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Abstract

In this paper, we consider the fault-tolerant facility location problem with submodular penal-
ties that is a common generalization of the fault-tolerant facility location problem and the
facility location problem with submodular penalties. For this problem, we present a combi-
natorial 3 ·HR-approximation algorithm, where R is the maximum connectivity requirement
and HR is the R-th harmonic number. Our algorithm is a common generalization of the
algorithm for the the fault-tolerant facility location problem presented by Jain and Vazirani
(2003) and that for the facility location problem with submodular penalties presented by
Du, Lu and Xu (2012).

1 Introduction

The facility location problem is one of the most important problems in combinatorial optimiza-
tion. Unfortunately, this problem is NP-hard, and thus most of the research has been focusing
on designing approximation algorithms with good performance. So far, the best approximation
ratio for the facility location problem is 1.488 due to Li [8].

Many variants of the facility location problem have appeared. The fault-tolerant facility
location problem is one of variants of the facility location problem. In this problem, each client
has a connectivity requirement and we have to connect each client to as many open facilities as
its connectivity requirement. This problem was introduced by Jain and Vazirani [7], and several
approximation algorithms were presented [7, 5, 11, 1]. So far, the best approximation ratio for
the fault-tolerant facility location problem is 1.725 due to Byrka, Srinivasan and Swamy [1].

The facility location problem with submodular penalties is another variant of the facility
location problem. In this problem, not all clients are connected to open facilities and unconnected
clients incur a penalty cost determined by a monotone submodular function on the client set.
This problem was introduced by Hayrapetyan, Swamy and Tardos [6], and several approximation
algorithms were presented [6, 2, 3, 9]. So far, the best approximation ratio for the facility location
problem with submodular penalties is 2 due to Li, Du, Xiu and Xu [9].

In this paper, we consider the fault-tolerant facility location problem with submodular penal-
ties that is a common generalization of the above two variants of the facility location problem.
For this problem, we present a combinatorial 3 · HR-approximation algorithm, where R is the
maximum connectivity requirement and HR is the R-th harmonic number. Our algorithm is
a common generalization of the algorithm for the the fault-tolerant facility location problem
presented by Jain and Vazirani [7] and that for the facility location problem with submodular
penalties presented by Du, Lu and Xu [3].

∗This work is partly supported by KAKENHI(24106005).
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Organization. In Section 2, we give a formal definition of the fault-tolerant facility location
problem with submodular penalties. In Section 3, we present an algorithm for the fault-tolerant
facility location problem with submodular penalties. In Section 4, we analyze an approximation
ratio of our algorithm. Section 5 concludes this paper.

Notation. We denote by R, R+ and Z+ the sets of real numbers, non-negative real numbers
and non-negative integers, respectively.

Assume that we are given a set U . For each subset X of U , we define a characteristic vector
χX in {0, 1}U by

χX(u) :=

{
1 if u ∈ X

0 if u ∈ U \X.

Let d1, d2 be vectors in RU . Define a vector d1 ± d2 in RU by

(d1 ± d2)(u) := d1(u)± d2(u).

In addition, we write d1 ≥ d2, if d1(u) ≥ d2(u) for every element u in U .

2 Problem Formulation

The fault-tolerant facility location problem with submodular penalties is defined as follows. We
are given a finite set F of facilities and a finite set D of clients. For each facility i in F , an
opening cost fi in R+ is given. For each client j in D, a connectivity requirement rj in Z+ is
given. We assume that rj ≤ |F | for every client j in D. For each facility i in F and each client j
in D, a connecting cost ci,j in R+ is given. We assume that connecting costs satisfy the triangle
inequality, i.e.,

ci,j + ci,j′ + ci′,j′ ≥ ci′,j

for every facilities i, i′ in F and every clients j, j′ in D. In addition, we are given a penalty
function h : RD+ → R+, which is the Lovász extension of a non-negative monotone submodular
function ρ : 2D → R+ with ρ(∅) = 0. We will give formal definitions of a submodular function
and its Lovász extension later.

An assignment is a triple (X, d, φ) of a subset X of F , functions d : D → Z+ and φ : D → 2F .
An assignment is said to be feasible, if

∀j ∈ D : φ(j) ⊆ X and |φ(j)|+ d(j) = rj .

The cost ξ(X, d, φ) of an assignment (X, d, φ) is defined by

ξ(X, d, φ) :=
∑
i∈X

fi +
∑
j∈D

∑
i∈φ(j)

ci,j + h(d).

The goal of the fault-tolerant facility location problem with submodular penalties is to find a
feasible assignment with minimum cost.

Here we give formal definitions of a submodular function and its Lovász extension. A function
ρ : 2D → R+ is said to be submodular, if

∀X,Y ⊆ D : ρ(X) + ρ(Y ) ≥ ρ(X ∪ Y ) + ρ(X ∩ Y ). (1)

It is well known that (1) is equivalent to

∀X,Y ⊆ D s.t.X ⊆ Y, ∀j ∈ D \ Y : ρ(X ∪ {j})− ρ(X) ≥ ρ(Y ∪ {j})− ρ(Y ). (2)
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A submodular function ρ : 2D → R+ is said to be monotone, if

∀X,Y ⊆ D s.t.X ⊆ Y : ρ(X) ≤ ρ(Y ).

The Lovász extension h : RD+ → R+ of a submodular function ρ : 2D → R+ is defined as follows.

Assume that we are given a vector d in RD+ . We denote by d̂1 > d̂2 > · · · > d̂k the distinct values
of its components and define

Ul := {j ∈ D | d(j) ≥ d̂l} (3)

for each l = 1, 2, . . . , k. We define h(d) by

h(d) :=

k−1∑
l=1

(d̂l − d̂l+1)ρ(Ul) + d̂k · ρ(Uk).

It is not difficult to see that ρ(X) = h(χX) for every subset X of D. This implies that the fault-
tolerant facility location problem with submodular penalties is a generalization of the facility
location problem with submodular penalties.

Here we give properties of the function h that will be used in the sequel. It is known [4] that
h(d) is equal to the optimal value of the following linear programming (4).

max
∑
j∈D

d(j) · pj

s.t.
∑
j∈X

pj ≤ ρ(X) (X ⊆ D)

pj ∈ R (j ∈ D).

(4)

In addition, it follows from the monotonicity of ρ that h is also “monotone”.

Lemma 1. For every vectors d, d′ in ZD+ with d ≥ d′, we have h(d) ≥ h(d′).

Proof. We prove this lemma by induction on

∥d∥ :=
∑
j∈D

d(j).

If ∥d∥ = 0, then h(d) ≥ h(d′) clearly holds for every vector d′ in ZD+ with d ≥ d′. Assuming that
this lemma holds for every vector d in ZD+ with ∥d∥ = ∆, we consider the case of ∥d∥ = ∆+ 1.
If we can prove that

∀j ∈ D s.t. d(j) > 0: h(d) ≥ h(d− χ{j}),

then this lemma follows from the induction hypothesis. Let us fix a client j in D with d(j) > 0.
We denote by d̂1 > d̂2 > · · · > d̂k the distinct values of the components of d and define Ul by
(3) for each l = 1, 2, . . . , k. Assume that d(j) = d̂s. We have

h(d− χ{j}) :=

s−1∑
l=1

(d̂l − d̂l+1)ρ(Ul) + ρ(Us \ {j}) + (d̂s − d̂s+1 − 1)ρ(Us)

+

k−1∑
l=s+1

(d̂l − d̂l+1)ρ(Ul) + d̂k · ρ(Uk).

Hence, we have
h(d)− h(d− χ{j}) = ρ(Us)− ρ(Us \ {j}) ≥ 0,

where the inequality follows from the monotonicity of ρ. This completes the proof.
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3 Algorithm

In this section, we explain our algorithm for the fault-tolerant facility location problem with
submodular penalties. For this, we first define a subproblem S(H,K, σ) for each subset H of F ,
each subset K of D and each function σ : K → 2H as follows. Intuitively, in S(H,K, σ), facilities
in H are already open, and each client j of K is not allowed to be connected to facilities in σ(j).
Under this constraint, this subproblem asks for opening facilities in F \H and connecting each
client j in Kt to a newly opened facility or a facility in H \ σ(j). Notice that in this problem, a
connectivity requirement of each client in K is equal to one.

A feasible solution of S(H,K, σ) is a triple (Y, P, ψ) of a subset Y of F \H, a subset P of K
and a function ψ : K \ P → F such that

∀j ∈ K \ P : ψ(j) ∈ (H ∪ Y ) \ σ(j).

The cost ξS(Y, P, ψ) of a feasible solution (Y, P, ψ) of S(H,K, σ) is defined by

ξS(Y, P, ψ) :=
∑
i∈Y

fi +
∑

j∈K\P

cψ(j),j + ρ(P ).

The goal of S(H,K, σ) is to find a feasible solution with minimum cost.
Now we are ready to present our algorithm for the fault-tolerant facility location problem

with submodular penalties, called FTFLwSP. Define

R := max{rj | j ∈ D}.

The algorithm FTFLwSP is described as follows.

Step 1: Set t := R, Xt+1 := ∅, dt+1(j) := 0 and φt+1(j) := ∅ for each client j in D.

Step 2: If t ≥ 1, do the following (2-a) to (2-d).

(2-a) Set Ht := Xt+1, Kt := {j ∈ D | rj ≥ t} and σt(j) := φt+1(j) for each client j in Kt.

(2-b) Find a feasible solution (Yt, Pt, ψt) of S(Ht,Kt, σt).

(2-c) Set Xt := Xt+1 ∪ Yt, dt := dt+1 + χPt , and

φt(j) :=

{
φt+1(j) ∪ {ψt(j)} if j ∈ Kt \ Pt
φt+1(j) if j ∈ (D \Kt) ∪ Pt.

(2-d) Update t := t− 1 and go to Step 2.

Step 3: Output (X1, d1, φ1).

In Step 2 of the t-th iteration, we connect a client j in D with rj ≥ t to some open facility or
increase its penalty by one. Hence, the ouput (X1, d1, φ1) is clearly a feasible assignment. Notice
that an approximation ratio of the algorithm FTFLwSP depends on the quality of (Yt, Pt, ψt)
in Step (2-b). In addition, if we can find (Yt, Pt, ψt) in polynomial time, then the algorithm
FTFLwSP is also a polynomial-time algorithm. We will discuss these points in the next section.
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4 Analysis

In this section, we analyze an approximation ratio of the algorithm FTFLwSP. An IP formulation
of the fault-tolerant facility location problem with submodular penalties is described as follows.

min
∑
i∈F

fiyi +
∑
i∈F

∑
j∈D

ci,jxi,j + h(d)

s.t.
∑
i∈F

xi,j + d(j) ≥ rj (j ∈ D)

xi,j ≤ yi (i ∈ F, j ∈ D)

xi,j ∈ {0, 1} (i ∈ F, j ∈ D)

yi ∈ {0, 1} (i ∈ F )

d ∈ ZD+ .

(5)

Notice that it follows from Lemma 1 that there exists an optimal solution of (5) such that the
first constraint holds with equality for every client j in D. Denote by OPT the optimal value of
(5), i.e., the fault-tolerant facility location problem with submodular penalties.

Here we consider an LP relaxation of (5). The dual problem of (4) is described as follows.

min
∑
X⊆D

ρ(X) · qX

s.t.
∑

X⊆D : j∈X
qX = d(j) (j ∈ D)

qX ≥ 0 (X ⊆ D).

(6)

It follows from (6) that an LP relaxation of (5) can be described as follows.

min
∑
i∈F

fiyi +
∑
i∈F

∑
j∈D

ci,jxi,j +
∑
X⊆D

ρ(X) · qX

s.t.
∑
i∈F

xi,j +
∑

X⊆D : j∈X
qX ≥ rj (j ∈ D)

xi,j ≤ yi (i ∈ F, j ∈ D)

xi,j ≥ 0 (i ∈ F, j ∈ D)

0 ≤ yi ≤ 1 (i ∈ F )

qX ≥ 0 (X ⊆ D).

(7)

Denote by OPTLP the optimal value of (7). Notice that OPTLP ≤ OPT holds. The dual problem
of (7) is described as follows.

max
∑
j∈D

rjαj −
∑
i∈F

zi

s.t. αj − βi,j ≤ ci,j (i ∈ F, j ∈ D)∑
j∈D

βi,j ≤ fi + zi (i ∈ F )∑
j∈X

αj ≤ ρ(X) (X ⊆ D)

αj ≥ 0 (j ∈ D)

βi,j ≥ 0 (i ∈ F, j ∈ D)

zi ≥ 0 (i ∈ F ).

(8)
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Next we consider an IP formulation of S(Ht,Kt, σt). Define a new function ρKt : 2
Kt → R+ by

ρKt(X) := ρ(X) for each subset X of Kt. It is clear that ρKt is submodular. Let hKt : R
Kt
+ → R+

be the Lovász extension of ρKt . An IP formulation of S(Ht,Kt, σt) is described as follows.

min
∑

i∈F\Ht

fiyi +
∑
i∈F

∑
j∈Kt

ci,jxi,j + hKt(d)

s.t.
∑

i∈F\σt(j)

xi,j + d(j) ≥ 1 (j ∈ Kt)

xi,j ≤ yi (i ∈ F \Ht, j ∈ Kt)

xi,j ∈ {0, 1} (i ∈ F, j ∈ Kt)

yi ∈ {0, 1} (i ∈ F \Ht)

d ∈ {0, 1}Kt .

(9)

Similarly to (7), an LP relaxation of (9) is described as follows.

min
∑

i∈F\Ht

fiyi +
∑
i∈F

∑
j∈Kt

ci,jxi,j +
∑
X⊆Kt

ρKt(X) · qX

s.t.
∑

i∈F\σt(j)

xi,j +
∑

X⊆Kt : j∈X
qX ≥ 1 (j ∈ Kt)

xi,j ≤ yi (i ∈ F \Ht, j ∈ Kt)

xi,j ≥ 0 (i ∈ F, j ∈ Kt)

yi ≥ 0 (i ∈ F \Ht)

qX ≥ 0 (X ⊆ Kt).

(10)

Denote by OPTSLP(t) the optimal value of (10). The dual problem of (10) is described as follows.

max
∑
i∈Kt

αi

s.t. αj − βi,j ≤ ci,j (j ∈ Kt, i ∈ F \Ht)

αj ≤ ci,j (j ∈ Kt, i ∈ Ht \ σt(j))∑
j∈Kt

βi,j ≤ fi (i ∈ F \Ht)∑
j∈X

αj ≤ ρKt(X) (X ⊆ Kt)

αj ≥ 0 (j ∈ Kt)

βi,j ≥ 0 (i ∈ F \Ht, j ∈ Kt).

(11)

From now on, we analyze an approximation ratio of the algorithm FTFLwSP.

Lemma 2. For every t = 1, 2, . . . , R, we can find a feasible solution (Yt, Pt, ψt) of S(Ht,Kt, σt)
such that

ξS(Yt, Pt, ψt) ≤ 3 · OPTSLP(t)

in polynomial time.

We will give the proof of Lemma 2 in the next subsection.

Lemma 3. For every t = 1, 2, . . . , R, we have

OPTSLP(t) ≤
1

t
· OPTLP.
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Proof. It follow from the strong duality theorem that there exists a feasible solution

αj (j ∈ Kt), βi,j (i ∈ F \Ht, j ∈ Kt)

of (11) with ∑
j∈Kt

αj = OPTSLP(t).

To prove the theorem, we construct a feasible solution

α̂j (j ∈ D), β̂i,j (i ∈ F, j ∈ D), ẑi (i ∈ F )

of (8) with ∑
j∈D

rjα̂j −
∑
i∈F

ẑi ≥ t · OPTSLP(t).

It follows from the weak duality theorem that∑
j∈D

rjα̂j −
∑
i∈F

ẑi ≤ OPTLP,

which completes the proof.
We first define α̂j for each client j in D by

α̂j :=

{
αj if j ∈ Kt

0 if j ∈ D \Kt.

Next we define β̂i,j for each facility i in F and each client j in D by

β̂i,j :=


βi,j if j ∈ Kt and i ∈ F \Ht

0 if j ∈ Kt and i ∈ Ht \ σt(j)
αj if j ∈ Kt and i ∈ σt(j)

0 if j ∈ D \Kt and i ∈ F .

Finally, we define ẑi for each facility i in F by

ẑi :=


∑

j∈Kt : i∈σt(j)

αj if i ∈ Ht

0 if i ∈ F \Ht.

Here we prove that α̂i, β̂i,j and ẑi are a feasible solution of (8). We first consider the first
constraint. For each client j in Kt and each facility i in F \Ht,

α̂j − β̂i,j = αj − βi,j ≤ ci,j .

For each client j in Kt and each facility i in Ht \ σt(j),

α̂j − β̂i,j = αj − 0 = αj ≤ ci,j .

For each client j in Kt and each facility i in σt(j),

α̂j − β̂i,j = αj − αj = 0 ≤ ci,j .
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For each client j in D \Kt and each facility i in F ,

α̂j − β̂i,j = 0− 0 = 0 ≤ ci,j .

Next we consider the second constraint. For each facility i in Ht,∑
j∈D

β̂i,j =
∑
j∈Kt

β̂i,j =
∑

j∈Kt : i∈σt(j)

αj = ẑi ≤ fi + ẑi.

For each facility i in F \Ht, ∑
j∈D

β̂i,j =
∑
j∈Kt

βi,j ≤ fi ≤ fi + ẑi.

Finally, we consider the third constraint. For each subset X of Kt.∑
j∈X

α̂j =
∑
j∈X

αj ≤ ρKt(X) = ρ(X).

For each subset X of D with X \Kt ̸= ∅.∑
j∈X

α̂j =
∑

j∈X∩Kt

αj ≤ ρKt(X ∩Kt) = ρ(X ∩Kt) ≤ ρ(X),

where the last inequality follows from the monotonicity of ρ.
Next we consider the objective value.∑

j∈D
rjα̂j −

∑
i∈F

ẑi =
∑
j∈Kt

rjαj −
∑
i∈Ht

∑
j∈Kt : i∈σt(j)

αj

=
∑
j∈Kt

rjαj −
∑
j∈Kt

∑
i∈σt(j)

αj

=
∑
j∈Kt

rjαj −
∑
j∈Kt

|σt(j)|αj

=
∑
j∈Kt

(rj − |φt+1(j)|)αj (by σt(j) = φt+1(j))

≥
∑
j∈Kt

(rj − (rj − t))αj (by |φt+1(j)| ≤ rj − t)

=
∑
j∈Kt

t · αj

= t · OPTSLP(t).

This completes the proof.

Lemma 4. For every vector d in ZD+ and every subset X of D, we have

h(d+ χX)− h(d) ≤ h(χX) = ρ(X). (12)

Proof. If d(j) = 0 for every client j in D, then (12) clearly holds. Assume that there exists a
client j in D with d(j) > 0. To prove (12), it suffices to prove that there exists a client j∗ in D
such that d(j∗) > 0 and

h(d+ χX)− h(d) ≤ h(d∗ + χX)− h(d∗), (13)
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where the vector d∗ in RD+ is define by d∗ := d− χ{j∗}.

We denote by d̂1 > d̂2 > · · · > d̂k the distinct values of the components of d and define

Ul := {j ∈ D | d(j) ≥ d̂l}
Xl := {j ∈ X | d(j) = d̂l}
X l := {j ∈ D \X | d(j) = d̂l}
U+
l := Ul−1 ∪Xl

for each l = 1, 2, . . . , k, where define U0 := ∅. Define j∗ in D by

j∗ :=


a client in Xk if d̂k ̸= 0 and Xk ̸= ∅
a client in Xk if d̂k ̸= 0 and Xk = ∅
a client in Xk−1 if d̂k = 0 and Xk−1 ̸= ∅
a client in Xk−1 if d̂k = 0 and Xk−1 = ∅.

First we calculate the left-hand side of (13). Since

h(d) =

k−1∑
l=1

(d̂l − d̂l+1)ρ(Ul) + d̂k · ρ(Uk)

h(d+ χX) =
k−1∑
l=1

(
ρ(U+

l ) + (d̂l − d̂l+1 − 1)ρ(Ul)
)
+ ρ(U+

k ) + d̂k · ρ(Uk),

we have

h(d+ χX)− h(d) =
k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k ).

Next we consider the right-hand side of (13). Assume that d̂k ̸= 0 and Xk ̸= ∅. In this case,

h(d∗) =
k−1∑
l=1

(d̂l − d̂l+1)ρ(Ul) + ρ(Uk \ {j∗}) + (d̂k − 1) · ρ(Uk)

h(d∗ + χX) =
k−1∑
l=1

(
ρ(U+

i ) + (d̂l − d̂l+1 − 1)ρ(Ul)
)

+ ρ(U+
k ) + ρ(Uk \ {j∗}) + (d̂k − 1) · ρ(Uk).

Hence, we have

h(d∗ + χX)− h(d∗) =
k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k ),

which implies that (13) holds.
Assume that d̂k ̸= 0 and Xk = ∅. In this case,

h(d∗) =
k−1∑
l=1

(d̂l − d̂l+1)ρ(Ul) + ρ(Uk \ {j∗}) + (d̂k − 1) · ρ(Uk)

h(d∗ + χX) =
k−1∑
l=1

(
ρ(U+

l ) + (d̂l − d̂l+1 − 1)ρ(Ui)
)
+ ρ(U+

k \ {j∗}) + d̂k · ρ(U+
k ).
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Hence, since Uk = U+
k , we have

h(d∗ + χX)− h(d∗) =
k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k ),

which implies that (13) holds.
Assume that d̂k = 0 and Xk−1 ̸= ∅. We first consider the case of d̂k−1 > 1. In this case,

h(d∗) =
k−2∑
l=1

(d̂l − d̂l+1)ρ(Ul) + ρ(Uk−1 \ {j∗}) + (d̂k−1 − 1) · ρ(Uk−1)

h(d∗ + χX) =

k−2∑
l=1

(
ρ(U+

l ) + (d̂l − d̂l+1 − 1)ρ(Ul)
)

+ ρ(U+
k−1) + ρ(Uk−1 \ {j∗}) + (d̂k−1 − 2) · ρ(Uk−1) + ρ(U+

k ).

Hence, we have

h(d∗ + χX)− h(d∗) =

k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k ),

which implies that (13) holds. If d̂k−1 = 1, then we have

h(d∗) =

k−2∑
l=1

(d̂l − d̂l+1)ρ(Ul) + ρ(Uk−1 \ {j∗})

h(d∗ + χX) =

k−2∑
l=1

(
ρ(U+

l ) + (d̂l − d̂l+1 − 1)ρ(Ul)
)
+ ρ(U+

k−1) + ρ(U+
k \ {j∗}).

Hence, we have

h(d∗ + χX)− h(d∗) =

k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(Uk−1) + ρ(U+

k \ {j∗})− ρ(Uk−1 \ {j∗})

≥
k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k ),

where the inequality follows from (2) and Uk−1 ⊆ U+
k . This implies that (13) holds.

Assume that d̂k = 0 and Xk−1 = ∅. In this case,

h(d∗) =

k−2∑
l=1

(d̂l − d̂l+1)ρ(Ul) + ρ(Uk−1 \ {j∗}) + (d̂k−1 − 1) · ρ(Uk−1)

h(d∗ + χX) =

k−2∑
l=1

(
ρ(U+

l ) + (d̂l − d̂l+1 − 1)ρ(Ul)
)

+ ρ(U+
k−1 \ {j

∗}) + (d̂k−1 − 1)ρ(U+
k−1) + ρ(U+

k ).

Hence, since Uk−1 = U+
k−1, we have

h(d∗ + χX)− h(d∗) =
k−2∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k )

=
k−1∑
l=1

(
ρ(U+

l )− ρ(Ul)
)
+ ρ(U+

k ).
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This completes the proof.

Now we are ready to prove the main result of this paper.

Theorem 5. We have
ξ(X1, d1, φ1) ≤ 3 ·HR · OPT,

where HR := 1 + 1
2 + · · ·+ 1

R .

Proof. It follows from Lemma 4 that

∀t = 1, . . . , R : ξ(Xt, dt, φt)− ξ(Xt+1, dt+1, φt+1) ≤ ξS(Yt, Pt, ψt). (14)

Thus, it follows from (14) that

ξ(X1, d1, φ1) ≤
R∑
t=1

ξS(Yt, Pt, ψt). (15)

Hence, it follows from (15) and Lemmas 3, 4 that

ξ(X1, d1, φ1) ≤
R∑
t=1

3 · OPTSLP(t) ≤ 3 ·HR · OPTLP ≤ 3 ·HR · OPT.

This completes the proof.

4.1 Proof of Lemma 2

In this subsection, we prove Lemma 2. Our algorithm for S(Ht,Kt, σt) is essentially the same
as the algorithm proposed by Du, Lu and Xu [3] except the following differences.

• The opening cost of a facility in Ht is zero.

• The connection cost between a client j in Kt and a facility i in σt(j) is infinite.

For completeness, we reproduce the algorithm of Du, Lu and Xu [3] in our setting. Define a
modified opening cost f̂i for each facility i in F by

f̂i :=

{
fi if i ∈ F \Ht

0 if i ∈ Ht.

Define a modified connecting cost ĉi,j for each facility i in F and each client j in Kt by

ĉi,j :=

{
ci,j if i ∈ F \ σ(j)
∞ if i ∈ σ(j).

Notice that connecting costs do not necessarily satisfy the triangle inequality.
Our algorithm consists of two phases. In the first phase, we use a concept of time δ. The

algorithm starts at δ = 0. Initially, we set αj := 0 for each client j in Kt and βi,j := 0 for each

facility j in F \Ht and each client j in Kt. Facilities i in F with f̂i > 0 are closed, and facilities
i in F with f̂i = 0 are open. Every client in Kt is unfrozen. Let P be the set of penalized client,
and set P := ∅.

The algorithm increases αj for all unfrozen clients j in Kt uniformly at the unit rate δ, and
declares the pair (i, j) of a facility i in F and a client j in Kt tight, if αj = ĉi,j . Once the pair
(i, j) is tight, it increases βi,j at the same rate as αj so that αj − βi,j = ĉi,j is satisfied. The
algorithm keeps increasing δ until there exists no unfrozen client. As δ increases, the following
events may occur.

11



Event 1. If ∑
j∈Kt

βi,j = f̂i

for a closed facility i in F , then i is temporarily open. In addition, the algorithm freezes
unfrozen clients j in Kt with βi,j > 0 and we call i the witness for j.

Event 2. If αj = ĉi,j for an open/temporarily open facility i and an unfrozen client j, then the
algorithm freezes j and we call i the witness for j.

Event 3. If ∑
j∈X

αj = ρKt(X)

for a subset X of Kt, then the algorithm freezes unfrozen clients in X and adds all elements
in X to P .

If several events occur simultaneously, the algorithm executes them in an arbitrary order.
Next we explain the second phase. Denote by T the set of temporarily open facilities in F .

Facilities i, i′ in F are said to be dependent, if there exists a client j in Kt such that βi,j > 0 and
βi′,j > 0. In this phase, we first choose a maximal independent subset T ′ of T , and facilities in
T ′ are open. Then, the algorithm outputs (Yt, Pt, ψt) defined as follows.

• Define Yt as the set of open facilities in F \Ht.

• Define Pt := P .

• For each client j in Kt \ Pt, define ψt(j) as an open facility i in F minimizing ĉi,j .

In the same as the proof of Lemma 3.1 of [3], we can prove that this algorithm can be implemented
in polynomial time. Furthermore, since the pair (i, j) of a client j in Kt and a facility i in σt(j)
never be tight, (Yt, Pt, ψt) is a feasible solution of S(Ht,Kt, σt).

From now on, we analyze an approximation ratio of the algorithm. In the same as Lemma 3.2
of [3], we can prove that during the algorithm’s execution, we have∑

j∈P
αj = ρKt(P ).

It follows from this observation that

αj (j ∈ Kt), βi,j (i ∈ Ht \Kt, j ∈ Kt) (16)

obtained in the first phase is a feasible solution of (11), which implies∑
j∈Kt

αj ≤ OPTSLP(t).

We denote by Fop the set of open facilities in F . For each client j in Kt \Pt, we denote by w(j)
the witness for j. For each open facility j in F , we denote by Ni the set of clients j in Kt with
βi,j > 0. Notice that Ni ∩Ni′ is empty for every distinct facilities i, i′ in Fop. Define

Dpo := {j ∈ Kt \ Pt | ∃i ∈ Fop : j ∈ Ni}
D1 := {j ∈ Kt \ (Pt ∪Dpo) | w(j) ∈ Fop}
D2 := Kt \ (Pt ∪Dpo ∪D1).

12



Now we prove∑
j∈Kt\Pt

cψt(j),j =
∑

j∈Kt\Pt

ĉψt(j),j ≤
∑
i∈Fop

∑
j∈Ni\Pt

ĉi,j +
∑
j∈D1

αj +
∑
j∈D2

3 · αj . (17)

The first inequality follows from the fact that no client j in Kt is not connected to facilities in
σ(j). For proving the second inequality, we consider the following three cases.

Case 1. We first consider the connecting costs for clients in Dpo. For each client j in Dpo,
we denote by p(j) the unique facility i in Fop with j ∈ Ni. We have∑

j∈Dpo

ĉψt(j),j ≤
∑
j∈Dpo

ĉp(j),j ≤
∑
i∈Fop

∑
j∈Ni

ĉi,j .

Case 2. Next we consider the connecting cost for a client j in D1. Since w(j) is open and
j is not in Dpo, we have βw(j),j = 0. This implies that the event 2 occurred when the algorithm
froze j, i.e., αj = ĉw(j),j . Thus, since w(j) is open, we have∑

j∈D1

ĉψt(j),j ≤
∑
j∈D1

ĉw(j),j =
∑
j∈D1

αj .

Case 3. Here we consider the connecting cost for a client j in D2. Define i := w(j). In this
case, there exist an open facility i′ in F and a client j′ in Kt such that βi,j′ > 0 and βi′,j′ > 0.
Since βi,j′ and βi′,j′ are positive, i and i

′ are not in Ht. This implies that the triangle inequality
holds for ĉi,j , ĉi′,j , ĉi,j′ and ĉi′,j′ . Let ti and ti′ be the times at which i and i′ are temporarily
open, respectively. In addition, the following facts immediately follow.

• Since i is the witness for j, we have αj ≥ ti and αj ≥ ĉi,j .

• Since the pairs (i, j′) and (i′, j′) are tight, we have αj′ ≥ ĉi,j′ and αj′ ≥ ĉi′,j′ .

• Since j′ is frozen earlier than the time min{ti, ti′}, we have αj′ ≤ min{ti, ti′}.

It follows from these facts and the triangle inequality that

ĉψt(j),j ≤ ĉi′,j ≤ ĉi,j + ĉi,j′ + ĉi′,j′ ≤ 2αj′ + αj ≤ 3αj .

Hence, we have ∑
j∈D2

ĉψt(j),j ≤
∑
j∈D2

3 · αj ,

which completes the proof of (17).
Since Ni ∩Ni′ is empty for every distinct facilities i, i′ in Fop, we have∑

i∈Yt

fi =
∑
i∈Fop

∑
j∈Ni

βi,j

In addition, we have ∑
i∈Fop

∑
j∈Ni

βi,j +
∑
i∈Fop

∑
j∈Ni\Pt

ĉi,j ≤
∑
i∈Fop

∑
j∈Ni

(βi,j + ĉi,j)

≤
∑
j∈Dpo

αj +
∑
j∈Pt

αj .
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It follows from these observations and (17) that∑
i∈Yt

fi +
∑

j∈Kt\Pt

cψt(j),j + ρKt(Pt) ≤
∑
j∈Dpo

αj +
∑
j∈D1

αj +
∑
j∈D2

3 · αj +
∑
j∈Pt

2 · αj

≤ 3
∑
j∈Kt

αj

≤ 3 · OPTSLP(t).

This completes the proof.

5 Conclusion

In this paper, we introduced the fault-tolerant facility location problem with submodular penal-
ties, and presented a combinatorial 3 ·HR-approximation algorithm, where R is the maximum
connectivity requirement. One direction of future work is to improve an approximation ratio. To
discern whether we can extend a constant approximation algorithm for the fault-tolerant facility
location problem to our problem is interesting. Another direction is to generalize a penalty
function. In discrete convex analysis, it is known that the Lovász extensions of submodular
functions coincide with polyhedral L-convex functions that are positively homogenous (see [10]
for discrete convex analysis). Thus, it is interesting to consider the problem in which the Lovász
extension is replaced by a more general discrete convex function.
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