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1. INTRODUCTION

Let {X (¢),P,} be the canonical representation of a reflect-
ing Brownian motion on [0,00) and let {X(t),PY} denote
its killed process upon hitting zero. Let n denote the char-
acteristic measure of excursions away from zero. It is then
well-known that

EVX(t)] =2 forallt>0andz >0
and
n[X (t)] is finite constant in ¢ > 0,

where we write n[F| for [ Fdn. In this case, we say that
the function h(x) = x is harmonic for the killed process.
Moreover, it is well-known that the harmonic transform
{X(t),P"} of the killed process with respect to h is the 3-
dimensional Bessel process, and that the excursion measure
n enjoys the disintegration formula

n()= [ T BECIX(0) = 0)p(t)dt,

0

= (1.1)
where p(t) is a certain non-negative function.

The author [9] has obtained disintegration formula simi-
lar to (1.1) for one-dimensional symmetric Lévy processes,
where the renormalized zero resolvent was proved to be
harmonic for the killed process. In this paper, we study
the asymmetric case.

This paper is organized as follows. In Section 2, we recall,
without proofs, several theorems of the excursion theory for
Lévy processes. In Section 3, we study the renormalized
zero resolvent. In Section 4, we recall the earlier results in
the symmetric case. In Section 5, we discuss strictly stable
case. Section 6 is devoted to the study of the asymmetric
case.

2. GENERAL DISCUSSIONS
Let {X(t),P,} be a Lévy process on R. We have
Eo[e*X®] = e XN for A € R, where the Lévy—
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Khintchine exponent W(\) may be represented as

T(N) = ibA +vA\? — /
R

(ei)\z 11— z’)\xl(_m)(x)) v(dz)

for some constants b € R and v > 0 and some measure v on
R such that v({0}) = 0 and [ (|z]*> A 1)v(dz) < co. The
real and imaginary parts are denoted by #(\) and w(\),
respectively:

O(\) =ReW(\) = vA2 + /(1 _ cos \a) v(da),

R

wA) =Im¥(A) = b\ + /R()\zl(_l,l)(:c) — sin A\z) v(dz).

Note that () > 0, §(—=A) = 0(A) and w(—A) = —w(A) for
all A e R.
For z € R, we denote

T, =inf{t >0: X(¢t) = x}.

We say that the state 0 is reqular for itself if Po(Tp = 0) =
1. The following theorem is due to Kesten [5] and Bretag-
nolle [1].

Theorem 2.1 ([5] and [1]). The process {X (t),P,} is not
a compound Poisson process and is such that the state 0

s regqular for itself if and only if the following conditions
hold:

1
L1 /Reid)\<oo or all ¢ > 0;
R A T

(L2) either v >0 or /
(_171)

|z|v(dz) = co.

We introduce the following condition which is stronger
than (L1):

> 1
0
By (L1’), we have
|eft\11()\)| _ eftG()\) c Ll(d)\)7
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and hence we may invert the Fourier transform so that the
function
1

pi(z) = Y-

/ Ree ™ WMNg) ¢>0, z€R
R

is a continuous transition density with respect to the
Lebesgue measure, i.e.,

E, [f(X(1))] = / F)pely — 2)dy.

Again by (L1’), the Laplace transform of p;(x) can be ex-
pressed as

re(z) ::/OOo e Up(x)dt

1 /R e—i)\x "
= — e ——-
1 / (g + 6(N) cos Az + w(N) sin Az
R

2m (¢ +0(N)? +w(N)?

=5 dA

and thus r4(x) is a continuous resolvent density, i.e.,
Ryf(@)i= B, | [~ et x@nie] = [ - o
0 R

We now recall the excursion theory. Let D denote the
set of cadlag paths on [0, 00) taking values in R. We set

DY ={w e D: w(t) =w(tATp) for all t >0},

which is sometimes called the excursion space. We denote
the coordinate process on D by X (¢): X (¢)(w) = w(t) for
w € D. The set D is equipped with the o-field generated
by the totality of cylinder sets of D. We denote

Fi=o0(X(s):s<1).

Since the state 0 is regular for itself, there exists a local
time at 0, i.e., a positive continuous additive functional
which increases only when X (¢) stays at 0. We denote by
L(t) the version of the local time normalized so that

E, {/ e_qtdL(t)} =r4(—2) forallg>0andzeR.
0

From this it is easy to see that

rq(—x)
74(0)

We write n(l) for the right-continuous inverse of the local
time:

E,[e"?°] = forallg >0and z € R.  (2.1)

n(l) =inf{t > 0: L(t) >1} forl>0.

Then the process {n(l),Pp} is a subordinator which ex-
plodes at time A := L(co) when X (t) is transient.

We now recall the excursion theory for our Lévy process.
Let n be a o-finite measure on D such that

n[IyAl] <oco and n(D) = oco. (2.2)
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Let p(l) = (p(l;t))t>0 be a Poisson point process with
characteristic measure n defined on a probability space
(Q, F,P); see [4] for the precise definition. We set

(1) = To(p(s))
s<l
and set
Ap =inf{l > 0:n,(I) = oo}.

By the condition (2.2), we see that n,(l) is strictly-
increasing in [ € [0, A,), and hence that there exists a con-
tinuous inverse process Ly, (t). We define

p(l;t — 77p(l_>) if np(l_) <t < np(l)
for some [ € [0, \p],
0 otherwise.

Xp (t) =

The following theorem is due to It6 [4] and Meyer [6].

Theorem 2.2 ([4] and [6]). There exists a unique o-finite
measure on D° such that the condition (2.2) is satisfied
and that, for a Poisson point process p(l) with character-
istic measure n defined on a probability space (2, F,P), it
follows that

1
{77;07 L;Dv X;Da >‘pa ]P} aiw {777 L7 X7 >‘a PO}
Using compensation formula, we can obtain the follow-
ing.
Theorem 2.3. For any non-negative measurable function
f, one has

o —qt _L r
n[ / e f(X(t))dt] =0 | 1wrawa.

Consequently, taking f = 1, one has
o0 1
e I'n(Ty > t)dt = .
/0 qrq (0)
A non-negative Borel function h on R is called harmonic
for the killed process if the following conditions hold:

(i) E%[h(X(t))] = h(z) for all z € R;

(ii) n[h(X(t))] is finite constant in ¢ > 0.

It is easy to see that h is harmonic for the killed process if
and only if

qRyh(z) = h(z) + r4(—x) for all ¢ >0 and z € R.

(2.3)

If h is harmonic for the killed process and if h(z) > 0 for
all z # 0, then we may define h-transform {X(t),P"} by

1

n[Fh(X(1))]

El[Fy] = .
ifx=0

for all ¢ > 0 and all non-negative F;-measurable functional
F;. Note that the process {X(t),P"} may be regarded as
the process conditioned to avoid zero; see [10] for the pre-
cise explanation. The following theorem is a generalization
of the formula (1.1).
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Theorem 2.4. Suppose that the following conditions are
satisfied:

(H) h is harmonic for the killed process and h(z) > 0 for
all x # 0;

(T) there exists a density p(t) such that n(Ty € dt) =
p(t)dt on (0,00).

Then the excursion measure n enjoys the following disin-
tegration formula:

n() = / TBECIX () = 0)p(t)dt + k().
where

1
lim .
q—0+ 74(0)

k=n(Ty =) =

3. RENORMALIZED ZERO RESOLVENT

For g > 0, we set

he(x) = 14(0) — r¢(—2),

Note that by (2.1) we have hy(z) > 0. We call hy :=
limg_,0+ hq the renormalized zero resolvent, if the limit ex-
ists. We shall prove the following proposition.

z € R.

Proposition 3.1. Suppose that hy exists. Then
Ryho(z) < 0o for all g >0 and all x € R.

Suppose, moreover, that there exists a non-negative mea-
surable function f(x) such that

R,f(x) <oo forallg>0 and allx € R
and
hg() < f(x)

Then hg is harmonic for the killed process.

for all g > 0 and all x € R. (3.1)

To prove Proposition 3.1, we need the following lemma.

Lemma 3.2. Suppose that the conditions (L1") and (L2)
are satisfied. Then the following assertions hold:

(i) O(N) = 00 as A — oo.

AP > 1
(ii) /0 md)x—k/l md/\ < 0.
(iii) ql_i)r(r)1+ qrq(0) = 0.

Proof. (i) Since e Y™ = [* ¢i*%p, (z)dz, the Riemann—
Lebesgue theorem yields e 7/ = [e=Y(N)| = 0 as A — oc.
This proves Claim (i).

(ii) By the dominated convergence theorem, we have

() / 1—cosAz ,
—= >v+ ———z“v(dz
A2 (—1,1) (Az)? (dz)

1
—>v—|—7/ r?v(dz) > 0,
A—0 2 (-=1,1)
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which shows fol %f\)d)\ < 00. By (i), we have 0(\)/(1 +
6(A\)) — 1 as A — oo. Hence, by (L1’), we obtain

< 1
= min 17 9()\) ’

1
(iii) Since we have

we may apply the dominated convergence theorem and we

obtain

SPERTVI TN

q

S, 2mara(0) = i, . Re oy
. q
= lim Re ———dA\
/qu’%h NERT0Y
=0.
The proof is now complete. O

We now prove Proposition 3.1.

Proof of Proposition 3.1. Let ¢ > 0 and p > 0. Using the
resolvent equation

oz =a) == )+ =) [ raly=a)rylz =)y =0
for z,z € R, we have

_ hy ()
q—p

prp(())
q(q—p)

+ re(—7) B

Rqhyp(x) q—p

(3.2)

By Fatou’s lemma and by (iii) of Lemma 3.2, we have

qRyho(z) < liminf qRyhy(x) = ho(x) + r¢(—2) < 0.
p—0+
(3.3)

By the assumption (3.1) and by the integrability (3.3),
we may apply the dominated convergence theorem to (3.2)
being taken limit as ¢ — 0+, and thus we obtain the iden-
tity (2.3) for h = hg. This proves the claim. O

4. SYMMETRIC CASE

Let us recall several results of the symmetric case ob-
tained in [9]. Assume that {X(¢),P,} is symmetric, i.e.,
{X(t),P,} is identical in law to {—X(t),P_,}. In this
case, we have v(—B) = v(B) for all B € B(R), where
—B ={-z €R:z € B}. Hence we have w(\) =0 and

l/ ﬂd)\ for all ¢ > 0 and « € R.
0

@) =2 | e

Theorem 4.1 ([9, Theorem 3.2]). Suppose that {X (t),P,}
is symmetric and that the conditions (L1’) and (L2) are
satisfied. Then there exists a o-finite measure o* on [0, 00)
such that

o*(d€) for all g > 0. (4.1)

(. / 1
qrq(o) [0,00) 4 + 6
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Consequently, it holds that k = o*({0}) and the condition
(T) is satisfied with

p(t) = /( o de).

Theorem 4.2 ([9, Theorems 1.1 and 1.2]). Suppose that
{X(t),P,} is symmetric and that the conditions (L1") and
(L2) are satisfied. Then hg exists and is given as

l/ Lo COSAT 4\ ol € R.
0

hO(x) = T 0()\)

(4.2)

Moreover, h = ho(z) is harmonic for the killed process and
the condition (H) is satisfied.

Here we note that Theorem 4.2 is immediate from Propo-
sition 3.1 and the fact that h,(z) increases as ¢ decreases
to 0, which can be seen by the expression

1 [>*1-

1 / COS \x A\

™ Jo q+ 9()\)

The dominating function f in Proposition 3.1 can be chosen
to be hyg.

he(x) =

5. STRICTLY STABLE CASE

Let us consider the case where { X (t), P, } is a strictly stable
process and is not a Brownian motion. The Lévy measure
v is given as

—a—1
o(dz) = {c+x| dz  on (0, 00),

c_|z|7®7tdx on (—o0,0),

where 1 < a < 2 and ¢y and c_ are non-negative constants
such that ¢y +c— > 0, and the Lévy-Khintchine exponent
is given as

T(A) = cp|A|” (1 — ifsgn(A) tan %) ,

where ¢y > 0 and 8 € [—1, 1] are constants given as

Cy —C—
p= )
C++C,

T
co = e+ + C_)aSa’
with S, = 2I'(a) sin %*. We then have

0(A) = col A"

and  w(A) = ¢, |A|¥sgn(N), (5.1)

where ¢, = cpf3 - (—tan ).
By (5.1), we have

1 _
7qq(o) =Crg 17

where ¢, and ¢, are constants given as

1 [ a
Cp :7/0 (cos e, ) e M d )\,

c —l /OO Lo dA
"r )y (THcer)2 4 (coA )2
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The condition (T) is satisfied with p(t) being given as

By the direct computation, we can obtain the following
formula:

o () = 1 — Bsgn(x)

- 2 2 Ta |x|a_1’
09(1 + (32 tan 7) Cy

(5.2)
where C,, = 2I'(v) - (—cos &5*).
Note that this function hy has been appeared in Port

[7, Theorem 2]: in the case —1 < 8 < 1, he obtained the
asymptotic result

P.(Ty > t) ~ C(a, B)t P ho(x) ast — oo,

where p =1— 1 € (3,1) and C(a, B) is a certain positive
constant and where f ~ g means f/g — 1. In the case
B =1, i.e., the spectrally positive case, we have

hol(z) = {0

c(a)|z

ifx >0,

[*=1 ifx <0

for some constant c¢(«) > 0. In this case, we consult Port
[7, Theorem 2] for the case z < 0 and Chaumont [3, third
line on p. 386] for the case z > 0 and we obtain

Cyla, )t v
C_(a, 1)t=P|z|> L

ifx>0
P, (Ty > t) ~ ’
(To>1) { ifx <0
as t — oo, where C1 («, 1) and C_(«, 1) are some positive
constants.
For harmonicity of hg, we obtain the following.

Theorem 5.1. Suppose that {X (t),P,} is a strictly stable
process of index 1 < a < 2. If =1 < < 1, then the
condition (H) is satisfied. If B = 1 or —1, then hg is
harmonic for the killed process.

Theorem 5.1 will be proved in Section 6.2.

Remark 5.2. In the case 8 = 1, Silverstein proved in [8,
Theorem 2| that the function hg satisfies

E, [hO(X(t)); Ti0,00) > t] = ho(z) for all z < 0,

where Tjg o) = inf{t > 0: X(t) € [0,00)}. We can recover
this result from Theorem 5.1. In fact, once the process
starting from = < 0 changes sign, then it stays positive
until hitting zero. We thus obtain

E; [ho(X (#)); Tio,c0) > t] = E3[ho(X(t))] = ho(z)

for all x < 0. We also note that the transformed process
{X(t),Pho}, which is defined only for z < 0, is nothing else
but the process conditioned to stay negative, which was
introduced by Chaumont [2].
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6. ASYMMETRIC CASE

6.1. EXISTENCE OF RENORMALIZED ZERO RESOLVENT

Proposition 6.1. Suppose that the conditions (L1') and
(L2) are satisfied. Suppose, in addition, that the following
condition is satisfied:

(L3) 6 and w have measurable derivatives on (0,00) which
satisfy

/°° (10" W[+ " WD A L)
0 0(A)? +w(N)?

dX < oo.

Then hg exists and is given as
ho(x) = 1 /OO O(A)(1 — cos Az) + w(A) sin Az
A O(N)2 +w(N)?

Proof. Note that
hq(x) = 14(0) — re(—x)

dA.

_ 1 2
= i) (z) + h{P (@),

where
W (g oL [T @+ 0(N)( ~ cosAz)
hg ' ( )_W/O (q+0(N)2 +w(\)? dA,
@) (4 1 o w(A) sin Az
hq2( )_WA (q+9(/\))2+w()\)2d)\

By (ii) of Lemma 3.2, we have

1 —cosA\
/0 ﬁd)\<oo for all z € R.

Hence we may apply the dominated convergence theorem
and see that h((zl)( ) — h(l)( ) as ¢ — 0+, where

(1) O(N) (1 — cos Ax)
W= | o aor

Suppose that x 75 0. Integrating by parts, we have

/ 1—cos)\x)
{( q+9 )2 +w(N)?}2?
0

fa() =N 55 {(a +
— &/ (Vg + 60

—w(\) - 2(g + <A>>9'<>
W (@ +00) +

dA,
where

0(N)* +
)2 +

‘We now have

[faMN] < (18] + W' (N)D{(g +0(N)? +w(N)?}
and hence we have
[feMI(A —cosAz) —_ ([6"(M)] + [ (A))(1 — cos Az)
{(g+0(N)* +w(N)?}* — 0(A)? +w(N)? '

(6.1)

Therefore, by the dominated convergence theorem, we ob-
tain h(2)( ) — h(()Z)(ac) as ¢ — 0+, where

1 % fo(M)(1 = cos Ax)
W (x) = — dA.
O SRR
Again by integration by parts, we obtain the desired result.

O
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6.2. HARMONICITY OF RENORMALIZED ZERO RESOL-

VENT

Theorem 6.2. Suppose that 0 and w have measurable
derivatives on (0, 00) which satisfy the following conditions:

(i) there exist constants cg > 0 and ¢g > 0 such that

acgA* < 0'(\) < acgA*t for all A > 0;

(ii) there exist constants ¢, > 0 and ¢, > 0 such that

ac N7 < W(N) < aB, ATt for all A > 0.

Then hqg exists and there exists a constant C' such that
hy(z) < Clz|*™t for all ¢ >0 and all z € R.

Suppose, moreover, that the following condition is satisfied:
(iii) 4t holds that

colch +c) o o
= - (—tan —) > max{¢,, ¢ — ¢}
634—53) ( 2) {w 0 7w}

Then one has

clz|*™t < ho(z) <@z|*, xzeR (6.2)
for some positive constants ¢ and ¢. Consequently, hg is
harmonic for the killed process and the condition (H) is

satisfied.

Proof. We recall the following formula (see, e.g., [11,
Proposition 7.1]):
c. ::/"O 1—cosxdx
0 e
T
=—— —— f 1,3).
2T (ar) (— cos &) ora€(l,3)
Note that
* gz —sinx Cy
/O Wdl’ = ? for o c (1,3)
and
C TQ
S = —tan— fi 1,2).
aCorr an — or a € (1,2)

Suppose that the conditions (i) and (ii) are satisfied.
Since we have 6(0) = w(0) = 0, we have
AT < O(N) <Y forall A >0
and
c, A <w(A) <E,A* forall A > 0.

We now notice that the conditions (L1’), (L2) and (L3)
are all satisfied, which yields by Proposition 6.1 that hg
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exists. From the proof of Proposition 6.1, it holds, for all
q >0 and x # 0, that

1 [ 1—cosAz 1  4e3(1 — cos A\x)
h < — ——d\+ — ————=dA\
a(®) < ﬂ/O T /0 I8N
1 Coi oo 4 o
gf.gma 1+ﬁ.c g
™ Gy Tz g
— C5|$|a71

for some constant c; > 0.

Suppose that the condition (iii) is also satisfied. To prove
the claim, it suffices to prove that ho(z) > c|lz|*~! for some
constant ¢ > 0. Note that

1 —cos\z
h(z) > —52 / dA
o )_77(5§+53;) 0 A
Co -1
= — Ca @ .
m(cz +¢2) @]

First, we let x > 0. Since we have

—fo(A) = 2(=w(A)IA)F' (A) + {0(A)* + w(X)? ' ()
<{ON)? +w(N)?} - ae,

we have

—h$P () dA

< 1 /°° A, A\~ H(1 — cos A\x)
- 0 O(N)? + w(N)?

T
1 —cos\z
/0 /\a+1 dA

1 ac,,

Tmrogtal
T

= ——2——aCuyi|z[* "
wg+ )l

Hence we have

ho(z) > (ng

¢+ e 2

aCOé+1 |x|a71
- .

2 +c2

Second, we let x < 0. Since we have

foN) = 2w(N)O(N)F'(A) = {0(N)? + w(X)*}w'(N)
<{ON)? +w(N)?HO' (V) — o' (N}
<H{OO)? +w(N)?} - ales — ¢, )A 7,
we have
(2) 1 * Gy — ¢, ) A 1(1 — cos \r)
—h < — dA
0 (@)= /0 0N + w(\)?
1 ale—c,) /°° 1 —cos Az
Sl Tgva o e
_ Co — &y, a—1
Hence we have
h (37) > 279(_ tan@) - Co — Sy aca-‘rl |x|a—1
" E\E+ 2 2’ 2+2) « '

The proof is now complete. O
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We now proceed to prove Theorem 5.1.

Proof of Theorem 5.1. The proof in the case —1 < § < 1
has been already done by the former half of Theorem 6.2
and by the expression (5.2) of hg.

The proof in the case 5 = 1 or —1 is a direct consequence
of [8, Theorem 2], but we give the proof for convenience of
the reader. We shall prove the claim only for the case

B = 1. Denote
()4 = max{z,0} and (x)_ =max{—=z,0}.

By Proposition 3.1, we see that R, f_(z) < oo for all ¢ > 0
and x € R with f_(z) = (z)*'. Tt is now sufficient to

prove that fy(z) = (z)} " satisfies
Ryf+(z) < oo forallg>0and z €R; (6.3)

in fact, if we assume that (6.3) is satisfied, then we have
R,f(z) < oo for all ¢ > 0 and z € R with f(z) = |z|*7!,
and hence, by Proposition 3.1, we conclude that hq is har-
monic for the killed process.

To prove (6.3), we recall the following formula from
Corollary 2 on p. 94 of [12]:

Po(X(1) > ) ~ Z(a, B)z™ 1 as z — oo,

where Z(a, 8) is a certain positive constant. Let x € R be
fixed. Then we have

Ryfe(w) = [~ dte B [(x(0)3 )
_ /OOO dte By [z + 12X (1))27Y]
< /Ooo dte™ 1K, [(m + tl/aX(1))i—1] :
It is obvious that
/Ooo At e "By (2] + /X (1) X (1) < 1]
< /OOO dt e {|z| + t/*}71 < 0.

Since Po(X (1) > y) < ecy=>! for all y > 1 for some con-
stant ¢ > 0, we have

/ dte” "' Eo[X(1)* ' = 1; X(1) > 1]
0
:/ dte_qttl_“/ (a — 1)y*2Po(X (1) > y)dy
0 1

o0 oo
< cla— 1)/ dt e_qttl_“/ y 3dy < o0.
0 1

Since (a +b)P < aP + b for all a,b>0and all 0 < p < 1,
we obtain

/ dte 1K, [{\x| Fe/ex (1))t X (1) > 1]
0
< / dte "Eq[|z|* " + 17X (1)* 7 X (1) > 1] < oco.
0

We thus obtain (6.3). The proof is now complete. O
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6.3. EXISTENCE OF DURATION DENSITY

Lemma 6.3. Suppose that (L1') and (L2) are satisfied.
Then the function z — 1,(0) can be analytically continuated

to a holomorphic function on the domain {z € C: Rez >
0}, and the formula

1/~ z+0(N)
m /0 (2 +0(N)* +w(N)?

is still valid on {z € C:Rez > 0}.

r2(0) = dA (6.4)

Proof. For z € C and A > 0, let

Fx(2) = (z+0(N)? + w(N)?2.
Let z = ¢ + iz with ¢ > 0 and x € R. We have
|Fx(g + iz)|?
= (g + iz +0(N)* + w(N)?|
= [(g+0(N)? +w(X)? — 2® + 2iz(g + O(N))|

={(g+00))* +w(N)? — 22} +{2(g + ()}
= +2{(¢+0(\)* —wN)?}2® + {(g + 0(N)* +
(

2

2
+
+

+w(N)?)?

= (2% —w(N)?)? + (g +0(N)*{(g + O(N)* + 20(N)? + 227}

(6.5)
Note that
57t 0(N) _ Fa(z) — (2 4+ 0(N)0-Fx(2)
NG Fy(z)?
—(2+0(N)* +w(N)?
Fr(2)2 (6.6)
If ¢ > go > 0, we obtain
240N | _ [z +0(N)]2 +w(N)?
o | < R 67

(g+0(N)* + 2% +w(V)?
T (g +0(N){(g+0(N)? + 2w(N)? + 222}
1
= (g +6(N))?
1

<————F++ €
q0(q +0(X))
Hence, by (L1’), we see that the right hand side of (6.4)

is holomorphic on {z € C : Rez > 0}. The proof is now
complete. O

LY (dN).

Let us give a sufficient condition for (T) to be satisfied.

Theorem 6.4. Suppose there exist constants 1 < a < 2,
cp > 0 and cg > 0 such that

oA <O(N) <TA*, A>0 (6.8)
and c,, > 0 and ¢, > 0 such that
A <w(A) <E,AY A>0. (6.9)

Then it follows that the conditions (L1'), (L2) and (T)
are satisfied.
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Proof. The condition (L1’) is obviously satisfied. If
the condition (L2) were not satisfied, i.e., v = 0 and

Ji_1.1)l7lv(dz) < oo, then it would hold that
1 —cosAx

o
)\ - (-1,1) Al’

—0 as A — oo,

zv(dz) + %u((—l, 1)9)

which would contradict the assumption. Thus we see that
(L2) is satisfied.
By Theorem 2.3 and by Lemma 6.3, we see that

> 1
—zt42 _ 2
/0 e *t*n(Tp € dt) = —(9,) 20)
- 837'2(0) B 2(827"2(0))2
B r2(0)? r.(0)?
holds for Re z > 0. Once we prove that
92r.(0)  2(0.r:(0))* 1
=] = — L
o(z) [ (0)? 2 0° | € L (dx),

we may invert the Fourier transform so that

/ e e 2n(Ty € dt) = p(x)
0

and obtain n(Tp € dt) = p(t)dt, where

1 1 [,
/ e p(x)da.

t) = —— . —
p(t) e tt? 2m

Let us obtain estimates involving variables x € R and
A > 0. On one hand, using the assumption, we can easily
obtain

e (L+ o] + A7) < |Fa(1 + )| < ca(1+ fo] + A%)2
for some constants ¢; > 0 and ¢ > 0. We can also obtain

Ir14i2(0)] = [Re 7142 (0)]

_ l/oo o(A)
o |Fa(1+ix)
> cy(1+ [a])= !

for some constant ¢z > 0. By (6.7) and (6.5), we have

[a z+9(/\)} 11+ iz + 0(N)|2 + w(N)?
T R2) | acigie| [FA(1 + iz)[?
1

‘We now obtain

ca(1+ || 4+ A*)%

12, 2+600)

— 0y ——> dA
m /o { F\(z)

< eq(1+ Ja])= 2

[0:72(0)]—y 41| <

:| z=1+1ix
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for some constant ¢4 > 0. Hence we obtain

{2(@%(0))2

2
< 2¢3(1 + |z])a—*
7.(0)3

— 3 _
A+ |af)a—?
<es(1+|af)~=7t

:|z=1+ix

for some constant c¢s > 0. On the other hand, since we
have

[agz—l—@()\)} < [—4(2+9(A))w(/\)2}
z FA(Z) z=1+41iz o FA(Z)?) z=1+1ix
< co(1+ [a| +A%) 7
for some constant cg > 0, we obtain
1 [ z+6(N)
2y, <= 2z dx
‘[az’r (0)] z=1+4+ix| — T /O |:az FA(Z) :|Z:1+m

< er(L+[af)=
for some constant ¢; > 0. We thus obtain

[5% (0)

cr (14 |z])a—?
(072 =

1
— 2 _
(1 + [z])=—2

< cs(1+[af)"=1

:|z=1+'iw

for some constant cg > 0.
Therefore we conclude that

()] < (c5 + es) (1 + Jz]) 72,

which proves that ¢(x) € L'(dz). The proof is now com-
plete. O
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