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Abstract

In [3], we introduce the generalized Bell representation, and solve a problem of Goldberg that determine
the number of equivalence classes of rational maps corresponding to each critical set. In this talk, we solve
this problem by using rational maps on the projective space P!(C). Symbolic and algebraic computation
system is indispensable to determine defining equations of some singular loci.

1 Introduction

In [4], Goldberg suggested a problem that determine the number of equivalence classes of rational maps
corresponding to each critical set. This problem is based on her theorem (Theorem 1.3 in [4]), and it is
known that this theorem deeply concern with B. and M. Shapiro conjecture (see [1]).

As a joint work with M. Karima (Kabur Univ.) and M. Taniguchi (Nara Women’s Univ.), we solved a
problem of Goldberg for the generic case when the degree is small (see [2]). Moreover, in [3], we determine
several kinds of the non-generic loci for the map from the generalized Bell locus to the space of the sets
of critical points explicitly when the degree is small.

In this talk, we solve this problem by using a family of rational maps on the projective space P!(C).
By this technique, we can obtain the same result as in [3] more simply.

A rational map of degree d is a map with the following form,

where P and @ are coprime polynomials with max{deg P, deg Q} = d.

Definition 1

Two rational maps R; and Ry are said to be Mdbius equivalent if there is a Mobius transformation
M : € — C such that Ry = M o R;.

Let X4 be the set of all equivalence classes of rational maps of degree d, and X c(lk) be the set of classes
of rational maps having critical point at co with multiplicity k, where k£ = 0 means that oo is non-critical.

Remark 1

A rational map R of degree d has 2d — 2 critical points counted including multiplicity. The set of
critical points of R is invariant under taking a Mobius conjugate.

For each rational map R of degree d, the multiplicity of critical point at oo is at most d—1. Therefore,
the space X is the disjoint union of Xl(io)7 X((il)7 e 7X((igl_l).

Goldberg showed the following theorem.
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Theorem 2 (Goldberg [4])
A (2d — 2)-tuple B is the critical set of at most C(d) classes in X4, where C(d) means the d-th Catalan
1/ 2d-2

number — ( d-1

y ) The maximal is attained by a Zariski open subset of the space C24~2 of all B.

The map ®4 : Xq — C24-2 is defined by sending a equivalence class to the set of critical points, and
the restriction of ®4 to Xék) is denoted by q)((ik).
Then Goldberg’s problem (see [4]) is written as follows:

Problem 1
e Describe in detail the ramification sets of the maps ®4.

e Given a critical set o, determine the number of points in the preimage @gl(a).

The critical set is called admissible if every point has multiplicity at most d — 1. She also asked in [4]
whether every admissible set in C2¢~2 is attained by some rational map of degree d.

2 Generalized Bell family
In this section, we summarize the results in [3].
Let CB((;I€> (k=0,1,---,d — 1) be the generalized Bell locus consisting of all H + P/Q for
H(z) = 2" f o2 - ez,
P(z) = ag_p_224"F"2 4. 4+ a,
Q(z) = 2"+ ba_p—22F T o 4 by,
with Resul, (P, Q) # 0.

Remark 2
If Kk = d — 1, the generalized Bell locus is the family of polynomial maps CB((;FI) = {2+ cqg 1297t +
-+ 1z} If k=0, the generalized Bell locus coincides with the Bell locus; CB;O) = CBy (see [2]).

The following proposition is an extended version of Proposition 5 in [2].

Proposition 3
For every R € C’pr, [R] belongs to Xflk) for every k, and for each element [S] in Xr(lk), there is a unique

R in CBY with [R] = [S].

Hence, each locus X(gk) has a system of coordinates consisting of coefficients of representatives R in
the generalized Bell locus C’B((P.
Now, consider the map @ék) of C’B((ik) to C22=2=F defined from the equation

S AH Q) + PQE) - PEIQ()

k+1
k=2 2k =)
by sending
(c,a,b) = (cp,-- ,¢1, Ga—p—2,-++ a0, ba——_2,--- ,bo)
to
a = (a2d—k-3,""" , Q)
Set

szk) = {(07 a,b) e c=2=k Resulz(f)v Q) = 0}’

which is the locus where @l(ik) is not defined. (In other words, CBék) can be identified with C24—2—* fREim )
Here, we recall the following results in [2].



Proposition 4
The map <I>(20) : CBéO) — C?— E()(2) is bijective, and the exceptional locus E(9)(2) is the algebraic curve

defined by a? — 4ay = 0. And the map <I>é1> : CBél) — C is bijective.
Now, we recall the following results in [2] and [3].

Proposition 5
The ramification locus of @éo) is a; = b? — 4by, CI):(,,O)(C’B:E,())) =C*— EO(3), and <I>§0) is 2-valent on the
set of points in C* — E(©)(3) satisfying that

a2 —3aas + 1209 #0, FEy #0.
Here, the exceptional locus E©)(3) is the algebraic variety defined by Ey = E; = 0. Here

By =2702 — 9agazaq + (2703 — T2az)aq + 203, (1)
By = —27a] 4 (—4a3 + 18azaz)a? 4 ((—603 + 144as)ag + a3a3 — 4aj)ad

+ (1920303 + (180l — 80a3as)ag)aq + 256053

+ (2703 + 144az03 — 128a3)a + (—4adai + 16a3)ap. (2)

Remark 3
The exceptional locus E(©)(3) is written as,

{108a7 + (—108azas + 27a3)a; + 3205 — 9a3a3 =0, and 3aza; — a3 — 12a9 = 0}.
In case d = 3, there remain the cases that oo is a critical point.

Proposition 6
The ramification locus of ¢(31) is given by ¢; — 2by = 0, <I>§1>(CB§1)) =C3— EM(3) and @gl) is 2-valent
on the the set of the points in C3 — EM)(3) satisfying that

3a; —a2 #0, 4ad — aja? — 18apaza; + dagad + 2702 # 0.
Here, the exceptional locus E((3) is the algebraic variety defined by
{301 —a3 =0, 9aza; — 203 — 2Tay = 0}.

Since the map (fo) : C'Bé2> — C2? is clearly bijective, we have obtained complete description for the
case that d = 3.

3 Generalized Bell family on P!(C)

A rational map R on P!(C) is defined by
‘P(Z()7 2’1)
Q(z0, 21)

where P and () are homogeneous polynomial maps of degree d with @ # 0.
Now, we give the following extended version of Proposition 3. Let PB; be the family consisting of all

R(Zo, 21) =

F(b,a) = @7 for

P(z0721) = Z{d + (1 — bd,l)ad,lzoziFl + (1 - (1 — bd—l)bd—z)adfzzng72 + ..

+ (1 — (1 — bd—l) (K (1 — bl)bo)aozg,

d— 2,d—2
1

Q(20,21) = ba_1202 b ba2z52) "+ + b02617

GCD(P,Q) e C*,



where

b= (bg_1:--:by) € P(C),
a=(1:aq_1: - :ay) € PYC).
Remark 4
If the coefficients of @ satisfy b = (0:+--:0 : 1 : bg_p—o : --- : bg), then the coefficient of the term
——
k

zé““zf_k_l of numerator P does not depend on aq_k_1 and is always zero.
The family P By represents the space Xy faithfully.

Theorem 7

P P(1
For every F(zp,21) = M in PBy, the equivalence class [ ( ’Zl)] belongs to X4. Conversely, For
Q(20,21) Q(1,21)
P .
every [R] in X4, there is unique rational map F(zo,z1) = % in PBy such that [R] = [R}, where
0, <1
=21 P(20,21)
Rl—)=——F—"7"-+.
(Z()) Q(Z(], Zl)

Remark 5
For every rational map F(p q) in PByg, F(p,)(0,1) = (0,1). The inverse image F(;}a) (0,1) is the set given
by

{(20,21); 20 =0 or Q(z0,21) =0}.

The map Uy : PBy— P24=2(C) is defined by sending

(b,a) = <(O:---:0:l:bd,k,2:---:bo),(lzad,l:---:ad,k,Q:O:ad,k:---:ao)>
k

to
o= (aog_g : - : o) € PX2(Q),

P
where F(b,a) = é € PBy and

9(Q, P) 2d—2 2d—
T = agg_27 o+ 042,1732021(1

6(Z0, Zl)

3 2d—2
+ -+ apzg .

In the case of d = 3, rational map Fip q) on PY(C) is written by

P(Zo,zl) = Z% + a2(1 — bQ)ZOZ% + (11(1 — (1 — bz)bl)zgzl + (Lo(l — (1 — bz)(l — bl)bo)ZS,

Q(z0,21) = b2Zto + b1z(2)21 + bozg',



Now, set Ry = {(b,a); IP5 = 0}, where
TIP3 =(agboby — agbo )bt + (aoboarbs + (agboas — 2a0boar)b3 + (—2agboas + agboar )b3
+ (aoboaz + boar — agbo)ba — boay + agby — ag)b3 + (aZbzb3 + (boat — apboar
—2a2b2)b3 + ((boay — agbo)az — 2bpal 4 (3agby — ap)ay + aZbd)b3
+ ((—2boay + 2aobo — ao)as + boai + (—2agbo + ao)ar — 3aoby)bs
+ ((boay — agbo + ag)ag + 3agbZ )by + boa1)b? + (—2a2b2b5 + (—2apbias + 4aZby
— 2a2bo)b3 + (4agblays + 2boa? — agboar — 2a2b3 + 2a2bo)b3 + ((boa1 — 2aob?)as
— 2bpad + (=203 + apbo — ap)ar + 3agh3)b3 + ((—boai + b3)as + 2b3a,
— 3agbg + 3agbo)ba — bjaz)by + agbibl + (2aobjaz — 2adby + 2agbo )by
+ (b2a3 + (—4agh? + 2apbo)ag + albi — 2a2by + a2)b3 + (—2b2a2
+ (2a0b? — 2apbo)az + boa?)bs + (baa3 — 2b2ay )by + b3.
Then, we have
Lemma 8 N
R3 is the locus where V3 is not defined.
Now, Jacobian is given by

5 _0@.P)

9(z0,21)
=3(boz] + 2b12023 + ((—a1b3 + (—ag + a1)bs + as)by — ayby + 3bg) 2227
+ ((2a0bob3 — 2a0bob2)b1 — 2apbob3 + (—2bgaz + 2aoby — 2a0)bs + 2bpaz) 2521
+ ((aoboba — agbo)bi + ((boar — aobo)ba — boay + agby — ag)by + boai)zy).
Therefore, the map \/1}3 is defined by (b, a) — a, where
ay = by,
az = 2by,
g = (—a1b2 4 (—ag + a1)by + az)by — a1bs + 3by,
a1 = (2a0bob3 — 2a0boba)by — 2agbob’ + (—2bgas + 2agby — 2ag)by + 2boas,
ap = (aobobz — aobo)bT + ((boar — aobo)bz — boay + agby — ag)by + boas - (3)
Eliminating the parameters a,b from IP3; = ¢ by using (3), we have a quadratic equation 7' = 0,
where
T =432t + (—2160407 + 72030907 — 1603 + 5760pagan — 216apa3)t
+ 27030} 4 (—18asazas + 4a3)ad + (dagal — adai — 14dapaias + 6agagad)al
+ (80agasasal — 1804004%042 + 1920430@21043)@1 — 16agayai
+dapadal + 12820303 — 144adasaias + 2Tadal — 256a3as. 4)

There are no rational functions of degree 3 corresponding to « if and only if the equation (4) has 0
as a unique solution for ¢.

Lemma 9
The exceptional locus PE(3) is given by

PE(3) ={108aa} + (—108csaz + 27a8)ay + 320403 — 9a3a3 = 0,
— 3azaq + a% + 12094 = 0,

27as0f — 2Tazazay + 83 + 2Tagaj = 0}. (5)



Lemma 10
If critical set «v satisfies

a ¢ {PEy=0}, and o« ¢ {Discr(T) =0},
#@gl(a) = 2, where PEjy is the constant term of T for t and Discr(T) = 3azan — o3 — 12apau.
Then, we have the following.

Theorem 11 R
U3(PB;) = P4Y(C) — PE(3) and V3(PBj3) is 2-valent on the the set of the points in P*(C) — PE(3)
satisfying that

Discr(T) #0 and PEy #0.

This theorem corresponds to Proposition 5 and Proposition 6 which are given by using generalized
Bell locus. Theorem 11 is obtained without considering the multiplicity of critical point at the point at
infinity.
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