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Abstract. An anisotropic surface energy functional is the integral of an energy density function over
a surface. The energy density depends on the surface normal at each point. The usual area functional
is a special case of such a functional. We study stationary surfaces of anisotropic surface energies
in the euclidean three-space which are called anisotropic minimal surfaces. For any axisymmetric
anisotropic surface energy, we show that, a surface is both a minimal surface and an anisotropic
minimal surface if and only if it is a right helicoid. We also construct new examples of anisotropic
minimal surfaces, which include zero mean curvature surfaces in the three-dimensional Lorentz-

Minkowski space as special cases.
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1. INTRODUCTION

Let v: 2 — R4 be a positive C*° function on a nonempty
open set €2 of the two-dimensional unit sphere S? := {X €
R3; |X| =1}. Let X: ¥ — R? be an immersion from a
two-dimensional oriented connected compact C*° manifold
¥ (with or without boundary) to the three-dimensional eu-
clidean space R?. Denote by v = (v1,v9,13): ¥ — S? the
unit normal along X (in other words, the Gauss map of
X). If v(¥) C Q, we say that X is compatible with v and
we define the following functional.

FIX] = / 2() dE., (1)

where dY is the area element of X. Such a functional is
used to model anisotropic surface energies. Applications
can be found in many branches of the physical sciences
including metallurgy and crystallography ([14, 15]). We
will call F[X] the anisotropic energy of X, and «y the energy
density function.

We call stationary surfaces of (1) for compactly-
supported variations y-minimal surfaces. It is obvious that,
for v = 1, y-minimal surfaces are usual minimal surfaces.

Denote by D+ and D?y the gradient and the Hessian of y
on €, respectively. Denote by 1 the identity endomorphism
field on the tangent space T,(S?). If the matrix D?y++1 is
non-singular at each point v in €, a mapping Y: Q — R?
defined by Y(v) = Dy + v(v)v is an immersion and YV
defines the uniquely determined immersed surface with unit
normal v whose support function coincides with ~y, that is
~v(v) = (Y (v),v) holds. We say that Y is the standard body
for . (As for the terminology “standard body”, we quote
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[12].) We will sometimes use the symbol M, to represent
the mapping Y or the image Y (Q2) of Y.

We say that v: © — R satisfies the convezity condition,
if the matrix D2y + ~1 is positive definite at each point v
in 2. In this case, the standard body M, for v is strongly
convex (that is, the principal curvatures of M, are positive
everywhere), and the functional F appearing in (1) is called
a constant coefficient parametric elliptic functional, and
stationary surfaces are extensively studied in recent years.

In this paper, we do not assume the convexity condition.
By this generalization, we obtain a more variety of impor-
tant examples. For example, zero mean curvature immer-
sions in the Lorentz-Minkowski space R} := {(z1, 2, 73) €
R3 ; ds? = dx? + dx3 — da3} arise as y-minimal surfaces
for a certain simple function ~ as follows (cf. §3).

Theorem 1. Set O = {v = (v1,10,v3) € 5% ; |v5] >
V2/2}, Qo = {v € §%; |v3] < V2/2}. Define a func-
tion v: S = R as y(v) = /|v3 — v} —v3| = /]2v2 — 1].
Then, an immersion X : ¥ — R? with Gauss image v(X) C
Q1 UQy is y-minimal if and only if the mean curvature of
X is zero as an immersed surface in R3.

This result indicates that the recent investigations about
zero mean curvature surfaces in R? changing their causal
type across null curves (regular curves whose velocity vec-
tor fields are lightlike) or lightlike lines from spacelike zero
mean curvature surfaces to timelike zero mean curvature
surfaces ([3, 6, 5, 4, 2]) should be very natural and rea-
sonable. Probably the most well-known example of such
surfaces is the right helicoid with the timelike axis as its
axis, which changes its causal type across a null curve from
a spacelike zero mean curvature surface to a timelike zero
mean curvature surface ([3, 6]). In §4, we will show a more
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general remarkable result as follows.

Theorem 2. Let v: Q@ — Ry be a positive C* function
on a nonempty open set 0 in S%. Assume that the matric
D2y + ~1 is non-singular at each point v in Q. Assume
also that v is axisymmetric and not a constant function.
Let X: ¥ — R3 be an immersion which is compatible with
~. Then, X is both minimal and vy-minimal if and only if
it is a part of either a plane or a right helicoid whose azis
1s parallel to the axis of .

This result is a generalization of [7, Theorem 4.2] and
a refinement of [9, Proposition III.1]. [7, Theorem 4.2]
proves that a spacelike plane and the spacelike part of a
right helicoid whose axis is parallel to the timelike axis
are only both a minimal surface in the euclidean space R?
and a spacelike zero mean curvature surface in R$. [9,
Proposition II1.1] proves that a right helicoid is a y-minimal
surface for any axisymmetric v whose axis is parallel to the
axis of the helicoid itself.

Theorem 2 combined with Theorem 1 implies the follow-

ing:
Corollary 1. A spacelike plane and the spacelike part of a
right helicoid whose axis is parallel to the x3-axis are only
both a minimal surface in the euclidean space R? and a
spacelike zero mean curvature surface in R3. Also, a time-
like plane and the timelike part of a right helicoid whose
axis is parallel to the xs-axis are only both a minimal sur-
face in R3 and a timelike zero mean curvature surface in
R,

In general, it is not easy to construct examples of ~y-
minimal surfaces. For any axisymmetric energy density
function ~, there exist y-minimal surfaces which are also
symmetric with respect to the same axis as y. The exis-
tence theorem and a certain kind of representation formula
of these surfaces were given in [8] and they were called
anisotropic catenoid. Although the convexity condition for
~ was assumed in [8], the method there works also for non
convex . In this paper, for certain classes of v, we will give
another type of examples of y-minimal surfaces which are
foliated by parallel circles but are not surfaces of revolution.
We will call them ~-minimal surfaces of Riemann-type after
Riemann’s minimal surfaces in R3.

Proposition 1. Let v: @ — Ry be a positive C* func-
tion on a nonempty open set Q in S?. Assume that the
matriz D%y + 1 is non-singular at each point v € . We
also assume that the standard body M. for - is a quadric
surface of revolution. Then, there are y-minimal surfaces
of Riemann-type.

From Theorem 1, we see that spacelike and timelike zero
mean curvature surfaces of Riemann-type in R} are ob-
tained as special cases of surfaces given by Proposition 1.
Actually, for v|q, in Theorem 1, M, is a hyperboloid of
two sheets, and for v|q,, M, is a hyperboloid of one sheet
(85, Lemma 5).

We should remark that zero mean curvature surfaces of
Riemann-type in R} were studied also in [10, 11].

In §5, for v satisfying the assumption in Proposition 1,
we will give explicit parameter representations of all ~-
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minimal surfaces foliated by circles contained in parallel
planes which are orthogonal to the rotation axis of M,
(Proposition 3). Actually, Proposition 1 is a corollary of
Proposition 3.

Some of the results in this article can be generalized to
hypersurfaces in R*t1.

2. PRELIMINARIES

In this section, we give the definitions of the Wulff shape,
anisotropic mean curvature, and their fundamental prop-
erties and representation formulas. We quote [12, 1, 8] as
references.

Let v: Q@ — R4 be a positive C*° function on a
nonempty open set ) of the unit sphere S?. Assume that
the matrix D2y + ~1 is non-singular at each point v in €.

If Q = S2, then, for any V > 0, there exists a uniquely
determined (up to translations in R?) convex surface W (V)
such that W (V) attains the minimum of F among all
closed piecewise smooth surfaces in R? enclosing the 3-
dimensional volume V ([13]). For the special value Vj :=
(1/3) [g27(v) dS?, W(Vp) is called the Wulff shape for -,
and we will denote it by W. In the special case where
v = 1, F[X] is the usual area of the surface X and W is
the unit sphere S2. In general, W is not smooth. W is
a smooth strongly convex surface if and only if v satisfies
the convexity condition (see §1). In this case, W can be
parametrized by the smooth mapping

Y: S? - R?, Y(v) = Dy +~v(v)v,
where we regard Dy at v € S? as a point in R? in the
canonical manner. We remark that the outward unit nor-
mal to W at point Y'(v) coincides with v. And the func-
tion 7 coincides with the support function of W, that is
v(v) = (Y (v),v), where { , ) is the inner product in R?.
This means that W is the standard body for ~.

Let X: ¥ — R? be an immersion. By parallel transla-
tion in R3, Dy may be considered as a smooth tangent vec-
tor field along X. Let X, = X +€5X + O(e?) be a smooth,
compactly supported variation of X. The anisotropic mean
curvature A of X is defined by the first variation formula

(18])
(2)

(3)
where H is the mean curvature of X. Hence, y-minimal
surfaces are immersed surfaces whose anisotropic mean cur-
vature A vanishes at every point. Since the first variation of

the “enclosed volume” V[X] := (1/3) / (X,v) d¥ satisfies
b

5F i= 0.F X =~ [ AGX.v) az,
P

A := —tracex(D?*y +y1)dv = —divs Dy + 2H7~,

SV[X] = /Z (6X,v) dx,

the equation A = constant characterizes critical points of F
with the enclosed volume constrained to be a constant. If
A is constant, X is called a surface of constant anisotropic
mean curvature. In the case where vy =1, A = 2H holds.
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Now we extend the function v in a homogeneous way to
a function 4 as follows.

(i) #(X) =0 if and only if X = 0.
(ii) positive homogeneity of degree one:

A(rX)=ry(X), Vr>0, X e

In the special case where v(X) = 1, 4(X) = | X]|.
Let us consider a surface which is a graph of a C'*° func-
tion p: ¥ (C R?) — R as follows:
X: ¥ = R3 X(x1,12) = (21,20, (21, 22)).
The unit normal v = (11, v9,v3) to X is given by

_ (75017 —¥2, 1)
= (Ut Do) 2 @

where

P1 = Pxys P2 1= Pag, DSD = (8017 @2)'

Lemma 1. Set ;j := @y, fori,j=1,2. Then

i,j=1,2

(5)

X=(—Dp) 7

holds. In the special case where ¥(X) = |X|, the right hand
side of (5) is

(1+ 03)p11 — 20102012 + (1 + ©3) 022
7, 2 372 ; (6)
(‘P1 + @5 + 1) /

which is the twice of the mean curvature H of X.

Proof. In the integrals below, we will write o(u1,us),
((u1,u2) € X), in order to avoid confusion. We have

Flx] = / / V)1 + @2 + gB)V/2 dundusy

- //Ea((_%_@?,u) dus dus.

Let X, = (z1,%2, ¢(€,x1,22)) be an arbitrary compactly-
supported variation of X. We will compute the first vari-
ation of . We may suppose that ¥ is the support of X,
and X¢|sx = X|ox holds. We compute

57 = [ (G(-or=n 1)t
- //2 Yar - (=016) + oo - (—4p2¢) durdus

e, (=D,
:// 18( 4 )906
s Uy

2
- //Z(:YIMDE)M + (YasPe)u, durdus.

+ 6’3’732'(—13%1)
ou

Pe dU1 dUQ

By the partial differentiation, the last term of the above
equation becomes

/ (_’7“4,06 dut + Ve, Pe du2) =0,
(o))

75
because ¢, = 0 on 0%. Therefore,

OF = —// (:Yacmcﬂpll + 2%z 2,012 + :7362:628022)%75 duydus
P

- //Z <i’j¥1,2 e

here we used (4) and the followings:

i ) (60X dy
X:(M)sojy W) ds,  (7)

6X =(0,0,¢.), d¥=(1+ |Dy|*)"?duidus.

In view of (2), (7) implies (5). By a direct computation,
we obtain (6). O

We will give another representation of the anisotropic
mean curvature. Let X: ¥ — R? be an immersion with
Gauss map v. Let {ej,es} be a locally defined frame on
S? such that (D?y + v1)e; = (1/u;)e;. Note that the ba-
sis {e1,ea} at v(p) also serves as an orthogonal basis for
the tangent plane of X at p. Let (—w;;) be the matrix
representing dv with respect to this basis. Then

—w12/M1) .

D2 +~1)dy = _wll/MI
(0 i = ( “un

—w21/M2

This with (3) gives
A = wi1/py 4 waz/ po. (8)

Note that D?y + ~1 is the inverse of the differential of
the Gauss map of M, and so its eigenvalues 1/u; are the
negatives of the reciprocals of the principal curvatures of
the standard body M, with respect to the outward unit
normal.

For an axisymmetric «y, u;’s are represented in terms of
~ as follows:

Lemma 2. Let v: Q@ — Ry be a positive C*° function
on a nonempty open set Q0 of the unit sphere S?. Assume
that the matriz D?~y + 1 is non-singular at each point v
in Q. Assume also that v is azisymmetric, say v(v) =
v(vs). Then the standard body M., for v is also symmetric
with respect to the xz-axis. Denote by w1, o the principal
curvatures of M., with respect to the normal —v. We let
w1 be the curvature of the generating curve of M. Then

prt= -3 4t pt=y—uvy (9)

holds.

Proof. The proof is the same as the proof of the same for-
mulas for the case where 7 satisfies the convexity condition
which was given in [8, Section 5]. O

3. PROOF OF THEOREM 1

In this section, we give a proof of Theorem 1 which was
given in the introduction.

Denote by (, ), the scalar product for the Minkowski
metric dz? + dz2 — dz? in R}. Let X: ¥ (C R?) — R3 be
a spacelike or timelike immersed surface. Let (ui,us) be
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local coordinates of ¥. Denote by Hy the mean curvature
of X. That is, Hy, is defined by

_ h11gaz — 2h1aG1a + hagdin

Hy, — =
2(G11G22 — G35)

)

where g;; = <Xui,Xu].>L, fLij = <Xu,;uj,VL>L for i,j =
1,2, and v* is the unit normal vector field along X for the
Minkowski metric. Let Ap[X] be the area of X defined by

AL[X] = / dEL, (dEL = |det(§]”)| duldu2).
b
Let X, be an arbitrary compactly-supported variation
of X. We will compute the first variation of A;. We may
suppose that ¥ is the support of X, and X|ox = Xlox
holds. Set the variation vector field as

§= Z giXui

i=1,2

60X = ae(Xe)e:O = 5 + fVL’

Then we have the following.
Proposition 2. In the above setting, it holds that

OcAL[Xe|e=0 = —2/ fHLdYp.
b
Proof. We here give a proof in the case where X is timelike.

By a similar argument, we can prove this in the case where
X is spacelike. We have

ALlX) = [ =303 + (012)? durd
b

where g5, = ((Xe)u, (Xe)uj>L for i,5 = 1,2. Then,
0.4.x) = [

e (\/ —911932 + (§§2)2> duydus

by

_ / 0- (—g5195 + (912)%)
z 2\/_§51§52 + (912)?

7/ - (91952 — (912)°) a5

- ~€ ~€ ~€ \2 L
v 2(91195 — (912) )

_ / G52 0:9%1 + 911 9952 — 2915 041, g5

- ~c ~e€ ~€e \2 L
= 2 (911922 - (912) )

dU1 dUQ

holds. By a direct calculation, we have

66@;3')6:0 = <§uwXuj>L + <qu£uj>L - 2fi%'j

for i,5 = 1,2. Applying the divergence theorem, it follows
that

0:AL[X =0 = /E 42 (gz’j (€uin Xu,), —fgijﬁij) ¥y

1=1,2

:/(dlvf—QfHL) dEL:—Q/fHLdEL,
z z

where we denote by (§*/) the inverse matrix of (g;;). O
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Proof of Theorem 1. First we assume that the surface is a
graph of a C*° function ¢: ¥ (C R?) — R as follows:
X: ¥ — R3,

X(x1,29) = (21,22, (21, 22)). (10)

The area element dX;, of X is given by

d¥p =1 — 2 — 2|2 daydas.

On the other hand, the unit normal v = (v, v9,v3) to X

and the area element d> of X for the euclidean metric are
(_8015 —¥2, 1)

V= Gr g 5= e dudu

Hence,

11—} =3I\
d¥p = (;g) ds = |v2 — v —V2|Y2 dx.
14+ ¢1+ 93

Therefore, by (2) and Proposition 2, A = 0 if and only if
HL =0.

Next, we consider the case where the considered surface
Y. cannot be represented as a graph like (10). It is sufficient
to consider the case where the image of the Gauss map of
Y is contained in the equator {(z1,72,0) € S?}. In this
case, % is timelike. It is proved that X is represented as

X(s,t) = (w1(s), m2(s), 1),

where C(s) := (z1(s), z2(s)) is a smooth plane curve. De-
note by k the curvature of C. Note that v can be repre-
sented as y(v) = vy(v3). Then from (8), A(s,t) = v(0)x(s)
holds. On the other hand, Hy, = /2 holds. Hence, A =0
if and only if Hp = 0. O

4. PROOF OF THEOREM 2

Let (x1,22,73) be the standard coordinates in R3. We
assume that v is symmetric with respect to the xs-axis
without loss of generality. So we can write v = ~y(v3).
Assume that v is not a constant function.

Denote by ¥ the considered surface. First assume that
¥ is represented as x3 = p(x1,z2). As in §2, we will write
(1,7 =1,2).

Pi = Pa;y Pij = Paays

By the formula (5) and a simple but long computation, we
have

/ "

Y Y
A=2H(y- - )
L s B Y E R WP

v (11 + 22)
(14 ¢F 4 ¢3)3/2

Hence, if A = H = 0 holds, then " (11 + @22) = 0 holds.

Since

(1+ ¢3)p11 — 20102912 + (1 + ©3) a2
2(p7 + 3 +1)3/2

O:H:

)
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we obtain

(11)

Consider any contour line ¢(x1(s),22(s)) = constant, (s is
arc length of the curve C': (21(s),22(s))), of ¥. Denote by
k the curvature of C. Then,

v (P31 — 20102012 + Vi pa2) = 0.

Lemma 3.
3011 — 20102012 + PT020| = |K|(9F + 3)%/2

holds.

(12)

Proof. Denote by “’ 7 the derivative with respect to s.
We differentiate ¢(x1(s), z2(s)) = constant with respect to
s to obtain

(13)

Differentiate (13) again and use (zf,2%) = k(—xb,z}) to
obtain

P12 + w215 = 0.

011(21)? + 201221 7h + @20 (7h)? = K(p1ah — o). (14)

By using (13), (14), and the fact that (z})% + (25)? = 1,
we obtain (12). O

Now we assume that the surface is not (a part of) a plane.
We remark that it is sufficient to prove that the surface is
a part of a right helicoid almost everywhere. So we assume
that v # (0,0, £1) at any point in ¥, that is (1, ¢2) never
coincides with (0,0). Then, (11) combined with (12) shows
that v/ = 0 or kK = 0 holds. If 4" = 0, then, by Lemma
2, pr1 = p2 holds. This means that the standard body M,
for v is (a part of) a sphere, and hence v is a constant
function, which contradicts the assumption. Hence k = 0
holds, and the curve C is a straight line. Therefore, ¥ is a
ruled surface. Because only planes and right helicoids are
ruled surfaces which are minimal, ¥ is a right helicoid.

If ¥ is represented as x3 = ¢(z1,22) in a connected
neighborhood U of a point Py € ¥, then, by the above argu-
ment, U is a part of a right helicoid M. Since ¥ := XNM
is an open and closed subset of a connected set X, 31 = X
must hold. This means that ¥ itself is a part of a right
helicoid.

If ¥ is not represented as a graph x3 = p(z1,z2) at any
point, then v(P) is in the equator of S? for any P € X.
Hence the Gauss curvature K of ¥ vanishes at any point.
Since K = 0 = H, X is a plane which is parallel to the
T3-axis. O

5. EXAMPLES

Let v: 2 — R4 be an axisymmetric positive C'*° func-
tion (say, 7(v) = v(v3)) on a nonempty open set (2 in S2.
Assume that the matrix D2y + ~1 is non-singular at each
point v € Q.

In this section, we study a special type of cyclic surfaces,
that is, surfaces foliated by circles in parallel planes which
are orthogonal to the zz-axis. So our surfaces are repre-
sented as follows:

X(0,t) = (r(t)cosO 4+ f(t),r(t)sind + g(t),1). (15)

7

As in Lemma 2, we denote by p1, 2 the principal curva-
tures of the standard body M, with respect to the normal
—v, here p; is the curvature of the generating curve of M,.

Lemma 4. The anisotropic mean curvature of X in (15)
s given by

(" + " cosO + g"sin @) — (f'sinf — g’ cos6)?
w r{(r’ + f'cosf 4 ¢’ sin6)2 4+ 1}%
1
B 2 /(" + fcosO+ g'sinf)2 + 1

(16)

Proof. Let v be the Gauss map of X as usual. Let {e1,es}
be a locally defined frame on S? such that (D?y +~1)e; =
(1/ui)e;. Note that the basis {e1, e2} at v(p) also serves as
an orthogonal basis for the tangent plane of X at p. As in
§2, let (—w;;) be the matrix representing dv with respect
to this basis. Then

D2 +~1)dy = —w11/M1
( YT ) v <_w21/ﬂ2

—w12/M1)

—w22/M2

and

A= wu/ul + w22//~’42 (17)

holds. So, we will compute the matrix (w;;).

Let v™ = (WM v} vM) be the outward pointing unit
normal to M,,. Since M, is a surface of revolution, D*y-+~1
has eigendirections corresponding to

Ey =(0,0,1) — M By =M x By (18)
as long as the normal is not vertical. F;, Fy define an
orthonormal basis {e1,e2} on T'S? as long as X does not
intersect with the vertical axis.

Set gi1 = (X9, Xp), 912 = g1 = (X0, Xy), 922
(X, Xt), hin = (Xoo, V), hia = ho1 = (Xot,v), hao =
(X, v). And set

A:=1"+ f'cosf + ¢’ sinb.
Then,

gu =12,
g1z = —rf'sinf + rg’ cos b,
g2o = (r')? + 21" f cos 0 + 2r'g'sin 0 + (f)? + (¢')* + 1,

—r
hip = ———,
11 RS
h12:o7
hoo — " + " cos® + g"” sin 6
= VAT 1 ’
and
X@ XXt 1 .
v=(v,vs,13) = = cosf,sinf, —A).
(v ms) = ] =~ VATt )
We have
- 1
E,:=(0,0,1) —wv3v = 7(A cosﬁ,AsinH,l).

A2 +1
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Hence,
E 1
61 = — = (Acos@,AsinH, 1), (19)
| B | Az +1
ea = v X e; = (sinf, —cos,0). (20)

Now we take a coordinate transformation 6(u, v), t(u, v) so
that, at an arbitrary fixed point (ug,vg),

ox _ o ox _
du Y
are satisfied. Then, we have
19,4 19,4 0X 0X
wﬂu + Wtu = €1, %91, + Etv = €9. (21)

Inserting Xg = (—rsinf,rcos,0), X; = (r'cosf +
flir'sinf 4 ¢', 1), (19), and (20) to (21), we obtain

0 0 f'sinf—g’cos® 1
J = (t“ tﬂ) — NAIQH "1, detJ>o0.
u by =T 0

Let (w;j), (w;;) be the Weingarten mappings for X (u,v),
X(0,t), respectively. Then,

(@ij) = (9i5) " (hij),
(wij) = (fz f:)l (wij) (i: f:) = J (i) J.

Hence, by a computation, we obtain

r(r" + f"cosf + g"sinf) — (f'sinf — g’ cos 9)?
wiy = 3 ’

r(A2 4+1)3
1
Wop = ———F———.
2T AT
This with (17) gives (16). O

Now we assume that the standard body M, for v is a
quadric surface of revolution. Then, by homothety and
translation, M, is one of the followings:

2

(I) a spheroid: 2% + 23 + ==L

L3

(IT) a hyperboloid of two sheets: 3 + x3 — — =1
a

)

2
(ITT) a hyperboloid of one sheet: x? + 23 — x—g =1,
a

(IV) a circular paraboloid: x3 = a(z? + 3),

where a is a positive constant.
Lemma 5. The support functions v of M, in the above
(I)-(IV) are respectively given by the followings:

(I) v(v3) =\/1+bv2, (b:=a*>—-1>-1),

(1) v(v3) =/—-1+b3, (b:=a*>+1>1, % < |vs| <
1),

Journal of Math-for-Industry, Vol. 5 (2013A-9)

(H1) y(vs) = VT=03, (bi=a®+1>1, || < ),

—1+v3
I = ——m—
(1V) ~(vs) bis

Proof. (I) Represent the upper half of M, as

Y (z1,22) = (:vl,xg,a\/l — a2 —xQ).

The outward pointing unit normal v to Y is given by
1
vV =
VI (@ = 1) + a3)

Hence, we obtain

7:(Y,u>:\/1+(a2—1)u§=\/1+b1/§,

which proves (I).
Similarly, we obtain (II)—(IV). O

, (b:=4a>0, v3#0).

(axl,axg, 1—a2?— x%)

Proposition 3. Let v be a function given by the above
(I)-(IV). Then, there exist y-minimal surfaces foliated by
circles contained in parallel planes which are orthogonal to
the xs-axis. Up to translations in R3, rotations around
the x3-axis, and symmetry with respect to a plane {x3 =
constant}, they are respectively represented as follows.

(I) Catenoid-type:

cosh(ct) cos0
cv/1+b

Riemann-type:

cosh(ct) .

: 0.t), c£0. (22
C\/mbln ) c#0. (22)

X = (

ciridr

,rsind,

X(0,r) = |rcosf+
(6.7) ( Art +cor? —1

d
\/1+b/ __ > (23)
Veaart+ear? =1
1/2
_ 2 4 2
tn#&r>< @+V?+'q> S
2c]
(II) Catenoid-type:
sinh(ct) sinh(ct) | )
X(6,t) = , 0,t), 25
(6,¢) (c\/ﬁ YT (25)
c£0, t£0. (26)
Riemann-type:
2
X(,r) = (rcos@ + ardr ,Tsind,
Art+eor? +1
Vh—1 / > 27
Art+cr? 4+ 1 27)
1 #0, ca>2|cq], r>0. (28)
(III) Catenoid-type:
sin(ct) sin(ct) . >
X(6,t) = cos 6, sinf,t |, 29
6.%) (cm b1 (29)
¢ # 0, sin(ct) # 0. (30)
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Riemann-type:

cyridr

Veirt + cor? + 1

rsinf,

X(6,r)= (rcos&—i—

d
Vh—1 / 4 : (31)
Veairt+eor? +1
1/2
_ 2 4 2
1 #£0,00 < —2er],0 <7 < (lCﬂQ— VCC;Cl> . (32)
1
(IV) Catenoid-type:
X(0,t) = (e cos O, e sind,t), c#0. (33)
Riemann-type:
d
X(0,r)= (rcos@—l— L,
d
rsin@,/—r>, (34)
Vit + cor?
c1#0, cg >0, r>0. (35)

(I) Catenoid-type

I) Riemann-type

Figure 1: y-minimal surfaces for v(v) as in (I) of Lemma 5.

g

(IT) Riemann-type

(II) Catenoid-type

Figure 2: y-minimal surfaces for y(v) as in (IT) of Lemma 5.

(III) Catenoid-type (III) Riemann-type

Figure 3: ~-minimal surfaces for () as in (III) of

Lemma 5.

Remark 1. Let v be a function given in (I), (IT), or (III)
in Lemma 5. Set a := v/b+1 for (I), and o := vb—1
for (II) and (III). If we take the transformation Z; = z1,
To = X9, T3 = x3/q, then an immersion X = (z1,x9,x3) in
R? is y-minimal if and only if X = (Z1,Z2,Z3) is a minimal
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(IV) Catenoid-type (IV) Riemann-type

Figure 4:
Lemma 5.

~v-minimal surfaces for ~(v) as in (IV) of

surface (for (I)), a spacelike zero mean curvature surface in
R3 (for (II)), a timelike zero mean curvature surface in R$
(for (III)), respectively. This is proved by the same way as
Example 4.4 in [8].

Remark 2. y-minimal surfaces for v given in (IV) in
Lemma 5 are graphs of harmonic functions (cf. [12]).

Proof of Proposition 3. Let p1, po be the principal curva-
tures of M., with respect to the normal —v in the same way
as Lemma 2.

We represent the surface as

X(0,t) = (r(t)cos0+ f(t),r(t)sind + g(t),1).

Note that X is a surface of revolution around the x3-axis
if and only if f = ¢ = 0 holds.
As in the proof of Lemma 4, we set

(36)

A:=71"+ f'cosf + ¢’ sinb.
Then, the Gauss map v of X is
Xg X Xt
|X9 X th
_ 1
- (A2 + 1)1/2(

(I) By a simple computation using Lemma 2, we obtain

v(0,1) =

cosf,sinf, —A).

1 b+1 1 1
o L+ 2P T+b2
Since -4 e obtai
mee v3 = ————————-, we obtain
(A2 +1)1/2
3/2
1 1+ A?
— =00+ — ] 37
o )<1+(b+1)A2) (37)
1/2
I 1+ A2 / (38)
pe \1+(0+1)A2)

By Lemma 4 with (37) and (38), we see that A = 0 if and
only if
(b+1)(rf" —2r"f')cosO + (b+1)(rg"” —2r'g’)sin6
+ O+ =)= ()= () -1=0

holds. This gives the following system of ordinary differen-
tial equations:

rf" —2r'f' =0,

9" —2'g' =0, (40)

r= ()= () -

o+ 1)(" (¢)?) —1=0.
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From (39) and (40), we have

fr=ar®, ¢ =cr (42)

First, assume f/ = ¢’ = 0. Then, (41) is equivalent to

1

(r"r — (7“/)2) Tha1 =0

(43)
By a standard way, we see that the general solution of (43)
is
h(es(t
o Cos (cs( +C4))’ es 40,
c3vb+1
which gives the formula (22).

Next, we assume that f’ # 0 or g’ # 0 holds. Because of
(42), cof’ — c19’ = 0 holds. This implies that cof — c19 =
constant. Since (e1,c2) # (0,0), by rotating the surface
around the zz-axis if necessary, we may assume that

(44)

fr=ecr? (1 #£0), g(t)=0 (45)
holds. Then, (41) is equivalent to
L+ (b +1)((r")? —7"r + c3r*) = 0.
From this, by a standard argument, we obtain
dr 1
== :I:\/c%r4 +c5r2 — e (46)
Hence,
b :I:/ dr
\/0%7"4 +es5r? —
dr
=+vb+1 , (47)
Vet +emr? —1
cg:=Vb+1leg #0, c7:=(b+1)cs.
By using (45) and (46), we easily obtain
2d
f=+ Cor A" ce # 0. (48)

Vartfer? =17
(47) with (48) gives the formula (23). Moreover,
(3?7“4 —1—627“2 —1>0

if and only if

1/2
o (eryEEm)

2
2ct

holds, which gives the condition (24).
(IT) The proof is similar to the proof of (I). We have

1 —(b-1)

i (L1t )i

14+ A2 37
= <b1><_1+<b_1w> !
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1/2
r -1 1+A°
o T —<1+<bm> ~
We see that A = 0 if and only if
(b—1)(rf" —2r"f")cosO + (b—1)(rg"” —2r'g’) sinf
+(O=D{r"r = (") = (f)* = (¢} +1=0

holds. This gives the following system of ordinary differen-
tial equations:

rf" —2r'f =0, (49)

rg”’ —2r'g' =0, (50)

=10 = (") = ()= (¢))+1=0. (51)
First, assume f' = ¢’ = 0. Then, (51) is equivalent to

(r""r — (r')?) + 7bi 1= 0. (52)

We have the following three types of general solutions of
(52):

1
T = \/ﬁt + C, (53)
. sinh(eq (¢ + 02))’ e 40, (54)
C1 b—1
. sin(c1 (t + 02))
7‘—701\/[)_71 , ¢ #0. (55)

By a suitable translation, the corresponding surfaces are
given by

t t .
X(0,t) = (\/mcos@7 msm@,t) , (56)
X(0,t) = (il\r/IZLCti cosf, iI\;}bLCti Sin97t) , ¢ #£0, (57)
[ sin(et) sin(ct) .
X(O,t)(c\/b_ilcos&c\/msmﬁ,t), c#0, (58)

respectively. Later, we will show that in order that the
surface is compatible with ~, the surface must be given by
(57), which gives the formula (25).

Next, we assume that f’ £ 0 or ¢’ # 0 holds. By rotating
the surface around the z3-axis if necessary, we may assume
that

f'=cr? (c1 #0), g(t)=0 (59)
holds. Then, (51) is equivalent to
L—0—1D(")?=r"r+3r) =0. (60)
From this, by a standard argument, we obtain
dr 1
E = :l:\/C%'f'zl + 627“2 + b—il . (61)
Hence,
dr
t=4+vb—1 , (62)
Vart +er? +1

cg:=vVb—1c1 #0, ¢4 :=(b—1)ca.
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By using f' = ¢;7% and (61), we obtain

24
. car? dr 7
VErt+eqr? +1

(62) with (63) gives the formula (27).

Next, we will check whether the surface is compatible
with v or not. Note that the surface X is compatible with
~ if and only if its Gauss map v = (vq,ve,vs) satisfies
bvi —1 > 0 for all 6.

For the surface X given by (56), the Gauss map v is

f

cs # 0. (63)

X@ XXt
V' = —F/—/—mm——
| Xo x X¢l

= 2(Vb~ Tcosf, Vb~ Tsind, —1).

This shows that bv2 —1 = 0, and hence X is not compatible
with ~.

For the surface X given by (57),
cosh?(ct)\—1/2 ) cosh(ct)
V—(l-i-ﬁ) (cosQ,sm@,—\/m).

This shows that bvZ—1 > 0 always holds, and that b3 —1 >
0 for all 0 if and only if ¢ # 0.
For the surface X given by (58),

v= (1 + CC;SQ_(Clt)>71/2 (cos 0,sin 6, — f;g)

This shows that bv3 — 1 < 0 always holds, and hence X is
not compatible with ~.
For the surface X given by (27), the Gauss map v is

(64)

Xe X Xr
= 65
sl (65)
Xo % X — Vb —1rcosf vb—1rsinf
o "N (Ert Fear? + 1D)1/27 (eIt cpr? + 1)1/

- c113 cos > (66)

(3rd + cor? 4 1)1/2
This shows that, bv3—1 > 0 for all € if and only if ca > 2|cy|
holds.

(IIT) The proof is again similar to the proof of (I). We
see that the condition A = 0 is equivalent to the condition
that the system of ordinary differential equations (49), (50)
and (51) holds.

First, assume f' = ¢’ = 0. Then, (51) is equivalent
to (52). Note that b — 1 > 0. The general solutions of
(52) are given by (53), (54), and (55), and corresponding
surfaces are given by (56), (57), and (58). Note that the
surface X is compatible with « if and only if its Gauss map
v = (v1,vg,v3) satisfies 1 — b2 > 0 for all §. As we have
seen above, for the surfaces (56) and (57), bv3 —1 > 0
holds at every point. Hence, they are not compatible with
~. Therefore, only the possibility is the case (58), which is
the same as the formula (29). The Gauss map v for this
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surface is given by (64), which shows that, 1 — bv3 > 0 for
all 6 if and only if sin(ct) # 0.

Next, we assume that f’ £ 0 or ¢’ # 0 holds. By rotating
the surface around the x3-axis if necessary, we may assume
that f and g satisfy (59). Then, (51) is equivalent to (60).
Hence, we obtain the formula (31).

We will check whether the surface is compatible with ~
or not. The Gauss map v is given by (65), (66) as in the
case (II). This shows that, 1 — bv2 > 0 for all  if and only
if both ¢3 < —2|¢q| and

 \1/2
0<r< <|62| 202%46%>
1

hold, which gives the condition (32).
(IV) The proof is again similar to the proof of (I). We
obtain

1 -2 2(A%41)%? (67)
pr o bud bA? ’
1 =2 2(AZ41)1/2 (68)
Ho  bug bA '

By Lemma 4 with (67) and (68), we see that A = 0 if and
only if
(rf” —2r" f")cosO + (rg"” —2r'g’) sin
+ ("= ()2 = (f")? = (9)") =0

holds. This gives the following system of ordinary differen-
tial equations:

rf" —2r'f' =0, (69)
rg’ —2r'g' =0, (70)
= (") = () = (¢)? =0 (71)
From (69) and (70), we have
ff=ar? ¢ =cr® (72)
When f' = ¢’ = 0 holds, (71) is equivalent to
' — ()2 =0. (73)

The general solution of (73) is

r = 601t+52
which gives the formula (33).

When f/ # 0 or ¢’ # 0 holds, by rotating the surface
around the zz-axis if necessary, we may assume that

fr=ar® (e #0), g(t)=0 (74)
holds. Then, (71) is equivalent to
("2 —r"r 4+ cirt = 0. (75)
From this, by a standard argument, we obtain
d
d—; = +4/Art 4 car?. (76)
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Hence,
d
t= i/%. (77)
Vet + cor?
By using f’ = ¢;7? and (76), we obtain
d
F=+ ardar c1 # 0. (78)

2 )
VA2 + o

(77) with (78) gives the formula (34).

Next, we will check whether the surface is compatible
with v or not. Note that the surface X is compatible with
~ if and only if its Gauss map v = (vq,v9,vs) satisfies
v3 # 0 for all 6.

For the surface X given by (33), the Gauss map v is

Xg XXt
vi=
| Xo x X¢

—1/2
= (1 + czezct) (cos 0,sin 6, —ce“).

This shows that, v3 # 0 for all 6 if and only if ¢ # 0.
For the surface X given by (34), the Gauss map v is

Xe X XT
Vi= ————
|X9 X Xr|7
cos 0 sin 6
Xg X X = y )
' <<c%r2 T )7 (Gt )2

c1rcosf

—r(l—l—w)).

This shows that, v3 # 0 for all 6 if and only if ¢; > 0 holds.
O
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