¢ denotes the vacuum expectation value of the gauge fields con-
densate. Since the metric Eq. (2.22) is the same as the metric of the AdS space up to the
deformation of the dilaton factor e®/2, we call the spacetime of this metric deformed-AdS
spacetime or dAdS spacetime in this thesis.

The form of the low energy effective action of D-brane, Eq. (A.31), suggests that we
should identify the YM gauge coupling g% ,, as

P
2 gse

=7 2.23
9y Mp Toy (27?0/)2 ( )

in the non-constant dilaton case. If the dilaton field ® depends on the fifth coordinate r, Eq.
(2.23) implies scale dependence of the YM coupling. The model described by the metric in
Eq. (2.22) is just such a case. In this model, thus, quarks would be confined by this scale
dependent color force. In fact, we can find the quark confinement because we find a linear
rising potential between a quark and an antiquark with the tension ~ \/c_]/)\l/Q. However,
chiral symmetry is preserved because the vacuum expectation value of the order parameter
is zero. In other words, the dynamical mass generation of massless quarks does not occur.
This model corresponds to N' = 2 supersymmetric Yang-Mills theory [7].

2.4.1 Wilson loop

Because of the scale dependence of the YM coupling, the Wilson loop in this theory is
different from the one in CFT. In this model the action given in Eq. (2.3) and the conserved
momentum, Eq. (2.4), are modified as

_ T @/2 | "\ e
S——Qﬂa//dre 1+<R>x,
4

2 (F) 7 <@>2e¢<rb)/z
L ()ter

Pr = =210/ Oy L =

Y

where 7, is a bottom point of the string which satisfies 2’ (1,) = oo, r, # 0. Then the
separation between a quark and an antiquark L and the quark-antiquark potential may be

estimated as
L/2 = / drz’
Tb
= ®0)2 /9 (2.24)
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Figure 2.4: V-L relation for non-conformal theory. The parameters are set as o/ =1, R =1. We
display the data for ¢ = 4 (upper plots) and ¢ = 0 (lower plots). The potential for ¢ = 4 is linear
rising in the large L region, while the potential for ¢ = 0 is coulomb-like.

and
V(L) = —;—2mq
where Ly/2 = B2 V3m32 5o the separation in the AdS/CFT case, Eq. (2.6), and the quark

" r(i)
mass my is defined by m, = ﬁ fooo dr.? The relation between the quark-antiquark potential
V and L are shown in Fig.2.4. Taking limit r, — 0, Eq. (2.24) and Eq.(2.25) become

R \/273/2
LJ2 ~ T

» T'(1)
2q \/57.‘_3/2

Vo~ 2ralry (i)z '

Thus the relation between the potential V' and the separation L is given by

V(L) ~ %L (2.26)

2This “quark mass” is just a regularization of the potential Eq. (2.25) and it is not real isolated physical
quark mass. The natural definition of the real quark mass

1 o )2
my = 27ro//0 dre®/

has the IR divergence. It can be interpreted as the absence of the isolated quark in the dAdS model.
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in r, ~ 0 region. Eq. (2.26) means that the potential increases as a linear function of L with

the coefficient 2m‘§m in large L region. We can regard this observation as the sign of the

confinement.

2.5 Sakai-Sugimoto model

Another holographic model is the Sakai-Sugimoto model |8, 9]. The model is constructed by
placing Ny probe D8-branes into a D4 background. The D4 background[10] is a solution of
the field equations of the supergravity that corresponds to a system of N, D4-branes and one
of the coordinates 7 compactified on S*,

2 U 32 [T B 2
dsi, = In (Nudz"dz” + f (U)dr?)

+ (5)3/2 (Jfl(U;) + UQdQZ) : (2.27)

U\ 67N, U3
¢ _ - _ _ Zhive _ 1 _ YKK 3 _ 3
€" = (s (R) ) F4_d03_ 87'('2 €4, f(U)_l U3 9 R _ﬂ-gchlsv
where dQ3%, €, are the line element and the volume form, respectively. x* (u = 0,1,2,3) and
7 are the direction along which the D4-brane is extended. Uk is a constant parameter. In

order to avoid the conical singularity at U = Uk, 7 must be a periodic variable with

Am R¥?
T~T+T, 0T = ?ﬂ—m'
Uk
The Yang-Mills couping gy s at the Kalzu-Klein mass scale Mgx = (25—: is

2 (271—)2 sl

Iym = T

Embedding a D8-brane in the D4 background (2.27) with the D8-brane’s coordinates
(€M7€T7§U7€Q4) = ('IM,T, U (7-) s (?4 = COHSt.) ,

we get the induced metric on the D8-brane as

7\ /2 U\ /2 R\3/2 [
dspy = (E) Nudx’dz” + <(§> FU)+ (U) f(U)) dr?

R\ /2
(Y v 225)
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Figure 2.5: A brief sketch of the Sakai-Sugimoto model. On the left side, N. D4-branes and
Ny (< N.) D8-branes are embedded in flat spacetime. After taking some appropriate limit, the
contributions of N. D4-branes are replaced by the geometry with the metric, Eq. (2.27), and Ny

D8 and D8-branes are connected with each other.

where U’ = LU (7). Imposing appropriate boundary conditions as U (0) = Uxx, U’ (0) =0,
the induced metric on the D8-brane (2.28) is reduced to

3/2 3/2
4
dshg = (%) Ml da” + <§> —UgK dz? + R¥2UY2d02, (2.29)

U3 == UI?)(K —+ UKKZQ.

A brief sketch of this system is shown in Fig.2.5 . Open strings which are regarded as
quarks in holographic description can end on Ny D8-branes, so the quark has U (Ny) flavor
symmetry. When we describe the system in terms of supergravity, Ny D8-branes and N
D8-branes which are originally distinct objects will connect and become a single component
of Ny D8-branes. This can be interpreted as the holographic description of the spontaneous
breaking of the U (Ny), x U (Ny)y chiral symmetry.

The gauge field on this D8-brane configuration has nine components, A, (1 = 0,1, 2, 3),
A, and A, (o = 5,6,7,8, the coordinates on the S%). Since the brane configuration has
SO (5) isometry which corresponds to the rotation of 2° 2% 27 2% 2% we assume A, =
A, (xtz), A, = A, (2", z) and A, = 0. Then the DBI part of the D8-brane action becomes

Sps = —Ti / d9x6_¢\/— det (Gap + 2w/ F )

3

_ R3 9 U
= Ty [ d'zdz |—=n""n°F,,F,, + - wp F,,
8/ vz LLU77 T P uplve + 97—

+S5) + O (), (2.30)

where Ty = 247T2R3/2U11{/12{TD8 (2ma’)? /32g,, ng = —Ts [ dze=?/— det Gy,
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2.5.1 Baryons in Sakai-Sugimoto model

A baryon in terms of holography is represented as a D-brane wrapped around a sphere.|11]
In the Sakai-Sugimoto model, it is a D4-brane wrapped around the S*. This corresponds
to a soliton of the five dimensional gauge theory on D8-branes. We can confirm that these
two descriptions of the baryon are related each other by calculating their mass. The mass of
D4-brane wrapped around the S* can be extracted from the action of a D4-brane,

SD4 = —T4/dt/dQ4€ —GttG 54)

= -7 (?) 1R3UKK/d

Thus the D4-brane mass is

U=Ukgk

82 1
Mmpyg = T4 (?) 1R3UKK == FMKK/\N

On the other hand, the minimum contribution of gauge field in D8-brane action in Eq. (2.30)
can be estimated as

SDg—Sg)E); = —Tg/d4xdz [fUFQ g—Ui FQ}

. 2/3
3/2T 2
_%/d%ﬁdz Uk <1 + <UZ > ) ‘El]kaEz
KK

1
> —— MyggAN, NB/dt

v

27m

where we use relations (e”’“F]k) = 2F2 (V; = W;)? > 0 for the first inequality and 1 +

YR

2
(U;K> > 1 and Np = g [ d*xdze*F;, F;, for the second inequality. The minimum

contribution from gauge field with Np = 1 is coincide with the D4-brane mass,

Mesoliton = 2,7_7TMKK>\NC = Mp4.

The fact that the mass of soliton with the soliton number N; = 1 coincide with that of a
D4-brane wrapped around the S* once can be regarded as an evidence of the equivalence
between these two descriptions of the baryon.
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Chapter 3

Holographic Unruh effect

3.1 Introduction of this chapter

Unruh effect is the thermal effect for an accelerated observer. The statement is “An observer,
who is accelerated with a constant acceleration a in the Minkowski spacetime, would see a
thermal bath of the temperature a/27”. A brief explanation of this effect is given in Appendix
E.1.

A similar situation has been studied for the A’ = 4 supersymmetric Yang-Mills theory
in the context of the holography [12, 13, 14, 15|. In the approach of Refs. [14, 15|, an
accelerated quark has been introduced as a string solution of the Nambu-Goto action which
is embedded in the AdS5 (anti-de Sitter) background dual to the N = 4 supersymmetric
Yang-Mills theory. The solution in this background has been found by Xiao [14], and one
finds an event horizon in the induced metric (in its world sheet) of this string configuration.
The position of this horizon is specified by the fifth coordinate of the bulk.

Xiao proposed an extended form of Rindler transformation (ERT) to move to a co-moving
frame of the accelerated quark. Performing this ERT, the event horizon appears in the bulk.
Thus the theory dual to the geometry after the ERT is considered as a Yang-Mills theory
at a finite temperature. The temperature is given by the Rindler temperature T = a/27.
At the same time, the position of the bulk horizon can be put at the same fifth-coordinate
point with the one of the world sheet horizon of the accelerated string. As a result, in the
new coordinate, one finds a static string which connects the boundary and the event horizon
of the bulk.

This is nothing but a free quark-string configuration in the Rindler vacuum. Since the
theory dual to the AdSs is in the deconfinement phase, there is also a free quark in the
Minkowski vacuum at zero temperature. However we should notice that the free quark in a
vacuum is not the same as the one in another vacuum, because the static free quark in the
Minkowski vacuum cannot be transformed to the one of the Rindler vacuum by the ERT,
and vice versa. In both theories dual to AdSs and to the one transformed by the ERT, the
quarks are not confined. So the confinement-deconfinement transition has not been regarded
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as a thermal effect in the Rindler vacuum. Thus, it remains an important point to study this
transition for the gauge theory in the confinement phase in the Minkowski vacuum. There
had been no such attempt until we did it.

We consider a confining Yang-Mills theory in the Minkowski vacuum in order to examine
properties of its Rindler vacuum, which is obtained by performing the ERT. As a concrete
model, we consider a supersymmetric background solution of type IIB theory introduced in
Sec. 2.4. This background is dual to the N' = 2 supersymmetric Yang-Mills theory, and the
quark is confined in this theory |7, 16].

We look for a solution of the equation of motion for the Nambu-Goto action that is
similar to the one found by Xiao. Then the original coordinates with the Minkowski vacuum
are transformed to the co-moving coordinates of the accelerated string solution by the ERT
given by Xiao. After performing this transformation, we could find the free quark-string
configuration in the Rindler vacuum. This implies that this Rindler vacuum is in the quark
deconfinement phase. However, we should again notice that the “quark” in the Rindler
vacuum is different from the quark in the Minkowski vacuum. Then this phase change
between the Minkowski and Rindler vacuum cannot be interpreted as the phase transition,
which is seen in the usual finite temperature theory.

In the vacuum defined by the new coordinates, the dual theory can be regarded as the
thermal Yang-Mills theory with the Rindler temperature. We examine its thermal properties
and assure that the confinement has been lost at any finite value of the Rindler temperature.
So, there is no critical temperature in this case. On the other hand, some remnants of the
confining force are seen in various quantities. The situation is similar to the case of the finite
temperature theory dual to the AdSs-Schwarzschild background.

an accelerated solution In the case of AdS/CFT correspondence[14], it is suggested that
the Unruh effect is observed by analyzing the system in which a quark and an anti-quark
are uniformly accelerated along mutually opposite directions. In the AdS/CFT context, the
motion of the quark corresponds to the motion of the end of the string which moves in the
bulk. So such a string solution z (¢,7) should behave

1
x(t,r)Q—tQZE, r — 00,

and satisfy the equation of motion

L NG OLne\ _
8,5( o )—i—&n( o, >_0’
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where

. Goo + G11I.2 Gni‘l‘/
Ena = \/_ det ( G Gu2”? + G,, )

- \/(|G00| o Gll"tz) (C;(lll'/2 + Grr) + G%15t2$,2

G G
_ 2 o T rr
Gll\/x by an + Gy (3.1)

and —Gyg = G11, G, are the diagonal components of the background spacetime metric which
depends only on 7. Then the equation of motion (which is also the momentum conservation
law) is given as

atpi% + arpr = 07

where
OLnNa -G
pe = ox - 2 G 2 G ’
12 __ Lrr g Srr
\/ZL‘ an”’ - Gu
8£NG Gn.f’
pro = oz’ - 2 G 2 G '
12 __ Lrr g Srr
\/ZL‘ an”’ - Gu

If we use an ansatz
x(t,r)=t2+ f(r), (3.2)
the equation of motion becomes
Guzif
_ G;T Lo, “22f (r) _0. (3.3)
VPO & \JEre) + &

The induced metric on this string is written as

ds® = (Goo + G11d?) dt* + 2Gaa'dtdr + (Gua”? + G,,) dr’.

Then the trajectory of light (ds? = 0) on this metric is represented as

—2G11i‘$/ + \/(2G11i$/)2 — 4G11 (G11£L‘/2 + Grr) ($2 — 1)

dr =
" 2 (Gllxl2 + Gr'r)

dt,

where the plus sign denotes a trajectory of light which initially goes up to the positive
direction of r, and the minus sign denotes that initially falls down. When = = 1, i.e.,
f(re) =0, dr = 0 or negative, any information on the lower part (r < r.) of this solution
cannot propagate to the upper part (r. < r) across r.. The existence of such a point implies
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Figure 3.1: A straight bar moving along with the y axis.

that the physics of the upper part can be represented only by the upper part and do not
need the information on the lower part.

What happen in the region r < r.? At r = r., @ (r.) reaches the speed of light, c = 1. Tt
implies that & (r) in 7 < r. may exceeds c. Does this fact cause any problem? If we expand
f(r) near r = r. as

f(’l“) :f(’f‘c)+f/(7"c)<7”—’l“c)+"- )

the leading order of the equation of motion in r — r. expansion leads to

4G,y (1e)

filre) = —=—-+

11 (re)

where G'); = 0,G1;. This quantity is positive when G'; (r.) > 0, G, (r.) > 0. This condition
is satisfied in Egs. (2.2), (2.11), (2.22), (2.27) and (2.29). Thus, indeed, & exceeds the speed

of light c,

t
T = —F————=>1, forr<r.. (3.4)

VEE 0
However it does not mean that true string speed exceeds c. Because string is extended object,
the intersection at which string across the hyperplane at » = r. can exceeds the speed of light
even if the actual speed is smaller than c.
Considering a following situation is useful to understand above statement. Imagine a
straight bar moving along with the y axis with a constant velocity v < ¢ in flat Euclidean

space (z,y),

x(o,t) = Lcosbo, y(o,t) = Lsinfo —vt, (0<o<1).
It is shown in Fig. 3.1. Then we consider an intersection x (¢) where the bar crosses the
hyperplane at y = 0. It can be written as

cos 0 sin 6
—ut, 0<t<
sin 6 )

x(t) = L.
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And then, the speed of this intersection becomes

1
r(t) = .
(1) tan GU
This can exceeds c if v
0 < tan~' —.
c

However the actual speed of this object v is clearly smaller than c¢. This is what happens in
the region Eq. (3.4). So there is no strange point in the string solution Eq. (3.2).

3.2 Holographic Unruh effect in AdS/CFT

In the case of AdS/CFT correspondence, substituting —Gpo = G11 = ;—22, G, = f—; into Eq.
(3.3), we get the equation of motion

R? 1
_ r2 + ar 5-];6 (T)

VR E) + B fo () VA0 + By (r)

~0. (3.5)

This equation is satisfied by fo (1) = a% — f—;. Thus the accelerated string solution, Eq. (3.2),
is given as

/ 1 R’
z(t,r)= t2+§_r_' (3.6)

This solution approaches the ordinary trajectory of an accelerated object in the AdS boundary

r— 00,
1
x(t,r—>oo):\/t2+$,

. . 2
and also has the turning point at r, = f -,
R4
: 7
' (t,ry) = = 0.
24+ 1 _ R’
a? r?

Thus this solution represents a string, one of whose ends is accelerated to the positive z-
direction and the other is accelerated to the negative z-direction with the acceleration a. A
brief sketch of this solution is displayed in Fig. 3.2.



u=u,

Figure 3.2: A brief sketch of the solution Eq. (3.2). The string has the induced metric horizon at

U(E %) = up,.

To move to the co-moving coordinate of the accelerated quark, we perform the transfor-
mation which is introduced by Xiao [14] defined as

1 1

r = \/E—?eaﬂcosh(m-),
1 1

t = \/E—Eeaﬁsinh(aﬂ,

r = sR% (3.7)

where —oo < 5,7 < 00, a < s < oo. This transformation is the 5-dimensional extension
of the 4-dimensional Rindler transformation. The usual Rindler transformation is the trans-
formation concerning two coordinates in the 4-dimensional spacetime, time and the one of
the accelerated direction, but the extended one contains one additional direction of the fifth
coordinate of AdSs spacetime. We call this as the extended Rindler transformation (ERT).
Performing the ERT, the metric Eq. (2.2) becomes

2
b (= a?)dr + 5 (A5 + e (dy? + d2?) + d2) |

ds* = R?

2 _ 2
and the string configuration Eq. (3.6) is mapped to
g =0.

In the Rindler coordinates, the string configuration is static and an end of the string fall
into the horizon at s = a. Then the quark that corresponds to the other end on the AdS
boundary does not feel the existence of the anti-quark that corresponds to the end falling
into the horizon. Because of the existence of the horizon, the quark feels the temperature
_a
o
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This temperature can be calculated by the same method introduced in Sec. 2.3. This finite
temperature effect is similar to the situation in Appendix E.1, so we regard this effect as the
holographic description of the Unruh effect.

3.3 Holographic Unruh effect in dAdS /non-conformal QFT

Here we perform similar analysis to that in Sec. 3. First we find the solution for a string
accelerated in the bulk background, Eq. (2.22), dual to the N' = 2 supersymmetric confining
Yang-Mills theory. It can be obtained by solving the equation of motion, Eq. (3.3), and it
has the induced metric horizon at r. > R?a. Second we perform the ERT to this system in
order to move to a co-moving frame of this accelerated string solution, the Rindler frame.
Then in this frame we investigate two quantities, the drag force and the Wilson loop, which
are sensitive to temperature of the system.

3.3.1 Accelerating string solution

We assume that the solution of the accelerated string is written as in Eq. (3.2) and then
the equation of motion for the string is represented as in Eq. (3.3) with -Gy = G, =

®/2 r? _ _®/2 R? d q
€/ﬁ7 Grr—e/r—zande —1+r—4,namely

B €<I>/2R2 v 8 6<I>/2T2%fl (T)

2 JGr ) ) B A0

It is very difficult to solve this differential equation analytically, but we can solve this nu-
merically by imposing two appropriate boundary conditions, f (r = c0) = 1/a?, f'(ry) =0,
where 73, is the solution of f(r,) = 0. The former condition means that we consider the
quark that is accelerated with a constant acceleration a, and the latter one is necessary to
consider the string, both ends of which come back to the boundary. So it turns out that this
gravitational system represents that the quark and the anti-quark are accelerated with the
same acceleration a back to back in the non-conformal confining quantum field theory. The
numerical result of f (r) for a = 1 and several values of ¢ are shown in Fig. 3.3.

~0. (3.8)

3.3.2 Extended Rindler transformation and geometry

Then we move to a co-moving frame of the accelerated quark. In the transformed metric,
the quark should not depend on the time coordinate. We again employ the ERT, Eq. (3.7),
as such a transformation. In this case, spacetime metric becomes

2
LZ — (s* —a®) dr? + §* (dB* + e 7P (dy® + d=%) + d23) |, (3.9)

ds? = e®/?R?
s2—a
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0 1 2 3 4 5

Figure 3.3: The numerical results of f (u) (u = r/R?) for a = 1 and ¢ = 0, 0.5, 3.0 and 10 are
shown from left to right. The zero point of the solution moves to the right with increasing q.

4a8
o _ ge
T R
and the mapping of the string solution Eq. (3.2) is given by
2—t2_f()—> 1_]' QGB_f(RQ*aﬁ)
x = T ? 8—2 e = S e .

The string configuration in this Rindler spacetime is shown in Fig. 3.4. We note that the
point 7., that is the solution of f (r.) = 0 on the string, is mapped to s. = a. Thus the
boundary, on which the information on the lower part of the string can propagate, agrees
with the horizon of the spacetime metric. The temperature of this metric can be calculated
by performing the same procedure as in the AdS case. The result is

Ty = —. (3.10)

In the case of the non-conformal confining theory, we again get the same Unruh temperature.
This result is caused by ERT, Eq. (3.7). We employ the transformation to reproduce the
correct Unruh temperature Eq. (3.10). Whether the transformation is the unique transfor-
mation to reproduce the result Eq. (3.10) or not has not been understood. We summarize
the relation between transformations and temperatures for these systems in Appendix E.2.

3.3.3 Thermal features of the emergent Rindler spacetime

In this section, we study thermal properties of the Rindler spacetime Eq. (3.9) by ap-
plying gauge/gravity duality. Resultant properties may be interpreted as the physics that
the accelerated quark feels. It is interesting to see whether the confinement persists in the
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S0. 4 0.3 -0.2 0.1 0

Figure 3.4: Examples of the string solution g (s) for ¢ = 0 (straight line) and ¢ = 0.5,3,10 (from
right to left) with a = 1. Solutions for finite ¢ are bent due to the Yang-Mills force expressed by the
dilaton. Then the larger g becomes, the larger the deformation of the solution grows.

Rindler-dAdS space or not. We are also interested in the difference between the statistical
features along the accelerated direction [ and that along another direction y in 4-dimensional
spacetime.

Drag force Let us first examine the drag force acting on the quark moving with a constant
velocity in this thermal background. It can be studied by considering a string solution of Eq.
(2.15). It represents a quark moving with the constant velocity in an equilibrium state in a
thermal medium. We obtain the value of the friction constant of the quark in the thermal
medium from this analysis.

Strings moving to the longitudinal direction 5 A quark moving along [ axis
appears to be described by the solution,

B(1,s) =vT +&(s).

However such solution is not allowed. The equation of motion may be obtained by substi-
tuting

Gy — G..=—e*?R? (32 — a2) ,
1
Grr — Gss = 6¢/2R2ﬁ7
ST —a

sz — Ggﬁ = €¢/2R282,
into Eq. (2.17), as

o, (€¢/2£/52 (s? - az)) ) (ecp/z) \/—_g} —0,

-9
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where /—g = \/1 — P 4 €252 (2 — 2) . This equation is rewritten as

s2—a?
{'s? (s* —a?) —J 1
85( — e = §8§ (lne¢)
) 1- 2_a2
_ 2aq '
SRR 4

Since the left-hand side of this equation is independent of 7, the equation of motion is reduced

to q
—davt __ _4a€ .
¢ — ¢ (C 34R8> ’

where C' is a constant. This equation has no solution when & does not depend on 7. Thus
we conclude that there is no equilibrium state for a quark with a constant velocity in the
dual gauge theory to the geometry of Eq. (3.9). The reason why this situation arises is the
3 dependence of the dilaton factor e® =1+ L= -

If we consider the case of Rindler-AdS spacetlme, i.e., the ¢ = 0 case, the equation of
motion becomes

2¢7 .2 2
Ospe = 0, pg——27roz—,: RS (5" — )
o¢ \/1_ 2 4 €252 (s2 — a2)

By following parallel arguments to that in Sec. 2.3.4, we get the relation

dp
— = =27V2
dt i w/ —U2mq

where p/mg = =, A = gy Ne = R* /20" is the 't Hooft coupling, Ty = 5= is the Unruh

temperature. For v ~ 0, the friction constant is given by

Niags = 27V 2T (3.11)

Strings moving to the transverse direction y When we choose the coordinate y as
the moving direction, the string solution is supposed to be

y(TvS):vT"i_é(S)a ﬂ:ﬂ(s)

Since the metric Eq. (3.9) depends on 3, we should keep the dependence of 3 when we
consider the string configuration. Then the induced metric of this string and the action are
written as

Grr = _R2c2/2 ((52 _ a2) _ U26—2a682) . s = vR2e®/2e—208 2§
1
Gos = R22/2 ( - -+ 6—2aﬁ52§/2 + 32,8’2> 7
s —a
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and

S = / drdsL

1
= — / drds %
2mal

v2e—2aB g2
/2 R? 1— —— | (14 s%2(s2—a?) B?) + (s2 — a?) e 208522,

s2 — a2

Note that the induced metric on the string has a horizon at 5 that satisfies (5* —a?) —
v2e28(3)52 = 0. We want to know the conserved momentum pe to derive the drag force for

the quark moving along y axis with a constant velocity. It is defined as

oL §2 _ g2) e—2a842¢!

Pe = _27TO/8_§/ = @‘1>/2R2( )_~ § _c
vV—Y

2 _ g2) — 2 2aBg2) g2/

P = _2WQI%:€¢/2R2(<S CL) vTe 5)56,

o8 V=3

where

v2e—2a8 g2
V—7= (1 — ﬁ) (14 82 (s2 — a?) B2) + (s2 — a?) e~ 208 52¢72,
5% —a

and the equation of motion is written as

Ospe =0, Ospg = —2#@’2—2.

Solving Eq. (3.12) for &', we get

(1-222) (42 (2 - ) 87) 7

£ ==
(82 _ CL2> 6—2(1682 <€<I>R4 (82 _ a2) 6—2(1682 _ OQ)’

(3.12)

(3.13)

(3.14)

(3.15)

where the sign should be chosen appropriately. Since y = vt + £ is the position of the
string, & and & are real. So the numerator and the denominator inside the square root
must vanish simultaneously on the induced metric horizon s = s. The condition leads to
C? = G R12e~199()5t | as is immediately seen from Eq. (3.13) by assuming 8’ (3) < oc.
We can solve the string configuration (5 (s),& (s)) numerically by using Egs. (3.13) and

(3.14). Typical configurations are shown in Fig. 3.5.
Then the canonical momentum conjugate to y is

_aB(z)=\4 q
pe = v\/(e aB(5)3) R4+ﬁ
v

— \rGBE) T
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75

Figure 3.5: Strings trailing along with y axis for v =0.1,a =1, R=1and ¢ =0 (on = 0 plane),
g =1 (front), ¢ = 2 (middle), ¢ = 5 (back). These strings that have finite ¢ are curved to axis due
to the existence of dilaton and the curve is sharper with the larger value of q.

Thus the drag force for y direction is defined as

b _ 1 \/71_U2\/T(3751(§)4+QL

dt - 2n mg

~ —77yi (for small v),
mq

where

R%*a*> [ri+q
2ra’ V R8a?

7714

is the friction constant in this “thermal” medium due to acceleration and 7. is a point which
satisfies f (r.) = 0. In the limit ¢ — 0, this quantity becomes

Nhags = 2TV 2NTE. (3.16)

Thus, in the Rindler-AdS case, the friction constants for two different directions agree when
v is sufficiently small. The difference between Eq. (3.11) and Eq. (3.16) is evaluated as

n}ﬂZAdS - n}y{AdS ~ 2T V 2)\T5’U2 (fOI' small 'U) .

This result implies that “thermal” effect from a constant acceleration is anisotropic. The
situation is quite different from the ordinary isotropic thermal effect. This anisotropy is
referred to in the work |17| with the field theoretical approach.
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We also notice that the factors of the friction constants in Rindler-AdS system 77163 s> TR AdS
are different from that in Schwarzschild-AdS system nga4s , Eq. (2.21),

n}ﬁBAdS = Nraas = Msads-

Wilson loop Next we consider the potential between a quark and an antiquark. It is
obtained by considering the Wilson loop operator. The expectation value of the operator
corresponds to a static string with the both ends on the boundary. The behavior of the
Wilson loop in the theory at a finite temperature will be quite different from that in the
theory at zero temperature. Especially the confinement properties would be lost from the
theory because the infrared strong-force is screened by the fluctuations of the thermal matter.
This situation also arises when the theory is at any finite value of the Unruh temperature.

In the original background Eq. (2.22), the gauge coupling constant is defined by g%, =
21g.e® and depends on 3 and s as follows,

Gom _ o, 2"
27, s*R8

(3.17)

This implies that the Yang-Mills force depends on the energy scale s and also on the coor-
dinate S in the real three space. The Yang-Mills force between a quark and an antiquark
is completely screened when they are separated by the distance (L) larger than a critical
value (L,) because of the temperature, as we have seen in Sec. 2.3.3.! Namely the quark is
free from the antiquark which is separated by the distance L > L,, but we know that the
quark can feel the force from the antiquark in the region of L < L, and this force is nearly
equivalent to the one given at zero temperature.
In the present case, we find a linear rising potential in the region of Ly < L < L,, where

L < Lg defines the ultraviolet region of the conformally symmetric limit. And we find the
tension parameter Eq. (2.26)

v

T o/ R
at zero temperature in the present model. Then we expect the tension parameter in the
Rindler coordinate would be given by

Ve (3.18)

TR =
2w’ R?

which is however coordinate dependent. We can assure this point through the Wilson-Loop
calculation given below. Therefore we study the dynamical properties in this vacuum in
two cases, a string which stretches along the longitudinal direction and that stretches along
transverse direction in three dimensional space in the new coordinate.

!Properly speaking, we should subtract the contributions of the isolated quark and the anti-quark from
the potential energy to obtain the contribution from interaction between them. There is however only one
configuration of the isolated quark and the anti-quark when L is larger than L,. Thus pointing out the
existence of the maximum value of the separation L, is sufficient to confirm the screening of the color force.
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From the gauge coupling given above Eq. (3.17), we can say that the force between the
quark and the antiquark would depend on a and also on 8. In our original metric, the quarks
are confined due to the strong infrared gauge coupling constant. Namely, it diverges for
r — 0. In the new Rindler coordinate system, the infrared strong force would be screened
by the fluctuations of the thermal matter with the temperature 7" = a/27. The situation
would be parallel to the case of the AdS-Schwarzschild background which is dual to the high
temperature gauge field theory. Because of this screening, we would find the deconfinement
phase in the Rindler vacuum. This is the Unruh effect in the confinement theory. In order
to assure this point, we study the force between the quark and the antiquark, which are
represented by the static strings in the Rindler vacuum Eq. (3.9).

In this analysis, we consider two types of the string configuration, the string extended to
the longitudinal () direction and the one extended to the transverse (y) direction.. These
two configurations correspond to two types of the Wilson loop operator in the field theory.
Because of the anisotropy between these two directions Eq. (3.9), It is expected that the
qualitative behavior of these two types of Wilson loop are quite different.

We will use the Hamilton formalism which is explained in Appendix B to analyze the
equation of motion of these string configurations. The formalism is useful for the numerical
calculation.

Strings stretched to the longitudinal (f) direction First we consider a string
configuration which is extended to the longitudinal direction #. An ansatz for this type of
the string configuration is given in the following form,

(1,8,08) = (1,8 (), 5 (0))

and the other coordinates is set to zero because the metric Eq. (3.9) is symmetric under the
ERT. Then the string action becomes
S=-— / drU

2 2
U i /da£ _ doe®?\/s? + 52 (52 — a2) B2

2o 2ma’

where the prime denotes the derivative with respect to o, namely, s’ = d,s, 8’ = 0,. Since
there are no 7 dependence in U, we can use the technique introduced in Appendix B by
regarding U as the action in Eq. (B.1).

We define the conjugate momenta of s and /3 as

OL 4 s

Ps a7 € )
0s’ V5?2 + 52 (5% — a?) B

” oL _ L0/2 s* (s> —a?) p |
op'’ V52 + 52 (52 — a?)

(3.19)
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Then the Hamiltonian H = s'p; + §'ps — L becomes
H = A7,

where

2

2 Ps ®
_ . 2

_
A=2e%2/s2 4 52 (52 —a2) 2, H= 3
We may confirm the relation )

H=0 (3.21)
by substituting Eq. (3.19) into Eq. (3.20). Considering the Hamilton’s equations of motion
for H, we get

r_ r_ Ps
S p37 6 52 (52 _ (]/2)’
;287 —a® ,  2qe’ , 2aqe’™”
Ps = 53(82—a2)2p5_ SRS P8T Taps

(3.22)

The equations of motions Eq. (3.22) are solved with appropriate boundary conditions.
Since there are four functions s, 3, ps, pg, four first order differential equations, and one con-
straint Eq. (3.21), we need three boundary conditions. We choose these boundary conditions
as

Smaz = $(0) = 59 > a, 5(0) =By, ps(0) =0, (3.23)

where sy denotes the bottom of the string and then constraint Eq. (3.21) determines

P (0) = so\/(sg — @) (1 + 1634;540)‘ (3.24)

In these conditions Eqgs. (3.23) and (3.24), we get the string configuration which two ends
approach to boundary s,,4,;. Thus we have two values (o1, 02) of o which correspond to the
two end points at the boundary. Such o; and o5 satisfy the condition

Smaz = S (01) = s(02) . (3.25)

The distance between the quark and the antiquark, L, is defines as

L=[B8(02) — B(01)].

There are an infinite number of configurations with distance L. Since we are interested in
the quark at 5 = 0, we choose the configurations that satisfies 3 (01) = 0. Adjusting the
value [y, we set the point 5 (1) to zero. Then the quark-antiquark potential becomes

2 o2
E (L) il / do*eq)/Q\/s’2 + 5% (s%2 —a?) p"?

= !/
2ra J,,
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Figure 3.6: E-L relations for a quark and an antiquark in the longitudinally extended case for
Smaz = 10, R =1, ¢ =10, and a = 1 (left), a = 3 (right). The (red) dashed curves represent Eq.
(3.26), which represent as the effect of the color force existing in the confinement phase.

where s (o), 5 (o) are solutions of the equations of motion. In our analysis, we set S0, = 10
to regularize the potential £ (L). The results are shown in Fig. 3.6. For sufficiently large ¢
compared to the temperature a/2m, we can see the color force with a definite tension before
the screening effects become dominant. The energy could be estimated as follows,

R2 L \/a€2aL
E = df ~ +——. 3.26
2! /0 p dama’ R? (3:26)

Actually, we obtain a good fit with this curve for low temperature case a = 1.0 (See the left
figure of Fig. 3.6).

Strings stretched to the longitudinal (y) direction Next we consider a string
extended to the y direction which is transverse to the acceleration direction. Because the
metric depends on [, the string configuration must depend on [ even if the position of the
end points of the string do not depend on [ on the boundary. Therefore an ansatz of the
string configuration should be of the form

(7-,57B,y) = (T,S (U) 75(0) 7y<0)) ‘
In this case the action becomes
S = —/dTU,
R2

U = o /dae(bﬂ\/s@ + 52 (52 — a?) B2 + ye 29852 (2 — a?),
T

where
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and a dot denotes the derivative with respect to the parameter 0. The canonical momenta
conjugate to s, 3, y and Hamiltonian are defined as

bs = Z;=¢€ )
Os’ \/3’2 T 52 (2 — a?) B2 + yPe 2952 (52 — a?)
P = 9L _ gar S —a)F
op \/5/2 + 52 (s2 — a2) B2 + yRe 20852 (52 — az)’
. _ 6_£ _ €<I>/2 672a682 (82 _ a2) y/
Y oy’ \/3’2 ¥ 52 (32 _ a2) B2 + y/26—2a582 (32 _ az)’
H = sps+Bps+yp,— L
AN,
where
- 1 P} *’p;
H = = |p? Y_ _e?| =0, 3.27
2 p5+82(s2—a2)+32(82—a2) c (3:27)
A = 2e7%2/s2 4 52 (52 — a2) B2 + y2e 20852 (52 — a2). (3.28)

The Hamilton’s equations of motion are then

s — D B/ _ 2] y/ _ 62aﬁpy
8 S2<82_a2)’ 82(82_a2)’

252 — a? 2qeteB
r 2 | 2a8,2\ _
b= (s2 — a2)” (v + ) SSR8
2a,,2 4apB
;o ae"rpy 2aqe ;o
o= oyt MO (3.29)

When we solve the above equations, we impose the following boundary conditions,
B(0) =05y, s(0)=s9>a, x(0)=0,

2] (O) =0, ps (O) =0,
and the constraint Eq. (3.27) leads to

a qe4050
py (0) = soe ﬁo\/(sg —a?) (1 + seR4 )
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(B(0), h(0), X(0)

Figure 3.7: 3D string configuration stretched in the y direction. As y decreases the bottom of the
string is stretched to direction.

On the boundary § = S4z, 0 and y represent the position of the quark (54, 1) and the
antiquark (Bpay, y2),

B(o1) = B(02) = Bray, Y (o1) =y1, y(o2) =1

where 01, 05 is defined as in Eq. (3.25). The distance between the quark and the antiquark,
L, is defined as

L:’yz—yﬂ-

When all string configurations with the same L, B4, and with the different quark position
y (o1) represent the same physics because the metric Eq. (3.9) and this configuration have
the symmetry under the translation of the y coordinate. Now we would like to see the force
in the y direction through the solution of Eq. (3.29). So we solve these equations by imposing
the condition that the end point coordinate (4, is fixed at a certain value. So here we must
tune the boundary values, 8y and hy in order to realize the same (34, for each solution. Since
the ERT is defined as in Eq. (3.7), we choose the solution for

Bbdy - 07

and a typical string solution in the present case is shown in Fig. 3.7.
We can see the linear rising part before the screening takes place. This linearly rising
part is fitted by the formula

e2aBR2
E = \/23_0[—%[/ + const. , (330)

42



0 I I I I I I I L 0.0 I I I I I I I L
0 2 4 6 8 10 12 14 0.0 0.2 04 0.6 0.8 1.0 12 14

Figure 3.8: Typical E-L relations for quark and antiquark for a = 0.1 (left) and a = 1.0 (right),
Smaz = 10, R = 10 and ¢ = 10. The dashed (red) line represents the tension of the potential of
linear rising part, given by Eq. (3.30) and Eq. (3.31), which is expected as the effect of the color
force existing in the confinement phase.

where 3 is approximately given as,

p(s=a)
T

As for the upper part of the E-L relation, the curve increases with decreasing L. This
may be understood as follows. The upper part represents the string configurations whose
bottom points are pulled to near the horizon. Then the lower part of the string grows to the
direction of 5 as shown in Fig. 3.7 and the energy of the string becomes large. This kind of
behavior cannot be seen in the case of the AdS-Schwarzschild background.

The quark-antiquark potential becomes

RQ

o2
E (L) = 5o / d06¢/2\/3/2 452 (52 _ a2) (72 4 y2e—208 52 (52 _ a2)
o1

B~ (3.31)

where s (o), (o), y (o) are solutions of the equations of motion, Eq. (3.29). The relation
between the energy E and distance L are shown in Fig.3.8

We again come upon the anisotropy of the Unruh effect. The quark-antiquark potential
E (L) for the g direction is quite different from that for the y direction especially in the small
a region.

3.4 Relation to the 4D field theory

Here we give comments on the statement about the Unruh effect given in Ref. [2]|, where
the analysis is performed within the 4D field theory. The main result is that any Green’
s functions in the vacuum of Minkowski space-time are the same as those of the Rindler
space-time when the calculation is restricted to the same Rindler wedge in the Minkowski
coordinates. So one may think that the phase of the Minkowski vacuum cannot be changed
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in the Rindler vacuum since the VEV of any order parameter would be the same in both
vacuums.

However, in the present paper, we show that the vacuum of the Rindler space-time is in
the quark deconfinement phase in spite of the fact that the original theory in the Minkowski
vacuum is in the confinement phase. Then our calculation seems to be inconsistent with the
statement of Ref. [2]. However this point would be resolved as follows.

Let us consider the VEV of the Wilson loop operator that determines whether confinement
takes place or not. In the field theory side, the operator is given by,

0(C) = tr (7? exp [ig 7% A, (x) dqu ,

where P denotes the path ordering of a closed path C' in the line integration for the gauge
field A, (z). Its VEV is written as

A(C) = (0m| O (C) [01)
for the Minkowski vacuum [0,/), and

T e—HR/T
LR

for the finite temperature (7) Rindler vacuum, respectively. The statement in Ref. |2| implies
the equivalence of A and B when they are calculated within the same Rindler wedge.

Our calculation of A and B do not lead to A = B due to the following reasons. First, the
paths used in A and B are not related by the ERT. In order to see the potential between the
quark and the antiquark, we have performed the calculations for the rectangular path in the
t-x plane for A and for the one in the 7-y (or 7-0) plane for B respectively. The rectangular
path used in A, C'4, cannot be transformed to the one used in B by the ERT since it must be
transformed to the 7 dependent path. Actually fixed = (= x1) path in Minkowski coordinates
is written as

§ = e (@t - )],

1 t
T = —tanh™! (—),
a T

in the Rindler coordinates. Moreover, a fixed (= 1) path, Cp s, or a fixed y (= y1) path,
Cp,y, in Rindler coordinates are written as

1

r = —e" cosh(ar),
a
1

t = —esinh(ar),
a
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for fixed (= (1) path and,

— Zcosh
T ~ cos (aT),
g yl
t = Lsinh(ar)
= —ginh (a7
a Y

for fixed y (= y;) path with = 0 in Minkowski coordinates. Thus our Wilson-loop calcu-
lations in A (C4) and B (Cp) are not related by the ERT. This is the reason why we could
obtain different results from the calculation of A and B.

Second, let us comment on the quark string configuration in the Rindler vacuum. This
point is also related to the fact that the quark in the Rindler vacuum is different from the
one in the Minkowski vacuum. In estimating B, the essential string solution responsible
for the proof of the deconfinement is the one which connects the boundary and the event
horizon, because this solution can be interpreted as the free quark and this is possible only
for the deconfinement phase. We could find such a solution only in the Rindler vacuum. The
interesting point is that this free-quark configuration in the Rindler vacuum is obtained by
the ERT from the constantly accelerated quark string configuration given in the Minkowski
vacuum as shown above. However this configuration is not used in the evaluation of A in our
theoretical scheme. Because of these reasons, we do not obtain the relation A = B. We are
examining the parts, of A and B which cannot be related by the ERT. Then our statement
does not contradict with the one in Ref. [2].

Let us comment on other possible choices of the coordinate transformation than that
adopted above. For example, the coordinate transformation given in Ref. [2] which does not
include the fifth coordinate of the bulk may be considered as such a transformation. This
is different from the ERT used here. In the latter case, the transformation is performed in
three dimensional coordinate including the fifth one. As a result, the event horizon appears
in the bulk, then the infrared region is cut off in the dynamics of the dual 4D theory. Then
the dynamical properties responsible for the long-range force would be lost in the vacuum of
the new coordinate system.

We should also study the VEV of other physical quantities. In this context, we notice other
papers 18, 19| from a different 4D non-perturbative approach, and the author demonstrates
chiral symmetry restoration in the Rindler vacuum. So it would be necessary to proceed in
this direction in order to deepen the knowledge of the Rindler vacuum.

3.5 Summary:Holographic Unruh effect

We give here a constantly accelerated quark as a string solution of the Nambu-Goto action
which is embedded in the supergravity (dAdSs x S%) background dual to the confining Yang-
Mills theory. For the string solution given in the zero-temperature Minkowski spacetime, we
find an event horizon in its induced metric. This horizon is also found in the case of AdSs
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background dual to the non-confining theory. In any case, this fact can be considered as a
clear signal of the radiation of gluons due to the acceleration of the color charged quark.

We consider the extended Rindler transformation proposed by Xiao in order to move to the
co-moving frame of the accelerated quark and to study the properties of the Rindler vacuum.
The coordinate transformation is generalized to the 5D bulk theory, but the boundary is
described by the usual 4D Rindler metric. The dual theory is found in a thermal medium
with the Rindler temperature 7" = a/2m, so it is expected that the theory is in a different
vacuum from the one in the inertial frame. To study this point, we have examined several
dynamical properties of the new vacuum to compare them to those observed in the inertial
coordinate. Then we find that the vacuum properties are changed from those seen in the
inertial frame. In the Rindler vacuum, the friction arises from the thermal medium when a
quark moves and the color force is screened by the thermal effect at long distances.

We discuss the drag force to see the thermal effects in the Rindler vacuum. We recognize
the anisotropy between the friction constants for the longitudinal (5) direction and for the
transverse (y) direction. In the Rindler-AdSs background, the anisotropy appears in the
friction constants as the different dependence on the velocity v, while in the Rindler-dAdS
background we have more a drastic result. Namely we cannot find any static states which
corresponds to a quark moving with the constant velocity v in the field theory dual to the
Rindler-dAdS background. We also find the difference of factor four between the friction
constant in the Rindler vacuum and the one in the AdS;-Schwarzschild background.

We also discuss the Wilson loop to study the color force screening by the thermal effect.
As a result, we have the potential between the quark and antiquark in Rindler space. In the
Rindler coordinates, the color force is screened by the thermal effect at long distances and
the confining property is lost. The screening length depends on the temperature and also
on the direction in the three space, namely, if it is accelerated in the longitudinal direction
Y,z or in the transverse directions . As for the temperature dependence, we find some
difference from the one observed previously in the AdS-Schwarzschild background, especially
for the screening in the longitudinal direction. The reason of this anisotropy in the 3D
space is the behavior of the dilaton. The dilaton expresses the gauge coupling constant, and
it is deformed in the longitudinal direction as in Eq. (3.17) due to the extended Rindler
transformation. Then the potential between the quark and the antiquark has different forms
in the longitudinal and in the transverse directions. This point has been assured through the
direct observation of the potential between the quark and the antiquark.

Even if we calculate the force in the transverse direction, we can see the effect of the
longitudinally deformed dilaton. For example, consider an excited bound state of the quark
and the antiquark in the Rindler coordinates. Then we could find a small repulsion in the
direction (y) transverse to the accelerated direction (f). This repulsion is understood from
the string configuration in the 3D space [$-y-s. When the distance y decreases, the string is
stretched in the [ direction near the horizon s ~ a. This phenomenon is understood as the
remnant of the strong confining force near the horizon. On the other hand, the attractive
force is exponentially enhanced in the longitudinal direction at fairly large distance. This
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behavior is caused by the deformed dilaton in the Rindler coordinate in the longitudinal
direction.

Finally, we give our main conclusion that we could find a new vacuum when we move to
the co-moving coordinate of an accelerated quark by the extended Rindler transformation
considered here and find a kind of a high temperature theory in a deconfinement phase.
Then, in the new vacuum, the properties given by the long range force in the inertial frame is
lost. Thus our calculation seems to be inconsistent with the claim given in Ref. [2|. However,
this point is resolved as explained in the previous section. The main reason is that we are
considering the different Green ’ s functions to decide the phase of the vacuum.
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Chapter 4

Holographic cold nuclear matter

Abstract of this chapter We study cold nuclear matter based on the Sakai-Sugimoto
model, where baryons are introduced as solitons on probe D8/D8 branes. Within the dilute
gas approximation of solitons, we search for stable states by using the variational method.
We find a first-order phase transition from the vacuum! to the nuclear matter phase as we
increase the chemical potential. At the critical chemical potential, we could see a jump in
the baryon density from zero to a finite value. The baryon number density is rather large
compared to the normal nuclear density. The result is caused by our dilute gas approximation,
and it may be improved by introducing the contribution of two-body interaction of baryons.
We also study the neutron star by solving the Tolman-Oppenheimer-Volkoff (TOV) equations
[20, 21]. We read off the equation of state (EoS) of our nuclear matter by introducing Fermi
momentum. Then, we apply our model to the neutron star. We solve the TOV equations
by plugging in the EoS obtained from the model to get the maximum values of the mass
and the radius. They are considerably smaller than the empirical ones. We suspect that the
discrepancy comes from the dilute gas approximation.

4.1 Finite baryon density system

It is very difficult to study dense nuclear matter from first-principle calculations in non-
perturbative QFTs like QCD. For example, it is difficult to study that from lattice gauge
theory simulations because of “sign problem” when we introduce the chemical potential to
the theory|22, 23|. So we hope that gauge/gravity duality works in this subject and it may
give some non-trivial results. It is also challenging to make clear the properties of the nuclear
matter from the viewpoint of holographic gauge theory. It may be useful to improve the
understanding of holographic approaches.

In this chapter we use the Sakai-Sugimoto model introduced in Sec. 2.5, which is a
gauge/gravity duality model very close to QCD. In this model, baryons are represented as
the solitons on Ny probe flavor branes|8, 24, 25, 26]. The baryon number Np is identified

!Here, “the vacuum” means the state with the lowest energy at the vanishing chemical potential.
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with the soliton number of the solution /Ny, and the number of the probe flavor branes Ny
corresponds to the number of flavors of quarks. We set Ny = 2 throughout our analysis
for simplicity. The solution with the soliton number Ny = 1 is given as the BPST instanton
solution of SU (N = 2) YM theory in the flat five dimensional spacetime on the probe branes
[24]. The solution is characterized by a scale parameter which corresponds to the baryon size.
This size is determined dynamically so that the action of the D8/D8, which is expressed as
the sum of the Dirac-Born-Infeld (DBI) and Chern-Simons (CS) term, is minimized. This
analysis for the system with the baryon number Ng = 1 may be generalized to the system
with Np > 2 by using the soliton solution with Ny > 2. Then the CS term plays a crucial
role when we introduce the chemical potential.

There are several papers in which the nuclear system with the chemical potential of
baryons is studied [27, 28, 29, 30, 31, 32, 33, 34]. However we feel dissatisfaction with the
papers. For example, in Ref. [28], the solitons of the flavor gauge fields are introduced as
a delta-function type source only in the CS term, though the soliton size is finite and the
contribution must also be included in the DBI term. As a result, the authors of Ref. [28]
have observed a gapless transition from the vacuum to the nuclear matter phase at zero
temperature. However this observation is in contradiction with the ones obtained in other
theories (See for example Ref. [35]).

On the other hand, the authors of Ref. [30] keep the flavor gauge fields in the DBI action
as well as in the CS term. So they find a first-order phase transition at finite baryon density.
However, the configuration used for the flavored gauge fields has infinite baryon number
density, so it is difficult to study the finite baryon number density. Furthermore, they do not
check whether their D8-brane configuration is the lowest-energy solution for the equations of
motion for the D-branes or not, though it may be dependent on the U (Ny) gauge fields via
the interactions on D8-branes.

Here we introduce an explicit form of soliton solution which has a smooth profile in the
the direction of the fifth coordinate instead of the delta function form. Furthermore, we keep
the flavored Yang-Mills fields in the DBI action of the D8 probe brane up to the square of
the field strength. This is crucial for finding a gap of the baryon density at the transition
point as in Ref. [30]. In contrast to the case in Ref. [30], in our approach, the flavored YM
field is solved by determining the remaining size parameter of the soliton with fixed chemical
potential. After that, the physical quantities, such as chemical potential and baryon number
density, are obtained and used for the search for the phase transition.

We should fix the value of the position of the D8/D8-brane because it determines a
certain feature of the dual gauge theory. Here we restrict the profile of the D8/D8-brane to
the antipodal solution. Then, we can use a simple D8-brane profile [24], which is obtained
without any solitons as an antipodal U-shaped configuration. In general, the lowest energy
solution for some finite baryon density npg is not equivalent to the simple solution mentioned
above, since it is not antipodal. However, the solution is always approximated by the simple
one with a negligible correction for any value of ng. This is the reason why we restrict the
profile to the antipodal solution. Another reason is for the simplicity of the present analysis.
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Through our analysis, we find a first-order phase transition, which is expressed in ng-pp
plane, where g denote the baryon chemical potential. At the transition point, the baryon
number density jumps from zero to a finite value, which corresponds to the transition from the
vacuum to a nuclear matter phase. By adjusting the parameters, at the transition point, we
observe the baryon mass as iz =~ 2.3 GeV and the baryon number density as ng ~ 0.70 fm ™.
These values are considerably large compared to the realistic nucleon mass and the normal
nuclear density. Furthermore, at this transition point, the size of the baryon are rather small.

In this section, we first review baryons in the Sakai-Sugimoto model, and then introduce
the dilute gas model of solitons. Finally the results obtained in the model are discussed.

4.1.1 Action and 1-soliton solution
The action of the Sakai-Sugimoto model with Ny = 2 is written as follow|24],
S = Svym + Scs,

Syy = —alN, / d*zdz tr Bh (2) Fo, + K (2) F;fz:|
N, 1 ~ A
_az‘i/d%ﬂz[ﬁh@)ﬂi+k(@Fi]+CNA4), (4.1)
Nc 4 A
SCS = @EMNPQ d*xdz |:A0tr (FMNFPQ) + - ] ) (42)

where a™' = 21673, k(2) = 1422, h(2) =k Y3, M,N =1,2,3,z and €193, = +1. Ay, Ay
denote SU (Ny),U (1) gauge fields respectively. The ellipsis in Scg stands for terms that are
irrelevant to the discussion below. Rescaling the fields and integration variables as

JZM — /\_I/QZEM, (AM, A()) — ()\1/2AM, Ao) , (43)
we can rewrite the YM action Eq. (4.1) as
2
2

A
Sy = —aNC/d4dz tr {aFf/[N + (— 5 Fj + 22F2 — F(?M)]

N, A 2 o -
<ty f o [ (S5 i )

while Scg takes the same form as the one in Eq. (4.2). Then the leading contributions of
the equations of motion for their gauge fields in A™! expansion are,

1 .
Dy F — FynF =0
M 0M+647T2a€MNPQ MNEPQ ;
DnFun = 0,

A 1
On Fi
mEon + 64m2a

1 A ~
EMNPQ {tr (FunFpg) + EFMNFPQ} = 0,
InFun = 0. (4.4)
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These equations can be solved as,

202 202
F;. = p €iiaT" I, = p i, Ay =0, (4.5)
J 2 3 €ij j 2 2
(o= 20)" + 1 (@ — 0"+ 77)
. . 1 1 o
Ay =0, Ag= 1 , (4.6)
8ma (z — o) [ ((z = 20)" +p2)’

—

where 7; are Pauli matrices and (z — x9)° = 22 + (& — 3)*. This SU (2) gauge field may be
written as

Ay = —if (z) gOmg ™,

where

(x — z9) ()Z(z—zo)—i(f—fo)'f

f(%) = ($—33‘0)2+p27

(2 — x0)°

xo and p denote the center position and the size of this soliton, respectively. The parameter
p is determined by requiring that the action is minimized with respect to the variation of it.
In fact, the variables and the fields in Eqs. (4.5) and (4.6), ™ | Fyn and Ay, are rescaled
as in Eq. (4.3). Thus in order to restore the original variables and fields, we must rescale the
fields and variables as,

ZL‘M — )\+1/21’M, (AM, Ao) — ()\_1/2AM,A()) . (47)

Performing the rescaling in Eq. (4.7), we assure that Eq. (4.5) is maintained when we use
the original variables and field strengths.
The baryon number is defined by

B =

327T2 /d%dz EMNthI" (FMNFPQ) s (48)
and the solution Eq. (4.5) gives Np = 1. Substituting Eqs. (4.5), (4.6) into the action, Eqs.
(4.1), (4.2), the soliton mass M is obtained as S = — [ dtM,

2 11 2z

M=M |1+ (2 — 42 A2 My = 872aAN,. 4
0|:+ (6+320W4a2p2+3)+0( )}, o = 87%a (4.9)

The values of p and Z is determined by minimizing M,

P’ = 87T2a\/§, 2 = 0. (4.10)

Note that the baryon size Eq. (4.10) is very smaller than an expected value. Since we
rescaled the parameter as Eq. (4.3), we should evaluate the size of baryon as

7 8m2a \/§
AMZ .\ 5
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when we compare p with the real value of the baryon size. Setting A = 16.6 and Mgx =
949MeV,? we find
= 5.88 x 10 3fm. (4.11)

This value is much smaller than the expected value of the ordinary baryon size ~ 1fm.

4.1.2 2-soliton solution and repulsive force

A two-baryon solution can be constructed by ADHM construction in [26]. It is parametrized
by four quaternionic parameters

X, =20, +i%0, 7, Y=y +ivi-T, (i=1,2).
xé‘ﬁ- = (%o, 20,;) corresponds to the position of the baryons, p; = \/yly! is the size of each

baryon and a; = y,/p; is the SU (2) orientation of each soliton. In this setup, the potential
of this system U (S = — [ dtU) is given as,

U= ZM+prtU V1o v o (Y, (4.12)

where

2 2

—1 [ Pi 1 L 2
My=My 1+ Xt ———— =1,
o[ + (6 * Sa0ria 2 3)}

4 2 Nc a,.b
HEVE) ”; p%p%T ’Ztr(iT“aQ_lal)tr(ina,Q_lal), (4.13)
r
N, 1 |1 2(a1-a))>—=1(p% p?
gy o Ne 14l P A 4.14
pot 87T2a |T|2 2 + 5 p% + p% ) ( )

M = XM — XM (M =1,2,3,2) and |r| = VrMrM, These expressions are valid in the
region of O (1/Mgkk) < |r| < O <\/X/MKK> The dependence on + |r| ™ of this potential
implies a repulsive force from the nucleon-nucleon interaction.

To minimize the potential energy of this system, we should take zp; = 0. Thus SU (2)
soliton is placed on the bottom point of the D8-brane configuration. Then |r| and p; become
the separation between baryons and the size of each baryon in three dimensional space of
ordinary Minkowski spacetime, respectively. It is natural to assume that each baryon has
the same size, namely p; = ps = p.

2These values of parameters are determined by fitting the rho meson mass and pion decay constant [9].
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In this setup, we can rewrite Eq. (4.12) as

U = oM+ BSUC) 4 U

pot pot )

~ 4n2aN, %1 (7, ay,

T (1 2 nandy) (rk‘;l a2)> , (4.15)
Fr(U(1)) 547TNC 1 11+ 802 (al, ag)

B~ s (1 o , (4.16)

where we denote ¥ = kpf', 72 = 1 and
. . _ 2
c (7,a1,a9) = (r- (a,2 1a1)) , ca(ay,as) = (a - a2)2 (4.17)

are constants which depend on SU (2) orientations and they satisfy 0 < ¢, co < 1. We notice
that when |r| > p, namely k£ > 1 in the expression Eqs. (4.15), (4.16), the second term of
each potential can be neglected compared with the first term and then the net contribution
of these potential agrees with twice of that of one-baryon, Eq. (4.9).

4.1.3 Multi-soliton solution

Dilute gas approximation and mean field approximation When we want to analyze
a system with finite baryon density in 4-dimensional spacetime, we should search for solutions
of the equations of motion Eq. (4.4) with Ng = co. However it is very difficult to find such
solutions. Then we employ the dilute gas approximation; we treat a SU (2) gauge strength
of the multi-soliton solution as the sum of gauge field strengths of one-soliton solutions,

NB NB
Fz‘j = Z Fm€ija7'a sz = Z FmTj , (4_18)
m=1 m=1

20>
(2 = (20),,)* + p?)

and we ignore the product of one-soliton solutions at two different positions, namely

Fy,

2

FopFpin ~ 0. (4.19)

Then the right hand side of Eq. (4.8) becomes,

1 4 x 2
3072 / Padz euvrtr (FunFre) = 55 mz—:l/ dadz E,
N

Thus we retain the correct baryon number. We use this solution as a trial function which
is supposed to be a solution of the system. This approximation should be valid when the
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distance between baryons are sufficiently larger than their baryon size , ’(l‘o)i — (20);| > p.

It can be confirmed in the case of two-baryon system (see Sec. 4.1.2).

We assume that the mean field approximation is able to apply the U (1) gauge field,
namely AO (%, z) is approximated as A(] (2).> We suppose that this approximation will be
valid when baryon number density is finite, namely Np = oco.

Back reaction to D8-branes Because of the infinite number of baryons, N; D8/DS§-
branes may feel the back reaction from the baryons. If this is true, the configurations of N
D8/D8-branes may be changed and the action Eq. (4.1) is no longer a correct description.
So we should reconsider D8/D8-branes configurations as their induced metric is

3 (4 4
ng _ 5 (§k1/2nuydl'udfﬁy +g (7_) §k_5/6dz2 + k1/6in> ’

g(1) =1+ 223772 k=1+22

where 77 = g—; and 7 has a periodicity 7 ~ 7 4 27.
Then, we can write the action as

S = —2/1Vg/dt/ dzL (ng), (4.20)

2
L(ng) = k5/6\/g (1) E-1/3 _ (127_7T32A0) 01

2 2\
1277 . 9r\?_,
where ) s )
3 9 k 9
Ql = 1 + ~np <_7T) 62 (kl + ) ) 62 =3 7T2p 5/2
2 A g (1) 8 ((z — %) +p2)

np and V3 are the baryon number density and volume of 3-dimensional space, ng = Nvf, Vi =
[ d*z, respectively. We only expand the Lagrangian in terms of SU (2) field and leave U (1)
field inside the square root in Eq. (4.21). This is necessary to obtain the correct results

3Tt is natural that SU (2) gauge field depends on 4-dimensional Minkowski coordinates x#, while U (1)
gauge field is not. In the one-soliton case, =" dependence on their field strength is

Fyun ~ |;1c|_47 For ~ |;1c|_37 for |z| = Vaizt > p.

So the decrease of the value of U (1) gauge field strength is slower than that of SU (2) gauge field strength.
This fact implies that our mean field approximation is valid only for U (1).
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(See Appendix D). The bottom of D8 branes may shift from z = 0 to z = 2z because of the
existence of N baryons. Then the equations of motion for Ay (2) and 7 (2) are given by

1277, KO oar\>

5/6 2
i) (@),

N2
where G = \/g (1) k=1/3 — (%%62140) . These equations can be reduced to

52 97\ 2 1/3-2
lkT H'Q, — 3 (%) nsk'*q = [2Quk*]
g2 g

, (4.24)

2=2z0

where

We can solve Eq. (4.24) numerically. Considering only the class of solutions which satisfy
7 (00) = 7/2 (antipodal solution), we can confirm numerically that the lowest energy solution
may be approximated as

7 (2)=0 for z>2 and zy— 0.

Therefore we can conclude that the change of the configuration of D8-branes by the back
reaction is negligible. So we can set g (1) = 1 and can solve Eq. (4.22) as

; 12770\ [* kY8

Ay, = (=27 (4.25)
2 2\ /Q2k5/3 —|—d2

where Qo = Quf,_; =1+ Snp (7“) (K + k1/3) and d =6 (7”) ng fzzo dzg>.

Chemical potential The CS term Eq. (4.2) plays a crucial role when we introduce the

chemical potential. In the field theory side, the chemical potential for the baryon is introduced
in the partition function as

Z[MB]:/D‘I’BD‘IJ_B"'GXP —S [Up, Vg, -] +/dt ,UBNB:|a

where W, U are the fermionic baryon fields and Ng = [ d32¥y°¥p is the baryon number
operator. Note that the CS term Eq. (4.2) is similar to the definition of baryon number Eq.
(4.8). It implies that the quark chemical potential p, = 52 2 should be defined as

~

ftg = Ag (c0). (4.26)
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Note that this should be the quark chemical potential rather than the baryon chemical
potential, because if we set Ay = j, the CS term Eq. (4.2) becomes

N, >
SCS = Mq%eMNPQ/d4$/O dz tr (FMNFPQ)

= :quqa

where N, = NpN, is the number of the valence quarks.

4.1.4 Energy density and phase transition

We define the energy density of the D8-brane as

E(MB,nB,p) = /dZ L(/'I/B7nB7p>7 (427)

where L (pp,np,p) is the Lagrangian Eq. (4.21) with the solution Eq. (4.25) and the
condition Eq. (4.26). Tt can be evaluated numerically once U (1) gauge field Ay is solved as
in Eq. (4.25). We should determine the parameters (np, p) by requiring that these minimize
the energy density Eq. (4.27) with fixed pp. Because pp is the parameter which characterizes
the field theory, we should not vary the chemical potential when we minimize the energy
density. Then we get a set {(u,n (i), p(u))} for each p. We will call the minimum value of
Eq. (4.27) for each p as e (i, ng).

Then we compare the energy density € (u,ng) with € (u,ng =0) = [ dzk'/3 for various
values of chemical potential i1 to probe the phase structure of this finite baryon system. If
€ (u,np) > €(u,0), ng = 0 phase will be realized. On the other hand, if € (1, np) < € (1, 0),
the phase with finite baryon density will be realized.

4.1.5 Results

We find a phase transition at u. = 1.0176 (See Fig. 4.l1a and its caption). The phase
transition is of first order and the value of the baryon number density jumps from zero up
to a finite value at the transition point. Our model remains in the state with zero baryon
number for the values of chemical potential smaller than the critical value. This behavior
of the system with nonzero chemical potential also occurs in QCD with a finite chemical
potential and known as the “silver braze problem” (See Ref.[35]).

The fact that a system with finite baryon number is stabler than a system with vanishing
baryon number density implies that there may be attractive force between baryons, which
has not been seen in Sec. 4.1.2. This contribution comes from the interaction between U (1)
gauge field inside the square root and SU (2) gauge field in the Lagrangian Eq. (4.21). The
analyses in Sec. 4.1.1 and Sec. 4.1.2 are performed by keeping only the second order of the
U (1) field strength and SU (2) field strength. Thus the attractive force cannot be found in
these analyses.
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(a) The diagram of the relationship be-
tween p = %%uq and n = ‘gzizn. The
first-order phase transition, from vacuum
to the nuclear matter phase at e, =

1.0176, are seen.
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(b) The relation p-p>n. The horizontal
line at p3n = é corresponds to a rough
accommodation limit of the dilute gas ap-
proximation. The intersection point at
about g ~ 3.1(up ~ 6.91GeV) denotes

the useful limit of the model.

Figure 4.1: The numerical results for A\ = 16.6, Mg = 0.949GeV

Choosing parameters as Mgx = 0.949GeV and A = 16.6 which are same as [8, 24| (these
values are determined by fitting the rho meson mass and the pion decay constant), we get

g ~2.3GeV, np~0.70fm 3, p~0.079fm. (4.28)

This value of np is larger than the density of the normal nuclear matter, ~0.16fm™>. It can
be interpreted as the effect of a lack of the repulsive force between baryons. The value of
baryon size p is slightly improved compare to the result of the one-baryon case Eq. (4.11),
but it is still too small.

4.2 Application to neutron stars

We derive the relation between the baryon chemical potential up and the baryon number
density np in the previous section. Then it is natural to apply the ng-pp relation to some
baryonic system. In this section we will construct a compact star constructed by our baryonic
matter. Since the baryon considered here is neutral, we may think that such a star as a
neutron star. One of our motivations for constructing a neutron star is a test of our baryonic
matter model. To compare our result with the real physical values is useful for noticing how
we should improve the model.
To analyze a neutron star, we must solve the TOV equations,

dm

— = Amte(r),
2 - oo e[



where m (r) is a mass inside the sphere of the radius r, p (r) and p (r) are a energy density
and pressure at r respectively, and G is the newton constant. There are three unknown
functions m (r), p(r) and p(r), though there are only two equations Eq. (4.29). Thus, in
solving the TOV equations we must know the relation of the energy density p and pressure
p of the nuclear matter, namely, the EoS, to eliminate one of the unknown functions. So we
should extract the information from our holographic model.

In general, p and p are holographically obtained by using the bulk metric according
to holographic renormalization [36, 37]. In the present case, however, the bulk metric is
independent of the soliton gas since the flavor branes are treated as the probe. An attempt
to solve the TOV equations has been performed by using a holographic EoS obtained in a
context of holographic framework 38|, however it leads to a large radius.

Then, we propose an alternative way to get the relation between p and p. We require
that our holographic baryonic matter model satisfies the ordinary statistical mechanics for a
fermionic system with zero-temperature. According to the Luttinger’s theorem for an inter-
acting fermion system [39], the volume enclosed by a Fermi surface is directly proportional
to the particle density. In general, the shape of the Fermi surface may be changed by the
interaction. In this analysis, however, we assume that, instead of considering a change of the
baryon’s Fermi surface, we take into account the effect of the interaction among fermions by
introducing a momentum dependent mass. This momentum dependence of the fermion mass
reflects a non-trivial interaction among the fermions, and this momentum dependent mass is
determined from our holographic model. After that, we obtain the EoS of our holographic
model, and then the TOV equations are solved.

4.2.1 Momentum dependent mass and EoS

As mentioned above, the Luttinger theorem and our assumption imply that the baryon
number density can be written in the term of the Fermi momentum as

8

k3 = k3. 4.30
= e (4:30)

9S>
3(2n)?

np =

where g(= 2) is a number of spin degrees of freedom of the baryon, S5 is a volume of two-
dimensional surface of a three-dimensional-sphere. In order to exploit this relation and our
result up = up(ng), we introduce an effective baryon mass m(k), which depends on the
momentum k. This effective mass is interpreted as a reflection of the complicated interaction
among nucleons. A similar concept is seen in the ordinary field theory approach [40]. Then

it is possible to express up as
UB (k?F> = \/k:%—i—mg (k’p) (431)
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In this context, by extending the formula for the free fermion gas, we get the energy density
p and pressure p of the nuclear matter as,

kp
kc
1 kr k4
krp) = pe+ = dk——— 4.33
plhe) = ety | (4:33)

where p. and p. denote the critical density and pressure respectively. Here we introduce the
lower bound of the momentum, k., as

8
ke
3 (2m)

Ne =

since the nuclear matter considered here is defined for n > n, = 0.7fm 3. This is our proposal
to obtain the energy momentum tensor of the nuclear matter based on the holographic
approach. Then we obtain the EoS, the relation between p and p, at any value of the density
to solve the TOV equations.

4.2.2 Numerical Data of up (ng) and m? (k) and EoS

Now we obtain the momentum dependence of an effective nucleon mass m(k) in nuclear
matter phase from our (pp,ng) data by using the Eqs. (4.30) and (4.31).
First we assume that the form of the function m? (ng) as

m? (ng) = an$,. (4.34)

We can use this function to fit the parameters a and « from the data of the relation between
pp and np shown in Fig. 4.1a. Then we have a = 8.54 x 103 and « = 1.44 in the natural unit
(mass unit is set to GeV). The fitted function Eq. (4.34) and the data points which used to
fit the function is shown in Fig. 4.2. Because ngdepends on kp via the relation Eq. (4.30),
The mass Eq. (4.34) is also dependent on kg as

2 (kp) = a (%;)3@)

The effective nucleon mass m(kr) reflects the interaction of nucleons in the nuclear matter.
Then the values of the Fermi momentum k. and the mass m( at phase transition point are
obtained as k. ~ 0.55GeV and my = m (k.) ~ 2.23GeV.

Next, we calculate the Fermi momentum dependence of the energy density and the pres-
sure from Eqs. (4.32) and (4.33). From the above relation of m?*(kr), we assume that

m? (k) = a (3 (Z)gk?’)a
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Figure 4.2: log (/ﬂB — k%) v.s. lognp. Ten data points in the region 2.3GeV < up < 6.91GeV are
used to fit the function m? (kp) = p? — k2.
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Figure 4.3: up (np (kr)) /m(kr) v.s. kp. The horizontal line shows unity. In k& > k. ~ 0.55,
E (k) = /k?> + m? (k) can be approximately replaced by m (k).
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in the energy function \/k? + m? (k). Moreover, since 2 — 3a < 0 and

/{32
Rrm2(k) = mk) (1 —
) = 0 (10 () )
= m(k) (14O (k%))
and \/k2 + m? ~ mg, we can approximate /k?+ m? (k) as m (k) in the whole region of

k. < k. The ratio \/k* +m? (k)/m (k) is shown in Fig. 4.3. Then we can calculate the
integrals in Eqs. (4.32) and (4.33), and have

p(kp) = petbi (k;?“/ S ki“/“?') , (4.35)
p(kr) = pe+bo (k:i‘?’“/ - ki‘“”) , (4.36)
where
o Volml ! |
m (3a/2+3) 372 (5 — 30/2) y Ja (54)°

From Egs. (4.35) and (4.36) we obtain the relation between p and p, the EoS, as

3a/2+3
1 5—3a/2
p(p) = pe+bi ((b— (p —pe) + /f?_3“/2) - ki’a/”?’) : (4.37)
2
Parameters a(= 8.54 x 10) and a(= 1.44) lead to b; = 0.158 and b, = 1.48 x 1073, Fig. 4.4
shows the relationship between p and p.
In the region of p—p. > boke >*/? ~ 2.72 x 1074, the EoS Eq. (4.37) can be approximated

as

b
p—pczb—i(p—pc)”-
1

The value of the index (= 2;/326:@
other kind of matters, which satisfy v > 1. For example, normal stars satisfy v = 4/3
and the ideal fermion gas satisfies ¥ = 5/3. The origin of a ~ 1.44 is the effective nucleon
mass m(kr). As the nucleon density increases, the effective nucleon mass increase in our
holographic model.

~ 0.55 < 1) is in contrast to the value of that for many

4.2.3 Application to Neutron Star and solution of TOV Equations

Since we have the EoS as in Eq. (4.37), we may eliminate a unknown function, p (r), in TOV
equations, Eq. (4.29), and can solve them. Then TOV equations are

Z—T = dmr?p(p(r)),
A el {”%} [“wLU]
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Figure 4.4: The relationship between p and p. It is approximated as p — p. = const.x (p — p.)? with
~ =055

where p (p (7)) is the function in Eq. (4.37). Then, we can estimate the radius and mass of
neutron stars by specifying parameters p. and p..
The most natural choice of the parameters p. and p. is

pe =mgpnp (k.), p.=0, (4.38)

where mp = m (k.) ~ 2.3GeV and np (k.) are the effective mass and the baryon number
density at the transition point k = k., respectively. This is natural because p. and p. represent
energy density and a pressure at the transition point, respectively. We require p. = 0 for
simplicity. If we choose p. > 0, we cannot solve the TOV equations by only using our EoS
and we would need another assumption about the EoS in the region of 0 < p < p.. Such an
additional assumption makes the point of the discussion obscure.Setting the parameters as
in Eq. (4.38), we get the following values of our neutron star,

M ~ 222 x1072M,, R ~ 1.30km, (4.39)

where M is the maximum mass of the neutron star, M is the solar mass and R is the radius
of the neutron star when the mass of the neutron star is maximum. The relation between
total mass M and the radius of the neutron star R, and the pressure p (r) at the distance r
from the center of the star with maximum mass are shown in Fig.4.5. These values of the
results are very smaller than the real values of the maximum mass M ~ O (1) x M; and the
radius R ~ O (10km) of the neutron star.

The considerably different values in Eq. (4.39) about our neutron star imply that there
are some contributions that we omitted. Since our neutron stars are too small (or too soft),
we may infer that the missing contribution is some repulsive forces. In fact, we have dropped
the contributions of repulsive force which exist in the case of two-baryon system when we
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the center of the star.

Figure 4.5: The relationship between physical quantities of the neutron star.

apply the dilute gas approximation to our baryonic system in Sec.4.1.3. As a result, the
baryon number density becomes rather large and the neutron stars become very small. This
point will be improved by taking into account the repulsive force in Eqs. (4.15), (4.16).

4.3 Summary:Holographic cold nuclear matter

In this section, we consider the finite baryon density system in the Sakai-Sugimoto model
and applying it to the neutron star. In the model, baryons are given by the corresponding
solitons of SU (Ny) gauge field on D8-branes.

First we construct the system with finite baryon number density in Sec. 4.1. We review
one-baryon and two-baryon system and confirm that two-baryon system can be regarded
as the sum of the two one-baryon system in the limit such that each baryon size is much
smaller than the separation between baryons. Then we construct the finite baryon density
system by using dilute gas approximation of baryons and mean field approximation of the
U (1) gauge field Ay (z#, z). The z dependent U (1) gauge field Ag (z) is dynamically solved
and the boundary value of the field defines the quark chemical potential pu, = pp/N.. By
comparing the energy density of the finite baryon density system and that of the zero baryon
density system with fixed up, we obtain the relation between the chemical potential and the
baryon density which shows the first-order phase transition of the baryon number density at
ip ~ 2.3GeV. At the critical point, the baryon number density and size of the baryon are
calculated as np ~ 0.70fm™* and p ~ 0.079fm, respectively. The stable finite baryon system
implies that the existence of the attractive force which have not been seen in two-baryon
system|26]. Moreover we retain the some expected features of the np-pp diagram, that is,
“silver blaze problem” and “first-order phase transition”. On the other hand, our baryon
number density is slightly larger than the normal nuclear density and the baryon size is very
smaller than the real size of the baryons ~ 1fm, though it is slightly improved from the result
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of Ref. [24]. These values imply that our finite baryon system is too soft and the repulsive
force is needed to improve these result.

Secondly, we apply our baryonic system to the construction of the neutron star in order
to check the validity in Sec. 4.2. We regard our baryonic matter as the matter of the neutron
since they have no electric charges. We introduce the Fermi momentum and the momentum
dependent mass m (k) to reconstruct the energy density p and the pressure p of our neutron
system. Fitting m (k) and using some stochastic relations, we find the relation between
p and p, namely EoS, and one of the unknown functions in TOV equations is eliminated.
Since we have first-order phase transition, we must introduce two free parameters, p. and p.,
which are the pressure and the energy density at the critical point. We set these values as
pe =0, p. =m(k.)ng (k) for our purpose. Then we solve the TOV equations and physical
quantities of neutron stars are studied. The resultant mass and the radius, however, are
very small compare to the familiar values of the quantities. Thus this results also imply
the absence of repulsive force. In our setup, baryons have been introduced as dilute gas of
solitons and the weak attractive force which is needed to form the stable nuclear matter is
realized via the Dirac-Born-Infeld action in the curved background. However, the repulsive
interaction which has been seen in the two baryon system [26] is absent, because we have
neglected the overlap among solitons in Egs. (4.18) and (4.19). Because of the absence of
repulsive forces, the mass and radius of neutron stars we obtained here are much smaller
than the empirical values.
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Chapter 5

Discussions

In this thesis, we discuss two awkward topics of field theory by using gauge/gravity duality.

Holographic Unruh effect We consider a quark accelerated with a uniform acceleration
a in the non-conformal gauge field theory in Chap. 3. We apply the ERT to the dAdS
model to move to the Rindler frame in which the quark is static. Applying the gauge/gravity
duality to the Rindler-dAdS model, we find the temperature which agree with the Unruh
temperature and an anisotropy of the effects of the temperature.

Our analyses are based on two assumptions. First, we assume that we may apply the
gauge/gravity duality to the coordinate transformed system. Second, we assume that the
usual four dimensional Rindler transformation, Eq. (E.3), corresponds the ERT, Eq. (3.7),
in terms of the gauge/gravity correspondence. The former assumption cannot be avoided
when we use the gauge/gravity duality as a tool of analyses. The latter assumption may be
improved, perhaps.

The ERT is introduced by Xiao in Ref. [14] to analyze an accelerated quark in the context
of the AdS/CFT correspondence. We employ the ERT in the dAdS model in Chap. 3 as it
is. One think that it is inattentive and the ERT should be changed. Possibly it may be true.
However I think that using the ERT as it is is plausible. Since the Unruh temperature is
independent of the detail of the field theory (See Appendix E.1 and Refs. [41], [42], [2]), it is
expected that the procedure of calculating the Unruh temperature by using the gauge/gravity
duality is also independent of the detail of the model. So if the ERT corresponds to the usual
four dimensional Rindler transformation in the AdS/CFT correspondence, it may be true
in other gauge/gravity duality models. Of course, there might be other ways we obtain the
correct Unruh temperature. It is interesting to look for such methods.

The anisotropy of the effect of the temperature might be found even if we use any other
transformation instead of the ERT, since the transformation must agree with the usual four
dimensional Rindler transformation, which is anisotropic, on the boundary. Thus, in terms
of the gauge/gravity duality, it is natural that the Unruh effect is anisotropic. However the
behavior of the effect will be changed if we choose any other transformation instead of the
ERT.
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It is interesting that looking for the correct transformation which corresponds the usual
four dimensional Rindler transformation in terms of the gauge/gravity duality. One of ways
to accomplish the work is tuning the effect of the coordinate transformation in terms of the
gauge/gravity duality to the Unruh effect of the corresponding theory.

Holographic cold nuclear matter We consider the system with finite baryon density
by using the Sakai-Sugimoto model in Chap. 4. Applying the dilute gas approximation to
the SU (2) gauge field and the mean field approximation to the U (1) gauge field, we find
the relation between the baryon chemical potential up and the baryon number density np;
a first-order phase transition from ng = 0 phase to finite ng phase. The critical value of the
baryon number density is considerably larger than the value of the normal nuclear density.
We also consider neutron stars and calculate the upper bound of the mass and the radius of
neutron stars. However these values are much smaller than the empirical values.

These results imply that the absence of the repulsive force which is omitted in the dilute
gas approximation. The consideration of the contribution of the repulsive force must be
needed to improve our finite baryon density system. However the tractability of our system
relies on the simple form of the SU (INy) soliton solution by our approximation. So it is very
difficult to add the contribution of the repulsive force even if we restrict our consideration
only to the contributions from two-baryon interaction Eqs. (4.13) and (4.14). One of the
ways of including these contributions into our model is simply adding these potentials to the
energy density Eq. (4.27) as

. Znp SU U
e=e(pnp,p) + =52 (Hyo @ () + By (1.9))
where

42Nc
HE'®) (|r (np)],p) = —oept X

o p ;
vt 37 |r(np)f’
N, 1 1 2, — 1
gom) _ c 1942
pot (’T’(TLB”,p) 87'('2@ ’T(nB)’2 2 + 5 ’

with |r (ng)| = (1/ (‘éwnB))l/3 and cy, ¢y is the averaged values of Eq. (4.17) and Z is the
number of the nearest neighbor baryons. We leave the analysis of this direction as the future
work and do not discuss anymore.

Finally I want to discuss a way of deepening the understanding of gauge/gravity duality.
Currently, gauge/gravity duality is used as a tool for analyzing theories and for giving pre-
dictions for the physical quantities which are difficult to access in other methods. However,
in fact, we have a trouble when we use the tool for investigating new physics. Gauge/gravity
duality is surely useful for the calculations in strongly interacting QFT, but we do not know
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why the duality actually works, how we generalize the duality, and how we identify a quantity
of a gauge theory with a quantity of the dual gravitational theory. Moreover we do not know
how far we can extend the AdS/CFT correspondence. Thus we should study gauge/gravity
duality itself, while the application is also important. To do this, it is useful that the appli-
cations of gauge/gravity duality to well-known physics in order to make clear how it works.
The Unruh effect is one of such topics to apply the duality for the purpose of advancing
our understanding of duality, because the phenomenon is very universal among various field
theories [2] and it contains the non-trivial coordinate transformation. It is very interesting
for us to investigate the relation between the 4-dimensional ordinary Rindler transforma-
tion and 5-dimensional extended Rindler transformation not restricted to Eq. (3.7) in terms
of gauge/gravity duality. I believe that deeper understanding of such interesting and spe-
cial applications must become a clue to advance our understanding of general features of
gauge/gravity duality.
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Appendix A

Review:Superstring theory

Since the gauge/gravity duality is based on the superstring theory, analyses with the duality
need the knowledge of the superstring theory.

String theory was originally constructed as the theory of hadrons in early 1970s. The
theory can explain some stringy feature of hadrons like Regge trajectory and linear rising
potential between a quark and an anti-quark. But, the theory is well-defined only in 26
dimensional spacetime and contains tachyons which unstabilize the theory. In addition, it
also has massless spin 1 and 2 particles which do not exist in actuality. So this theory is not
appropriate for describing hadrons. Once the massless spin 1 particles are regarded as gauge
particles and the massless spin 2 particles as gravitons, the string theory with supersymmetry,
the superstring theory, has become a good candidate of the ultimate theory of Nature.

The fundamental objects of string theories are fundamental superstring (F-string) and
D-branes. The superstring is a 2-dimensional object. A string may have one of two different
forms:an open string or a closed string. An open string contains gauge particles, while a
closed string has gravitons. Open strings must be ended on D-branes. D-branes are p + 1-
dimensional objects and they contains a gauge theory on their action. The characters in the
superstring theory is displayed in Fig. A.1.

A.1 Superstring

A.1.1 Action

The string is a one-dimensional generalization of the relativistic particle to a two-dimensional
object. The action is given by Nambu and Goto as

1 dXr X,
SNG = —27]_@, /deO'\/— det < Doa 80b> 3 (Al)
0 1

where 0’ =7, 0cc =cand u=0,--- ,d=D—1,a,b=0,1. A point on the string is specified
by a point on the world sheet (7,0), and X* (7,0) is the function which maps the point
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Figure A.1: Characters in superstring theory. Open strings whose ends end on the same position
have massless states, namely the state corresponds to gauge field A, and the state which corresponds
to the gaugino A,, while open strings whose ends end on different positions become massive. The
states of open strings are localized on the D-branes. On the other hand, closed strings can propagate
in the whole region of spacetime.

on T-0 space to the point on d + 1-dimensional spacetime. The action is a straightforward
generalization of that for a relativistic particle because both of them are represented as the
integration of invariant volume. But it is difficult to treat the Nambu-Goto (NG) action
because fields X* are in the square root. So the Polyakov action Sp is often used instead of

the NG action,
1

4o

Sp =

/ drdo/—y7"0, X 0 X, , (A.2)

where 7,4, (7,0) is a metric on the world-sheet, independent of X*. The equivalence of two
actions can be checked by eliminating 7., from Eq. (A.2) by using the equations of motion.
The Polyakov action is invariant under the following three transformations;

e Poincaré transformations:

SXM =a XV + b, 5y =0.

e Reparametrizations:

ofcoft

o' = [U(1,0) =0" Ay (T,0) = o5
f ( ) /Yb( ) do aab/ycd

(')

e Weyl transformations:
Yab — %/zb = €QW(T’U)7ab7 0X =0
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Here reparametrizations and Weyl transformations are local symmetries. These local sym-
metries must be fixed by choosing a gauge-fixing condition. Two of the three components
of 7,4 are fixed by the reparametrization invariance, while the remaining one is fixed by the
Weyl invariance. Then v, has only one component, but this remaining component also can
be gauged away by using the Weyl transformations. So we can choose v, as

-1 0
Yab = Nab = ( 0 1 ) . (A3)

Even after choosing this gauge, there is a residual gauge symmetry. In the light-cone coordi-
nate

do*

ds®> = nudo'de® =2nt“dotdo (A.4)

5 ] 1 Lc LC —1
ot = 1740, 0y = =§3Ti§am 7751;0:(7755 niér):( ’ 02)’

we can easily see from (A.4) that successive transformations,

ot — o'* (0%) (reparametrization) A

Lc Oot 8o~ LC 1 f : ( -5)
Nay — s se="a  (Weyl transformation)
make the metric " invariant.
Once we fix the gauge as in Eq. (A.3), we can write the bosonic string action as
1

S =— drdod,X,,0°X* A6
o [ ardoo.x, (A6)

Adding the fermionic action to the gauge fixed bosonic action Eq. (A.6), we get a super-
symmetric string action

S =

ay i | P a
yr / drdo (aaxua Xt 4+ a%), (A7)

where p?, with a = 0, 1, represent the two-dimensional Dirac matrices, which obey the Dirac
algebra

{pa’pb} — 2nab.

We will use an explicit form of these matrices,

0 —1 01

0_ 1

A=(10) = (1)

Y* (u=0,1,...,D — 1)are D Majorana fermions which satisfy the Majorana condition

wzcﬁzwz(‘”)
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where ¢ = ¢tip® and C = ip®is a charge conjugation matrix which satisfies p*7 = —C~1p2C.
In our notation, the Majorana condition means that the spinors are real,

= (A.8)

We will sometimes suppress the Lorentz index g from now on for the notational simplicity.
Then the Majorana condition Eq. (A.8) is written as ¢* = 1.
The action is invariant up to total derivative term under the infinitesimal supersymmetric
transformation
OXH = et
ot = p*0, X" e

where € is a infinitesimal constant Majorana spinor.

A.1.2 Equations of motion, boundary conditions and solutions

The equations of motion of the action (A.7) is written as

0,0.X = 0, (A.9)

8+7,D_ - 0, 8_1/14_ :O, (A]_O)
where 0; = 87‘2{ and 0F = 7 4 0. Since the string has a finite interval of o, we also have
boundary conditions

0, X0X| _ — 0,X0X|,_, = 0, (A.11)
(V40y =0y )|, — W40y —_0Y-)|,_, = 0. (A.12)
So Egs. (A.9) and (A.10) are just free wave equations, we can solve them with appropriate

boundary conditions and the choice of the boundary conditions which satisfy Eqs. (A.11)
and (A.12) gives some features, open or closed and NS or R, to the string.

Open strings One of the types of strings is the open string. In this case, o = 7 term and
0 =0 term in Egs. (A.11) and (A.12) vanish respectively and then conditions reduce to

0, X|,_ or 0X|_ = 0 and 0,X|,_, or 6X| _ =0,
77Z)+|o':() = ¢—|o-:0) 77Z)+|o':7-r = j: w—|o':7r . (A13)

Since one relative sign can be absorbed in the definition of the field ¥, we can choose the
definition such as Eq. (A.13). The remaining relative sign at ¢ = 7 determines the spin-
statics of the states of the string.
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Boundary conditions for bosonic fields X at one end are of two types. One of these is the
Neumann boundary condition,
95X |,—0 or » = 0,

and the other is the Dirichlet boundary condition,
X(oc=0)=Xy or X(oc=m)=X,.

Actually, these conditions are linked with the D-branes on which the string ends.The general
solution of the equation of motion for an open string with the Neumann boundary conditions
on both ends is given by

1 .
XM (r,0) = 2" + Zphr + il Z —ak e cos (mo), (A.14)
m#0 m
and the one with the Dirichlet boundary conditions on both ends is given by
XH(r,0) = <1 - E) Xo + X7rg + il Z lOz“ e~ sin (mo) . (A.15)
T T Zm "

We denote af = [;p" for the open string.
Next we consider boundary conditions for fermionic fields 1. One of these is the Ramond
condition (R)

¢+|O':7F = ¢_|O':7F ’ (A16)
and the other condition is the Neveu-Schwarz boundary condition (NS)
¢+|o’:7r = - ¢_|0'27r N (A17)

The general solution in the R sector is

wﬁ (T, O') _ Zd fm(‘r o)

nGZ

V(o) = 53 odh e

nez
and that in the NS sector is

wﬁ (7_’0_> _ Z b —er

r€Z+1/2

wi (7_’ O') _ Z b f'n" T+J

T€Z+1/2

Sl

Sl
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Closed strings The other type of the string is the closed string. The boundary condition
is written by

X(o) = X(o+mn),
Yi(o) = Ye(o+m) or Yi(o)=—9Ys(0).

These conditions satisfy Eqs. (A.11) and (A.12). In this case, X (1,0) = X_(7—0) +
X, (7 + o) is written by

Xt (r—0) = ol + 2" (T —0)+ 2l Y —al e )
n#0
Xt (r+0) = lx”’ + ll2 (t+0) —l Z Zatt e m(rro)
+ 2 2 sP n#o +, n€

We denote aff = 1,p* for the closed string.

Boundary conditions for fermionic fields are two types again, and we call the periodic
condition ¥4 (o) = ¢4 (0 4+ m) “R” and call the anti-periodic condition ¢4 (o) = =94 (0 + 7)
“NS”. In the R (periodic) sector, the general solution of the fermionic field is written by

w7<7_70) _ Zd —21717' o)

neZ

b (rg) = Y e,

nez

and in the NS (anti-periodic) sector,

wi (7_’0,) _ Z b 7227’7 o)

reZ+1/2

er (7_’ O') _ Z b 721r ‘r+o

reZ+1/2

A.1.3 Quantization

To perform canonical quantization, we impose the (anti) commutation relations on the modes
in the Fourier expansion of the fields,

[aﬂm7 O[z] = m(sm—i—n,Onuyy (A18)

{bﬁv bg} - 77“”57’-&-5,07 {dm7 Z} = nuyém-l—n,O’ (Alg)

for the open string. For the closed string, there are two copies of these relations, which
correspond to two different type of modes, a_,b_,d_ and a,by,d;.
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The Weyl invariance of the action, Eq. (A.2), requires that the trace of energy-momentum
tensor is zero, YTy, ~ ﬁv“b% = 0. On the other hand, the equation of motion for the
metric requires that all components of the energy-momentum tensor are zero classically,
T, = 0. So then two components of the energy-momentum tensor do not vanish and they
are zero classically. In superstring theory, we can generalize this argument, and we have
two non-vanishing components of the energy-momentum tensor 7}, and two non-vanishing

components of the supercurrent .J,

1
Ty = 8+XM8+X“+§¢i6+¢+M,

1
T = 0-X,0- X"+ 404y,
J+ == ¢i3+XH, J_:le_ta_Xl“

and all of them are zero classically. Their Fourier modes are called the super-Virasoro gen-

erator,
1 [7 : 1
Ly = — /ﬂdaeszT++ - 5 Z Qg Qg - +L7(7{) m € Z,

m
neL

and in R sector,

1
L%) = _Z<n+m> Zd—n'dern:a

2 2
nel
\/§ " imo
F, = 7/ doe J+:§ a_p - dprn mEZ,

T ne”l

or in NS sector,

1 m
fH - = i . .
LY 3 (7“—|—2>.b_r B -
rezZ+1/2
V2 [T !
G, = — doe’ J. = —n b 7+ —,
- /_7T ge + ZOK + re + 2

ne”L

for the open string. The physical state |¢) must satisfy the condition (¢| Tt |¢) = 0, and
the condition may be reduced to the conditions, (Ly — a) [¢) = 0 and L,, |[¢) =0 (m > 0).
The former of these conditions for physical state is regard as the mass shell condition. This
condition can be rewritten as

o M? = N®  NU g, (A.20)
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00 8
NO = (—ainai —al, o, + Za"_nai;) , (A.21)

n=1 i=1

N(f) — Zzozl n (_d:nd:: - di_ndr: + Z?:l dl—nd;) (R sector) (A22)
Sy o (=bI, b = bE by + 3 b, b) (NS sector)
" 0 (R sector) . (A.23)
= (NS sector)

For the purpose of seeing mass spectrum, it is easy that we quantize the string in light
cone gauge. The light cone coordinates for spacetime is defined as

1 1
Xt = — (X°+£ X%, o¢Ff=—"—(@"+¢%.

e R
Since there is the residual symmetry corresponds to Eq. (A.5), we can perform the gauge
fixing as
Then we can solve T’y , =T = J, = J_ = 0 for minus modes o™, d~, b~ and the dynamics
of string is described by only eight transverse modes of, d', b* (i =1,---8). In this gauge,
Eqgs. (A.21) and (A.22) are written as

co 8
DD WS
n=1 i=1
N S nd"_@d; (R sector) '
D1/ S rb b (NS sector)
The ground state is defined as
ol |0k £) = dl |0k £), =0 for n>0
for R sector and . '
a, [0;k) yg =0010;k) yg =0 for n,7>0

for NS sector, where k is a total momentum of the open string. Since [M?,d}] = 0, the ground
state for R sector is degenerated. Eq. (A.19) implies that d) behaves as eight dimensional
gamma matrices, d ~ I'". So the vacuum for R-sector should be represented as a (Euclidean)
eight dimensional Majorana-Weyl spinor. So it has eight real components.

To make the quantum theory consistent, we must perform the GSO projection. The
G-parity is defined as

o= r (—)Zf’o:ld‘"'d” (R sector)
- (_)Zvﬁl/2b*"'b"+l (NS sector) ’
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where I' is the ten-dimensional analog of the Dirac matrix ~y; in four dimensions. It satisfies
I'[0;k; ), = £(0;k;£) 5. In the NS sector, we truncate the G-parity odd states. On the
other hand, in the R sector we can project on states with negative or positive G-parity.

The lowest mass state After the GSO projection, the lowest mass states are massless
states. For the open string, the states are given by

bi_l/g |0; k) vg (NS sector), |0;k;+), or [0;k;—), (R sector).

In the NS sector there are eight states (i = 1,---,8) and in R sector there are also eight
states. The states in NS sector represent a massless spacetime vector field, namely gauge
field, because it has suffix 2. On the other hand, the states in R sector represent a massless
spacetime fermion because the states |0; k; £) ;, is 8-dimensional spinor.

For the closed string, the states are represented as the direct product of two copies of open
string states. However, since the closed string share the total momentum between the left-
moving modes and the right-moving modes, the level matching condition N = N are
imposed on each state. In addition, there are two distinct theories depending on chiralities of
the ground states of two R sectors. The theory which has two same gravitinos is called “type
IIB theory”, while the theory which has two distinct gravitinos is called “type IIA theory”.
Then massless states of closed string are as follows.

e Type IIB theory

' +Hr @ [Hg
0. _120)ns ® |+)g
e @ by 110y

bé7,1/2|0>N5‘ & bi,—1/2|O>NS

— NS-NS sector: This sector contains the dilaton ® (1 state), the graviton G;; (35
states) and the antisymmetric two-form gauge field B;; (28 states).

— NS-R and R-NS sector:Each of these sectors contains the dilationo ¢, (8 states)
and the gravitino ¢’ (56 states). The two gravitinos have the same chirality.

— R-R sector:This sector contains a zero-form C' (1 state), a two-form gauge field C;;
(28 states), a four-form gauge field Cj;i; with a self dual five-form gauge strength
«F5 = F5 (35 states)

e type IIA theory

=) ® |F)g
bi_,—1/2 Ons @ [+H)g

[=)r @ V1210 ys
bi,7,1/2 0)yg ® b+ 1/2 0) vs
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— NS-NS sector: This sector contains the same states as IIB theory.

— NS-R and R-NS sector:This sector contains the same states as 1IB theory. But
the two gravitinos have the opposite chirality.

— R-R sector:This sector contains a one-form C; (8 state), a three-form gauge field
Cijr (56 states).

We often write a n-form as C,, and introduce C5, Cg, C7, Cg which are dual to Cs, Cy, C7, Cj.

Since the massless states for two types of the superstring theories are field contents of
SUGRA, in the low energy limit I, — 0, the superstring theory will be reduced to ten
dimensional SUGRA. In this limit, the closed string action may be written as

B 1
N 167TG10

/ 1:V—GR (1+ O (2R)). (A.24)

where G ~ ¥ ~ o/ is ten dimensional Newton constant, G is the determinant of the metric
and R is the curvature of the ten dimensional spacetime. We have o/ R correction in the
low energy action. In o R < 1 case, the low energy action will coincide with the usual
Einstein-Hilbert action.

A.1.4 Background fields

Massless states in NS-NS sector of closed string G,,, B,,, ® have a special meaning. If
there are background fields of G, B,,, ®, the (Euclidean) string action Eq. (A.2) should
be generalize to

S=5c+ S+ S, (A.25)
1 2 b
— a Xu Xl/
50 = I /Md TV G O AT AT,
1 2 b
= B, 0a X" 0, X"
SB Aral /]\v/[d Uﬁ7 ,ul/aa ab )
1
Sp = — / d*o\/7®R? (v), (A.26)
471- M

where R® (v) is the scalar curvature of the two-dimensional string world sheet computed
from the world sheet metric ~,, and M represents a geometry of world sheet. Since S has
no X , S is one order higher than other terms in the o/ expansion.

Se is a simple generalization of the Polyakov action, Eq. (A.2), with non-trivial back-
ground gravitational field. We may obtain it by replacing 7, with G,, in Eq. (A.2). Thus
G, behaves as the gravitational field in the theory. Sp may exist when the string is oriented.
In terms of the states, orientation is defined by the orientifold projection €2 for closed string.
This projection works as Qb4 Q" — b.. When the string theory is invariant under this
transformation, the states which are changed by this transformation such as Bj;b b’ |0) are
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eliminated. Sp is a two-form analog of the coupling of a one-form Maxwell field to the world

line of a charged particle, ¢ [ A, dx* = quM‘?—:dT. In this sense an oriented string can be

regarded as a charged object. The dilaton term S¢ has a special feature when the dilaton
field is constant ® = ®y. Then the term in Eq. (A.26) is rewritten as

1
S<I>o = (I)OX (M)> X(M) = E/ dQUWR(Q) (7) =2 - 2nh — Np — N,
M

where x (M) is the Euler characteristic of M and it is determined by the number of handles
np, the number of boundaries n;, and the number of cross-caps n. of the Euclidean world
sheet M.

The path integral of the string world sheet with background fields is written by

Z[G, B, ®] ~ / Dya / DXt SIhX:GB.2] (A.27)

where S [h, X; G, B, ®| is the same as in Eq. (A.25) and [ Dy means sum over all Riemann
surfaces (M, h). Since Riemann surfaces of different topology are not diffeomorphic, Eq.
(A.27) should be regarded as

Z = Z Z(”hynbanc) + Z? (A28)

Tp,MbNe

where Z is a term of non-perturbative contributions. The first term of Eq. (A.28) is a

perturbative expansion for a constant mode of the dilaton e®°,

Z Z (nhs s ne) = Z e X7 (x),
Th, My, MNe X
where e X% 7 () represents the contribution of the world sheets with the Euler characteristic
X- Thus the coupling constant of the string is defined as

gs =€

Some examples of the string world sheet M is displayed in Fig. A.2a. We can read the
relation between the closed string coupling g and the open string coupling g,,

952927

from the Fig. A.2b.

A.2 D-branes

Another important object of the string theory is Dp-brane which is a p-dimensional extended
object. The bosonic part of its low energy effective action is written in terms of the massless
fields of the string theory,

Spp = Spsr + Scs,
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Js

e2®o N )
Js
o—2%0
(S, 9s
g
° gs
e4q>0 s
1 N, N

(a) We display oriented closed string world sheets. The leading order
contribution comes from the sphere (x = 2) diagrams. Next to lead-
ing order contribution comes from the torus diagrams which has the one
handle, y = 2 -2 x 1 = 0 and eX® = ¢ Third contribution comes
from the world sheets which has two handles, y = 2 — 2 x 2 = —2 and
e XP0 = ¢+2%0 = 1 x g2, Fourth contribution comes from the world sheets
which has three handles, Y = 2—2 x 3 = —4 and e X®0 = ¢+4®0 = 1 x ¢4,
Third and fourth contributions may be interpreted that the contribution
of the torus type world sheet, 1, times g7, where n is a number of the
three point vertices of the world sheet.

b
0 Jo

1 e2¢0 go gO gO gO

(b) The oriented open string world sheet with x = 1(one bound-
ary=disc), x = 0 (two boundaries=cylinder, eX® = 1) | y = —1
(three boundaries, e X?0 = e®0 = 1 x g2, y = —2 (four boundaries,
e XP0 = ¢2%0 — 1 x g4) are displayed. Third and fourth contributions
may be interpreted that the contribution of the cylinder type world sheet,
1, times g7, where n is a number of the three point vertices of the world
sheet.

Figure A.2: Some examples of the string world sheet.
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SDB] = _TDp / dp+1§6_(b\/— det (Gab + Bab + 2ma ab),

Scs = #p/(OGBHmlF) ;
pt1

where F;, is the U (1) gauge field strength on the single Dp-brane, Go = G0, X*0, X",
By, = B,,,0,X"0,X" are pull-back of the background metric G, and two-form field B, to
p + 1-dimensional world volume and a,b =0,1,---  p. Dp-brane tension is given as

1
(27r)p (O/)(erl)/?'

Tpy =

In the term Scg,

8
C=> G,
n=0

and (),,, means that one should extract the p + 1-form piece from parenthesis. The R-R

charge p, is
1

ok (a/)(p+1)/2'
If N Dp-branes are put on the same spacetime region, then field Fy;, will be promoted to
U (N) gauge fields and the action becomes

Hp =

Sppr = —Tp,Tr / d" e /= det (Gap + Bap + 270/ Fy), (A.29)

B42na' F
41, T / (Ce )p+1 , (A.30)

where 9, X in the pull-backs are replaced by D, X = 0,X + [A,, X], so we treat X's as adjoint
representations of U (N) gauge group.

It is interesting that the DBI action contains the Yang-Mills action. In the flat spacetime
metric G, = 1, and without B,,, choosing the gauge as {* = X fora = 0,--- ,p, and
denoting X' = 2ra/®" for i = p+1,---,9, we can expand the action Eq. (A.29) as

Scs

Tp, (2ma’)? o o
Sper = —w / e T [ Fp P 4 2D,8' D@ + ([0, @7])°]

+const. + higher order of 2ra/ . (A.31)

The leading terms of low energy expansion of the action contains the Yang-Mills action.
Because of <e’<b> = 1/g,, the Yang-Mills coupling is written as

Js
Tp, (2ma)’

= (20 (@),

2
gYM,p
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Appendix B

Hamilton formalism

In this section we explain the Hamilton formalism which we used in Sec. 3.3.3.
We start with the action which has the form

S = /daﬁ [{q 0yq" (o )H (B.1)

with symmetry under the reparametrization o — o’ = f (o),

/daﬁ [{d' (0),0,4' (0)}] Z/da’ﬁ [{q"(0"),054" (0')}] and ¢’ (o) =q" (o).

We define the conjugate momenta,

S
T a(aa(h')’

and the Hamiltonian,
{q pz sz aq - {q 8aq }}

Then the equations of motion can be written as

o' OH  Opi OH

do  Op;. Oo O
When this Hamiltonian satisfies a condition
H=A[{d,0.d.p}|H[{d.p}]. H[{d,pi}]=0,

the equations of motion become

of  0(aH) R

do Op; op;i’
Opi _ _8 (AH> _ _A87:[ (B.2)
do dg¢t op; '



On the other hand, the reparametrization invariance of the action, Eq. (B.1), implies
that we may define the alternative conjugate momenta p; and Hamiltonian H' as

oL
9 (00q;)”

Hl [{qi/’pz Za /qz/p; {qz/ ao-q“ } _ [{q“,p;}}

ot

and the equations of motion are

¢’  OH 0o 9q" (o' (0) . OH [{q", p}]
90~ “op, 90 0o AN O il =5,
op;  _ OH . 90 0pi (o' (0)) _ i o oy IR P
&7’ — Aaq“ — 80'/ 80’ — A [{q 7(30/61 71%}] aq“ .

Setting % = A, we reduce these equations of motion to

9q" (o' (o))  OH[{q",p}}]

9o opl
opi(s'(0))  OH[{q", p}}]
- _ T (B.3)

We notice that these equations are regard as the usual Hamilton’s equations of motion for
the Hamiltonian # rather than 7. Because two set of the equations of motion Eqs. (B.2)
and (B.3) describe the same physics, we get the trajectory ¢ (o) = ¢” (s’ (o)) as the solution
of the equations Eq. (B.3).
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Appendix C

Small ¢ analysis in the dAdS model

The dAdS model is one of the simplest generalization of the AdS model. Its distinction from
the AdS model is handled by the parameter ¢ in dilaton ® as

=1+ 7%.
Thus the dAdS model with ¢ = 0 is coincide with the original AdS model. Then we expect
that the perturbative expansion in parameter ¢ may work. However, the validity of this
expectation depends on situations. In this section we consider the perturbative expansions
in parameter ¢ in two different situations, namely we consider the calculation of the vacuum
expectation values of the Wilson loops and the calculations of the accelerated string solutions.
In the former case the expansion works, while in the latter case it does not work.

C.1 Wilson loop

Wilson loops with bottom at r;, > ¢'/* can be estimated by expanding quantities in o~
b

In this expansion, the separation between quark and antiquark L, Eq. (2.24), and the
potential between them V| Eq. (2.25), are expanded as

/ q 1gq
L=, /1+=Ly~[1+=—= ] L C.1
rl‘f 0 ( 27"17) 0 ( )

and
2rb q 1
—2my , C.2
27'('0( / A /y — ( ) 1 ( )
where 71, is a position of the bottom of the string in r direction, Ly = %\r/?;m and m, is
1

the quark mass introduced to regularize the potential energy. Thinking naively, m, should
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be defined as

m, = 1 /oodre(b/2
q 2ra |/,

1 o q
= dri/1+ —.
2ra J, W r4

However, this quantity will diverge in the lower limit of the integral. To avoid this problem,
we have two different prescription.

1. We use my = 52 [, dr which is the definition of a quark mass in the AdS/CFT
correspondence

2. We use my = 52 [ dr\/1+ % and set 7y, finite.

Tmin

Which prescription is adopted is not so important, since it just determines an normalization
of the potential. Thus we will define the quark mass m, as

mg = Mgo + Mg4,

1 00
Mgo = p dr
27Ta Tmin

Ty o0
= d
2mal! /y Y

min

B 1 o J s 1
Y — "\ 27

1 1s 4
2ma r,:j’ 6ymm’

where mg o, mg is

and s = 0, 7, = 0 in the case of prescription 1, s = 1, 7, # 0 in the case of prescription
2. Then V can be re written as

T'min q 1 S
V(L) = V(L Vi (L 2 — —
(L) o (L) + Vi (L) + 2ral 2@l 313

min




This description is valid in the region 0 < L < Ly,

4 3/2 /
b= =) = 2T
1

In this region, the first order of the potential V; is bounded in the region,
orl/2 g/

)’

0<Vi(L) s

o’

In the limit ¢ — 0, this description is valid in all region of L and Vj (L) vanishes. Thus,
in this limit, the situation will be coincide with the original AdS/CFT case as might be
expected. Vi (L) is proportional to L3. However, since L is bounded in the region L < Ly,

we cannot discuss the confinement property in this approximation. In fact, in the region
L > Ly, (1 < q), V(L) is proportional to L as seen in Eq. (2.26).

C.2 Accelerated string solution

Now we try to consider Eq. (3.8) by expanding quantities in %. However it turn out that
such a calculation is invalid immediately.
In ¢ expansion, we assume that f () can be written as

fr)=folr)+ filr)g+0O (qz) ; (C.3)

where fo (r) = -z — 75 is the solution of the equation of motion for the accelerated string in
AdS spacetime Eq. (3.5). Substituting Eq. (C.3) into Eq. (3.8) and keep the terms up to
first order of ¢, the equation of motion for f; becomes

1 7”4 ! 2.2 ¢! q
5(1& (@fl —a‘r fl) q= QGF' (CA4)

This equation can be solved by
I 4 1 | r a?R*1 o'R®1 +C 1 1 r — aR? +1 D
r)=- n - — — — |+= n -
! 3aSR8 V2 — a2R?* 2 72 4 r+) a2 \ 2aR? r + aR? r '
where C, D is integration constants. Because f (r — o0) = a%, D =0 is required. C' will be

determined by imposing the condition lim, o fi (r.) < co. Denoting 7. = 7co + 7c1q, Teo =
R?a, we have

3a3RSC
£ () 4 1 | R2a+rc,1q Te1q 8
ry) = = n
! 3aSR® | /2R%ar.,q \2R*a +1c1q

1 1 2 C 1
3aiR4 (a2R4 + 2R?%ar.1q + a?R* + 4aR27’C,1q) + a2 R2a + Teaq
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Thus C = ﬁ is required to make lim, o fi () regular and f; (r) becomes

4 r aR? a*R*1  o*R®1
- 1 . - -). .
filr) 3aS R8 ( . r + aR? ( r + 2 72 + 4 7"4)) (C.5)

Above discussion seems to be valid when the relation, min(r) = r, > ¢/, is satisfied.
However it is wrong. When we expand Eq. (3.8), we drop the term of order O (¢%). Since
q is the constant and r (r, < r < 00)is variable, there are regions where the contributions of
O (¢%) exceeds that of O (g). In fact in the region r > ¢'/4, the situation such that

q ¢

rd < R2p2

can arise, for example. Thus we must keep every term. It implies that our naive estimation
Eq.(C.5) may be wrong. In fact, an asymptotic solution of Eq. (3.8) behaves

fF)=fo(r)+0 (™), r~oo,

while Eq. (C.5) behaves
filr)=0 <T71> , T~ 0.
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Appendix D

Expanding U (1) in Sakai-Sugimoto model

In Sec. 4.1.3, we expand the action only in terms of the SU (2) field strength. This is crucial
to keep the validity of the analysis in Sec. 4.1.3. In fact, the critical chemical potential in
Eq. (4.28) is sufficiently large not to be valid the perturbative expansion in terms of the
U (1) gauge field strength. Since $2X 1, is order one, 32779, Ay in Eq. (4.21) is also expected
as O (1). Thus first term and second term inside the square root in Eq. (4.21) become the
same order.

We can confirm above statement concretely by expanding the action in Eq. (4.21) in

terms of U (1) gauge field. Then the action, Eq. (4.21), becomes

e 1 S\2 324 .
S/V, = —/1/ dz (12@2713 (k_1/3 + k) — 51{; (2) (82140) — 7TnBAOqQ> (D.1)
0
where we subtract So/Vy = —k fooo dzk=2/3 from the action. Then the equations of motion
for Ay is written as -
o, (k@ZA()) - Aﬂngq%

Imposing the same boundary conditions as in Eq. (4.25), we get

Ay (2) = 54an7T 32 {P\/ﬁ (1 —

A1 — p?

\/z2 + p? )
2 4 2
+ (3p* — 2) (tan_1 \/%pQ —tan~! %) } (D.2)

Numerical plot of Ag(z) and 0,4, are displayed in Fig. D.1. We assure that the value of
the chemical potential becomes larger than that in Eq. (4.28) and ;227)?3 Ap becomes order one in
a certain region. Thus the perturbative expansion of the action, Eq. (4.21), in terms of the

U (1) gauge field strength is invalid.

87



S O S B S S S S e z
2 4 6 8 10 0 2 4 6 8 10

Figure D.1: Numerical plot of the function (D.2) and its derivative. These are evaluated at A =
16.6, p = 0.079, np = 0.019, namely at critical values (4.28). The value of the chemical potential
Ap (z = 00) becomes larger than the value of Eq. (4.28). It comes from the invalidity of the

expansion (D.1) because of the existence of the region of %%@Ao (z) > 1.

88



Appendix E

Unruh effect

E.1 Field theoretical perspective

In this section, we will review the Unruh effect briefly. We argue along the Ref. [41] in this
review. More detailed discussions for the Unruh effect are performed in Ref. [41]| or Ref.
[42].

Suppose a particle detector moves in Minkowski spacetime along the world line x* (7).
The full Hamiltonian density of the system is written as

H =Hy+ Ho+ Hin

Hy, H, is non-interacting (free) Hamiltonian of the field ¢ and the detector, and H;,, =
—Lint = — [drcom (1) ¢ [z (7)] is the detector-field interaction Hamiltonian. ¢ is a small
coupling constant and m (7) is the detector’s monopole moment operator. When 7 = —o0o,
the field ¢ is in the vacuum state |0,/), which is the usual oscillator vacuum (ag |057) = 0) in
Minkowski spacetime. The states of the detector and the field will be changed to excited states
|V), |E) (Ho |E) = E'|E)) from their ground state |0y/), |Eo) (Ho |Eo) = Eo|FEo), E > Ey).
For sufficient small ¢y the amplitude for transition can be written as

oo

(E, Y| (—iHpn) |Oar, Eo) = z’co/ dr (E,|m (1) ¢ [z (7)] |Op, Eo) -

—0o0

The time evolution of m (7) obey the Heisenberg equation m (1) = e07m (0) e=*#°7, then
the transition amplitude becomes

o0

ico (B m (0) | ) [ dre 5 (0] o (7)) o). (E.1)

—0o0

Squaring Eq. (E.1) and summing over all possible state to transition, we get
&S (E|m (0) |E0>2|/ drdr' F (F — Ey),
E -0
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where A

F(B=Eo) = ¢ E TG () 2 (7)),
and

G (x(7),2(7') = (Ol & [z (7)] & [z (7)] 10as) -
Now we consider the transition probability per unit proper time. For simplicity, we re-
strict ¢ to be massless and restrict the trajectory x (7) such that the massless propagator
D (xz(7),x (7")) only depend on the difference AT = 7—7', thatis, D (z (1) ,z (7')) = D (A7).
Then the transition probability per unit proper time is given by

&S HEm (O [Eg [ d(ar)e 5D (ar), (£

where
1

1
Am? (¢ (1) —t (1) —ie)? — |Z (1) — Z (')*
If the motion of the detector is uniform motion 7 = /1 —v?t, ¥ = ¥y + vt, the transition
probability is

_ 1
- 3 B m 0) ) T [ iRt

T (AT) = —

Y

So the detector cannot detect any particles as expected. On the other hand, if we consider
another complicated trajectories of the detector, the situation will be changed. Suppose the
motion with an uniform acceleration a. In this case the world line is described as 22 — t? =

1
=, y=z=0or

1
t = —sinh
~sin (at),
1
x = —cosh(ar). (E.3)
a
Then we find
2
1
Dt (A7) = —— |
167 SiIlh2 (a(A;fze))
I 1
Am? —~ (AT —ie+ omak)?

Substituting this into Eq. (E.2), we get the final result of the transition probability as

2 E — Ey) {E|m (0) |E)|
§Z< ) [(E]m (0) |Eg)[”

25 (E—-Eo) _ 1

(&

90



-1
The factor (eQTW(E_EO) — 1> suggest that the accelerated detector sees a thermal bath with

the temperature
a

= %'
In this section, though we demonstrate the emergence of the temperature by using a particle
detector, the detector is not need for the demonstration in general. In the Ref. [2], the
authors show the equation,

T (" (1,0 (7)),
(0 (Hm,ti)) o= 2 ) ) (.4

t

in terms of the partition function. Here 3 = 27w/a, H? is the Hamiltonian in Rindler
coordinates, ¢ is a field. (), (), denote time and 1 ordering, (r7,7;) is the same point as
(23, t;) in Rindler coordinates. |0ps) represents the Minkowski vacuum state.

Note that Eq. (E.4) is shown about a large class of interacting field theories. It implies
that the Unruh temperature Ty = a/27 may be independent of the detail of the interaction or
the sort of the fields. Thus we assume that the procedure to extract the Unruh temperature
in terms of the gauge/gravity duality may not be affected from the detail of the theory. So
it is natural that we employ the transformation Eq. (3.7) to get the temperature Ty = a/27
in Chap. 3.

E.2 Comment on ERT

In Chap. 3, we perform ERT in order to move to co-moving frame for an accelerated quark
and in order to obtain the correct Unruh temperature. However we may be able to consider
other transformations which are appropriate for these purposes. Actually for the purpose of
making the accelerated string Eq. (3.2) static, it is sufficient to transforming the coordinates
as

x = g(s,p)cosh(ar),

t = g(s,p)sinh(ar),

r = h(sp). (E.5)
Since we want to regard s — oo as the r — 0o, we require

s(B,r =00) = oc. (E.6)

Then we may have various transformations which agree with the usual four-dimensional
Rindler transformation on the boundary. It sounds strange. So it is a natural question
whether the transformation Eq. (3.7) is the only transformation to describe the physics of
the Unruh effect or not.
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One of candidates for the transformation Eqs. (E.5) is

_ - &ﬁ . ~
t = 4/ &2 826 sinh (ar)
r = sR% %,

where @ < s < 0o and @ # a. Under this transformation the solution with ¢ = 0, Eq. (3.6),
is mapped onto

1. a
6 = = ln —.
a a
Then aR?* < r(s) < +oo. Note that if we choose @ # a only upper part r > aR? of the
accelerated string solution is mapped again. In this case, however, we get the temperature

a

Ty = o
So imposing the conditions, “making string solution static” and “mapping only upper part of
the string » > r.”, is not sufficient to determine the temperature. In this case an additional
condition “setting the endpoint of the string on boundary as 5 (s = spq,) = 07 is needed. We
use this condition through our analysis in Chap. 3.

Generally, the solution will be mapped by the transformation Eq. (E.5) as
e == f(r) = g(s.8)" = f(h(s.5))

and the both sides of this equation is independent of 7. Then the metric after the transfor-
mation Eq. (E.5) becomes

ds* = Guu (—dt2 + dxz) + G,dr?
og\*>  [0h\*
og\*>  [0h\?

G (%) +(%) G d52+2{G

g(s6,8:) =0 (E.7)

where . is the solution of the equation h (s, 5.) = r.. To keep the metric diagonal and
standard form of the finite temperature theory as in Eq. (2.10), we impose the condition

990g | ., Ohoh
"osoB " 0s0p
_G’T‘T = Ga:a:dZQQ_A(ﬁ)B(S)7

og\>  [0h\*

92

= _Gmc&292d7-2 + d82

dg Og Oh Oh

=+ :rx%a_ﬁ—i_ rra 0B

dsdp .

Since f (r.) =0,

ngngs = G :O,

Gss =




where A (), B (s) are certain functions. Then g (s, ), h (s, §) should be satisfy the relations

dg [0gOh  Oh O oh\
S G“Ws’ﬂ”\/a_i o ) (5)

a
B(s) = J
v [as 23] (3)
Gz (B (s,8)) Oh Oh (ag@) -

Gor (h(s,8)) — 0508 \ds9p

Wick rotating the time 7 — —i7p, and evaluating the metric near horizon s = s, + €" by
using g =0, f=f.and B (s =s.+€") =C(s.) e + o(€), we have

(E.8)

n/2 0 ¢ (SC>

d82 ~ € )

n® (dp® + p*d6?), p=

S|

A
C (a)
It turn out that [ = n must be needed to avoid conical singularity. Thus B (s) must be
proportional to s — s, near horizon,

B(s) ~ (s —s.)C(sc) (s~ sc). (E.10)

Then the temperature is determined as

Ty = . (E.11)

If the conditions Eqgs. (E.7), (E.8), and (E.10) are satisfied, the metric has the temperature
Eq. (E.11) and it may be different from a/27. However these conditions are very complicated,
so we do not find any other transformation which satisfy these conditions, except for the
ERT, Eq. (3.7). Perhaps every transformation which satisfies these conditions represents
a same physics. We may sophisticate the method of the gauge/gravity duality and deepen
an understanding of the duality by investigating these circumstances. This subject is very
attractive. But it is remained as open problem here.

We note that in the case of Eq. (2.22) and the transformation Eq. (E.5) takes the form
as

r = g(s)e® cosh(ar),
t = g(s)esinh (ar),
r = h(s)e

the coefficient ¢ (s) and h (s) can be determined uniquely by imposing the above conditions.
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Performing this transformation, we have the Rindler coordinate,

h/4
ds’ = e‘b/?{R?h? ((F + 9'2) ds* — g*a’dr’
1
+a? (92 + ﬁ) dp* + e [da3 + da:§]> + R2dQ§},
where prime represents the derivative with respect to s, and we set as

(1) = i ()

to eliminate the non-diagonal part of the metric (it corresponds to the condition Eq. (E.8)).

Then g is related to h as
2 p 1
g =%~ 72

where ¢ is an arbitrary constant. Imposing the condition Eq. (E.6), we must choose ¢y = %
Then we obtain ERT again and have the Rindler-dAdS metric,

1 1
T o= 4/ o ﬁeaﬂ cosh (ar)

1 1
t = o ﬁe“ﬂ sinh (at),
r = he %,

dh?

m — (h2 — GZ) d7'2

ds® = eq>/2R2{
+h? (dB® + e [dal + da3)) + d93 }

Since

h(h+ a)
V2a2 = h?’

the condition Eq. (E.10) is satisfied and the temperature Eq. (E.11) becomes a/27.

B(h)=C(h)(h—a), C(h) =
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