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The n-dimensional rigid transformation (or Euclidean) group E(n) consists of trans-
formations of R™ which preserves the standard metric. It is well-known (see [2], for
example) that any element of E(n) can be written as a composition of a rotation, a re-
flection, and a translation, and hence, it is represented by (n+1) X (n+1)-homogeneous

matrix;
E(n) = {A - (g‘ df) | AA = 1,.d, € R"} .

Here, we adopt the convention that a matrix acts on a (column) vector by the multi-
plication from the left. E(n) has two connected components. The identity component
SE(n) consists of those without reflection. More precisely,

SE(n) = {A - <6‘ df) | AeSO(m),ds e R”} ,
where SO(n) = {R | R'R = I,,,det(R) = 1} is the special orthogonal group composed
of n-dimensional rotations.

The group SE(n) is widely used in computer graphics such as for expressing motion
and attitude, displacement, deformation, skinning, and camera control. In some cases,
the matrix representation of the group SE(n) is not convenient. In particular, a linear
combination of two matrices in SE(n) does not necessarily belong to SE(n) and it causes
the notorious candy-wrapper defect in skinning. When n = 3, another representation of
SE(3) using the dual quaternion numbers (DQN, for short) is considered in [5] to solve
the candy-wrapper defect. In this talk, we consider the 2-dimensional case. Of course,
2D case can be handled by regarding the plane embedded in R? and using DQN, but
instead, we introduce the anti-commutative dual complex numbers (DCN, for short),
which is specific to 2D with much more concise and faster implementation. We also
developed a library for DCN and demonstrate it with an iPad application.

1. ANTI-COMMUTATIVE DUAL COMPLEX NUMBERS

Let K denote one of the fields R, C, or H, where H is the quaternion numbers. First,
we recall the standard construction of the dual numbers over K.

Definition 1. The ring of dual numbers K is the quotient ring defined by
K :=Kle] /(%) = {po + p1£ | po, 1 € K}.
The addition and the multiplication of two dual numbers are given as

(o +p1e) + (@0 + q1e) = (po+qo) + (P + q1)e,
(Po +p1e)(q0 +@1e) = (Poqo) + (P1go0 + Poqn)e-
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The following involution is considered to be the dual version of conjugation
Do + 1€ 1= Po — D€,

where p; is the usual conjugation. The unit dual numbers are of special importance.
Definition 2. Let [p| = \/pp for p € K. The unit dual numbers is defined as

Ky :={peK||p|=1} cK.
K; acts on K by conjugation action

Poq=pq

where p € Kl,cj eK.

The unit dual quaternion H, is successfully used for skinning in [5]; a vector v =
(z,y,2) € R? is identified with 1 + (zi + yj + zk)e and the conjugation action of H,
preserves the embedded R? and its Euclidean metric. In fact, the conjugation action
induces the double cover H; — SE(3).

On the other hand, when k£ = R or C, the conjugation action is trivial since the
corresponding dual numbers are commutative. We define the anti-commutative dual

complex numbers C by modifying the multiplication of C. That is, C = Casa set, and
the algebraic operations are replaced by

(po +1e)(ao+q@e) = (pogo) + (P1Go + pPoqr)e,
Po+pi€ = DPo+ pig,
Ipo + pel = |pol-

The addition and the conjugation action are left unmodified. Then,

Theorem 3. C satisfies distributive and associative laws, and hence, has a (non-
commutative) ring structure.

Similarly to the unit dual quaternion numbers, the unit anti-commutative complex
numbers are of particular importance:

Ci={peCllpl=1}={" +peccC|0 R}
It is a group with inverse
(€ +pe)t=e —pie

and it acts on C by the conjugation action. Now, we regard C = R? as usual. Identi-
fying v € C with 1 4 ve € C, we see that C; acts on C as rigid transformation.

2. RELATION TO SE(2)

In the previous section, we constructed the unit anti-commutative dual complex
numbers C; and its action on C = R? as rigid transformation. Recall that p = pg+p.c €
C; acts on v € C by

po(1+wve) = (po+ pie)(1 +ve)(po + pig) = 1+ (pav + 2pop1 ),

that is, v maps to p2v + 2pop;. For example, when p; = 0, v € C is mapped to p3v,
which is the rotation around the origin of degree 2 arg(pg) since |po| = 1. On the other
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hand, when py = 1, the action corresponds to the translation by 2p;. In general, we
have

¢ :C, — SE(2)

cos(2arg(py)) —sin(2arg(pe)) Re(2pop1)
po + pie — | sin(2arg(pg)) cos(2arg(py)) Im(2pep1) |,
0 0 1

where Re(2pop1) (respectively, Im(2pop;)) is the real (respectively, imaginary) part of
2pop1 € C. Note that this gives a surjective group homomorphism ¢ : C; — SE(2)
whose kernel is {£1}. That is, for any 2D rigid transformation, there corresponds
exactly two unit DCN’s with opposite signs.

Example 4. We compute the DCN’s +p € C; which represent f-rotation around v €
C. It is the composition of the following three rigid transformations: (—v)-translation,
f-rotation around the origin, and v-translation. Thus, we have

=25 () () =2 (-8 )
3. RELATION TO THE DUAL QUATERNION NUMBERS
The following homomorphism

C9p0+P1€'—>P0+p1j€€H

is compatible with the involution and the conjugation, and preserves the norm. Fur-

thermore, if we identify v = (z,y) € R? with 1 + (zj + yk)e, the above map commutes

with the action. From this point of view, DCN is nothing but a sub-ring of DQN.
Note also that C can be embedded in the ring of the 2 x 2-complex matrices by

Po D1
P0+p1€'—><0 p0>~
- _ 2
Po P1\ _ (Po P1 Po D1 — det Po D1
0 po 0 po/ I\O0 Do 0 Do)

We thus have various equivalent presentations of DCN. However, our presentation
of C as the anti-commutative dual numbers is easier to implement and more efficient.

Then

4. INTERPOLATION OF 2D RIGID TRANSFORMATIONS

First, recall that for the positive real numbers x,y € R, there are two typical
interpolation methods:
(1-tx+ty, teR
and
(yz~ Yz, teR.
The first method can be generalized to DQN as the Dual quaternion Linear Blending

in [5]. Similarly, a DCN version of Dual number Linear Blending (DLB, for short) is
given as follows:
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Definition 5. For py, o, . .., pn € C1, we define

wiPpr + wiPa + -+ Wihn
|wipr + wips + -+ + WpPn|’

DLB(ﬁlvﬁZa”' 7]§n;w1;w27' . '7wn) =

where wq, ws, ..., w, € R. Note that the denominator can become 0 and so it is not
always well-defined.

A significant feature of DLB is that it is distributive (it is called bi-invariance in
some literatures). That is, the following holds:

ﬁoDLB(ﬁhﬁz; ey Prywn, Wy, . ;wn) = DLB(pOﬁlvﬁOﬁ% ooy PP W, W, . 7wn)-

This property is particularly important when transformations are given in a certain
hierarchy such as in the case of skinning; if the transformation assigned to the root
joint is modified, the skin associated to lower nodes is deformed consistently.

Next, we consider interpolation of the second type. For this, we need the exponential
and the logarithm maps for DCN.

Definition 6. For p = py + pie € C, we define

+ 5 Po _ oPo
epr Z 0 pl — epo + (el)lc;)plg
0 — O

When exp p € Cy, we can write py = i for some 6 € R, and

R g; sind
expp =e + 0 Pp1E.
For G = e” + qe € C;, we define
0
log(q) = 6i + e

As usual, we have exp(log(4)) = ¢ and log(exp( p)) = p. Note that this gives the
following Lie correspondence (see [1],6])

exp : 0ocn — @1,
log : C; — den,

where den = {0i + p1e € C | 0 € R, p, € C} ~ R3. We have the following commutative
diagram:

d
den ——= s¢(2)

where

dp : den — se(2)

0 —20 2«
Oi+ (x+yi)e— [20 0 2y
0 0 0

The following is a DCN version of SLERP [7].
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Definition 7. SLERP interpolation from p € C; to ¢ € C, is given by
SLERP(p,q;t) = (gp~")'p = exp(tlog(gp~"))p,
where t € R.

5. APPLICATION

We developed the 2D probe-based deformer ([4]) for tablet devices running OpenGL
ES (OpenGL for Embedded Systems). Thanks to the efficiency of DCN and touch

interface, it offers interactive and intuitive operation.

FIGURE 1. Left: set up initial positions of (blue) probes. Right: the
target picture is deformed according to user’s action on the probes.
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