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1. Introduction

Image-based rendering methods that capture the surrounding environment, store it
as an environment map, and use it as the incident lighting (i.e. environment lighting)
have been used to render realistic images. Real-time rendering of scenes illuminated
by environmental lighting, is beneficial in many applications such as lighting/material
design, animation, and games. For photorealistic rendering under environmental light-
ing, the triple product of the environmental lighting, the BRDF, and the visibility
function is integrated. Integrating the triple product is computationally expensive and
this prevents from real-time rendering under all-frequency environment lighting. To
address this, we propose an efficient rendering method for scenes illuminated by all-
frequency environmental lighting. Our method uses spherical Gaussian (SG) functions
to efficiently integrate the triple product.

2. Spherical Gaussian

A spherical Gaussian (SG) is a function over the unit sphere and a type of spherical
radial basis functions. A spherical Gaussian (SG) G(ωi; ξ, η, µ) is represented by the
following equation:

G(ωi; ξ, η, µ) = µeη(ωi·ξ−1),(1)

where the unit vector ξ is the lobe axis, η is the lobe sharpness, and µ is the lobe
amplitude that consists of RGB components.
SG has nice properties for rendering. Firstly, the product of two SGs is represented

by another SG. That is, the product of two SGs is closed in SG basis.

G(ωi; ξ1, η1, µ1) · G(ωi; ξ2, η2, µ2) = G(ωi; ξ3, η3, µ3),(2)

where the lobe axis ξ3, the lobe sharpness η3, and the lobe amplitude µ3 are calculated
by the following equations.

ξ3 =
η1ξ1 + η2ξ2

||η1ξ1 + η2ξ2||
,(3)

η3 = ||η1ξ1 + η2ξ2||(4)

µ3 = µ1µ2e
||η1ξ1+η2ξ2−η1−η2||(5)

Secondly, since SG is symmetric about the lobe axis, SG is easy to rotate just by
rotating the lobe axis as the following equation.

RG(ωi; ξ, η, µ) = G(ωi;Rξ, η, µ),(6)

where R is a rotation matrix.
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Thirdly, the integral of SG over the unit sphere S2 is calculated analytically as the
following equation.∫

S2

G(ωi; ξ, η, µ)dω = µ

∫ 2π

0

∫ π

0

eη(cos θ−1) sin θdθdφ =
2π

η
(1− e−2η).(7)

Finally, the convolution of two SGs are calculated analytically as the following
equation.∫

S2

G(ωi; ξ1, η1, µ1) · G(ωi; ξ2, η2, µ2)dωi =
4πµ1µ2

eη1+η2

sinh(||η1ξ1 + η2ξ2||)
||η1ξ1 + η2ξ2||

.(8)

Although the convolution of two SGs is calculated analytically as the above equa-
tion, it is not closed in SG basis. To address this problem, we have derived the SG
representation of the convolution of two SGs [2].∫

S2

G(ωi; ξ1, η1, µ1) · G(ωi; ξ2, η2, µ2)dω =
4πµ1µ2

eη1+η2

sinh(||η1ξ1 + η2ξ2||)
||η1ξ1 + η2ξ2||

= 2πµ1µ2
e||ζ||−η1−η2 − e−||ζ||−η1−η2

||ζ||
,(9)

where ζ = η1ξ1+ η2ξ2. Here, we assume that both lobe sharpness values η1 and η2 are
not too small. In practice, this assumption is valid for rendering applications. Then,
we can assume that e−||ζ||−η1−η2 ≈ 0. Next, ||ζ|| can be represented as follows:

||ζ|| =
√

η2
1||ξ1||2 + 2η1η2ξ1 · ξ2 + η2

2||ξ2||2

= (η1 + η2)

√
1 +

2η1η2(ξ1 · ξ2 − 1)
(η1 + η2)2

.(10)

By using this representation, the numerator in Eq. (9) can be calculated as follows:

e||ζ||−η1−η2 = e
(η1+η2)

„

r

1+
2η1η2(ξ1·ξ2−1)

(η1+η2)2
−1

«

≈ e
(η1+η2)· η1η2(ξ1·ξ2−1)

(η1+η2)2

= e
η1η2

(η1+η2)
(ξ1·ξ2−1)

,(11)

where a linear approximation of the Taylor expansion
√
1 + x ≈ 1 + x/2 is used.

The denominator ||ζ|| can be approximated with η1 + η2 , since
2η1η2(ξ1·ξ2−1)

(η1+η2)2
can be

considered as negligible. Finally, the convolution of two SGs can be represented by a
single SG as:

(12)

∫

S2

G(ωi; ξ1, η1, µ1) · G(ωi; ξ2, η2, µ2)dω ≈ G

(
ξ1, ξ2,

η1η2

η1 + η2

,
2πµ1µ2

η1 + η2

)
.

3. Image-based Rendering using Spherical Gaussian

The outgoing radiance L(x,ωo) at point x in the outgoing direction ωo under en-
vironment lighting is calculated by the following equation.

L(x, ωo)=

∫

S2

L(ωi)V (x, ωi)ρ(x,ωi,ωo)max(0,n(x)·ωi)dωi,

(13)

where S2 denotes the unit sphere in R3, ωi is the incident direction, L(ωi) is the distant
lighting represented by the environment maps, V (x, ωi) is the visibility function at x,
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ρ is the BRDF, and n(x) is the normal at x. To simplify the notation, we omit x in
the following. Our method represents the BRDF ρ with ρ(ωi,ωo) = kd + ksρs(ωi,ωo)
where kd is a diffuse term and ksρs(ωi, ωo) is a specular term. By substituting this in
Eq. (13), L(ωo) can be calculated from the sum of the diffuse component Ld and the
specular component Ls(ωo) as follows:

L(ωo) = kdLd + ksLs(ωo),

Ld =

∫

S2

L(ωi)V (ωi)max(0,ωi · n)dωi,(14)

Ls(ωo) =

∫

S2

L(ωi)V (ωi)ρs(ωi,ωo)max(0,ωi ·n)dωi.(15)

To calculate Ld, our method approximates L(ωi) and the cosine term max(0,n · ωi)
with the sum of spherical Gaussians.
Our method represents the environmental lighting L as the sum of SGs; L(ωi) ≈∑K

k=1 G(ωi; ξk, ηk, µk) where K is the number of SG lobes. The cosine term is also
approximated by a single SG as G(ωi;n, ηc, µc). By substituting these terms into
Eq. (14), Ld is calculated by the following equation.

Ld ≈
K∑

k=1

∫

S2

G(ωi; ξk, ηk, µk)G(ωi;n, ηc, µc)V (ωi)dωi.(16)

The product of two SGs can be represented with a single SG:

G(ωi; ξ, η, µ) = G(ωi; ξk, ηk, µk)G(ωi;n, ηc, µc),(17)

where the lobe sharpness η is ||ηkξk + ηcn||, the lobe axis ξ is (ηkξk + ηcn)/η, and the
amplitude µ is µkµce

η−ηk−ηc . The diffuse component Ld is calculated by integrating
the product of the visibility function V (ωi) and the spherical Gaussian G(ωi; ξ, η, µ).
The integral of the product of SG and the visibility function is efficiently computed
by using spherical signed distance function [3] for static scenes and by using integral
spherical Gaussian [1] for dynamic scenes.
To calculate the specular component Ls, our method represents the BRDF ρ and

the cosine term as the sum of SGs. As [3], the BRDF ρ(ωi,ωo) can be calculated from

the sum of the SGs as ρ(ωi,ωo) ≈
∑J

j=1 G(ωi; ξj, ηj, µj), where J is the number of SGs
for ρ, and the lobe axis ξj depends on the outgoing direction ωo. By substituting this
into Eq. (15), Ls(ωo) can be rewritten as:

Ls(ωo)≈
J∑

j=1

∫

S2

L(ωi)G(ωi; ξj,ηj,µj)G(ωi;n,ηc,µc)V (ωi)dωi.(18)

Since the product of two SGs is also represented with a single SGGj(ωi) = G(ωi; ξ
�
j, η

�
j, µ

�
j),

Ls(ωo) can be rewritten as:

Ls(ωo) ≈
J∑

j=1

∫

S2

L(ωi)Gj(ωi)V (ωi)dωi.(19)

Our method approximates the integral of the triple product as:

Ls(ωo) ≈
J∑

j=1

∫

S2

L(ωi)Gj(ωi)dωi

∫
S2 Gj(ωi)V (ωi)dωi∫

S2 Gj(ωi)dωi

.(20)

54



ρ is the BRDF, and n(x) is the normal at x. To simplify the notation, we omit x in
the following. Our method represents the BRDF ρ with ρ(ωi,ωo) = kd + ksρs(ωi,ωo)
where kd is a diffuse term and ksρs(ωi, ωo) is a specular term. By substituting this in
Eq. (13), L(ωo) can be calculated from the sum of the diffuse component Ld and the
specular component Ls(ωo) as follows:

L(ωo) = kdLd + ksLs(ωo),

Ld =

∫

S2

L(ωi)V (ωi)max(0,ωi · n)dωi,(14)

Ls(ωo) =

∫

S2

L(ωi)V (ωi)ρs(ωi,ωo)max(0,ωi ·n)dωi.(15)

To calculate Ld, our method approximates L(ωi) and the cosine term max(0,n · ωi)
with the sum of spherical Gaussians.
Our method represents the environmental lighting L as the sum of SGs; L(ωi) ≈∑K

k=1 G(ωi; ξk, ηk, µk) where K is the number of SG lobes. The cosine term is also
approximated by a single SG as G(ωi;n, ηc, µc). By substituting these terms into
Eq. (14), Ld is calculated by the following equation.

Ld ≈
K∑

k=1

∫

S2

G(ωi; ξk, ηk, µk)G(ωi;n, ηc, µc)V (ωi)dωi.(16)

The product of two SGs can be represented with a single SG:

G(ωi; ξ, η, µ) = G(ωi; ξk, ηk, µk)G(ωi;n, ηc, µc),(17)

where the lobe sharpness η is ||ηkξk + ηcn||, the lobe axis ξ is (ηkξk + ηcn)/η, and the
amplitude µ is µkµce

η−ηk−ηc . The diffuse component Ld is calculated by integrating
the product of the visibility function V (ωi) and the spherical Gaussian G(ωi; ξ, η, µ).
The integral of the product of SG and the visibility function is efficiently computed
by using spherical signed distance function [3] for static scenes and by using integral
spherical Gaussian [1] for dynamic scenes.
To calculate the specular component Ls, our method represents the BRDF ρ and

the cosine term as the sum of SGs. As [3], the BRDF ρ(ωi,ωo) can be calculated from

the sum of the SGs as ρ(ωi,ωo) ≈
∑J

j=1 G(ωi; ξj, ηj, µj), where J is the number of SGs
for ρ, and the lobe axis ξj depends on the outgoing direction ωo. By substituting this
into Eq. (15), Ls(ωo) can be rewritten as:

Ls(ωo)≈
J∑

j=1

∫

S2

L(ωi)G(ωi; ξj,ηj,µj)G(ωi;n,ηc,µc)V (ωi)dωi.(18)

Since the product of two SGs is also represented with a single SGGj(ωi) = G(ωi; ξ
�
j, η

�
j, µ

�
j),

Ls(ωo) can be rewritten as:

Ls(ωo) ≈
J∑

j=1

∫

S2

L(ωi)Gj(ωi)V (ωi)dωi.(19)

Our method approximates the integral of the triple product as:

Ls(ωo) ≈
J∑

j=1

∫

S2

L(ωi)Gj(ωi)dωi

∫
S2 Gj(ωi)V (ωi)dωi∫

S2 Gj(ωi)dωi

.(20)

Figure 1. Rendering results of our method.

The numerator
∫

S2 Gj(ωi)V (ωi)dωi can be calculated in the same way as Ld and the

denominator
∫

S2 Gj(ωi)dωi can be calculated analytically as
2π
η�

j
(1−e−2η�

j). The integral

of the product of L and G is calculated as a 3D function ΓL(ξ, η):∫

S2

L(ωi)G(ωi; ξ, η, µ)dωi = µΓL(ξ, η).(21)

Our method precomputes ΓL(ξ, η) and stores the data as prefiltered environment maps
for various lobe sharpness η as [3]. Therefore, our method can change the BRDFs
(i.e. the SGs) at run-time. Since our method integrates the product of the BRDF
approximated by the SGs and the lighting, our method can represent highly specular
materials.

4. Results and Conclusion

Fig. 1 shows the rendering results of dynamic scenes illuminated by all-frequency
environment lighting. We have implemented our rendering algorithm on a standard PC
with an Intel Corei7 Extreme 965 CPU and a GeForce GTX 580 GPU. The rendering
frame rates are 2.5-40 fps. The image resolutions are 640 × 480. We have proposed
a real-time rendering method for fully dynamic scenes with highly specular BRDFs
illuminated by all-frequency lighting by using spherical Gaussians.
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