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Abstract: This paper is concerned with the stability of a parallel flow of the com-
pressible Navier-Stokes equation in a cylindrical domain. Decay estimates on the
linearized semigroup is established. It is shown that if the Reynolds and Mach
numbers are sufficiently small, then solutions of the linearized problem decay in the
L?>norm as a one dimensional heat kernel. The proof is given by a variant of the
Matsumura-Nishida energy method.
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1 INTRODUCUION

We consider the system of equations for a barotropic motion of viscous compressible
gas

Op + div(pv) =0, t>0, zeQ, (1.1)
p(Ow + v - V) — pAv — (p+ p)Vdive + VP(p) = pg (1.2)

in a cylindrical domain 2 = D x R:
Q={r=(2,23); 2’ = (11,22) € D,x3 € R}.

Here D is a bounded and connected domain in R? with a smooth boundary 9D;
p = p(z,t) and v = T(vl(x,t),v*(z,t),v3(x,t)) denote the unknown density and
velocity at time ¢ > 0 and position z € €, respectively; P(p) is the pressure that is
a smooth function of p and satisfies

P'(ps) >0



for a given positive constant p,; p and p' are the viscosity coefficients that are
assumed to be constants satisfying

>0, Fu+p >0;

and g is an external force of the form g = *(g*(2'), g*(2'), ¢*(2’)) with ¢* and ¢
satisfying

(¢'(2"),*(2")) = (02, ®(a"), B, @ (")),
where ® and ¢3 are given smooth functions of 2. Here and in what follows - stands

for the transposition.
The system (1.1)-(1.2) is considered under the boundary condition

v [op=0 (1.3)

and the initial condition
(p,v) lt=0= (po. vo). (1.4)

One can see that problem (1.1)-(1.3) has the stationary solution u, = *(p,,v;);
p, 1s determinated by

Const. — ®(a') = fZS PT(”)dn,
fDﬁs - p*diﬁ/ = 07

and T, takes the form
7, = (0,0,72(2")),

3

where 7

(«') is the solution of

_A’=3 _ px— 3
{ A'vg = £p.g7,

3 |op= 0.

We are interested in the large time behavior of solutions to problem (1.1)-(1.4) when
the initial value (p,v) |i=0= (po, vo) is sufficiently close to the stationary solution
Us = L(p,,Us). As a first step of the analysis, we study the linearized problem in this
paper and establish decay estimates on solutions of the linearized equation around
the parallel flow w;.

Let us introduce some known results for stability of a parallel low. In Kagei-
Nagahuchi-Sudou [7], the stability of a plane Poiseuille type flow in an infinite layer
of R"™ was considered under the perturbations in some L2-Sobolev space on the
infinite layer. It was shown in [7] that the low frequency part of the linearized
semigroup behaves like n — 1 demensional heat kernel and the hight frequency part
decays exponentially as t — oo, provided that the Reynolds and Mach numbers are
sufficiently small and the density of the parallel flow is sufficiently close to the given
constant p,. The nonlinear problem was studied by Kagei [6]; and it was proved that
the stationary parallel flow is asymptotically stable under sufficiently small initial
perturbations in some L2-Sobolev space. Futhermore, the asymptotic behavior of
the perturbation is described by an n — 1 dimensional heat equation when n > 3.



When n = 2, the asymptotic behavior of the perturbation is no longer described by
a linear equation but by a one dimensional viscous Burgers equation.

As for the case of the cylindrical domain €2, Iooss and Padula [3] studied the lin-
earized stability of a stationary parallel flow in {2 under the perturbations periodic in
x3. It was shown that the linearized operator generates a Cy-semigroup in L? on the
basic periodicity cell under vanishing average condition for the density-component.
In particular, if the Reynolds number is suitably small, then the semigroup decays
exponentially as time goes to infinity.

On the other hand, in Kagei-Nukumizu [9], the stability of the motionless state
s = (ps, 0) was considered under the perturbations in some L2-Sobolev space on €.
It was shown in [9] that the solution of the linearized problem decays in L?(€2) in the
order t~1 and its asymptotic leading parts is given by a solution of a one dimensional
heat equation. Futhermore, the asymptotic leading part of the perturbation is given
by that for the linearized problem. (See also [4].)

The purpose of this paper is to extend the analysis for the rest state in [9]
to the case of the general parallel flow in a cylindrical domain. We will establish
decay estimates for solutions of the linearized problem for (1.1)-(1.4), which play an
important role in the analysis of the nonlinear problem. To state our result more
precisely, consider the non-demensional linearized problem:

atu + Lu = O, u |t:O: Ug- (15)

Here u = (¢, w) = T(v*(p — ps),v — vs), and L denotes the linearized operator on

L?(2) defined by

P yAdiv(ps) +( 0 0 )
(B —zan - Vv, V) T Al (V)

¥2ps
with domain

D(L) = {u="(¢,w) € L*(Q); w e H (D), Lu € L*(Q)},

where €, D, P, U, ps, Us and ﬁ(ps) are the non-dimensional form of 2, D, p, v,
Ds, Us and P(p,) respectively; I3 denotes the 3 x 3 identity matrix; v, v/ and ~y are
some positive constants. We will prove that the linearized semigroup u(t) = e~*Fuyq
satisfies

11 _
||a§'8§c3u(t)“[,2(ﬁ) < C{t 42 ||u0||L1(R;L2(5))+6 dt||U0||H1(§)} (1.6)

fort >0and 0 < k41 <1, provided that the Reynolds number Re = % and Mach
number Ma = % are sufficiently small and that p, is sufficiently close to p..
To prove (1.6), we consider the Fourier transform of (1.5) in x3 € R which is
written as R
8@—1— Lga - 0, ﬂ |t:0: ao,
where £ € R denotes the dual variable. The operator Zg has different properties of
the cases |¢| < 1 and [¢] > 1. We thus decompose the semigroup e~ into two parts:
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et =F e e |g<1) + F 1 (e ¢ |i¢j>1), where F ! denotes the inverse Fourier
transform. As for the low frequency part, we take a new approach. A straightforward
application of the arguments in [7, 9] seems to yield a more restrictive smallness
conditions for the Reynolds and Mach numbers. To overcome this, we combine
the arguments in [7, 9] and the energy method in [3]. As in [7, 9], we decompose
the low frequency part of the semigroup according to the spectral properties of the
linearized operator with zero-frequency. The decay estimate for the L? norm is then
established with the aid of the energy method in [3] to the decomposed system.
Based on the decay estimate for L? norm, we obtain the estimate for the L? norm
of the derivatives. We note that this approach also enables us to improve the decay

1
estimate in [7, 8, Theorem 3.2] which is the one with ¢4 ||uo|[;1(g,12(5)) in (1.6)

replaced by ti%lHuOHLl(R;Hl(ﬁ)XLQ(ﬁ))' On the other hand, in the case of the high
frequency part, we employ the Fourier transformed version of Matsumura-Nishida’s
energy method as in [7, 9].

This paper is organized as follows. In Section 2 we first rewrite the problem into
the system of equations in a non-dimensional form and then present the existence of
a stationary solution of parallel flow type. We state our main results in Section 3.
We derive the decay estimate of the low frequency part in Section 4, and the hight
frequency part in Section 5.

2 STATIONARY SOLUTION AND FORMULA-
TION OF THE PROBLEM

We first rewrite the problem into the one in the non-dimensional form. We introduce
the following non-dimensional variables:

=0, v=Vu, p=pp, t=

P=p VP, &=YV0, =10
1

3 ES
V = [leam) = 3 sup (057, 0= ( / ar')*,
D

k=0z'€D
The problem (1.1)-(1.3) is then transformed into the following non-dimensional prob-
lemon 2 =D x R:

O+ divz(pv) =0,  t>0, (2.1)

POT 4T - Vi) — vA;0 — (v + V) Vadivsd + P(p)Vap = 57, (2.2)
v ‘af) =0, (2.3)

(57 57) ‘?:0: (ﬁoﬁo)- (2-4)

Here D is a bounded and connected domain in R?; § = T(@glgﬁ, 05, P, ¢*); and v and
V' are non-dimensional parameters:

!/

I/:L = I
V'’ PV’




We also introduce a parameter :

N = \/ﬁ,(l) _ \/P‘;(P*)'

In what follows, for simplicity, we omit tilde of Z, t, U, 7, 7, ﬁ, &v), D and Q and
write them as x, t, v, p, g, P, ®, D and ().

We next introduce some notation which will be used throughout the paper. For
a domain X and 1 < p < oo we denote by LP(X) the usual Lebesgue space on X
and its norm is denoted by || - ||rr(x). Let m be a nonnegative integer. H™(X)
denotes the m th order L? Sobolev space on X with norm || - || gm(x). C§*(X) stands
for the set of all C™ functions which have compact support in X. We denote by
H{"(X) the completion of CJ*(X) in H™(X).

We simply denote by LP(X) (resp., H™(X)) the set of all vector fields w =

Tw!, w? w3) on X and its norm is denoted by || lzecx) (vesp., || - [[amx)). For u =
(¢, w) with ¢ € H*(X) and w = (w', w?,w*) € H™(X), we define |[u|| gi(x)x grm(x)
by [|ull gr(xyxmm(x) = |0l mex) + lwl|zmx

In case X = 2 we abbreviate LP(Q) (resp., H™()) as LP (resp., H™). In
particular, the norm | - ||e) = || - || v

In case X = D we denote the norm of L?(D) by | - |,. The norm of H™(D) is
denoted by | - |gm, respectively. The inner product of L?(D) is denoted by

/f . f.g€ I}(D).

Here § denotes the complex conjugate of g. For u; = *(¢;, w;) (j = 1,2), we also
define a weighted inner product (uy,us) by

(U1, ug) = /¢1¢2 2 =) dy! +/ wy - Wapsda',
D

where ps = ps(2’) is the density of the parallel flow us. As will be seen in Proposi-

tion 2.1 below, % is strictly positive in D.

For f € L'(D) we denote the mean value of f in D by (f):

) / fa.

For u = T(¢,w) € L*(D) with w = T(w!, w? w?) we define (u) by
(u) = (@) + (w1) + (w2) + (ws).

We often write z € Q2 as
v =12 23), o' ="z, 29) € D.

Partial derivatives of a function v in z, 2/, x3 and t are denoted by d,u, 0, u,
Opsu and Gyu. We also write higher order partial derivatives of u in x as 0%u =

(07 u; || = k).



We denote the n x n identity matrix by [,,. We define 4 x 4 diagonal matrices
QOJ Q7 Ql and Q3 by

Qo = diag(1,0,0,0), Q = diag(0,1,1,1),
Q' = diag(0,1,1,0), Q3 = diag(0,0,0,1).

We then have, for u = %(¢, w) with w = T(w!, w?, w?)

0 0

(o ~ (0 ;[ w! o
QOU—<O , Qu= w) u=1..21> Qsu = 0
0 w3

For a function f = f(z3) (x3 € R), we denote its Fourier transform by forF [f]:

-~

f(&) = /f:cs “i€rsdr. £ E€R.

The inverse Fourier transform is denoted by F~1:

FHf(as) = (2m) 7t /R f(&)e s de, z3 € R.

Let us state the existence of a stationary solution of Poiseuille flow.

Proposition 2.1. If & € C*(D) and g* € H*(D), then (2.1)-(2.3) has a stationary
solution u, = T(ps,v,) € C3(D); ps is determinated by

Const. — = [/ @) P (" = ),
posdx —17 p1<ps( )<p2 (p1<1<,02),

and v, is a function of the form vy = 7(0,0,v3) with v3 = v3(2’) being the solution

of
—Avd=1p.g°,
V3 |8D— 0.

Furthermore, u, = 1(ps, vs) satisfies the estimates:
ps(2") = 1es < COl®cs (1 + [®]cs)?,

03 |cs < C0?

15 < C1®@|es (1 + |®|cs)*|g%  s.

Proposition 2.1 can be proved in a similarly manner to the proof of Matsumura-
Nishida [10, Lemma 2.1]. We omit the proof.

From now on we simply denote v + v/ by v:

v=v+1r.



Setting p = ps+72¢ and v = vs+w in (2.1)-(2.4), we arrive at the initial boundary
value problem for the disturbance u = 7(¢, w) that is written as follows:

O + V305,06 + 72 div(psw) = fO(p,w), (2.5)
Ow — - Aw — LV divw + v(%@

+72"p2 A/vgqﬁeg + vi’@xgw + (w' - V’vi)eg = f(¢,w), (2.6)

w |po= 0, (2.7)

(¢aw) |t=0: (¢07w0)~ (2-8)

Here ¢* =7(0,0,1) € R, V' =(9,,,0,,) and A" = 92, + 92 ;

f0(¢7 w) = —diV((ﬁ’LU),

flo,w) =—w-Vw+ W( vs¢) Wlevw

+ v (2 zyipsv(mps)qb ) + Palps: 6,09,

and
Py(ps,6,000) = 51555575V P(ps) = 55V (6 Pa(ps, 0))
+ 557V (P (0,)0° + ¢3P3<ps,¢>)
— iV (EP (06 + 3P ()8 + 550°Pilpn9)),
with

1
Pupnn) = [ (1= 07 P"(pu+0720)d0

Our main concern in this paper is decay estimates of solutions to the linearized
problem, i.e., problem (2.5)-(2.8) with f°(¢,w) =0 and f(¢,w) = 0.

3 MAIN RESULTS
Let us consider the linearized problem
O+ Lu =0, u="(¢,w), wlop=0, u |—o= uo. (3.1)

Here L is the operator on L*() defined by

I vs - \Y% Y2div(ps-) N 0 0
TA\V(EE) AL - 2 Vdiv 4o,V s A'v, ez @ (Vol)

¥2p?



with domain
= {u="(¢,w) € L*(Q); w € Hy(Q), Lu € L*(Q)}.

Here, for a = (a1, az,a3) and b = T(by, by, b3), we denote the 3 x 3 matrix (a;b;) by
a®b.

In a similar manner to that in [3], one can show that —L; generates a Cj-
semigroup on L*(2). Since ||Loulls < C|lulls, it follows from the standard perturba-
tion theory that —L generates a Cy-semigroup e ** on L?(Q). It is not difficult to
prove that if ug € H'(Q) x Hj(2), then

u(t) =e"ug € C([0,T); H(Q) x Hy(Q)),
Qoe tug € H! (O,T; LQ(Q)), (3.2)
Qe Fug € L2 (0, T; H*(Q)) N HY(0,T; L*(Q))
for all T" > 0.

The main results of this paper is stated as follows.

Theorem 3.1. Suppose that ug = *(¢o, wo) € (H'(Q) x H}(Q)) N LY(Q). There

exist positive constants vy, v and wgy such that if v > 1y, va_j,,/ > v and w =
lps — 1|3 < wo, then there holds the estimate

1 1 _
105,0L e P ugll 2y < CLL+) 7172 [Juo s r2(py) + € |luoll oy }
fort >0 and 0 < k+1 <1 with positive constants C' and d.

To prove Theorem 3.1, we consider the Fourier transform of (3.1) in 3 variable
which is written as

8,5(/54- ifv3$+ 72 , . (psﬁ}/) + 72i£ps@3 = O: (33)
atﬁ}\/_p_ys(A/_SQ)A/_ Vvl(v/ ,+/Z£A3) / M@ _'_,L-fv?)@/:[) (34)
@5@3 . p_yS(A/ _g )/\3 Zg(vl ~/ + 15@3) + Zf P’ (PS)@ + 2&-,0311}3

—I—WA’ o+ @ - VP =0, (3.5)
W [pp= 0 (3.6)

for t > 0, and R R
(¢, @) |e=0= (b0, Wo) = To. (3.7)

We thus arrive at the following problem
40+ La =0, @ |i—o=To (3.8)

with a parameter £ € R. Here u = T(gz?(a:',t),z’ﬁ(m’,t)) € D(Eg) (' € D, t > 0),
Uy € HY(D) x Hj(D), and Zg is the operator on L?(D) of the form

Le = A + Be + Cy,

8



where

0 0 0

A= [0 —Z(A —|g*) L = ZV'V" —i &V :
0 —i eV —L(A = [¢)?) + Z[¢)?

vy PV (ps) ips€ 0 0 0

Be= | V/(2)  itil 0 |, Co= 0 0 0

igZee) 0 v Flvs (V') 0

with domain of definition
D(L¢) = {u="(¢,@) € L*(D); @ € HY(D), L¢t € L*(D)}.

Note that D(L¢) = D(Lo) for all € € R, where Ly = Lg |e=o.
As in the case of L, following looss-Padula [3], one can show that —Eg generate
a Cop-semigroup on L?(D). Futhermore if ug € H'(D) x Hy(D), then
e ety € C([0,T); HY(D) x HY(D)),
Qoe ety € H'(0,T; H'(D)),

Qe ety € L(0,T; H*(D)) N H'(0,T; L*(D))

for any T > 0.

To prove Theorem 3.1 we decompose e v in the following way. We define
(&) and () by xB () = 1if ¢] < R, x(P(€) = 0if ¢] > R, and x™)(€) =
1—xW(€).

We decompose e truy as

where

We can then obtain the following decay estimates for U;(t)ug and Us(t)uy.

Tgleorem 3.2. There exist positive constants vy, Yo, wo and d such that if v > vy,
i v2 and w = ||ps — 1||cs < wo, then for any | =0,1,---, there exists a positive
constant C' = C(l) such that the estimates

104, Ur(H)uollzz < C(L+ )" |lug|l 11 w: 12y),

1000, U (t)uol|z2 < CL(1+ )72 |ug)| pa s 2oy + €% (ol 22 + |0wo]|22) }
hold for t > 0.



Theorem 3.3. There exist positive constants vy, Yo, wo and d such that if v > vy,
Vly > 2 and w = ||ps — 1||cs < wo, then the estimate

[Use(t)uo]| 11 < Ce™Jug]|

holds for t > 0 with a positive constant C'.

Theorem 3.1 follows from Theorem 3.2 and Theorem 3.3. In Section 4 we will prove
Theorem 3.2 and in Section 5 we will give an outline of the proof of Theorem 3.3.

4 DECAY ESTIMATE OF THE LOW FREQUENCY
PART

In this section we give a proof of Theorem 3.2. Theorem 3.2 is a consequence of
Proposition 4.12 and Proposition 4.20 below.
For simplicity we omit = of u, ¢ and @ in (3.3)-(3.8). In what follows we set

w = llps = 1lcs.

To prove Theorem 3.2 we decompose u(t) based on a spectral property of Ef
with £ = 0, namely, EO. R
We introduce the adjoint operator L of L¢ with the weighted inner product (-, -).
We define Ez by
Lt = A;+ B; + C;
with domain of definition

D(Ly) = {u="(¢,w) € L*(D); w € HY(D), Ltu € L*(D)},

where R R R R
Ar=A,, B;=-D
and 2 A
5 0 0 ey
Co=10 0 Vv
00 0

Note that D(Zg) = D(ZZ) for any £ € R. It follows that
<ﬁ§u,v> = <u,g2v> = <u, g§v>,
<B§u v> = <u B5 > <u B§v>
<C’0u,v> = <u, C§v>

and

(Leu.v) = (u.Lpv)

10



for u,v € D(Eg).
We begin with a lemma on the zero-eigenvalue of EO and ES

Lemma 4.1. (i) There exists a constant wy > 0 such that if w < wy, then A =0 is
a stmple eigenvalue of EO and EE‘;
(ii) The eigenspaces for A = 0 of ZO and Eg are spanned by u® and uO*, respec-
tively, where

w0 = T((ﬁ(fl)’w(0)>7 w® = T(O,O,w(o)’3)

and

Here

0) () — o 225 _ 2, (") 3.7\
o (@) = aopy o0 = ( /D 13'<Zs(x'>>d“"/> ’
and w3 is the solution of the following problem

Y

{ _A/w(O),ii — 12 A,U§¢(O),

w3 |5p=0;

and ,
(0)x — = 4(0) (.
¢ = Lo ().

(ili) The eigenprojections O gnd IO+ for A=10 of ZO and ZE‘) are given by

MOy = (u, u @) u® = (Qou)u®,
0%y — (u, u®)yu©*

for u ="1(p,w), respectively.

(0) (0)

(iv) Let u® be written as u® =uy’ +uy’, where

Then

and

Remark 4.2. ¢ = O(1), ag = O(1) and w3 = O(55) as 7 — 0.

11



Proof. Let Lou = 0 for u = 7(¢, w', w?) € D(EO). Then
PV (psw’) = 0,
_pLSA/w/ v V/v/ w + V/( p8)¢) — 0
—iA’uﬁ —|— ,ygp Avde+ ' V’vf =0,

w |8D: 0.

We take the weighted inner product of (4.1) with (¢, w’,0) to get
v|V'W'[3+ 7|V - w'|5 = 0.
Since w' € Hy (D), we have w' = 0. It then follows that
Plps) 4\ —
VI( ’YZZS (b) o O
_A/wS — —%A,U?’(ﬁ
Y ps s

w3 |8D: 0.

This implies that (p S)gb is a constant since D is connected, and we conclude that
Ker(Lo) = span{u(o)}, We set this constant ag = (/f, P,(pz)da:) ', Note that

I ¢Odz’ = 1.
Let Liu = 0 for u = T(¢, w’,w?). Then

—YQV' . (Psw/) P7(2V A'U3 3 _ =0,
LA = ZYV ' - V(B g) + wdVid =0,
—p—”SA’w3 =0,

The third equation, together with w? |sp= 0, implies that w® = 0, and hence,
PV (pa’) =,
2\ v/i v/ V/(P/(P
Ps Ps 72

wl

2¢) =0,

E]

Slmllaly to the case of LO, one can show that w’ = 0 and £ opS )ng is a constant. We

set @0 = 3—0¢ )(z/). Note that [, ¢(0)¢(0)* p5 dr’ = 1. We thus proved (i), (ii)
and (iii) except the simplicity of A = 0. The assertlon (iv) can be verified by direct
computations. It remains to prove the simplicity of A = 0. Since we have already
proved that Ker(Lo) = span{u(®} and Ker(Lg) = span{u(®*}, if we would prove
the following lemma, then the proof of the simplicity of A = 0 would be complete.

Lemma 4.3. There exists a constant wy > 0 such that if w < wy, then there hold

that
L*(D) = Ker(Lo) @ R(Lo), L*(D) = Ker(Ly) @ R(L}).

12



To prove Lemma 4.3, we show the following proposition.

Proposition 4.4. There exists a constant wy > 0 such that if w < wy, then for
any | ="1f%9g) = 1(f° d,¢%) € L*(D) with (f°) = 0, there is a unique solution
u="¢,w) e D(LO) of the following problem:

ZOU = fv
{ oo (4.2)

Proof. Let us prove that if (f°) = 0, then (4.2) has a unique solution u = (¢, w) €
L*(D)x H}(D) with (¢) = 0. The problem (4.2) is rewritten as the following system:

V' -w' = Flw'; fY,
—vA'W +V'¢ = G'p,w; f°, 4,

4.3
w' |ap= 0, (43)
(¢) =0
and
N = B 1. 3
w? |ap= 0,
where
Flu'; f1 = V' (1= p)w’) + 5 £°,
G'lo, ' £0,9) =DV Flu'; [ + V'((1 = ps)o) + V'ps¢
07 (1= 22)6) 0
Golo,w's ¢ = — £ A3d — pow' - V03 + pog?.
We define a set X by
X ={(p,v); p€ L*(D), v =(v',v*) € Hy(D), {p) = 0}.
We assume that ((E, w' ) € X. Let us consider the following problem
V' - w = F[w/; fO]’
—vAW + V' = G, 0'; £, g, (4.5)

w’ |8D: 0.

It holds that
Fla'; f°] € L*(D), (Fla'; f°]) =0,

G'(o, @ f°,¢) € H (D),

13



In fact, we see from the Poincaré inequality that
[E[@"; flls < [V (1= ps)@) ]2 + 5102
< @l |1 + 1)

< w|V'w'ly + %2|f0|27

|G'[$, @/; foagl”Hfl < C{|V,F[@/; fOHHfl + |V,((1 - ps)g)‘H*
+ [V pdla—r + [p V' (1 = D)) |, + |9l )
< C{|F[@; £z + w|élz + |g']}
< C{w(|dla + V'@ ]2) + |g']2}-

From [12, 11I.1.4, Theorem 1.4.1], we see that there is a unique solution (¢, w') € X
of (4.5) and there holds the following estimate

912+ [V'u'le < CLIFLE: [l + 166, @ £, 12} (46)
< Cw{lpla + [V'@'a} + C{5[ 2 + 192}
Let us define amap I' : X — X by
Lo, @) = (¢,w) for (6,0) € X,
where (¢, w') € X is a solution of (4.5). We see from (4.6) that
D@, @)lx < Cwl(@, @) + C{L11%% + gl }.

It then follows that

F(ab 7:D{l) - F(g% @/2)

x < CW‘(;D@{J o (527{175)|X

for (61, @), (¢2, @,) € X. If we take w sufficiently small satisfying Cw < 1, then

I': X — X is a contraction map. This implies that there is a unique (¢,w’) € X

such that T'(¢,w') = (¢, w'), i.e., there is a unique solution (¢, w') € X of (4.3).
Futhermore, for a solution (¢, w’) € X of (4.3), since

GPlo,w'; g € L*(D),
there is a unique solution w® € H} (D) of (4.4). Consequently, we have

Zou = f in the sense of distribution,

where f = 1(f° ¢, ¢%) € L*(D) with (f°) = 0. Since f € L*(D), it holds that
L% € L*(D). Tt then follows that

This completes the proof. O
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Proof of Lemma 4.3 We have already proved that
Ker(L©®) = IO L?(D).
To prove R(zo) = (I - ﬁ(o))LQ(D), we first show that
u="¢,w) e (I -T)VLAD) if andonlyif (¢) = 0. (4.7)
Let us prove (4.7). We can decompose u = (¢, w) as
u = ()u® 4 uy.

Here
(o e TOLAD), w ="(¢1,w1) € (I —TV)L*(D).

This implies that if (¢) = 0, then
u=()u” +u; =u, € (I -TO)LAD).

On the other hand, if u = (¢, w) € (I —TI©)L3(D), then there exists & = 7(¢, W) €
L?(D) such that N
u=u-— <¢>u(0).

It then follows that B _
(9) = (9) = (9) = 0.
We thus conclude that (4.7) holds true. R
We next show that R(Lg) = (I —II)L?(D). Since (QoLou) = (V'-(psw’)) =0,
we see from (4.7) that Lou € (I— ﬁ(o))LQ(D), and, therefore,

R(Lo) c (I —1™)L(D).
On the other hand, if f =7(f° ¢, ¢*) € (I — ﬁ(o))LQ(D), then it follows from (4.7)
thai (f% = 0. B/}\/ Proposition 4.4, there exists a unique solutioil u = T¢,w) €
D(Lo) such that Lou = f with (¢) = 0. This implies that f € R(Lo), and, thus,
(I -T©)L*(D) € R(Ly).
Therefore we see that R(Eo) =(I- ﬁ(o))LQ(D). Consequently, we have
L*(D) = Ker(Lo) @ R(Lo).
Similarly, one can prove that
L*(D) = Ker(L;) @ R(L}).

This complets the proof of Lemma 4.1. O
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We are now ready to prove Theorem 3.2. We decompose u(t) as follows

u(t) = o(t)u'® + uy (1),
o(t) = (Qou(t)) = (u(t),ul®"),
ur (t) = (I = TIO)u(t).

The density component of u; is denoted by ¢, and the velocity component is denoted
by w, namely,

Uy = T(¢1,w1)-
Note that (¢1) = 0 and w; |gp= 0; the latter follows from u® € D(EO) which
implies that w®* |5p= 0.

Remark 4.5. (i) The boundary condition wi|sp = 0 implies that the Poincaré
inequality holds for wy: |wi|y < C|Opw|s.

(i) The vanishing mean value condition (¢1) = 0 implies that the Poincaré inequal-
ity holds for ¢1: |p1]2 < C|0pd1lo.

We define ]\A]g by
Me=L¢ — Lo = Ae + B,
where

0 0 0
Ac=Ac—Ay= |0 ”521’2 —Zigv' |
0 —Ligv. g

i&? 0 yigh,
Bg = Bg — BO = 0 Znglg 0
T I 130
Y Ps S
Decomposing u(t) in (3.8) as u(t) = o(t)u® + u, (), we obtain
L(ou © )—l—ul)—l—Loul—i—Mg(au +uy) = 0.
Applying 11 and I — 119 to this equation, we have

O' + <Q0M§ au( ) +U1)> = O,
dtul + L0u1 + (I H( ))Mg(O'U(O) + ul) =0.

Since ﬁ(o)]\Zu = <Q0]\N/[§u>u(0) and QOJ\Z — QoBe, we get

Lo+ <Q0§5(0u(0) +u1)) =0, (4.8)
'LL1 + Lg’ul + Mg(O”U, ) <QOB£<O'U( + u1)>u(0) =0, .
wy [op=0, 0(0) =09, u1(0) = 1wy, (4.10)
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where oy and u; o are given by
Og = <U0,U(O)*>, U0 = (] — H(O))Uo

We see from (3.9) that if uy € H'(D) x H}(D), then

o€ HY(0,T),
u € C([0,T); H'(D) x Hy(D)),
¢ € H'(0,T; H(D)),

wy € L*(0,T; H*(D)) N H'(0,T; L*(D))

for all T" > 0.

Lemma 4.6. For u; = (¢, wj,w}) € R(I — e )), there hold the estimates:

(i) [(QuBeu)| < Clel.
(ii) |<Qo%u1>‘ < O‘f’(|¢1|2 + 72 w? )
(iii) [{Qo Beur )| < C(I€]|en 2 + 7|V - w) + i€w?s + 72w]w]|2).

Lemma 4.6 can be proved by direct computations. We omit the proof.

We will employ an energy method to obtain the decay estimate on solutions of
(4.8)-(4.10). We write (4.9) as
(o1 il + 77V (psw’l) + 72i£psw§’
+ 60200 +2igp,ow®? — (QyBe(ou® +uy) )o@ = 0,
dw) = L(A = @) — ZV(V' - w) +ibw?) + V' (ZL gy ) + igvfuy
- p%ifV'(aw(o)’?’) =0,
4y — pLS(A/ — Ew? — Eig(v’ w + igwi‘) + z’f(ljz(—z:)@) + i€vdw]
e A'v gbl +wy - V' + ”+”§ ow 3 + ifapo
+ i&v? ow® <QOB§ oul® + uy >w = 0.

\
Before proceeding futher we introduce some notations. For u = 7(¢, w) we define

P’ (ps)

2
42|+ |Vl

T(w!, w?) we define lN)g [w] by

For w = T(w', w3) with w' =

Delw] = v(|V'wl3 + € |w]3) + 71V - o' + i€’ )3

For ¢ we define ¢ by '
¢ = 56+ ilvlp.
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Proposition 4.7. There exists a constant vy > 0 such that if v > vy, then there
hold the estimates:
14 (%ol + o] ) + 3Deluwn] < C{ (5 + 22)|ePlof + (& + %)|6iF}, (4.11)

72 ,\/2

v | G |2 VU VU VU I
S|, [2 < ORIl + LI + (1 + 22 D]} (12

Proof. Multiplying (4.8) by &(t) and taking real part of the resulting equation, we

have B
14\ 4 Re{<Q0B§(0u(O) +u1))7} = 0. (4.13)
Since Eg — —B¢ and u(©* = Z—zuéo), we see that

<Q0§§u1>5 = <§5u1, cru(o)*>
= —<U1, Eg(du(o)*)> (414)
= _l_z<u17 BE(UU(()O))>7

where u”) = 7(¢®,0). On the other hand, since

(QuBe(ou))a = i€lo*{{vidr) + (v*psui) },

we have _
Re{<QoB§(UU(O))>6} =0. (415)
It then follows from (4.13)-(4.15) that

2 H 0
ol - ZRe(us, Belou)) —o. (419

We next take the weighted inner product of (4.9) with u;. The real part of the
resulting equation then gives

%%Eo[ul] + Re<zou1, uy) + Re<M§(ou(0) +up),up)

~ 4.17
— Re{{QoBe(cu® + 1)) (u u;) } = 0. (4.17)

Since Eg = —B\g, we see that Re<§§u1, uy) = 0. It then follows that

Re<iou1, u1> + Re<]\f7[§(au(0) + uy), u1>
= Re<60u1, ur) + Re<g§u1, ur) + Re<gg(au(0)), ur) + Re<§§(au(0)), uy)
= Re<60u1, u1> + ﬁg[wl] + RG<AV§(O'U(O)), u1> + Re<§§(au(0)), u1>.

This, together with (4.17), gives

%%E{)[Ul] + Eg[wl] + Re<aou1, U1> + R6<A/§(O'U(O)>, U1>

~ ~ 4.18
+ Re<Bf(au(0)), uy) — Re{<QOB§(Uu(O) + u1)><u(0), u)} =0. (4.18)
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We add £ x (4.16) to (4.18), to get

348 (24lof? + Bofua)) + Defun] + Re(Cour,ur) + Re( A(ou”), )
+ Re( Be(oul® ) — Ref(QuBe(ou® +u))(u®, )} =0

where u§°) =7(0,w®). Here we used the relation

(4.19)

—Re<u1,Bg auo >~|— Re<B§ oul® u1> Re<B§ aul u1>
By the Poincaré inequality we have
[Re(Ae(ou®), un)| < C(%[ellolufle + Zlellol|V" - w} + iud].)
< 1Bl + Ol

Re(Be(oul”), u)| < Clello| (&gl + Llwil2)
< C(57 + 52a) €0 + 51én 3 + § Delwn].
Since (¢1) = 0, there holds that
Re(u®, us)| < Cfull..

Applying Lemma 4.6 and the Poincaré and Holder inequalities, we thus have the
following estimates:

[Re{(QoBe(0u® + 1)) (u®, ) }|
< C'|5|(|‘7| + |¢1|2+7 |wi’|2)7—2|wi’|2

< IDcfwn] + C(Ll6Plof® + elgul3 + L De[wn]),

|Re{<@0u1,u1>}‘ < C(%Mﬂ% + %ﬁg[wl]).

Therefore we find that there exists a constant vy > 0 such that if v > v, then
3 (%W + Eo[ul]) + 3 Defwn] < C{ (5 + Z2) [EP|o|* + (35 + &)l f2}-

We next estimate ¢;. By the first equation of (4.9) there holds that

Lo =— (V' (paw}) + i&paw})
— 7%{ié”vg’agb(o) + i psow 03 — <Q0§§(O'U(O) + u1)>}
We thus obtain

. UJ2 jag
Slonls < CLKIEPlo® + &1l + (35 + <) De[wi] }-

Multiplying by v 4+ v to both sides, we have the desired estimate. This completes

the proof. Il

Let us estimate |¢],. We first introduce the Bogovskii lemma.
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Proposition 4.8. Let L2(D) be defined by
L¥(D) = {f € L*(D) : {f) =0},
For any f € L*(D), there exists a bouded operator B : L2(D) — HY(D) such that

VBf=1
IV'Bfla < C|fa:
Proof. See, e.g., [2, 1.3, Theorem 3.2]. O

The proof of the following proposition is based on the argument in Iooss-Padula [3].

Proposition 4.9. There exist constants vy > 0, 79 > 0 and wg > 0 such that if
v >, Y > Y and w < wy, then there hold the estimates:

Edolur] + 5= lol3
v 27 1 v+ 2| |2 (4'2())
<O{( ~)+1)D£[w1]+m|§| Ds[w1]+(¢+7—4)|§| o] },
2
olunll < C{ s} + s 1013}
where
Jo[ur] = #,;(w/p ps)
with &' = Bé,.
Proof. Set ¢ = B¢,. Taking the inner product of (4.9), with ps1)’, we get
(B, o) + (V' (), o) = 1, (4.21)

where
I=-— I/(v/wlv V 1/1 ) - sz(wla 7//) + D(vl ’ wlla ¢1) + ;Zf(IU?, ¢1)
—i(psviwy, o) + vk (ow®?, ¢y).

We first estimate the first term of the left-hand side of (4.21). It holds that

(atwla psw ) (w17 psw ) (w17 psat¢/>'

Since

~V' 0" = Oih

and

a1&@51 = _{i5U§¢l + 72V, ' (pswll) + i€72psw?
+ 60200 +A2igp,ow®? — (QoBe(ou® +uy) )o@},
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we obtain
| (w1, psO)| < Cluy 2|04
< Clwilo{[€llp1lz +7* |V w2 + 7w |2 + 2| [wil2 + [€]lo]}
[éals + C{(+* + u+u)|w1|2 (L+ )€ w3 + 22V - w3 + 25 [P o }
6115+ C{ (2 + % + ) Delwn] + SE[EPlo ).

IA
= 0ol

Futhermore, we have

2
(w, pst)”) < C{L-|un 3 + 712|¢1|§}

We next estimate the second term of the left-hand side of (4.21). There exists wy > 0
such that if w < wy, then it holds that

(v/(Z4226.), o) = |/ ié’%lf - (%m, (V'p.) - 0/)
> C(1 ‘ P (pa

> 1|¢1|2'

As for I, we have
1] < §161l3 + C{(v + 55 + ) Delwn] + vI€l* Delun] + L€l .
Therefore it holds that
L(wh, pt) + 13 < C{(E + L + ;i + v + 55) Delwn]
+ €2 Delwn] + (L2 + ) [e|o 2}

Multiplying by ;.= to both sides of this inequality, we have the desired estimate.
This completes the proof. Il

We next derive the estimate for . We introduce a notation. Let us define J; [u]
by
Jilu] = i€ 5 (ps (1 + 1€1) " pswi])T

for u = oul® + uy with uy = (¢, wh, w?, w}).

Proposition 4.%0. There exist constants vy > 0, 79 > 0, wg > 0 and ag > 0 such
that if v > vy, Vv_; > 12 and w < wy, then there hold the estimates:

L (o + iful) + ;%WW
< c{mwu% (€013 + G max{1, [€7}HE[ 613 (4.22)
o Delwn] + (% + )|£| Ds[wﬂ}

2
[ [u]| < lof* + O lwils,

7

where g s a positive constant.
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Proof. Since

(QoBe(0u® + u1)) = (QuBeu Yo + A2i€ (psw?) + i€ (v3¢n),

(4.8) is written as

0+ (QoBeu)o + it (powi) = i (vidn). (4.23)
Set B
B = (zg% 0 i§v§> .
Since ’fy;‘—gz%(o) = o, we have

Biuy! = i¢Z 06 = igay,

We thus obtain
—(A" = )} = —2ifop, — Lo} + 1. (4.24)

Here
I} = —2{Cuy — Zig(V' - wi + ifw})
+ Buy + oMt — (QoBe(ou® + uy))w @3},

where 63’ and 1\73 are 1 x 4 matrix operators defined by

M = (0 0 ”pifg?> +B: (3= (yz”pgA’vi V') 0)-
Let A be the operator on L?(D) defined by
Ap=—-ANyp for ¢ec D(A)=H*(D)NnHD).
It then follows from (4.24) that
wi = —Ri€o(A+ [E) " ps — (A+ [EP) T[S 0wi] + (A + €)'
Substituting this into (4.23) we obtain
00 +(QuBeu)o + = (pu(A+ €1 N po)lePo = 1)~ I, (4.25)

where
I} = —%i&(ps(A+ €)1 7)) — i€ (i),
I3 = Y% (ps(A + €))7 2= 0wT] ).

Let us calculate (4.25) x @ and take its real part. Since Re{<Q0§5u(0)>} =0, we
have ,
salol? + 2= (ps(A+ €))7 ps)EP|o]* = Re(177) + Re(137).
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Since (ps(A+ [¢]*)1ps) = [(A+ |§\2)_%p5‘; is continous in ¢ and is positive for all
¢ € R, we see that there exists a positive constant ay = O(|£]72) as || — oo such
that

O (po(A+1€7) ) = 2

for all £ € R with |¢| < R. We thus obtain
4ol + S [¢P[of? < Re(17) + Re(157). (4.26)
As for the right-hand side of (4.26), we see from

(A +[€]*)7"pl2 < W%|p|2

that

Re(1{7)] <%0 (L + CL) min{L, ¢ }]o]?
+ {101l + (2 + o) €Plonli + % max{1, |EPHEPIon ;. (4.27)

+ B Delw] + (W5 4 250 6P Delun .

v2 (v+v)

We next derive the estimate for IJo. There holds that

17 = 7% {ps(A+ €))7 (20w?) )T
= LLET p A+ ) Hpswd) )Tt — i€ po(A + [€]2)H(psw?) Dy,

Let us estimate the second term of the right-hand side of this equation. We see from
(4.8) that

i€ (ps(A+ |E*) pswi]) 0o

= €2 (pu(A+ [61) 7 (pewod) ) {~(QBeu®) — ig{puut) — i€ (vion))
< CZ L o { gl o] + 22l lwnl2 + IENIl}

< £%%min{1, [¢[2}o]? + C{LI|¢af3 + L Defwn]}.

- 14

We thus obtain

— 2(v4v agy?
Re(137)| < —& (21 [u]) + 1522 min{1, |¢[*}|o|?

+ C{LIEI[onl3 + Z—;ﬁg[wl]}.

Ifi 4 -z and ”;L” are sufficiently small, it then follows from (4.26), (4.27) and (4.28)

that

(4.28)

2(v4+v o2
34 (ol + 2B ] ) + 1222 g2

< C{6al3 + ZI€lP[¢n 3 + % max{L, [€[}E[ |63 (4.29)
+ 2 Defun] + (T4 + 27 |2 Delun] }.
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Futhermore we have the estimate

[ Tufull = [i€ 725 (s (A + |E12) " pewi] o

(4.30)
< 7i2|c7|2 + cﬁml@.

Multiplying to =57 for (4.29) and (4.30), we obtain the desired estimates. This
completes the proof. O

From Proposition 4.7, Proposition 4.9 and Proposition 4.10, we get the estimate
of |O"7 |¢1’2 and "LU1|2.

Proposition 4.11. Let R > 0. There exist positive constantszyo, Yo, wo tndependent
of R and an energy functional Ey[u] such that if v > V0R2 = > ) 2R% w < wy and
€| < R, then there hold the estimates:

LB [u] + A= (1€P|0 2 + [6113) + De[w] <0, (4.31)

L(&lol* + Bolw]) < CEifu] < 3(10f + Eofw]),

where C' is a positive constant independent of u.

Proof. For a given R > 0 we assume that || < R. Let by > 1 and by > 1 be a
constants. Define F;[u] by

Eqfu] = b (1+

V(V—i—y)) (J’UF + Eo[w1]) + baJo[wa] + S lo|? + J1[u].

Since we have
sUo1l5 + Jwif3) < CoEolus] < 2(|1 5 + [wnl3),

v 2
[ Tolw]| < Ci{ ot 913 + s lwil3 )
2
[ Ti[u]] < 5l + Coimm|wila,

if — V+17 <1, ”;L” < land by > 8max{CyC1by, CoCsy, ay'}, then there exists a constant

C>0 such that
5 (Gelo + Eolw]) < OB [u] < §(lof* + Eofwn)). (432)

Let us compute b; x (1+ V(V+V)) X (4.11) 4 by x (4.20) + (4.22) then

%diE [u] + 5 (1 + u(y+y))D£[w1] + 250015 + 2 ¢fo)?
Ca{bi (1 + 1/(1/+1/)) (5= + V+V)|5| o + b1 (1 + u(u+u))( Z)enl3
+b2(72 %)‘5’ ‘U’2+b2( (y+y))D£[ ]+b Dé[wl]
+m|¢1|3 slEPlonls + y+y)ﬂy4 max{1, [¢[* }|§| 613
+ o Ds[wl] + (e + 1) 1€ De[uwn]}.
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Fix b; > 1 and by > 1so large that by, > 16C5R? and by > 16 max{CyC1ba, CoCy, g,
Csby, C3R?}. We assume that v > 1 and v > 7y are so large that v > 16C3b; max{
agt byt 1} and 42 > 16C5(1 + &t + & 2) (v 4 v)max{by, by, by (1 + R?)}. It then
follows that there exists a constant C' > 0 such that

LB [u] + C{25 6 1o? + 25|l + Defwi]} <0. (4.33)
We thus obtain the desired estimates. This completes the proof. Il

We are now in a position to prove the estimate of the L? norm of Uy (¢)uy.

Proposition 4.12. Let R > 0. There exist positive constants vy, Yo and wy such
2
that if v > yR?, 2= > v2R?, and w < wy, then for any 1 =0,1,---, there exists a

) v+

constant C' = C(I) > 0 such that the estimate
_ D~ 1
||0ig]—" 1[X(R)€ tL5U0]||L2 S C(l + t) 4 2 ||u0||L1(R:L2(D)) (434)

holds fort > 0.

Proof. For a given R > 0, we assume that |[¢| < R. Since
(7|0 * + 013 + De[wi] = dolé*(Jof* + [ ]2 + wi3)

for some constant c?o = JO(R) > 0, we see from (4.31) that there exists a constant
dy > 0 such that

4By [u] () + dolé|*|ul3 < 0.

This implies that ~
e ()] o < Cem @I g (€)] 2. (4.35)

We thus obtain the desired estimate. This completes the proof. O

( )We next estimate derivatives of u. We introduce some notations. We define
J2O [u] by

JZ(O) [u] = —2Re<0'u(0) + uq, Eg@u1> for u = O-u(O) + uy.
In addition, we set
EéO) [u] = (1+ %) (%21|0"2 + Eolui]) + ﬁg[wl],

EP[u] = By [u] + 1" [u],

where b3 is a positive constant to be determined later. We note that there exists a
constant b5 > 0 such that if bs > b3 and ~? > 1 then

1EO ) < BV [u] < 2BO[u).

Taking bs suitably large, we have the following estimate for Eéo) [u].
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Proposition 4.13. There exist constants bs > by and vy > 0 such that if v > vy
and v* > 1, then there holds the estimate:

0 2 =
L4 B3 Ju] + $bs % Delun] + 31v/ps00n 3
v 2 v+0)?
< C{(3+28 + B)IePlof + LR o (4.36)

+ (2 +Z+ D)ol + ZlePlouls

Proof. Since u is a solution of
Loy + Z u=>0
dt 3 J

it holds that _ R B
<8tu, @Qu1> + <L§U, 0tQu1> =0. (437)

We first consider the first term on the left-hand side of (4.37). Since
8ta = —<Q0§§(UU(O) + U1)>,

<'LL(0), atéjul> = <U§O), at@u1>a
applying Remark 4.5 and Lemma 4.6, we obtain
Re<8tu, 8téu1> = Re{<8tau(0), 8t@u1> + <8tu1, 8t@u1>}
= Re{—<Q0§5(au(0) + u1)><u1 ,@Qu1> + |/psOuwn |3} (4.38)
> V/psdan |5 — C{5 16 (1o + 6113) + £ Delwn]}.
As for the second term on the left-hand side of (4.37), we see from Lou© =0 and
BQU = 0 that
<Z§u, 8t@u1> = <]\/Z§ O'U(O) 8t@u1> + <Z§u1,0t@u1>
<A5(au 8tQu1> + <B€ O'u + Ul), 8t@u1> (439>
<A£u1, 3tQU1> + <Coul7 8tQU1>-
It follows from (4.37), (4.38) and (4.39) that
§|\/p_58tw1|§ + <g§(0u(0)), 8t@u1> + <§5(Uu(0) + uq), 8tCN2u1>
+ <A§U1, 8,5QU1> + <C()U,1, atQU1> (440)
< CLslelPlol? + 1€l |01]5 + 5 De[wi] }-

Next we show the estimate

Re{(Be(ou® +uy), 8,Qui) + (Agur, ,Qua ) }
> gdi(Dg[le + 0]} el VP 3 (4.41)

— C{(& + Z0)I6Plo + ZHIEPIoul3 + (2 + L + L) Defwn]}
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for any € > 0 with C' independent of €. In fact, it holds by integrating by parts that
R6<A§U1, GtQu1> = %di g[’wl]. (442)
Since E* = —Eg, we see that

<B£ U“o ) atQU1> §<UU0 ,BgQu1> + <at auo ) BgQU1> (4.43)

By (4.8) we have N
0o = —(QoBe(au'® +uy)).

It then follows from Lemma 4.6 that
(0 (0ul”), BeQua)| < [(QoBe(ou® +w))||(u”, §5@u1>\
< C{LIEP(o + 16113) + (22 + T) Defun] }-
Similarly to above, there holds the following equation:
<§§U1, 67&@“1>
= — 4 {uy, BeQuy) + (D1, BeQuy) (4.45)
- —%<U1, §§@u1> + <atQOula B\{@ul> + <8t@u1, §§©u1>.

We estimate the second term on the right hand of (4.45). By (4.9) we have

(4.44)

8tQ0u1 = —QO{Egul + J\Ajg(au(o)) - <Q0§§(au(0) + U1>>U(O)}
= —Qoggul — QOEE(UU(O)) + <Q0§§(Ju(0) +up) )yul?.

Since <8thu1, Eg@u1> = <6thu1, Q0§5@u1>, we see from Lemma 4.6 that
|<8thU1, §§©U1>|
< C{]QoBeul, + | QoBe(ou),

+ [ QuBe(ou® + un)ju®|,} x 5[ QuBeQual,

< C{HIEP (o’ + [6113) + (22 + Z) Delwn]}.

The third term on the right-hand of (4.45) is estimated as

|(0:Qua, BeQui)| < Clypdiwnlo(IV - (psh) + i€ pstwila + [€]wn )
< ey/pa0awn[3 + CL Defw]

for any € > 0 with C' independent of e. This, together with (4.45) and (4.46), leads
to the inequality

(4.46)

Re<§§u1, 8t©u1>
> ——<u1, BgQU1> — e|\/E0tw1|2 (4.47)
— C{ZIEP (ol + 1613 + (2 + L + L) Defwi]}
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for any € > 0 with C' independent of €. Futhermore, we have

}<B§(Ju1 &Qulﬂ < Oly/psOywn |2 |z§psaw(0 + icv3ow®?,
< elvpsOiwnz + C Zalé’|of?

for any € > 0 with C independent of e. By (4.43), (4.44), (4.47) and (4.48), we
obtain

(4.48)

KE&(UU(O) + uq) (()t@ulﬂ
< - ;ft H—€|\/P_satw1|2
—C{(ﬁ 67—4)|§| |o|* + %2|§|2|¢1|3 <2+ + )Dé[wl]}

This, together with (4.42), gives (4.41).
The remaining terms on the left-hand side of (4.40) are estimated as

}<gg(au(0)), &@uﬁ}
< C{PIEIV'w Oy + (v + 2) [P [w |2 ol |v/psOrwn | (4.49)

< elVpdanl3 + CHZIEPlol? + g o),

‘<60U1,atéu1>‘ < C(%Wﬂz + [w)2) [v/psOrwn 2
< el /DD |3 + CL{5|¢1[3 + £ Defun]}.

Here € is an arbitrary positive number and C'is a constant independent of €. Taking
€ > 0 suitably small, we see from (4.40) with (4.41), (4.49) and (4.50) that if v > 1
and 7?2 > 1, then

(4.50)

N | —

& (Belur] + IOl + 3170w
< Co{ (5 )|£| lo]* + ”*”)2|§| |o|? (4.51)
7_4|¢1|2 72|§| 115 + %Dg[wl]}.

We take b3 as by > max{b}, 4Cy} and then add (4.51) to bg% X (4.11), to get (4.36).
This completes the proof. O

We next establish the estimate for higher order derivatives near the boundary
0D. We introduce the local curvilinear coordinate system.

For any 7}, € 0D, there exist a neighborhood (550 of 7, and a smooth diffeo-
morphism map ¥ = (¥, W,) : 656 — B1(0) = {2 = (z1,22) : || < 1} such
that _

\I/((gfé N D) = {7 € B1(0) : z; > 0},
V(O NOD) ={z € By(0) : z; = 0},
detV,¥ #0 on 656 N D.
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By the tubular neighborhood theorem, there exist a neighborhood O of 7j and a
local curvilinear coordinate system y' = (y1,%2) on Og defined by

o = yrai(y2) + ¥H0,40) - R — Oz, (4.52)

where R = {y/ = (y1,45) : |y1]| < 01, |yo| < 2} for some &y, 05 > 0: a1 (y») is the unit
inward normal to 0D that is given by

arly) = ~2
1 y2 - ‘Vx/\lfl‘

We set y3 = x3. It then follows that
Vi = e1(y2)0y, + J(y')e2(y2)0y, + €30y,

Tel(yz)
vy = ﬁTez (yQ) VCC7
T
€3

where

e1(y2) = (al(oyz)) , o e2(y2)

Il
VR
s}
no
—~
O
(V)
N—
~__
&
w
Il
_ O O
—
=~
ot
w
S~—

—-VLiv,
V20l
with V5, = 1(-9,,¥,, 0,,¥;). Note that d,, and 9,, are the inward normal

derivative and tangential derivative at 2’ = U=1(0,y5) € DN Oz , respectively. We
denote the normal and tangential derivatives by d, and 0, i.e.,

Op =0y, 0=0,,.

J(y') = [detV U], as(yz) =

Since 0D is compact, there are bounded open sets O, (m = 1,..., N) such that
0D Cc UN_,0,, and for each m = 1,..., N, there exists a local curvilinear coordinate
system 3 = (y1,%2) as defined in (4.52) with Oz, ¥ and R replaced by O,,, ¥
and R,, = {y’ = (y1,92) : |y1| < g’ln, lya| < S;”} for some 5’1“,55” > 0. At last, we
take an open set Oy C D such that

U 0 DD, OynaD = .

We set a local coordinate y' = (y1,y2) such that y; = x1, yo = x5 on Oy.
Note that if h € H?(D), then h |sp= 0 implies that O*h |spnom=0 (k = 0,1).
Let us introduce a partition of unity {x, }>_, subordinate to {O,,}N_,, satisfy-
ing
N
ZXleoan Xm6080<0m) (m:O,l,---,N).
m=0

In the following we will denote by [A, B] the commutator of A and B, i.e.,
[A,B] = AB — BA.
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Lemma 4.14. For 1 < m < N there hold the following estimates.

(i) [0, 0,)h] < C|Owh| for he H*(D) and j =1,2.

(i) (Xm0, Ou, ), XmOh)| < ClxmOuh|3  for h e H*(D) and j = 1,2.

(iti) (Xm0, Or, Oz ), XmOh)| < n‘Xmaw’ah‘g"i_C(l"i_ %) |ax’h’%2(1)mom) Jor alln >0,
h € H?(D) with Oh |ppro,,= 0 and k,1 = 1,2

Proof. (i) For 2’ € DNO,,, we set y = U™ (z/), h(z') = h(y'). Then there exists
a smooth matrix valued function A;(y’) such that V,, = A;(y')V,. We thus find
that _

[0, 0p;lh = 00, ;h — 0,;0h = > hi,1,0" 02 h,

0<ly,0<l2,l1+1l2=1
where hy,;, = hy,1,(y') are smooth functions depending only on D N O,,. Since
%‘ay’h’ < |0wrh| < C[Oy R

for some constant C' > 0, we have the desired inequality. This completes the proof

of (i).
(i) The estimate in (i) immediately follows from (i).
(iii) We have V= A;(y/) "' V. We set Ai(y) ! = (V(x )) There holds that

2
10, Oz )l = =Y {02,00,¢" 00 b+ 03, € 03, O 1 + O, X0, Dy 1}
j=1
It follows from integration by parts that
| (Xmaxl CQjawk 8xj h‘? Xmah’) |
= ‘(XmaxlCQjaxjh7 Xmaxkah) + (Xmaxkaxlczjéfj h? Xmah) + (0kailaa:l CQjaxjh7 ah’)}
< C{|Xm8xjh’2‘Xmarkah‘2 + ’Xmaxjh’ ‘Xmahb + |aa:jh’L2(DﬂOm)‘Xmah‘2}

< U‘Xmaz’ahb + C(l + n)|aﬂs’h|L2 DNO,)*
This complete the proof of (iii). O

We are in a position to estimate higher order derivatives. We first derive the
estimate for J¢.

Proposition 4.15. For 1 < m < N, there exist constants vy > 0 and b > 0 such
that if v > vy, ¥ > 1 and w < 1, then there holds the estimate:

4 2 v+U S 12
L4 (S Pon 422061 |+ P y/pidwn §) + 02 0
+ 57 (Ixm V'Ows |5 + [ xmOwn [3) + 371X (V' - Ow) + i0w?)[3
< C{ (& +ZD)Plol + (n+ H) o + (n+ 5 + 22)[¢llo 3

+ (14 25) w3+ (& + o5+ 2+ 1) Delun] + (8 -+ 1)1¢f Delu}

(4.54)

for any n > 0 with C independent of 1.
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Proof. Applying 0 to (4.9), we have

(0,001 + 603061 + 72V - (p.Owh) + Y2i€p.Owi = F,
B oW, — L(A' [E2)ow; — LV (V" - Qw + i€0w?)
—i—V’( ps 20¢1) + ifvidw; = G, (4.55)
80w — —(A’ €2)ow? — Zig(V' - 0w) + igow?)
—Hé’ ps =0¢ + i&v3ow? + = QA’ 30¢1 + Owy - V'vd = G3

on DN QO,, and
owy |8Dm(9m: 0.

Here FO = F0 + FY, G = G, + G} and G3 = G3 + G3, with
—[0,i€v]]¢1 — 7?0, V' - psJwy = 7?[0, i€ps]w,
G} =v[o, piSA’} wy — 10, pi5|£|2]w’1 + 710, p%V’V’Jw'l + 1[0, p—tV'(z’f)}w
— [0, V'EEd] g, — [0, igvfw,
Gi’zu[@ 1A}w1—u[ |£”w1+v[ Z§V’}w1—1/[ ,p|£|}w1
— [0, 27 A — [0, sz]cb — [0, igvlw — [0, (V'vd)w;
Fy) = —{ifa@ g’gb )—1-7 i&od(psw ©),3 <Q Bg ou +U1)>8¢(0)},
= —{-7icod (LV'w®?)},
Gy =—{(v+ 5)5203(%511)(0)’3) + iod(viw®?) <QoBg ou'® +u, >c9w 1.

We set F = T(FO, G, G3), Fy = T(F°, G, G3) and Fy = T(F, G}, G3). Taking the
weighted inner product of (4.55) with x?2,0u;, we have

; 2
14 (S oy 422061 | + P /P00 3)

+ I/{‘valﬁwﬂ% + |£‘2|Xmaw1’§} + g’Xm(vl : awll + zf&wi’)@
= Re{(F, x2,0u;) — I},

(4.56)

where
=v(V'Owr, V'(x2,)0wr) + (V' - 0w + idws, V' (x2,) - Ow))
— (Z0¢1, V' (x2,) - pe0w}) + (i€030wn, X2, pswn )
- (w;ps A'v30¢y, an@wf) + (Ow] - V'3, X2 powd).

Let us estimate the right-hand side of (4.56). By Lemma 4.14 and the Poincaré
inequality we have

[Re(F1, x3,0u)]

< (n+52)nlonls + (n+ )P + (0 + 5) 10w i3
+O(2 + 2+ %2 4 1 1) Defun] + 5 (Ixn V'O 3 + €12 xXmOuwn3)
+ 57XV - Owy + €03,
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IRel| <(n+ £)10, ¢1\2+C( + = St +1)D§[w1]
-+ gl/(]XmV Owy |3 + |€]? |Xm8w1\2) §V|Xm(vl - oW + i&ow?) |3

for any n > 0 with C' independent of n > 0. By Lemma 4.6 and the Holder inequality
we deduce that

[Re(Fy, x7,0u1)| < C{ (5 + %)|§| |0|2 (n+ 32)1El7|én]5 + (n + 5) 10013
+ (VL’I] + Z/'y417 )‘Dg[wl] + (% + 1)|£|2ﬁ5[w1]}

for any n > 0 with C' independent of n > 0. Therefore we see from (4.56) that if
v>1+4*>1and w <1, then

- 2
4 (/28206 |+ xnvm0n 3)

% (‘valawlb + ’5‘ |Xmaw1’ ) + %mxm(vl : aw; + zﬁ@w?)@
< C{(F + 7)ol + (n+ ) lols + (0 + )€1 on]3
+ (n+ %) 10w} + (& + % + Z+ 1) De[w] + (£ + 1)[¢* De[uwn]}.

N

(4.57)

We next estimate d¢;. The first equation of (4.55) leads to

,0p1 + 10 (v) 1))

2001 — &
FO {?ifavfjgzﬁl + V' (ps0w)) +Z£p38w1}

1

12
1

_2

We thus have
%}Xmaéllz < C{EPlol* + ¢ |on | + LDe[wn] + |xm (V' - Ow) + i€0w?) 3}

Take b > 0 suitably small and add b%ﬂxm@(ﬁﬂ% to (4.57). We thus obtain the
desired estimate. This completes the proof. U

We next derive the estimate for 9,,¢;.

Proposition 4.16. For 1 < m < N, there exist constants vg > 0 and b > 0 such
that if v > vy, v2 > 1 and w < wy, then there holds the estimate:

, 2
%%(7% XmA/ %an¢l‘2> 27/—‘,—]/’XT)’L ,05 n¢1|2+bV+V‘Xm n¢1|2
< CfRIePlol + (225 + sz 61 + SEIEPIO + (24 1) Defn]  (458)

555 6P Delun] + 325 (X Dndwr 3 + PondPwn ) + 251 Vpsiwi 3}

Proof. For a scalar field p(z’) on D N O,,, we set

) =pl) (y =¥"(), 2’ € DNOy).
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Similarly we transform a vector field h(z') = T(h'(2’), h*(2’), h*(2')) into h(y) =
() P2y, PP (y) as

h(z') = E(y)h(y')
where E(y') = (e1(v}), e2(y2), e3) with e1(y2), e2(y2) and e3 given in (4.53). Note

that, since e3 = 7(0,0,1), the Fourier transform in z3 = y3 commutes with these

transformations. It then follows that ¢,(y/) and @y (y') = Twi(y), wiy), w(y))

are governed by the following system of equations
((Oin + 880,701 + 72divy (5tin) + i6T20 00 + 42igp,o i O
—(QoBe(0® +101))o® =0,
atw% + i(ﬁyﬁywl) o M(v leywl) + ayl (PV;(FES)¢1>
+%(Ay/v~s)1¢1 + 10,7 wi — ,Zggaylwm),s —0,

v2p?
Ouf + ﬁl(r/\()t rot 7:!71) - —(V dlvywl ( )¢1> (4.59)
+2L,52(A /US) (bl + ngs wl - —z€018 w© =0,
8tw1 (rot rot w1)3 — —(V dlvywl) —l—zf ¢
,ag (A ’Us) o1 + i, w1 + W10y, Vs + w%awvs + %’175206(0),3
L 611 d) +Z§'U80_w —|— <QOB§ UU( +'LL1 >'LU 0

with () = p('), B) = (') and P(5u(y)) = P(po(")). Here V,, div,
and rot, denote the gradient, divergerice angl/ rotatjf)n in icvhe curvlinear coordinate
y which are written for p = p(y) and h = T(h'(y/), B*(y/), R*(y')) as
VD = €10,,D + €20,,p + €30,,D,
divyh = L{8,, (JhY) + 9,72 + 9, (Jh®)},
rot,h = (rot,h)'e; + (rot,h)’es + (rot,h)’es
with
(rot,h)' = 3{8,,h* — 8, (Jh*)},
(rot,h)? = 8,,h' — 8, h°,
(rot, h)? {8y1h2 (9y2(JE1)},
and, therefore,
(rot,rot E) = 1{9,,(rot, h)? — Oy, (rotyﬁ)2},
(rot,rot h) = Oy, (rot, ) — 0, (roty%)?’,
(rot,rot, h)? = = 2{8,, (rot, )2 — 0y, (rotyﬁ)l};

the Fourier transformed gradient Vy is given by
VD = €10, + $€20,,D + e3iP;
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and similarly &i\vy and ﬂ)\ty are obtained from div, and rot, by replacing 0,, with £
respectively. Applying 0,, to the first equation of (4.59), we have

0,0y, 01 + 1€0.°0y, 1 + 72 P50y, div,
= _{Zfaw 1783(’51 + 728y1 (&y(ﬁswl)) - 72,5383/1 Ji;y'&jl (4'60)
+ Zfayl (U U¢(0 ) +7 Zgayl (ps w3 <QOB§ ou” + ﬂ1)>ay15(0)}.

To eliminate the term d,,d,,w; in this equation, we consider % X (4.59),
(4.60). It then follows that

100,01+ 2829, 81 + Li€t,, 61 = 1. (4.61)
where [ = I; + I, with

1
= X
+p5

I = — 2 {5,0,@} + v(rot,rot, @)
+ 50y, (B2 ) + 575, (A T) 61 + €501}
_ {iééﬁylvs b1 + v2ﬁisayl (dlvy(ﬁsfﬁl)) — 728y1£fyﬁ1},
I = — 2= (—7ik0d,, 07?) — {icLa,, (W0

+ 7220, (FaoT?) — 2(QoBe(0® + 1))y, 6}

Considering f\I/m(DmOm) (4.61) x )anp ’)S)ayl O1Jdy’ with X (y') = xm(2'), we see that

<7L2 Sc/m Ii;z(l})am(bl ) + #ﬁ

:/ Ix 22000, 6,.7dy'
U (DNO)

(I%\tyl%\tyal)l - 161,/2( 8y1(J ) %ayzw%) o Zg(Z&E} - (9y1@:13),

)~ ~ |2
XmP,}(/gS)ay1¢1 9

[
S

Since

we obtain
v+U | V2 ~ 7 v+U ~ 7 ~ /[~ ~
+ | Il|2 < O{<V+l, + T_;,_;))|Xm¢1|% + ,yi4|§|2|Xm¢1|% + #ﬁb@n psatwlg

~ ~ o~ V2 ~ o~
+ (V4 D) [Xmt1 |5 + ,,Jlrg‘f’2|me1’§ + m!&\“!xmwl\%

2 ~ ~ V2 |~ ~
(U+V)w |Xm /U}1|2 y+,7|§|2|>(may’wl|g+mb(may’awwll%}a

V$1;|%m[2|§ < C{%ﬂﬂzwz + %f|§|2|¢1|%2(\1/m(mom)) + v+ D)Wﬂ%qwm(mom))}'
It then follows that

~ 2
~ P s —~ P/ ~S ~
%%(% Xm \/ (p 1¢ ‘ ) Xm%aqusl 9
< C{V+V|€| o) + (35 + m)b(m%@ + ZZIE1P 101172 (wm (Do)
~ o~ L2 ~ o~
+ (v + V)|w1|L2(\I/m(DﬁOm)) + ﬁ|€|2|me1|§ m|§|4|me1|§

o~ ~ ~ 2 ~ ~
+ (v + V)WQIXmay’wlg V+V’§| Xm0 ’w1’2 V+;’Xmay’ay2wl|g

+ o5 K VB0 3}

(4.62)
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We next consider d,, 51 where 51 = 8@1 +i£0° ¢1 ( 1) gives that
10,6, = = (I +i60,7°61 — 2524829, 3).
This equation leads to the estimate
S Gy [y < CLEE Rl T +1€0,T00) |5 + 75X 2820, 6,
W 2820,,61 2}.

Therefore if we take b > 0 suitably small and add b%f ];zmayl 51 2

[, t
4 (5] H20,81]) + 35| Rn 2820, 6|+ 62 (700,60
< C{%\f’ o? + (25 + ,,+,,))|Xm¢1|z ”ﬁ§|512\¢1li2(w(13m0m>)
~ |~ L2 ~ o~
+ (v + V)|w1|%2(q/m(mom)) + =P Xm0 |5 + 5 1€ Xm0 5
~ ~ ~ 2 ~ ~
+ (V + V)W2|Xm8 ’w1|% 1/+1/|§| |Xm ’w1|2 y+;|Xmay’ay2wl|g

V"r‘l/ Xm \/Zatwl | }

The desired estimate follows from (4.63) by inverting to the original coordinates z’
and noting that d,, = 0,, d,, = 0. This completes the proof. O

)

< O{ 52|l B+

V—‘rl/

0 (4.62), we get

D=

(4.63)

We next derive the interior estimate for the derivative of ¢;.

Proposition 4.17. There exist constants vy > 0 and b > 0 such that if v > vy,
v2 > 1 and w < 1, then there holds the estimate:

, 2 ~ 2
%% (,;2 }?yz(zz)ar’¢1 9 + |X0\/Ear’w1’§> + byfj:ly|XOaz’¢1‘2
+ %V(|X0V/ax’wl|g + |€|2|X0a’c’wl|g) + %§|X0(V' ' ax’wll + zf(‘?xfwf)@
< C{(# + L) P o + (n+ 22) [ f3 + (n+ & + ZE) 0wl
(4 SV + (5 + 2+ 2+ 1) Delan] + 2+ 1) Defn]
for any n > 0 with C independent of 1.

(4.64)

Since supp(xow;) C D we have dpw; |apno,= 0. Therefore we can prove this
propsition similaly to the proof of Proposition 4.15. We omit the details.

Before proceeding futher we introduce an energy functional. We define E(O)[ 1]

by
Xo0\/ 53220, +|X0\/an’w1|2
P> ( \/i(g’s 06, + henvpiduit) + 3 %

35

B u) = % |x

2
[ P (ps
Xm ,Y2(Zs)an¢1 ‘27




where b4 is a %)osmlve constant. Taking b4 suitably large, we have the following
estimate for F3 ’[u4].

Proposition 4.18. There exist constants vy > 0, b > 0 and by > 0 such that if
v>1, 72> 1 and w < 1, then there holds the estimate:

4B [un] + b2 | 0w [

B

%{y(|X0V’8x/w1|§ + |5|2|X08x/w1|§) + §|X0(V, . ag;/’wll + Zfax/w:f)g}

+
N
+ 5 2 AV (Ixm V' 0w [5 + €17 [ximOw1[3) + Pxm (V' - Owy + i60wi)[5}
(4.65)

< C{(H+ 2P0l + (n+ 25 + 5 + o) |3
+ -+ %2 + %)|5|2’¢1|2 (77 ?)’ax@lb
(i + 3+ T4 D Delwi) + (24 1) 6P Defwn] + 751 v/puoww 3}
for any n > 0 with C independent of n.

Using Proposition 4.15, Proposition 4.16 and Proposition 4.17, we obtain the
estimate of Proposition 4.18.

We next derive a dissipative estimate for |0%w; |y and |0, ¢1]s.

Proposition 4.19. There exist constants vy > 0 and wy > 0 such that if v > vy,
w < wy and v* > 1, then there holds the estimate:

V+u|a2 /|2 1/+1/|a ¢1|2
< O{ (45 + D) EPlol + sl + (5 + ZEZ)EPI . (4.66)
+(Er) !5\2>55[w1] + VRO + E b |

Proof. We first derive the estimate for % w/ and d,/¢,. We will employ the following
estimate for solutions of Stokes equation. If (p, h’) is the solution of

V' h' = F°,
—A'h + %V’p = %G’,
b lap= 0,
then there holds
0213 + H10upl3 < C{IF"p + 5IGE). (467)

(See, e.g., [2, IV.6], [12, III.1.5].) By the first and second equations of (4.9), with the
boundary condition of w}, we see that (¢1,w]) satisfies the following Stokes equation

V' -w) = F?
—Aw + V,( ¢1) = %Gllj
w) \an 0,
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where
FY =~ o1+ 72(V/Ps) -y + yriEw]
+icvt0d® +42iEpow®? — (QoBe(ou® +up))o @},
G = —ps{ O + LEw, — ;(V’ cw) + iw}) + ivdw]
P(ps v
+ V’(pis) 7(5 )¢1 — p—Sng’(aw(O)’S)}.

By Lemma 4.6 and the Poincaré inequality, we have
O3 < C{A16l103 + Zlul3 + L Delun] + |3},
90 OB < CLREPIof + HIePIouR + 201+ 162 Belon] + [,
2 2
Gz < C{5IEPlof* + (v + —)Ifl (613 + (5 + %) Delun]
+ (v + )|§| DEwl ’¢1‘H1+‘\/Eatwl‘ }.

Since
ax’(%qbl) — P(ﬂs)a ¢ + Ps 8 /psgb -
P( S) 1
Tg Z 29
and

|¢1‘2 < C|aac’¢1|2

by the Poincaré inequality, we see that

|0, (24261 [, = C{10w 13 — I3}
Z C(l —Ww )|ax’¢1|g
Z C|aw’¢1|§

for w? < 1. We thus find the estimate
2
02w |5 + %5100 13
V2402 v2
< CEH{EEIEPlol” + Llouls + (W + & + &) €163

b (o4 2) Bl + (04 2Bl + Aol + 22 i)
(4.68)

We next derive the estimate for 9%w?. The third equation of (4.9), with the
boundary condition of w?, is written as

=6
{ wt |op=0,
where
Gl = =5 {0y + &ui - ,%if(v’ wh + iw})
+@'§(M¢ ) + i&viui + £ A’ 3¢1 + w/1 -V
+ u+u£ ow O3 +itapo + zfv ow® <QoB£ (ou'® + u1)>w(0)’3}_
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We thus obtain
ulfe < CIGHE
It then follows that
2032 < O {(1+ & + )Pl + Zlor 2+ (1+ L)€l 2
+(v+v+ ;)Dg[wl] + m|§|2D§[wl] + |v/psOwr 3}

0 (4.68) + (4.69), we have the desired estimate. This completes
the proof. O

(4.69)

We are now in a position to prove Theorem 3.2.

Proposition 4. 20 Let R > 0. There exist positive constants vy, Yo, wo and d such
that if v > vy R?, 1= > W R* and w < wy, then for any 1 =0,1,---, there exists a
constant C' = C(1) > 0 such that the estimate

100 0L, F [ Pe et || 2 < C{(1+£)71 2 |Juol g riz2(oy+e~* ([luoll 2 +H| Qoo 2) }
(4.70)
holds fort > 0.

Proof. Let bs and bg be constants satisfying bs, bg > 1. Define Eio) [u] by
B[] = bs 5 B [u] + b 5[]
If v2 > 1, then there exists a constant C' > 0 such that
W& lol” + Bolur] + %10w¢1]3 + Delun]}
< OB < H{ Lo + Eolw] + L1003 + Delwi]}-

We compute bs;%= X (4.36) + bs x (4.65) + bbs X (4.12) + (4.66). It holds that

%%Ei )[ ]+V+_y’(92'w1‘2 V_lw‘a ¢1|§
b u(y+,,) De[w)] + % —=|/psOswn |5 + bbs* Y2 |y ‘Hl

+
+ 76{ (‘Xovla /11)1‘2 + ’f‘ ’Xoa /w1| ) + Z/‘Xo(vl : &ywl + zfaz/wi’)@}
_I_

N
%6 Z {V(|va/aw1|% + |€|2|Xmaw1|%) + §|Xm(v/ : awll + 15871}?)@}

<o4{bsy+y(y+';if E)IEPlof? + btz T [€) o

bt (L + 5+ )|¢>1\2+b5,,+,,7|£| |01]5 + b6 (55 + £) €0
+b6(n+y+y+ + V+V)\¢1!2+be(n+ + 22 [EPlenl3

+b6 (1 + 5)|0: ¢1|2+b6( +‘+1)D£[w1]+b6(‘ +1) ¢ Defwn]

+ by ~|matwl|2+bbﬁv+”|s| |o|2+bb6”+“|§\ [61[3 + bb (1 + “E2w?) De[uw]
+ (525 + D) P10 + o 6113 + (ks + ) €113

(24 1)1+ | Delur] + 5 lvpdmunl3 + £t }-
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Fix b5 > 1 and bg > 1 sufficiently large such that bs > % and by > 8bg(CYy,
respectively. Let us take n > 0 so small satisfying n < min{1, 8%#04} We assume
that v > 1y and v > 7y are so large that v > 1y > 1 and v > 8b5Cy(v + 7). Since
we have that

.55[’(1)1] S 0(1 + R)|w1|2|3§,w1|2
< €|lOZ w3 + C%(l + R)*|w1l3
for any € > 0, if we take € sufficiently small such that e < %#29, then we get
G [l + AV 1[5 + [V'wn ) < Cluls.

dt

Now we decompose E.\” [u] as

where

LIV 2+ |[V'wn ) < CELu] < 3(IV/6ul2 + [VVun [2).
It then follows that

2EO)(t) + d EX[u] + (V' 612+ [V'wi[2) < Clul? — L ES [u)(t).

We thus obtain
t
EXu)(t) + ¢ / e~ DD (V2 + |V'wy 4 )dr

t t
< e M B [ug] + C / e~ 1=y 2dr — / e~ 1= 4 O] (r)dr.
0 0

Since
e~ L pO)(r) = L{e I EQ ) (r)} — eI EQ[u)(7)
and
E(O) < C 2
20Ul |ul3,
we see taht

t
Ef[u)(t) < e B [uo] + C / e~ u(r) 3dr.
0

From (4.35), we obtain

t
EO)(t) < e B ug] + Cluol3 / o (1) = dolePr g
0
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Let us estimate the second term on the right-hand side of this inequality. We have

t/2

t/2
/ exp{—ah(t —7)— do|f|27}d7 < / eXp{—dl(t _ T)}dT
0 0
< grexp{—9t}

1 dy €2
< grexp{—9 ot}

/ exp{—dl(t —7T)— d0|f|27‘}d7 < exp{—%|£|2t} //2 exp{—dy(t — T)}dT

/2
< %exp{—d—;|§|2t}.
We set dy = min{do, %}. It then follows that there exist positive constants vy, 7o,

wp, di and dsy such that if v > 1y R?, % > 12R? and w < wy, then

d 2
EL (1) < Cfe 21 w2 + e B ug] ). (4.71)

O
Combining Proposition 4.12 and Proposition 4.20 with R = 1 we obtain the
desired estimates in Theorem 3.2.

5 DECAY ESTIMATE OF THE HIGHT FRE-
QUENCY PART

In this section we will give a proof of Theorem 3.3 for [¢| > R, with a positive
constant Ry. To prove Theorem 3.3 for |{| > Ry, we will employ an energy method
to obtain the estimate on solutions of

Ovu + Zgu =0, wlpa=0, ul=o=1uo

similaly to Section 4. The following Propositions 5.1-5.6 can be proved in a similar
manner in Section 4. So we give the statements only and omit the proofs. As in the
previous section we also set

w = llps = 1|cs.

Proposition 5.1. There exists a constant vog > 0 such that if v > vy, then there
hold the estimates: B
s Bolu] + 3Dew] < C%lol3, (5.1)

22|4]5 < C(1 + “2w?) Defu). (5.2)
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We proceed to estimate derivatives of u. We introduce some notations. We
define J3°[u] by
I8N = —2Re(u, B¢Qu).

In addition, we set
ES ] = (1 + 22) Eolu] + Delw],

B [u) = BY[u] + 3 [u),

where b3 is a positive constant to be determined later. We note that there exists a
constant b* > 0 such that if by > b* and 72 > 1, then

LEYu) < EY9u) < 3857 [u)
Taking 53 suitably large, we have the following estimate for Eéoo) [u].

Proposition 5.2. There exist constants 53 > Z; and vy > 0 such that if v > vy and
~v% > 1, then there holds the estimate:

ol + 55 Defl + $l/ ol
{% 21603+ L¢Plol3 )

ldp
2 dt

(5.3)

Proposition 5.3. For 1 < m < N, there exist constants vy > 0 and b > 0 such that
if v >y, ¥2 > 1 and w < 1, then there holds the estimate:

2 - .
s (% /o) + 022 .06,
+ 50 (X V'Owls + [ [xmOw]3) + 571xm (V' - 0w’ + i60w?)[3
< C{(n+ )l + (n+ % + Z2)Illol + (n+ ) 10w013
+ (& + 3% + 2+ 1) Delu]}

P’ (ps)

nv
for any n > 0 with C independent of 1.

Proposition 5.4. For1 < m < N, there exist constants vy > 0 and b > 0 such that
if v >y, ¥2 > 1 and w < 1, then there holds the estimate:

2 v ©12
%%(v% > 2u+u| Xm p)8n¢|2+b%‘xm8n¢\2
SC%%+fﬁ%%+#m%&H%ﬂ@M+&M@W](“>
2 (onddol} + [xnPuld) + 5 mrowl3).

P’ (Ps
¥2ps

Xm
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Proposition 5.5. There exist constants vy > 0 and b > 0 such that if v > vy,
v > 1 and w < 1, then there holds the estimate:

14 (% + hovaonl}) + 022 |,
+ 57(IxoV'Owwls + 1€ [x00ww]3) + 571x0(V" - dww’ + i€Dww?)|3
<c{(n+ 2B+ (n+ % + L)L+ (n+ 2)10w0l3
(L + 5% + 1) Delu] |

nv

Y2 ps

(5.6)

for any n > 0 with C independent of 1.

Before proceeding further we introduce an energy functional. We define Eéoo) [u]

by
xo/ 220,00+ Ixov/Frduul

P> ( oy Z200] + Lo/ F00I3) + 3

where 34 is a %:)oswlve constant. Taking b4 suitably large, we have the following
estimate for Ej [ ].

Proposition 5.6. There exist constants vg > 0, b > 0 and 54 > 0 such that if
v >y, 72> 1 and w < 1, then there holds the estimate:
00) V4D 712
2th( [u ]+b%‘a’6’¢|2
+ 5 {v (V' 0wl + [P x00ww]3) + Plxo(V' - Opw + i€0pw*) |3}

E(OO _

Py 4 2

Y2 ps 2’

N
+5 2 AAv(mV'owls + 1P xmOwl3) + Plxm(V' - Ow' + i€0w®) 3}
m=1
(5.7)
w? V2 v+v
< C{(Uer + 5+ ) 915 + (0 + 55+ 25 €17 0f
+ (n+ ) 100003 + (& + 2% + £+ 1) De[w]
+ 7512 Deluw] + 5| vasaw 3}
for any n > 0 with C independent of 1.

We do not have the estimate for ¢ such as |¢]s < C|0y¢|o similar to that for
¢1 in Section 4. We thus use the estimate for a solution of the Fourier transformed
Stokes equation of the case [£]? > 1.

Proposition 5.7. Assume that (p, h) € H*(D)x H*(D) is a solution of the following
Stokes equation

V' +ighd =

(16> = AW + Lap = L&,
(€] = AR + Jigp = G2,
h lop= 0.
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There exists a constant Ry = Ro(D) > 0 such that if |{| > Ry, then there holds the
following estimate:

2ol + =67 Ipl2 + 2 10mpl2
1+ 1EPIA + [0-hl + Sol€f 102 hl
< CR{|F5 + [EP[FO)5 + 100 FO15 + (G5 + [0whl3 }
where C' is a positive constant independent of |&|.

Proposition 5.7 can be proved similarly to the proof of Kagei [5, Lemma6.6] and
we omit the proof. Applying Proposition 5.7, we have the following estimate.

Proposition 5.8. There exist constant vy > 0 such that if v > vy, v* > 1 and
w < 1, then there holds the estimate:

L (1613 + I£1[6]3 + [0913)

2 o
+;ﬂw%m%ﬁﬂ@M+zmm%m@

= (5.8)
< C’R2{( w?

I/—H/ z/+y ) |¢|2 1/+l/

o) |¢\2+ € 18], + |od

[w]

)+ s lVpsdwl}

for |£] > Ry, where Ry is the constant given in Proposition 5.7 and C' is a positive
constant independent of |€|.

Proof. We observe that (¢, w) satisfies the following Stokes equation
V' -w + i§w3 — FO,
(52 o /)w/ + 1v/(P’(ps)¢) _ lG/
(€ - A + i = 168,
w |8D 07
where
FO = —i{atgb +ifvip 4+ (Vps) - w/},
G = —pfop — ZV'(V'-w' +igw®) — {16V p, +icvdu'},
G* = —p{Ow® — %ZE(V' '+ i&w?) + ifvdw® + ﬁA'v?qﬁ +w' -V}

Therefore we get the desired estimate from Proposition 5.7. This completes the
proof. O

We finally prove Theorem 3.3.
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Proof of Theorem 3.3 Let b5, b6 and b7 be constants satisfying b5,b6,b7 > 1.
Define E4 [ | by

EPfu) = b ES fu] + 25 Bl 4 b7 (14 5) (1 + [&1) Eolul.

We compute (5.8) 4 bs x {67+ b"*” (14 €2 |gb’ b+ Vlfy x (5.3) + b7(1 +2) (14
€]%) % (5.1) then

4BEu) + 2wl + el + ol + zra%aw )

+ y(l¢|2+|£| 613 + 10w ¢13) + bbs " ( \¢|2+|£| 16]2 + |00
(’Xovlax’wb + €7 ’Xoax’wb) + Vxo(V' - Opw’ 4+ i&0pw )’2}

N =

T

+

N |

+% z {y(\xmv’awg + [EPxmOw)3) + Vlxm (V' - 0w’ + z'gaw?’)\g}

+ bl 22 Deluw] + 76V+V|\/E<9tw|2 + 5 (1+2)(1 + [¢P) Delu]

< Co{ B (55 + 5oy )03 + B3 25 Deluwl + B (|93 + 16261, + |09
Rﬁyiylmatwl2+bs(n+,,+g+ + i) |01 + bs (n + 5 + 252) €613

+b5(n+ %) 10003 + bs (L + % +—+1)Dg[ w] + bs 5 [£[* De[w]

+bsm|¢p—satwi2+bb5<w <"+") )<1+ €%) Deluw]

+ Do (ks + sz )10 + Doy ISP I61E + B 22 (1 + (€| |-

9,)

Fix by > 1, bg > 1 and by > 1 so large that by > %R%, be > 8C, maX{Rg,fl%}
and b; > 20C; max{R2 b n(lerV) b5, bb5} respectively We take n > 0 and w > 0
sufficiently small such that n < % C e m and w? < W min{%, ~i} respectively.
We assume that v > v and 'y > Yo are large enought such that v > vy > 1 and

72 > 200, max{b6 v+v), (b5 )2, Vo (v + 7 )}. We then arrive at the estimate

ABEu) + 2 (0l + Pl + [l + zrg|zﬂ|a%w| )

+ 5 (1915 + [€1913 + [0w013) + ”ﬂ”(}% + €[]+ |9]30)
+ V(!Xovlax'w\z + ’5‘ |X08x’w|2) + ;|XO<V/ - Opw’ + ifaz/wg)@

N
+ 3 (V' oul + JePhvudul) + (V- 0w + icou’) 3}

V+,,|\/E3W\2 Y2 (1 + [€)°) Delu]
<0

for all ¢ € R with |¢] > Ro. We define E\™[u] by
B u) = |63 + €163 + 102013 + |w]3 + € w]3 + [0zw]3.
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Since

L1+ B2) Bolu] + Delw]} < EYTu) < 3{(1+ 22) Eolu] + Defw]},

L3 10,013 < 65E§°°>[u] < 5 (H10w015 + 0w]3)

for a positive constant 6’5, we see that

LB ] < CoEY[u] < 2B ]

[\J[o%)

for a positive constant C@ We thus see that there exist positive constants vy, vg, wo
and d such that if v > 1y, 2= > 13Rj and w < woRy”, then

E)(t) < Cem B [u).

This gives the desired estimate in Theorem 3.3 for |£| > Ry. For 1 < [¢| < Ry, we
obtain the desired estimate from (4.71) with R = Ry. This completes the proof. [J
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